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Abstract This study investigated the unitary equivalence classes of one-dimensional
quantum walks with and without initial states. We determined the unitary equivalence
classes of one-dimensional quantum walks, two-phase quantum walks with one defect,
complete two-phase quantum walks, one-dimensional quantum walks with one defect
and translation-invariant one-dimensional quantum walks.
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1 Introduction

Quantum walks can be considered as a quantum analog of classical random walks and
have been studied in various fields, such as quantum information theory and quantum
probability theory. A quantum walk is defined by a pair (U, {Hy}yey), in which V is
a countable set, {H,}yev is a family of separable Hilbert spaces, and U is a unitary
operator on H = @uev ‘Hy [20]. In this paper, we discuss one-dimensional (two-
state) quantum walks, in which V = Z and H,, = C?. These have been the subject of
many previous studies [1-19,21-23].

It is important to clarify when we think of two quantum walks as being the same.
We consider unitary equivalence of quantum walks in the sense of [19,20]. If two
quantum walks are unitarily equivalent, then their digraphs and dimensions of their
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Hilbert spaces are the same. Furthermore, the probability distributions of the quantum
walks are also the same. Consequently, we can think of unitarily equivalent quantum
walks as being the same.

The aim of this paper is to determine the unitary equivalence classes of several types
of one-dimensional quantum walks. This will enable us to grasp the whole image of
such quantum walks. There are many results about explicit models of one-dimensional
quantum walk [2,6-11,15-18,21,23]. The parameterization of unitary equivalence
classes tells us what part of one-dimensional quantum walks were already investigated
and what part should be studied. Moreover, some previous works researched one-
dimensional quantum walks using parameters [3—5]. The results in this paper reduce
the parameters and make it easy to analyze them.

In the previous paper [19], we discussed some general properties of unitarily equiv-
alent quantum walks. In particular, we proved that every one-dimensional quantum
walk is the unitarily equivalent of one of the Ambainis types. We also presented the
necessary and sufficient condition for defining a one-dimensional quantum walk as a
Szegedy walk.

Unitary equivalence classes of simple quantum walks have been shown to be
parameterized by a single parameter [12]. In contrast, there are several types of
one-dimensional quantum walks, including two-phase quantum walks with one
defect [6,7], complete two-phase quantum walks [11] and one-dimensional quan-
tum walks with one defect [4,8-10,17,18,23]. A one-dimensional quantum walk with
one defect is known for exhibiting localization. Two-phase quantum walks are con-
sidered as mathematical models of the topological insulator. In this study, we clarified
the unitary equivalence classes of general one-dimensional quantum walks and of the
above types of one-dimensional quantum walk, but excluding certain special cases.

When we analyze properties of an evolution operator U such as the spectrum,
eigenvalues and eigenvectors, it is not necessary to take into account an initial state.
On the other hand, when studying the probability distribution of a quantum walk, an
initial state must be set. Hence, we consider quantum walks both with and without
initial states.

In Sect. 2, we investigate one-dimensional quantum walks without initial states
and present our results: Two-phase quantum walks with one defect are parameterized
by six parameters complete two-phase quantum walks by four parameters, and one-
dimensional quantum walks with one defect by four parameters. In Sect. 3, we show
unitary equivalence classes of all the above types of one-dimensional quantum walk
with an initial state.

2 Unitary equivalence classes of one-dimensional quantum walks
In this section, we investigate the unitary equivalence classes of several types of one-
dimensional quantum walks without initial states. We first consider the definition of a

one-dimensional quantum walk and the unitary equivalence of such walks (see [19]).

Definition 1 Let 7, = C? for n € Z. A unitary operator U on H = D, ez Hn is
called a one-dimensional quantum walk if
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lim=n=<x1)

rank P,U P,,, = {0 (m£n+1)

for all m, n € Z, where P, is the projection onto H,,.

A (pure) quantum state is represented by a unit vector in a Hilbert space. For A € R,
quantum states & and e*& in H are identified. Hence, the one-dimensional quantum
walks U and e U are also identified.

Definition 2 One-dimensional quantum walks Uy and U, are unitarily equivalent if
there exists a unitary W = @, ., W, on H = @, .5, H, such that

nez
WU W* = Us,.

Theorem 1 in [19] (see also the first paragraph of Section 5 in [19]) yields the next
theorem.

Theorem 1 A one-dimensional quantum walk U is described as follows:

U= 1En1n){Gatal + Ent1.0) Cnt1al, ()

nez

where {%‘n,nJrl, SnJrl,n}nEZ and {é‘n,n+l’ §n+1,n}n€Z are orthonormal bases OfH =
@neZ H, with En,nJrl v Cnv1n € Hy and §n+1,n7 Cnontl € Hut1.

The unitary equivalence of a one-dimensional quantum walk can then be analyzed
as follows.
Step 1 Assume that U is described as in (1), and define a unitary operator W; on 'H
as

Wi =P lel) Ennril + 1€5) Ennil.

nez

where {e], e} is the standard basis of H,, = C2. Then,

WiUW;
=Y Wikt Wiln—tal + IWi&ng ) Wi Gt
ne’
= Z ety (e el + ePrs,el| + ea T (elns, el + eyl 2
nez

for some 0 < r, < 1and ay, by, ¢y, dy € Rwiths, = /1 —r? and
a, — b, =c, —d, +m (mod 2m). 3)

If there is no confusion, (mod 277) can be omitted hereafter.
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Step 2 Define g, € Rby go = 0 and
8n—1 — 8n = ln;

inductively. Similarly, we define 4, € R by hp = g_1 — bp and
hnyr — hp = d,

inductively. Then, by (3),

Cn _hn—i-] + &n = Cn — hy _dn+gn—1 — dp
= —(bn — gn—1+hy) + 7 (mod 27). (4)

Let W» be a unitary operator defined by

Wa = P e lef) (e} | + e |e5) (5 .

nez

By definitions and (4),

WoW U W W5
_ Z |1y (el an— g1t ey ot pibn—gn1 ) g on

nez
+ |eg+1 > (ei(cn_hn+l +g”)s,,e§’ + el(d”_h"“"'h”)rneg |

=D 1ei el + eMrsuel| +1ey T (—e el 4 e,
nez
where k,, = b, — gn—1 + hn. Here,
ko =bo—g—1+ho=0.

Step 3 Let £ = k1/2, p, = nky/2 and q,, = —nk; /2, and let

W3 = P e |ef) (e} | + e le5) (e5 .

nez
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Then,
4
AW Wa W U W W3 W
— Z |e’]1_1 ) <el(_pn71+pn _Z)rne’il + el(kn_pnfl +4n _Z)Sneg |
nez

n |e"+l)(—el(_k"_q”*ﬁp"_l)sne? + el(—‘lrl+l+11n—l)rneg|

= Z 1) (rpel} 4 el Tk g ot g ity (el TRtk g ol gy ot
nez

= Z le]™ (rnel + ele"snezl + |e"+1)( e g, et + rpesl,

nez

where 6,, = k, — nky. Here, 6p = 6; = 0.
Now, we are ready to prove the next theorem.

Theorem 2 A one-dimensional quantum walk U is unitarily equivalent to

—1 i6), 1 i6),
Urp = Z =Y (rnel + enspel] + les T (—e T syel + el
nez

for some 0 <r, < 1land 6, € Rwiths, = /1 — rn2 and 6y = 61 = 0. Moreover,
when Q0 < ry,r), < 1and6,,0) € [0,2r), Ug and U, o are unitarily equivalent if
and only ifr =r" and 0 = 0'.

Proof We have already proved the first part of this theorem.

We assume that U, g and U, o are unitarily equivalent, where 0 < r,, r,, < 1 and
On, 0, € [0,2m) with 6y = 6; = 6 = 0] = 0. Then, there exist A € R and a unitary
operator W = @@, ., W, on H = €p,,.5, H, such that

WU gW* = Uy g

Then,
WU, gW*
= e Z (We ™) (raWel + s, Wes| + |[Wey Ty (—e s, Wel +r, Weh|
nez
and

Uy g = Z ety (el + s’ et + ity (—e “0ng! et 41l el

nez
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Since Pnilei)‘WUr,g W*Py = Pyx1Uy o Py foralln € Z, We'l and We7 are described
as We = e'reff and Wel = e'" e} for some u,, v, € R. Then,

WU, g W*
= Z L Y B e
nez
+ |eg+l) (_el(*gnfvn+] +un7)V)Sne’11 + el(iv”‘H +U"7A)}"neg | (5)

Comparing the coefficients of |e’1“1)(e’f| and |e’21+1)(eg| yields

—Up_1+up—2=0, —vy41+v,—A=0.

Here, we can assume that ug = 0 because WUW* = (e W)U (¢ W)* for any
w € R. Therefore, u,, = nA. Moreover, the coefficients of |e1_1 ) (eg| imply

0=96=90—u_1+v0—)»,
with the result that vyp = 0. Hence, v, = —n. Similarly, the coefficients of |e?)(eé|
imply

0=0{ =01 —up+vi —A=—-21 (mod2r),

with the result that A = 0, . When A = 0, 4, = v, = 0, and therefore, W = Iy
and U,p = Uy gr. When A =, u, = nw and v, = —nz = nw (mod 2r). In this
case, W = @nez(—l)"lHn. By (5), we have eiAWUr,g W* = U,g, and therefore,
Uro = Uy gr. It is easy to see that U,y = U, ¢ implies thatr = r" and 6 = 6'.

The converse is obvious. O

This theorem says that the unitary equivalence classes of general one-dimensional
quantum walks are described by {U, ¢} with 6p = 61 = 0.

The operator U, g is similar to the CMV matrix introduced in [3,5]. However,
our approach and result are different in three ways from those used in [3,5]. First,
our starting point is the general one-dimensional quantum walk. Second, we add the
condition 6y = 61 = 0. Third, with the exception of certain special cases, U, g and
U, ¢ are not unitarily equivalent if » # ' or 0 # 6’.

We next consider some special cases of the one-dimensional quantum walk and
introduce four types of one-dimensional quantum walk.

Definition 3 Let U be a one-dimensional quantum walk expressed by

U= 1en12)Gntanl + Ent1.0) Catnl.

nez

(i) U is called a translation-invariant quantum walk if there exist vectors
Els 527 {1’ 4-2 € (C2 Such that

En,n+1 = %_1» én,n—l = %_2» Cn—l,n == {17 ;;z—i—l,n = §2
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for all n € Z. In other words, the vectors &, ,11 are the same, and &, ,—1, {—1 .1,
Cn+1,n also satisfy similar conditions.

(ii) U is called a one-dimensional quantum walk with one defect if there exist
vectors £, &, 1, ¢ € C? such that

o1 =81, &un1=8, Liin=8, Liria=0

for all n € Z\{0}. In other words, the vectors &, ,11 are the same except n # 0, and
En.n—1, Cn—1.n, {n+1.n also satisfy similar conditions.

(iii) U is called a complete two-phase quantum walk if there exist vectors
E5E0 88,4760, 8 ¢ € CFsuch that

é,.:n,n—i-l - El—i_» En,n—l - $2+a gn—l,n - §1+a §n+1,n = §2+

forall n > 0 and

‘gn,n+l = 51_7 En,nfl = 52_’ Cn—1n = 51_’ Cngln = 52_

foralln < —1.
(iv) U is called a two-phase quantum walk with one defect if there exist vectors
$1+7 éfa §2+7 553 §1+’ §f7 é‘;, {; € (CZ SuCh that

é,.:n,n+1 = El—i_» En,n—l = %‘2+7 Cn—tn = §1+a Cn+1n = §2+ (6)

foralln > 1 and

Sn,n+] = 51_7 En,nfl = Ez_a Cnfl,n = Cl_’ Cnt1n = CQ_ (7N
foralln < —1.

By definition, two-phase quantum walks with one defect include quantum walks
of other three types. Hence, we first investigate the unitary equivalence classes of
two-phase quantum walks with one defect.

Theorem 3 A two-phase quantum walk U with one defect is unitarily equivalent to

—1 0 i 0 1 i 0 i(u+ 0
Ur+,r,,r0,ﬂ1,u2,u3 = |€1 )(VOel +61M15062| + |ez>(_ew25061 +el(ll-l MZ)r0€2|

+ Z Ie'ffl)(;ure{’ + 55| + |e;+1)(—e1“3s+e’1’ +e'"riel]
n>1
+ Z |e'1171)(r_e’11 +s_ey| + |e§+1)(—s_e? +r_ej|

n<-—1

for some O <ry,r_,ro < land u1, u2, u3 € Rwiths, = /1 — rg2 (e =+, —,0).
We write Uy, r_ ro. 1. po.3 = Uru for short. Moreover, when 0 < rg,r, < 1 (e =
+, —,0) and u;, M; €[0,2m) (i =1,2,3), Uy, and U, are unitarily equivalent
ifand only ifr =71/, u = .
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Proof Let

U= l&n1a)ntal + Entin) Gutinl

nez

be a two-phase quantum walk with one defect. Then, by (6) and (7), Eq. (2) can be
written as

WiUW;
— |e1_1)(e1“0r0e(1) + elb"soeg| + |eé)(e1"0s0e? + e‘doroe(2)|
+ Z Ie’f_])(ei“*ueﬁ' + eib+s+eg| + |e§+l)(eic+s+e'l' + eid+r+eg|
n>1
+ Z |e'1’71)(ei“*r,e'f + eib*s,e§| + IegH)(eiC*s,e’f + eid*r,egl )

n<-—1

forsome 0 <r, <1andag, be, ce,d, € Rwiths, = /1 — rg2 (e =+4,—,0).
We can modify Step 2 as follows:
Step 2' Let £ = (b— + ¢— + ) /2. Define g,, h, € R by

_fnte—ay) (n>0)
8" =Vnt—a)—a_ +ay(n<-1)

and

ho— (n—1DC€—ay)—by +¢ (n>1)
"Tlm-DU—a)+c_+ag—a_—L+7 (n<0)"’

and a unitary W» on H by

Wy = EP e lef) (e} | + e €5 ) (5.

nez

Then, using a; + ds; + 7 = be + ¢,

WL W U W WS
— |el—1><ei(a0*g—1+go4)roe(l) + ei(b()*g_lJrh()*()sOe(z”

+ |e£><el(00—hl+g0—f)s()e(l) + el(do—h1+h0—f)roeg|

+ Z |e?—1)(el(a+*g:1—1+gn7£)r+e;11 + el(b+*gn—1+hn7£)s_~_eg|
n>1

4 |€§+1 ) (el(c+_h”+1+g"_£)5+€rf + el(d+_h"“+h"_f)r+eg|

+ Z |e)1’[—1><ei(a—*gn—l+gnfe)r_e? —+ ei(b_ig”_l+hnie)s_eg|
n<-—1

+ |eizl+l ) <el(C——hn+l +8&n _Z)S_elil + el(d__h"+1 +h"_4)r_eg|
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-1 i(bo—b-
= le; )(roe(l) + €lbo )soeg|

+ |€%> <_€i(b+—b7+co—c,)SOe(l) + ei(bo+b+—2b7+co—c,)

+ 1T e + s

n>1

0
r0€2|

+ |eizl+l ) <_el(b+—b_+c+—c_)s+er11 + el(b+—b_+c+—c_)r+e§z|

+ Z Ie'ffl)(r,eﬁ' +s_eh| + |e§‘+])(—s,e§’ +r_é}|

n<-1
= |e1_1)(roe(1) + e”“soe(2)| + |eé)(—elu2soe? + el(“‘+“2)roe(2)|
+ Z Ie'f_l)(mre’f +syeh| + Ieg+1)(—ei“3s+e’f + ei’“uegl
n>1
+ Z Ierffl)(r,e'l' +s_e5| + |e§’+])(—s,eﬁ' +r_éj|
n<-—1

=Uru,

where 1 =bg —b_, uo =by —b_+co—c—and u3 = by —b_ 4+ c4 —c_. This
shows the first assertion of this theorem.

Next, we assume that U, ;, and U, , are unitarily equivalent, where 0 < r,, r; <1
and p;, u; € [0, 27). Then, there exist A € R and a unitary operator W = @, ., W,
on H = @, .z Hx such that

nez

WU, W = Uy .
Here,

rwu,, w*
= ei}‘|Wel_1)(r0We(l) + ei‘“soWe(2)| + ei)‘|Weé)(—ei“2soWe(l) + ei(“‘+“2)roWe(2)|

+ et Z IWe'f_l)(rJr We'l + s Weh| + |We’21+1)(—ei”3sJr We'l + M, We|

n>1

+é* T Wl o Wel + s_Web| + (Wit ) (—s_Wel +r_Wel|

n<-1
and

_ s s s ’
U = leg ) el + e isged] + led) (—elt2sfed + et rl el
-1 ’ 1 +1 il ips 1
+ Z le] 7 ) (rlel + sl es| + ey ) (—e'3slef + eVl e
n>1
—1 / ’ +1 / /
+ Z lef " ) (rlel +se5| + ey ) (—slel +rlesl.

n<-—1
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Con51der1ng P,,ilekWUwW Py = Py1Upr o Py for any n € 7, we have Well =
e“‘”e” and Wej = e‘”"e for some u,, v, € R. Then

WU, W

1><el(—u—1+uo—l)roe(l) + el(—u—1+vo—k+M1)SOeg|

= |e;
+ |el)(— 1(—v1+M0—A+M2)Son + gl(—v1+v0—k+ul+ﬂz)roeg|
+ Z|e 1( Un—1+up— K), e + el un_1+vr)»)S+eg|
n>1
+|eg+1>< 1( Un+l+”n_}t+l/‘"§)S @ +€1( Un+l+vn_)\+u3)r+eg|
+ Z |e’1"_1><el(7un—l+un*)\)r_el +el(7un—l+vn*)\)s_eg|
n<-—1
+ |e’21+1)(_el(—vn+1+un—)~)s_ell1 + el(—vn+1+vn—)»)r_eg|_ 9)

Since e"\WU wW* = U, ,/, weobtain r = r’. Moreover, comparing the coefficients
of [ef ) (el |e" 'y(el| and |ej T (e yields

—tp—1t+up—=A =0, —up_1+v,—A=0n#0), —vyp1+v,—2=0n<-1).
(10)
Here, we can assume that uy = 0, because WUW* = (" W)U (" W)* for any
w € R. Therefore, u,, = nA, and this implies v, = u,—1 + * = nA (n # 0). Using
the third equation in (10), we have 24 = 0, and therefore A = 0 or . Moreover, the
coefficients of |eg)(e1_1 | imply vgp = u_1 —A = —2A = 0. Comparing the coefficients
of le ") (€9l led)(e)] and e 1) (e} (n > 1), we obtain u = /. O
This theorem says that the unitary equivalence classes of two-phase quantum walks
with one defect are described by {U,,,} and are parameterized by six parameters.
From the above proof, if elkWU,,MW* = U, then A = 0 or 7. When A = 0,
vy =up, =0and W = Ipy. When A =, v, =u, =nwand W = @, (—1)"I1y,.
Hence, we have the next corollary which we will use in Sect. 3.
Corollary 1 LetO <r, <1 (e =+, —,0)and u; € [0,27), andlet W = @nez W,
be a unitary on H = @, ., Hn. Then, for 1 € [0, 27),

AWU, W = Uy,

ifand only if A =0and W = Iyyor k. =mw and W = @, ., (—1)" I,
As a corollary of Theorem 3, we obtain the following.

Corollary 2 [12] A translation-invariant quantum walk U is unitarily equivalent to

= Z |e§’_l Y(re + se5| + |e"'H)(se’11 +reés|

nez

forsome(Q <r < 1withs =~1— r2. Moreover, U, and U, are unitarily equivalent
ifand only if r = r’.
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Proof From the definition of a translation-invariant quantum walk, we can assume that,
in (8), ry =r_ =rg,ay = a_ = ag and so on. This implies that u; = by —b_ =0,
ur = by —b_+cy—c- =0and u3 = by —b_ + c4+ — c— = 0. Setting
r = ro satisfies the first assertion. The necessary and sufficient condition for unitary
equivalence follows from Theorem 3. O

Corollary 3 A one-dimensional quantum walk U with one defect is unitarily equiva-
lent to
i(vi+2)

—1 0 i 0 1 i 0 0
Uri,ro,ul,vz = |el ><}’0€1 + eWIS062| + |€2)(—€WZSO€1 +e r0€2|

+ Z Ie’f_])(rierf + stes| + |eg+1)(sie'f +ries|
nezZ\{0}

for some 0 < re < 1 and vi,v2 € R with s, = /1 —rg2 (e = =,0). We write
Ury rov1.vo = Uy for short. Moreover, when 0 < rg, ré < 1 and v;, vlf e [0, 2m),
U,y and U, \y are unitarily equivalent if and only if r = v’ and v = v'.

Proof From the definition of a one-dimensional quantum walk with one defect, we
can assume that, in (8), ¥+ = r—, ay = a_ and so on. This implies that u3z =
by —b_ +c4 —c_ = 0. Setting r+ = r4,v; = u1 and vy = py satisfies the first
assertion. The necessary and sufficient condition for unitary equivalence follows from
Theorem 3. O

These corollaries imply that translation-invariant quantum walks are parameter-
ized by one parameter and one-dimensional quantum walks with one defect by four
parameters.

Clearly, Theorem 3 can be applied to complete two-phase quantum walks, though in
this case, U, ,, is not a complete two-phase quantum walk. Indeed, from the definition
of complete two-phase quantum walks, we can assume that, in (8), ro = ry, ap = a4
and so on. Then, 1 = by — b_ # 0 in general, and the coefficients of |el_1) (eg| and
|e’11_1)(e§’| (n > 1) of U, are not the same.

Hence, we provide the next theorem.

Theorem 4 A complete two-phase quantum walk U is unitarily equivalent to

Uriroron = Dl (rvel + 54651 + les ™) (= s el + e r b

n>0

+ Z |er1'_l)(r_e’11 + ei°2s_e§| + |e§’+1)(—s_ei’ + eiozr_eg|

for some 0 < ry,r_ <1andoy,op € Rwiths, = /1 — "52 (e =+, —). We write
Ur,.r_ 01,00 = Upo for short. Moreover, when 0 < re,r, < 1 and o;, 0/ € [0, 2m),
Uy and U, 4 are unitarily equivalent if and only if r = r' and o = o’
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Proof The proof is almost the same as that given for Theorem 3, but we present it here
for completeness. Let

U= lén1)ntal + Ensin) Gat1nl

nez

be a complete two-phase quantum walk. Then, by definition, Eq. (2) can be written as

WIUWS = Z |e’11_1>(em+r+e’f + syl + |e'2’+1)(ew+s+e§' + err el
n>0
+ Z |e771)(ei“*r,eﬁ’ + eib*s,e§| + |eg+l)(eicfs,eﬁ' + eid*r,eg|

n<-1

for some 0 < r, < 1 and a;, b, c¢, de € Rwiths, = /1 —r2 (¢ =+, —).
We then modify Step 2 as follows:
Step 2" Let £ = (b + c— + m)/2. Define g,,, h, € R by

[ nt—ay) (n>0)
"= Vn—a)—a_+ar (n<—1)

and

i :{(n—l)(e—a+)—b++z n=1)
" nmn—-1D¢—-a)+c_+ay—a_ —Ll+m (n<0)’

and a unitary W» on H by

Wy = @ e lef) e} + e e (e

nez

Then, using a, + dy + 7 = b + ¢4,

WL W UWF W5
_ Z Y G R P R o T R T P
n>0
+ |e£l+1 > <el(C+_hn+l+gn_£)S+e’11 + el(d+_h”+l+h" _Z)r+e'21|
n Z |e§’_1)(el(“—_g”*l"'g”_l)r_e'f +el(b—_g"*1+h"_l)s_eg|
n<-1
+ |eg+1 > <el(C7_h"+l+g”_£)Sfe? + el(d*_h"“'*'h"_z)r,eg
n—1 n n n+1 i(cq—c— n (e —c- 1
_ Z €Y (el + syel] + bt ) (—e (c4—c )S+€1 + eller—c )r+€'2|
n>0

+ Z |e§’_1)(r_e’f + ei(b‘7b+)s_e§l| + |eg+l)(—s_e’f + ei(b‘fb”r_egl

n<—1
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= Z |e'1’71 Yryel +syes| + |e”+])(—ei"‘s+e’11 + e%r el
n>0
+ Z Ie’f_1 (r_ef + %5 e |+|e"+1)(—s_e?+ei"2r_e§’|
n<-—1

= Ur,a,

where 01 = ¢y —c_ and 0o = b_ — b.. This shows the first assertion of this theorem.

Next, assume that U, , and U, ,+ are unitarily equivalent, where 0 < re,r, < 1
and 0;, o/ € [0, 27). Then, there exist A € R and a unitary operator W = @nez
onH = @nez H,, such that

WU, o W* = Uy o

Here,
WU, , W
= Z |We7_1 WryoWel + s Wey| + |We"+1)(—ei‘”s+Weﬁ' + ei”‘r+Weg|
n>0
+ Z IWe’f*1 (r-Wel + el%s_Wel| + |We"+1)(—s,We§' + e 2r_Wej|
n<-—1
and

Uy o = Z:|e'11_1 )riel + s e5| + |e"+1)( e"’ls+e +ewlr+e |
n>0
L
+ Z |e§’_1 (rlef + %5 e |+|e"+l)(—s/_e’f+e1”2r/_e’2’|.

n<—1

Considering P,,ile”\WUmW*P = Py+1Uy o P, for any n € Z, we have Wef =
e'nell and Wel) = e'Vr e for some u,, v, € R. Then,

WU, W

— Z |€Iil_1><el(7un_l+u”7k)r+e’]1 + el(iu"_]+v”7)‘)s+eg|
n>0

+|e"+1)(—el(_v"“+u" A+al)s e +el= Un+1+vn—)\+01)r+eg|

+ Z |€ 1( Up—1+Upn— )r_e’l'l+el(*un—1+vnf)\+”2)s_eg|

n<-—1

+ |eg+l><_el(—vn+l+un_)\)s_e’il + el(_v’1+1+v"_)\+02)}”_€g |

Since ei)‘ WU, » W* = , we obtain r = r’. Moreover, comparing the coefficients
— +1 .
of |e] )(eﬁ’|, le] ™ )(ezl and |e" )(e]| yields

—Up1+u,—A =0, —up 1+v,—A=0n>0), —vyp1+u,—2=0xn=<-1).
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Here, we can assume that ug = 0, because WUW* = (e W)U (¢ W)* for any
w € R. Therefore, u,, = n, and this implies v, = u,—1 + * = ni (n > 0) and
Unt1 = Uy, —A = (n— 1)A (n < —1). Hence, vg = 0 and vy = —2A, with the result
that A = 0 or . Then, —v,+1 + v, — A = O for all n € Z, and therefore, 0 = o/,
comparing the coefficients of |e§+1) (e5]. This completes the proof. O

This theorem says that complete two-phase quantum walks are parameterized by
four parameters.

From the above proof, if ei)‘WUm W* = U, 4, then A = 0 or 7. When A = 0,
vy =up, =0and W = Ipy. When A =, v, =u, =nmwand W = @, ., (—1)"I1,.
Hence, we have the next corollary.

Corollary4 Let 0 < r, < 1 (¢ = +,—) and 0; € [0,2m) (i = 1,2), and let
W =@, ez Wn be a unitary on H = @,,.7, Hy. Then, for A € [0, 21),

WU o W* = U,y

ifand only if A =0and W = Iyyor k. =mw and W = @, ., (—1)" Iy,

3 Unitary equivalence classes of one-dimensional quantum walks with
initial states

In this section, we consider one-dimensional quantum walks with initial states. We
assume that an initial state & is in Hj.

Definition 4 One-dimensional quantum walks with initial states (U, @) and (U’, ®")
are unitarily equivalent if there exists a unitary W = @, ., W, on H = D, ., Ha
such that

U =WUW* and @' =Wo.

Unitary equivalence classes of two-phase quantum walks with one defect with
initial states are described as follows:

Theorem 5 A two-phase quantum walk with one defect with an initial state (U, @) is
unitarily equivalent to (U, @u.g) for some 0 <rg,a <1 (e =+,—,0), u;,0 € R
(i = 1,2,3), where @9 = e + €?+/1 — a2e.

Moreover, (U, @Pog) and Uy 1, Por o) with 0 < re, rl,o, 0 < 1 and
i, i, 0,0" € [0, 2m) are unitarily equivalent if and only ifr =r', up = i/, @ = o
and 9 = 0'.

Proof It was proved that U is unitarily equivalent to U, for some r and p in Theo-
rem 3. Hence, there exists a unitary W = @@, ., W, on H such that WUW* = U, .
The state W& € Ho = C? can be writtenas W = oze(l) —i—ﬂeg for some «, B8 € C with
|| +1|B]? = 1. Since W® and e* W @ are identified, we can assume that 0 < o < 1.
Then, 8 = /1 — a2 for some 0 € R. Therefore, W@ = @, ¢ holds, and hence,
(U, @) is unitarily equivalent to (U, i, @a,0)-
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Next, assume that (U, ,, @q9) and (U, v, Py ¢7) With 0 < re, 1/, @, &’ < 1 and
Wi u;, 0,0’ € [0,2x) are unitarily equivalent. Then, by Theorem 3, r = r’ and
w = p'. Moreover, if there exist A € R and a unitary operator W = @, ., W, on H
such that

WU, W = Uy,

then, by Corollary 1, A = Oand W = T or A = wand W = &, ,(—1)"I5,.
Therefore, W@, g = @ o implies ¢ = o’ and 6 = 6'. O

As corollaries, and from Corollaries 2 and 3, we have the following.

Corollary 5 A translation-invariant quantum walk (U, @) is unitarily equivalent to
Uy, @y9) for some 0 <r,a < 1and0 € R.

Moreover, (Uy, @y g) and (U, Py g ) withO < 1,1/, a, o' < 1and6,0’ € [0, 27)
are unitarily equivalent if and only if r =r', a = o’ and 0 = 0’.

Corollary 6 A one-dimensional quantum walk with one defect (U, @) is unitarily
equivalent to (Uy.,,, Py ) for someO <re,a <1(e ==£,0)andv;,0 e R(@{@ =1, 2).

Moreover, (U, @yg) and (Uyry, Py o) with 0 < re,rl, a0 < 1 and
vi, v, 0,0 € [0,2m) are unitarily equivalent if and only if r = v, v =V, a = o
and 9 = 0'.

The proof of the next theorem is almost the same as that given for Theorem 5 and
is omitted.

Theorem 6 A complete two-phase quantum walk (U, @) is unitarily equivalent to
(Urg, Pap) for some) <re,a <1(e=+,—)ando;,0 eR (i =1,2).

Moreover, (Uyq, @a9) and (Up o1, Py o) with 0 < re, v, a0/ < 1 and
o, Ul.’, 0,0" € [0, 27) are unitarily equivalent if and only if r = r', 0 = o/, a = o’
and 6 =6'.

4 Conclusion

We discussed the unitary equivalence classes of some types of one-dimensional quan-
tum walks with or without initial states. In the previous paper [19], we showed some
general properties of unitarily equivalent quantum walks. In particular, we proved
that every one-dimensional quantum walk is the unitarily equivalent of one of the
Ambainis types. We also presented the necessary and sufficient condition for defining
a one-dimensional quantum walk as a Szegedy walk. In the present paper, we stud-
ied the unitary equivalence classes of some special types of one-dimensional quantum
walks. As a consequence, we obtained the following results: Two-phase quantum walks
with one defect (without initial states) are parameterized by six parameters, complete
two-phase quantum walks by four parameters and one-dimensional quantum walks
with one defect by four parameters. When we consider quantum walks with initial
states, we need additional two parameters which correspond to the initial state @, g.
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Moreover, we showed that the unitary equivalence classes of general one-dimensional
quantum walks are described by {U, ¢} with 6y = 61 = 0.

The parameterization of unitary equivalence classes tells us what part of one-
dimensional quantum walks were already investigated and what part should be studied.
For example, a complete two-phase quantum walk considered in [11] is defined by

(.3) — Zl n—1 el +el(7’+e |+ |en+1)( 7i0+e)il _eg|

n>0

+_ Z |€ 61 +ela_e2|+|erz+l>< —io_e?_egl

n<l

for some o4, 0_ € [0, 2). From Theorem 4, U ) ig unitarily equivalent to U, , with
ry=r_= l/«/f and 01 = 02 = o_ —o4. Hence, quantum walks U, , with o1 # o2
are not included in the model of U®). Furthermore, we can reduce the parameters
defining o1 = 03 = 0_ — o4 In the same way, we can apply our results to many other
previous works.
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