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Abstract
We prove that all hypergroups of order four are commutative and that
there exists a non-comutative hypergroup of order five. These facts imply
that the minimum order of non-commutative hypergroups is five even though
the minimum order of non-commutative groups is six.
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1 Introduction

The structure of hypergroups has been studied by many authors (see [IHI6L[18,
19] and references therein). N. J. Wildberger [19] determined the structure of
hypergroups of order three; however the structure of hypergroups of order greater
than three has not been determined. R. Ichihara and S. Kawakami [6] revealed the
structure of hypergroups of order four which has a subhypergroup. However, even
the structure of a hypergroup of order four has not been determined in general.
In this paper, we focus on the commutativity of finite hypergroups. Let
K = {co,c1,...,¢,} be a finite hypergroup of order n. We first prove that K is
commutative if the s-structure of K is trivial, i.e., ¢f =¢; (¢ =0,1,...,n). From
this fact, all hypergroups of order less than three are commutative. As was shown
in [19], all hypergroups of order three are commutative. We next prove that all hy-
pergroups of order four are commutative. Therefore, all hypergroups of order less
than five are commutative. Let us consider the case where K = {c, ¢1, o, ¢3,¢4}
is a hypergroup of order five. Then, the following three *-structures are possible:

(1) ¢§ = co, ¢ = c1, & = ca, & = c3, ¢ = ¢4 (trivial case);

(2) ¢ = co, ¢ = ¢4, ¢5 =3, ¢ = o, € = C1;

(3) ¢§ =co, € =1, ¢5 =, & = ¢4, ¢ = cs.
In case (1), the *-structure is trivial and hence K is commutative. We prove that
in case (2), K is commutative, but case (3) allows K to be non-commutative.
We emphasize that the minimum order of non-commutative hypergroups is five,
whereas that of non-commutative groups is six.

This paper is organized as follows. In Section 2, we review some of the standard
facts on finite hypergroups. In Section 3, we prove that all hypergroups of order
less than five and hypergroups with a trivial x-structure are commutative. Section

4 is devoted to the study of hypergroups of order five. In the appendix, we present
the detailed calculations of associativities.
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2 Preliminaries

For a finite set K = {cg,c1,...,c,}, we denote the set of all complex-valued mea-
sures on K and the set of all non-negative probability measures on K by M°(K)
and M!'(K), respectively:

MYK) = {Zajécj a;€C (j:O,l,Q,...,n)},
5=0

j=0

J=0

where the symbol ¢, stands for the Dirac measure at ¢ € K. The support of
p = agde, + a10¢ + -+ + and,, € MP(K) is

supp(p) ={c¢; € K : a; #0(j=0,1,2,...,n)}.

Axiom. A finite hypergroup K = (K, M°(K),o,*) comprises a finite set K =
{co,c1,...,c,} together with an associative product (called convolution) o and an
involution * on M°(K), satisfying the following conditions.

(a) The space (M°(K), o0, ) is an associative *-algebra with unit d,,;

(b) For ¢;,¢; € K, the convolution 4, o d., belongs to M'(K);

(c) There exists an involutive bijection ¢; + ¢ on K such that d.- = §7.. More-
over, ¢; = ¢ if and only if ¢y € supp(d, o d;) for all ¢;,¢; € K.

A finite hypergroup K is called commutative if the convolution o on M°(K) is
commutative. Sometimes, we express the hypergroup K = (K, M°(K),o,%) in

K= {Co,Cl, c. ,Cn}.
From axiom (c), the structure equation of ., o d.+ is written as
0¢; © Ocr = 00y + A10¢, + -+ + ande, (ao > 0).

Then, the weight of an element ¢; € K is defined as w(¢;) := %, and the total
weight of K is given by w(K) := 377" jw(c;). We use 0, o d,le, to denote the

coefficient of d., of the convolution 4., o d;.

Lemma 2.1 Let K be a finite hypergroup. For ¢; € K,

501- o 502‘

co = Oc © 0c;]cy- (2.1)



Proof. The lemma follows from the fact that
w(e) =w(c), ¢ eK
(see [I7, Lemma 1.3]).

We write d, o 0., as

ko ook
mzj = mji,

[

T 27
mw = mﬂ,

- - x
where i satisfies ¢ = c;.

Proof. By the *-structure, (d, 0 d.;)* = 0; o7’ . Then, (23] follows from

Cj

(0e; 0 0¢,)* <Z muéck> Zm”
07,065 = 0c © 8 = 0 © 6, = Z M,

The coefficients d., o (d¢; © dc; )|, and (é¢; © dc;) © b, |c, are calculated as

5 (5 . 0501 co — ijlack 60 = ( ) EZ’
(501- @) 5Cj) @) 5Ci|co = (Z mfj5ck)5ci|m = w(c;k)mgj
k=0

By (22) and the associativity law, we obtain (2.4]).
Similarly, the equations

O, © (8e; © 02 |eo = 0, © (Y m5ide) ey = wlci)mi,
k=0

(5Ci © 56]') © 5:,"00 = (Z mfj(sck) © 5;|Co = w<ci)m§j

k=0

yield (23]), which completes the proof.

(2.2)



3 Commutativity of hypergroups

In this section, we discuss the commutativity of hypergroups. First, we prove the
following proposition.

Proposition 3.1 Let K be a finite hypergroup. If the x-structure of IC is trivial,
i.e., for all c; € K, cf = ¢;, then K is commutative.

Proof. Let ., 0 d,, = > ._omy;0,, where Y, ml; = }g and my; > 0. By (Z3)

v

and the triviality of the x-structure, we have mfj mi; = mfz Hence, for all
1<i,j <n,
n n
0e, 000, = > mfibe, =Y mhide, =0, 00,
k=0 k=0
When i = 0 or j = 0, the commutativity of d., and J., is trivial. O

Proposition [B.] yields that all hypergroups of order less than three are com-
mutative. The commutativity of a hypergroup of order three is already known.

Proposition 3.2 [19] Let K be a hypergroup of order three. Then, K is commu-
tative.

All hypergroups of order four are also commutative.
Theorem 3.3 Let KC be a hypergroup of order four. Then, IC is commutative.
Proof. Let K = {co,c1,co,c3} be a hypergroup of order four. All possible x-

structures of IC are as follows:

(i) ¢ = co, ¢ = c1, G = co, ¢ = c3 (trivial case);

(ii) ¢ = co, ¢ = c3, & = o, ¢ = 1.
Note that the case in which ¢ = ¢y, ¢] = c2, ¢5 = c1, ¢; = c3 is essentially the
same as case (ii). By Proposition Bl K is commutative in case (i); thus, we need
to consider only case (ii). Although the proof is similar to that of Lemma 2.2 we
provide the proof for completeness.

By axiom (c) of a finite hypergroup, the structure equation of §., 04, is written
as

Ocy © Ocy = PoOcy + P10cy + P20c, + P30c; (P > 0).

Combining this with ¢ = c3 yields

(561 © 503>* = <p0500 +p15€1 +p2502 "‘]735@3)*,
561 o 563 = p0500 +171563 + p25c2 +p3501'

Hence, we have p; = p3 and

501 o 503 = pO(Sco +p1501 "‘]72(5@2 +p1503' (31)
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By axiom (c) and (21), the structure equation of é., © 9., iS 6cy © dey = Pode, +
10¢; + @206, + q30¢, (po > 0). Similar to the above mentioned instance, we know
that ¢ = ¢3 and

503 < 501 = p05c0 + QI(scl + Q2502 + q1503' (32)

The structure equation of d., o d., is written as
ey 0 0cy = T00cy + T10c; + 7200, + 710, (19 > 0).
By axiom (c), we can write
0¢y ©0¢; = 010¢, + Q20¢, + 30c,.
Hence, by the x-structure (d., © ., )* = 0¢y © O¢y, We obtain
Oy © Opy = V30, + Q20¢, + A10cs.
Similarly, we can write

501 o 562 == /81561 + 62502 _'_ /835637
562 o 563 = /83561 + 62562 + /815637

Guu 0 8y = 100, + 12 + Y30 33
Ocs © Ocy = V30¢; + V20c; + V10¢5-
Next, we consider the associativity of K. By axiom (a),
(B ©60) © 8o ey = By © (321 © 50
and therefore, q;pg = a1py. Hence, by py > 0,
q1 = Oq.
By (0e; ©0¢;) © 0gley = Oy © (0ey © Oeq)|eo and po > 0, we have a; = p; and
= ¢ (3.4)

By axiom (b), ., 0dc;, 0, 00, € MY (K), with the result that (B.1]) and (B:2)) yield
po+2p1+p2=1 and po+2¢ + ¢ = 1.
Combining this with (34]) yields
P2 = q2. (3.5)
Substituting (34) and 31) into ([B1]) and (B:2)), we conclude that

0ey © ey = Oy O Ocy -
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The associativity, (dc, © de;) © Oepley = Oey © (Oey © Ocy)|ey, Yields yarg = Paryo.
Hence, by rq > 0,
Y2 = [a. (3.6)

Similarly, by (9, ©9¢,) © ey ]eg = 0y © (0ey © ¢y )| e ANA (Ogy ©0ey ) © 0y |y = Oy © (O ©
¢y )|eos We obtain
agrg = B3po  and  y3po = QaTo.

Combining this with pg > 0 yields

B3 = 7. (3.7)
Because 6., 0 d.,,0., 0., € M'(K),

Bi+ B+ PBs=1 and v+ v+ =1

Hence, by (8.6) and (3.7), we obtain

B1=m- (3.8)
Substituting (3.6), (3.7), and (B.8) into (B.3)) yields

O¢y ©0py = 0py O 0y ANA Oy O Opy = Oy © Ocy-

This completes the proof. O

4 Non-commutative hypergroup of order five

In this section, we discuss the commutativity and non-commutativity of hyper-
groups of order five. Consequently, we can find a non-commutative hypergroup of
order five. Let K = {co, c1, o, c3,c4} be a hypergroup of order five. All possible
x-structures of IC are as follows:

(1) ¢ =co, ¢ =1, G = o, ¢ = c3, ¢} = ¢4 (trivial case);
X X * * * .

(2) ¢f=co, ¢ =cy, 5 =c3, ¢ = o, ¢ =13
X X * * *

(3) ¢ =co, ] =c1, G5 =2, ¢ = cu, €] = 3.

By Proposition 3.1, K is commutative in case (1). Hence, we need to consider only
cases (2) and (3).

Proposition 4.1 Let K = {cy,c1,co,c3,¢4} be a hypergroup of order five. If K
satisfies (2), then K is commutative.



Proof. If we write d., 0 ., = D __yarde,, then &7 od; = > ¢ ard;,, because
d;, 0 0;, = (8¢, 0 0c;)*. By axiom (c), d¢, © d¢;|e, > 0 only when ¢; = ¢}. Moreover,
by 1), dc, 0 0} |, = 0% © ¢l Combining these, we can write the structure
equations of K as

0¢y ©0¢; = @10¢, + A20c, + 3004 + G40,
564 o 564 = a4501 + a’3562 + a’2503 + a1564a

562 o 562 - b1501 + b2562 + 63563 + b45047
503 (0] 503 = b45¢1 —+ b3562 —+ bgdcg + 61504,

0¢y © 0¢y = d10¢, + d30c, + d30cy + dyde,,
Oy © 0ey = dg0¢, + d30c, + dobey + dyde,,
Oey ©0py = €100, + €200, + €300, + €40,
Ocy © 0cy = €40c, + €30c, + €20c, + €10,

0¢y ©0cy = f10c, + f20e, + f30es + f10cys
Oy 000y = f10e; + f30cy + f20ey + f10c4,
Oeg © 0e; = G10c; + 920cy + 930c5 + Gae,,
Oey ©0cy = G40c; + g30c, + G20cs + G10c,,

561 o 564 - h0560 + h1561 + h2562 + h2563 + h1504a
504 (0] 501 = h0500 + ilécl + ’i2562 —+ igdcg + i1504,

502 o 503 - j0500 + j1561 + j25c2 + j25cg + j1564’
503 o 502 - j0500 + k1501 + k25c2 + k2503 + k15C47

where hy > 0 and jo, > 0. Note that each block in this list contains d., o .,
Oz, ©0cz, Oc; ©0c,, and o7 0 d; . To prove commutativity, we only need to show that
0¢; 00, = 0¢; 00, for all 1 <4, 5 < 4 with 7 # j.

By (24)), we get

By axiom (b), hg + 2hy + 2hy = hg + 2i; + 2i5 = 1. Therefore, hy = iy and
d¢y © 0, = gy O O,y -
Similarly, we observe from (2.4]) that



By axiom (b), j1 = k1, and hence, d¢, 0 ¢y = ey © ¢, -
Next, we consider the coefficients of 4., o d., and J., 0 d.,. Again by (2.4), we
have

e3=my =miy=dy (i=2,j=1
di=mis=my =e; (i=17=2).
From the associativity law,

(501 © 502) © 5C3|60 - 501 © (502 © 503)|Cm (503 © 502) © 501|00 = 503 © (502 © 501)|Cm

and thus, we obtain
dajo = hoj1 and  kihg = ezjo.

Since j; = ky and jo > 0, we get dy = ey. By axiom (b), di = e;; hence,
O¢y ©0ey = 0y O 0y AN Oy O Oy = Oy O Ocge
Finally, we consider the coefficients of ., o d., and d., o d.,. By (24,

fo=mii=mlh =g (i=2j=4)
fi=miy=m3 =g (i=1,j=3).

By (2.3)),

fl:m%3:m34:d1 (i:17j23)7

€1 :mi3:mé1 =g (i=4,7=23).

Since e; = dy, fi = ¢1. Again by axiom (b), we obtain f3 = g3. Therefore,
0¢y ©0py = 0py © Oy, AN Oy © Oy = Oy © Ocye O

In what follows, we consider a hypergroup with the *-structure (3).

Theorem 4.2 There exists a non-commutative hypergroup of order five with the
x-structure (3).

In the remainder of the paper, we prove Theorem As in the proof of Proposi-
tion L], the structure equations of & are

ey © 0¢y = PoOcy + P10c; + P20c, + P30cy + P30c,,
ey © Ocy = qolcy + q10¢y + q20c, + G30c; + q30c,,

Oy © 0cy = T00¢y + T10¢, + 720¢, + 73005 + 7304,
564 o 563 - roaco + 81561 + 82562 + 83563 + 835645



561 o 562 - a1561 + a2562 + a3563 + a4564a
Oy © 0¢y = 10¢; + Q20¢, + 40cy + 30,

ey ©0cy = P10, + B20c, + B30c; + Bidey,
Ocy ©0c; = P10y + B20cy + Badey + B30cy,
Ocg © ey = V10c; + V20cy + Y40y + V30cy,
ey ©0cy = M10¢; + V20c, + V30e5 + Va0ey s

Oy © Ocy = €10¢, + €200y + €300, + €40,
O, © 0cy = €10¢, + €20, + €400, + €30,
Oy © 0cy = (10, + C20cy + C40cy + (30,
ey ©0cy = C10¢; + Calcy + (30c5 + C40cy

563 o 563 - 771561 + n2562 + n3563 + n4564a
504 © 564 = 771501 + n2502 + n4503 + 7]35047

where py > 0, go > 0, and ro > 0. By (24]), we get

Br=miz=my=m (i=17j=3),
"73—m§1:m11l3:64 Z:3a]:1)a
g =mp=ms =C (1=2,j=3),
G=mp=my=ca (i=3,]=2),
Ty =ms, =My =83 (i=23,7=4).

Moreover, by (Z3]), we have

04 3
83 = My3 = Mgz = T3

By axiom (b) and (@3]), 1 + r2 = s1 + s9; hence

From the equations
(e ©0e5) © Ocy o

we get

Similarly,
(0ey ©0c5) © Oeyleq

yield

- 501 © (503 © 504)|Cm

- 502 © (503 © 504)|Cm

N — S1 = S9 — To.

(0ey ©0cy) © Ocyeq
farg =ripo and  y4ro = S1po.
(0ey ©0cy) © Ocseq

€370 = ra2qo  and  (4ro = S2qo.

A~ N /N /S A/
il ol ol o
T = W NN =
~— ~— — ~— ~—

(4.6)

(4.7)

= 501 © (504 © 503)|Cm

(4.8)

= 502 © (504 © 503)|Cm

(4.9)



Lemma 4.3 If ry = s, then K is commutative.

Proof. By assumption, (471) implies that ry = sy. By axiom (b), r3 = s3, and
hence, d., 00, = 0., 0d,. Similar to the above mentioned instance, we observe from
([A8) that $3 = 4. Combining these with axiom (b), we have S, = 2. Hence,
Oy ©0ey = Oe3 © 0, and dg, © Oe, = O, © 0, By ([E), €3 = (4, and thus, €; = (; by

axiom (b). Hence, 6., 0 dc; = ¢, 0 0, and d, © 6., = 6, © d.,. The equations
(05 ©0ey) © Oegleg = Oy © (Oey © Oe5)|e, AN (O3 0 Oey ) © Oeyley = Oes © (0ey © Oey) e
imply that ag = ay. Hence, ., 0 6., = 6., 0 d.,. This completes the proof. O

To obtain a non-commutative hypergroup, we assume that r; # s;. Then,
by the structure equations, we observe that d., o d., # 0., © 0.,. Hence, K is
non-commutative.

Lemma 4.4 Ifry # sy, then
Bs# 4 and e3# (4.10)

and

041251271, 774254273:64:@, OzQZEQZCQ, and N3 =Tz = S3.
(4.11)

Proof. (A8) and (49)) yield (£I0). Now, we consider the equation
(503 © 504) © 5C3|C4 = 503 © (504 © 503)|C4'
Combining
(563 © 564) © 563‘64 = (TO(SCO + Tl(s@l + T25€2 + T35€3 + T35€4) © 563|C4
= 1r1fs+roes +13(ns + 53)
and
503 © (504 © 503)|C4 - 503 © (T0500 + 51501 + 52502 + 53503 + 53504)|C4
5173 + 5203 + s3(Ms + 13)

with (42), ([@4), and (£3), we conclude that S4(r; — s1) = €4(s9 — r2). Hence, by
@), we get
Bs = €4.

Similarly, calculating the coefficients (0, © d¢;) © O¢yle; = ey © (Oeg © Oy )|eys (0ey ©
Ocy) © Ocyles = Ocy © (Ocy © Ocy)|co, AN (s © Oy ) © Oyl = Oey © (0, © Ocy )|, yields
041(72 - 52) = 51(53 - 74), 0é2(€1 - C1) = 62(C4 - 63), and 54(72 - 52) = 774(53 - 74)-
Combining (£1))—(@4) with axiom (b) yields 75—y = 53 —74 and €, — (3 = (4 —€3.
Hence, by ([41I0), we have

oy =1, oo =¢€, and 5427}4-

Summarizing the above results and (£I)—(4.0), we have the lemma. O
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Lemma 4.5 Let 1y, s satisfy r1 # s1 and assume in addition that

Po=¢qo =10 and 7] = So.

Then, ro = s1 and the following 14 equations hold:

— 3 — ol
B3 = mis = mg, =11,
— 0t 1
— 2 ol
— 2 — 0l

_ 04 1
Ba = myz = mgz3 =,

a4 2

(4 = My, = My = S,
S 2
a4 1

P3 =My = Myg3 = B,
_ 4 2

4 2
€4 = Moz = Mgz = T2,

(4.12)

Bo =mis =z =, az=my =mi;= [,

Q4 =My = My = €1, €1 = My = M3 =Y.
Proof. By (A7) and the latter half of (I2), we have o = s1. From the former
half of (&I2) and the coefficients (d., © dc;) © d¢,ley = e, © (Oc; © Oy )|cy, We have

mfj = mg.k for all 1 <14, 7,k < 4. The desired results follow. U

From Lemma (4.5 we can reduce the number of independent parameters as
follows:

P =Po=qo = To,
r=r1=25=0="C(,
§=T2 =851 =74 = €3,
t=pr=ps=a1=pr=m,
qg=q =g =0 =€ = (g,
u=PFy=m =m =1 =" =¢€s = (3,
v=a3 == (1,
W= Qg =72 = €,
T =713 =83 =1;3.
By axiom (b), the coefficients of J., 0d., and 0., 06., imply that 51+ Fa+F3+ 54 =1
and (; + (o + (3 + {4 = 1, and hence,

t+v+r4+u=1 and v+qg+u+r=1.

Combining these yields
t=gq. (4.13)
Moreover, the coefficients of d., o d., and 9., o d., yield the results that py + p; +
p2+2ps =1 and go + q1 + g2 + 2¢3 = 1; hence,
p+pi+3t=1 and p+q +3¢g=1.

Substituting (AI3]) into the above yields p; = ¢o. Hence, we can define a parameter
Y as

Y=Dp1=q.

11



Lemma 4.6 Let p,q,7,s,u,v,w,x and y be as above. Then, p,q,u,v,w,x and y
are written in terms of r and s as follows:

1 1
p=2—4r—4s, q:§(7“+s), uzi(l—'r’—s),

1 5
v=Egon w=g -, xza(—1+3r+3$), y:—1+§(r+s).

Proof. Using the parameters, we can write the structure equations of KC as

ey ©0¢; = POey + Ydey + qcy + GOy + qOcy,
502 o 502 = péco + q(scl + y502 + q5€3 =+ q5047

Oy © Ocy = POcy + T0c; + SOcy + X0y + X0y,
Oy © 0py = POey + SOc; + T0cy + T0ey + X0y,

O¢y © 0ey = q0¢; + 0y + VOey + Wy,
Ocy ©0¢; = qO¢; + q0cy + Whey + VO,

0¢y ©0py = q0c; + VO¢y + 10¢y + U,
Oey ©0e; = ¢y + VI¢y + Udey + 70c,,
Oey © 0py = 0¢; + Whey + S0¢y + U,
0¢y ©0¢y = q0¢; + Whey + Udey + SO,

Oy © Opy = Whe; + q0¢y + S0¢y + Ude,,
Oy © 0py = Whe, + q0¢y + Udey + SO¢,,
Oey © 0py = V0¢; + qOcy + 10cy + U,
Oy © 0ey = V¢, + qOcy + Udey + 70c,,

Oy © Opy = UOe, + Uey + Tdey + U,
Oy © 0ey = Uy + Uy + Udey + X0, -
Hence, by axiom (b),

p+y+3q=1, p+r+s+2x=1 2q+v+w=1,
g+v+r4+u=1, qg+w+u+s=1, 3u+z=1.
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With these equations, the parameters u, z, p, v, w, and y can be expressed in
terms of r, s, and ¢ as follows:

1 1
uzé(l—r—s), xza(—1+3r+3s), p=2—4r —4s,
1 1
v:§(1—7’+5)—q, w:§(1+7’—s)—q, y=—1+44r+4s— 3q.

It suffices to express ¢ in terms of r and s. Calculating the coefficients (d., 0 d.,) ©
553|Cl = 563 o (504 o 553)|Cl y1€1ds

rqg+ sw+ xrs = sq+rv+ ar.
Because 7v = rw — r? + rs,
q(r—s)=(r—s)(w—r+z).
By assumption, 7 # s, and hence,
g=w-—r+z= %(T+S).
From this, we obtain the expressions for v, w, and y. This completes the proof. [

By axiom (b), each coefficient of the structure equations of K is non-negative.
Moreover, by axiom (c), p must be positive. Hence, we get the ranges of the
parameters as follows:

1
r+s<1 by 0<u, §§r+s by 0<uz,
1 1
7’+3<§ by 0 < p, 'r§§ by 0<w,
1 2
s§§ by 5§r+s by 0<uy,

0<
0<r+s by 0<gq.

Taking the above into consideration, we know that if r and s satisfy

1 1 2 1
0§7’<§, 0§5<§ and g§r+s<§, (4.14)
then /C satisfies conditions (b) and (c) of the axiom.

Finally, we check the associativity of . Since the structure of I is determined
by r and s, we write K = K(.,). Interchanging the parameters r and s, we set
K' = K. To avoid confusion, we mark the parameters of K’ with primes. Then,
we observe from Lemma that

/ / / / /
p=p, 4=q, T=S85, S=T, U=U,

v=uw', w=v, z=2, y=1y.
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Define a linear map 7 from M°(K) to M°(K') as

71-(500) = 5007 7T(561) - 502’ 7T(562) - 501’ 7T(563) - 503’ 7T(504) = 504'

Lemma 4.7 7 preserves the convolution o.
Proof. The equation 6., © 0., = pde, + Yd¢; + ¢, + @ocs + qd., implies that
T(0e; ©0¢y) = POy + ¢y + Ydey + qOcy + qOcy-
On the other hand,
T(0e,) © T(6ey) = ey © 0oy = PlOcy + @0, + YOy + @0y + ¢'0c,.
Therefore, m(6¢, 0 dc,) = (¢, ) © T(Je, ). Similarly,
T(0ey © 0¢y) = VI¢; + q0cy + T0cy + Ul

and
7T<(5CI> © 7T<503) = 562 © 503 = w/501 _'_ ql(ch + 81503 + U,/504.

Hence, 7(dc, ©d¢y) = m(0¢,) © (dey). The others are left to the reader. O
Lemma [£.7] says that if the associativity
(0¢, ©0¢;) ©0¢,, = ¢, © (0c; 0 b¢, )
holds for all 7 and s, then the associativity
(7(d¢,) © 7T(5c].)) om(de,) =m(d,) 0 (W(écj) o7m(de,))

also holds.
Let 7 be a linear map from M°(K) to M®(K’) defined as

F(0e0) = Oogs 7(00) = ury 7(00) = Oy, 7(0u) = Gegy 7(00,) = B0y,
In a manner similar to the proof of Lemma .7, we can prove the following.
Lemma 4.8 7 preserves the involution o.
Theorem 4.9 Let r and s be as above. Suppose that (LI4) and
3r 4+ 10rs 4+ 35> —8r — 85 +3 = 0. (4.15)

Then, IC is a non-commutative hypergroup.
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Proof. From the above argument, (LI4) implies that K = K, ;) satisfies condi-
tions (b) and (c) of the axiom. It suffices to check the associativities. It is clear
that if (0., o d;,) 0 d¢, = de, © (dc; ©dc,, ), then (dc, o 5@3) 00, = 0, © (563 o d,.) for all
1 <4,j,k < 4. Combining this with Lemmas [4.7] and 4.8, we only need to check
the following;:

), (0, ©0¢,) 0 0c, = ¢y © (0ey © 0cy ),
)y (0e; ©0¢y) 00, = Oy © (0gy ©
)y (0e ©0cs) © e = 0¢, 0 (
05 ©0cy),  (0g; ©0c5) © ey = ¢, 0 (
), ( )
), ( )
), ( )

9

9 c1/»

Cc1/9

Oc,)
© dc,)
Oy )
Oes © 0cy), (4.16)
Oe3 © 0¢;) © Oy = Oy © (Ocy © Ocy)
Oy 0 0¢3) © Opy = Oy © (0¢y © Oy )
Ocy )

Oy ©0¢y) O Opy = Oy © (0cy ©0c

9 c3/»

I c3/»

Oz ©0c5) © 0y = Oy © (Ocy © Ocy

Y 3 ).

We provide the proof only for the first two equations in (£I0); the other equations
are proved in Direct calculation yields

(81 ©8e,) © ey = YPOey + (P + ¥° + 3¢°)0ey + (yqg + ¢ + qu + qu)d.,
+ (yq + qw + g5 + qu)de, + (yq + qu + qu + qr)de,,

501 © (501 © 561) = ypéco =+ (p + y2 + 3(]2)501 + (yq + q2 +qu + qw)5c2
+ (yq + qu + qr + qu)de, + (yq + qw + qu + gs)de,.

Hence, by Lemma .6, we have (., 0 d.,) 0, = ¢y © (0¢, 0 6¢y ).
To show that (Je, © d¢y) © 0ey = ¢y © (d¢; © d¢, ), it suffices to prove that

p+2yq = v? + w?,
yv + qr + qu = qu + vr + wu, (4.17)
Yw + qu + qs = qw + vu + ws,

because

(8cy ©0cy) © 0y = qpdey + (yq + @° + qu + qu)de, + (p + 2yq + 2¢%)0e,
+ (yv + ¢ + qr + qu)de, + (yw + ¢* + qu + ¢8)d,,,

81 © (8ey ©0ey) = qpOey + (qy + ¢ + vq + wq)0ey + (2¢° + V° + w?)d,,
+ (¢° + qu + vr + wu)de, + (¢° + qu + vu + ws)d,,.

We observe from Lemma [0 that (L15) yields (£.I7). O

Let A be the set of all pairs (r,s) that satisfy (£I4) and ([EIH). A is not
empty (see the figure below). Let (r,s) € A. By Theorem BI K = K, is a
non-commutative hypergroup. This proves Theorem
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Appendix A

In this appendix, we show the details of the calculation of associativity. Since
(0¢; ©0ey) ©0e; = Oy © (0y ©0¢,) and (Oey © 0¢y ) © 0y = ¢y © (dey © Oe,) are proved
in the proof of Theorem .9, we only need to check the equations in (£.I6]) other
than (501 © 501) o 501 = 501 o (501 © 501) and (501 o 561) o 502 = 501 © (501 © 502)'
By the calculations
(01 ©0ey) 0 8ey = qpOey + (Y + qu + qu + qs)de, + (yv + ¢° + qu + qr)d.,
+(p +yr + qs + 2qw)0c, + (yu + 2qu + q2)d,,,

81 0 (0ey ©00y) = qPOey + (qy + vq + 1q + uq)de, + (¢* + vq + 70 + uw)d,,
+ (@ + 02 + 12+ U)oy + (¢ + vw + Tu + us)d,,
we need

qw + gs = vq + rq,
Yv + qu + qr = vq + rv + uw,
p+yr+qgs+2qr = ¢+ 0P+ r? + U
yu+2qu+q:c:q2+vw+ru+u5
for (0c, 00¢,) ©0¢ey = ey 0 (0ey 00¢,). The first equation always holds. The equation
3r +10rs +3s* —8r — 85+ 3 =0 (Appendix A.1)

is required to satisfy the others.
By the calculations

(0e, ©8ey) 0 0, = qpde, + (qu + @° + vq + wq)de, + (2¢° + 20w)é,,
+ (q2 + qu + vs + wu)d., + (q2 + qu + vu + wr)d,,,

Oey © (6, 0 6c,) = qpoey + (qy + ¢* + wq + vq)d., + (2¢° + 2vw)é,,
+ (¢ + qu + wr + vu)d,, + (¢° + qu + wu + vs)d,,,
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we need
qW + VS + wWu = qU + wWr + vu

for (0, 0 0¢y) © ey = ey © (0ey © de, ). This equation always holds.
By the calculations

(0¢y ©0¢y) © 0y = WPSe, + (q2 + qw + vu + ws)d., + (qu + @+ vu+ wWr)de,
+ (qr + gs + vx + wx)dey + (2qu + vu + wx)dy,,

ey © (00, 0 0ey) = Wpde, + (wy + ¢* + 5q + uq)de, + (Wq + ¢ + sv + vw)d,,
+ (wq 4 qu + sr + u?)6,, + (2wq + 25u)6,,,

we need

qW + vu + ws = Wy + Sq + uq,

qU + vu + wr = wq + sv + vw,
qr+qs+vx+wx:wq+qv+sr+u2,

2qu + vu + wr = 2wq + 2s5u

for (0¢; 00cy) 00cs = ¢y © (0¢, © ¢y ). The second and fourth equations always hold.
The equation (Appendix A.1]) is required to satisfy the others.
By the calculations

(der ©0ey) © 0y = qPOey + (qy +0q + 1 +uq)de, + (¢ + vg + rw + uv)d,,
+ (¢ +vw +rs +u?)d., + (¢° + v + 2ru)d,,,

8¢y © (0ey 0 66,) = qDOey + (qy + wq + 5q + uq)de, + (¢ + wq + sv + uw)d,,
+ (¢ + wv + s+ u?)d,, + (¢° + w?® + 25u)d,,,

we need

vq +rq = wq+ sq,
vq +rw + uv = wq + sv + uw,

02+ 2ru = w? + 2su

for (0¢, ©9c5) ©0¢; = 0y © (0e5 © ¢, ). These equations always hold.
By the calculations

(0ey ©0ey) © 0ey = UPSey + (¢ + vq + 10 + uw)de, + (¢ + vy + rq + ug)d.,
+ (2qu +7° + u*)de, + (qw + vq + ru + us)de,,

O¢y © (Oey 0 0c,y) = Ve, + (vy + ¢ +rq+ uq)de, + (vg + ¢ +rv+ uw)de,
+ (2vq + 1% + u*)dey + (vq + qu + ru + us)d,,,

17



we need

Vg + 71U+ uw = vy + rq + uq,

for (0¢y 0 0cy) © 0ey = ey © (O¢y © O¢,). The equation (Appendix A.T]) is required to
satisfy the above equation.
By the calculations

(8¢, ©0c3) © ey = UuPdey + (¢ + vw + ru + us)de, + (2qv + 2ru)d.,
+ (qr + vs + rx 4+ ux)d., + (qu + vu + ru + ux)d,,,

Oey © (Ogy © Ocy) = Upbey + (uy + 2uq + xq)6e, + (2uq + v + vw)d,,
+ (uq + v + 21 + u?)de, + (ug + uw + U + us)d.,,

we need

¢+ vw + ru + us = uy + 2uq + q,
2qu + 2ru = 2uq + Tv + vw,
qr + vs + ur = ugq + uv + v,
U+ ru = uw + us
for (8¢, ©0¢y) 00y = ¢y 0 (O¢y 0 ¢y ). The second and fourth equations always hold.

The equation (Appendix A.1]) is required to satisfy the others.
By the calculations

(8¢, ©0¢3) © 0y = TPey + (¢ + 0 + 1%+ u?)de, + (qw + vg + 18 + u?)d,,
+ (qu + vu + 1z + u?)oe, + (g5 + vr + 1T + ux)d,y,

Oy © (Ocg © 0cy) = TPdey + (P + 7Y + 8¢ + 22q)0c, + (rq + 8¢ + 2V + TW)I,,
+ (rq + sv 4+ ar + zu)d, + (rq + sw + zu + 5)d,,,

we need

¢’ +v° + 17+ u® =p+ry+ sq+ 2zq,
qw+vq+7“s+u2 =rq+ sq + xv + TW,
qu+vu+u2 =rq+ sv + xu,
gs +our +rx =rq+ sw—+ xs
for (8¢, 00¢y) 09¢, = 0y © (e 06¢,). The fourth equation always holds. The equation

(Appendix A.1)) is required to satisfy the others.
By the calculations

(8e5 0 0¢y) © 0ey = updey + (q° + w? + 25u)de, + (qv + wq + su + ur)d,,
+ (qr + ws + sz + ux)d., + (qu + wu + su + ux)d.,,

Oy © (0ey © Ocy) = UPdey + (q2 + 02+ 2ru)de, + (qu + vq + ru + us)de,
+ (gs +vr + rz 4+ uz)de, + (qu + vu + ru+ ux)d,,,
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we need

w? 4 2su = v? + 2ru,
qr + ws + sx = qs +vr +rux,

wu + su = vu+ru

for (0es ©9¢;) © 0ey = Oy © (0ey © ¢y ). These equations always hold.
By the calculations

(8es ©6,) 006, = 8pdey, + (¢ + wv + s+ u?)é,, + (2qw + 5* + u?)d,,
+ (qu + wu + sz + u?)d,, + (g5 + wr + sz + ux)de,,

Ses © (0, 0 00y) = 8Pey + (¢ + wv 4+ u® + 87)6,, + (2qw + u* + 5%)0,,
+ (g5 + wr 4+ ux + s)0., + (qu + wu + u* + 57)d,,,

we need

qu+wu+u2:qs+wr+ux

for (9, 00¢,) © 0ey = ¢y © (0¢, © d¢,). The equation (Appendix A.T)) is required to
satisfy the above equation.
By the calculations

(0cg © Ocg) © Oy = UPde, + (uq + vw + xu + us)de, + (U + ug + Tu + ur)d,,
+ (ur + us + 2% + ux),, + (2u* + 2ux)d,,,

Oey © (0ey © 0ey) = upde, + (uq + vv + xu + ur)de, + (uw + ug + xu + us)d,,
+ (us + ur + 2% + ux)de, + (2u* + 22u)6,,,
we need

ww + us = uv + ur

for (0eg ©0cs) © 0ey = Oy © (0eq © dey ). This equation always holds.
By the calculations

(8e5 0 0e5) © Oy = TPey + (uq + uv + 21 + )6, + (uw + uq + xs + u)d,,
+ (3u® + )6, + (us + ur + 2 + ux)d,,,

Oey © (0ey © dcy) = TPOey + (1q + SV + 2u + 27)0¢, + (TWw + ¢ + TU + X5)0,,
+ (p + 2rs + 222)6,, + (ru + su + zu + 7).,

we need

uq+uv+u2zrq+sv+xu,
uw+uq+u2zrw+sq+xu,
3u® = p + 2rs + 2
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for

(0eg © Ocy) © 0y = Oy © (Oeq © O, ). The equation (Appendix A.1)) is required to

satisfy the above equations.

we

for

By the calculations

(0¢y ©0cy) © 0y = TP, + (1q + sW + zU + 28)0¢, + (v + $¢ + U + 7)),
+ (p+ 1%+ 8%+ 22%)6,5 + (ru + su+ zu + 2°)d,,,

Oey © (0ey ©0cy) = TPOey + (8¢ + rv + zu + 27)0¢, + (SW + T7¢ + U + T5)0,,
+ (p+ 8> + 7%+ 22%)6,5 + (su + ru + 2U + 2°)d,,,

need
rq+ sw+xrs=sq+rv—+ar

(Ocg ©0¢,) © ey = Oy © (O, © ¢y ). This equation always holds.
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