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Zeta functions of adjacency algebras of association schemes

of prime order or rank two
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Abstract. For a module L which has only finitely many submodules with a given
finite index we define the zeta function of L to be a formal Dirichlet series (1 (s) =
Zn>l anpn”° where a, is the number of submodules of L with index n. For a com-
mutative ring R and an association scheme (X, S) we denote the adjacency algebra of
(X,S) over R by RS. In this article we aim to compute (zs(s), where ZS is viewed as
a regular ZS-module, under the assumption that |X| is a prime or |S| = 2.
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1. Introduction

For a module L which has only finitely many submodules with a given
finite index we define the zeta function of L to be a formal Dirichlet series

CL(s) = Z anpn”°

n>1

where a,, is the number of submodules of L with index n. In [8], L. Solomon
established several important methods in computing the zeta function of a
lattice over a group ring Z[G] where G is a finite group, and he found the
following zeta function of Z[G] being viewed as a regular Z[G]-module when
the order of GG is a prime p:

Czic)(s) = (1 —p~° 4+ ") o (s)Ca(e) (5)

where (i (s) is the Dedekind zeta function of an algebraic field k£ and ¢ is a
primitive p-th root of unity (see [6], [7] and [9] for other group rings).
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In this article we are concerned with adjacency algebras of association
schemes. Let X be a finite set and S a partition of X x X. Then an element
r of S is a binary relation on X and its adjacency matrix o, is defined to
be a {0, 1}-matrix whose rows and columns are indexed by the elements of

X such that
1 if (x,y) er,
(0r)ey = .
0 if (z,y) ¢r.

We say that the pair (X, S) is an association scheme if it satisfies the fol-
lowing conditions (see [1] or [11] a background for the theory of associations
schemes):

(1) The identity matrix is contained in {0, | r € S};
(ii) {o, | r € S} is closed under the transposed map;
(iii) >_,cg Zo, is closed under the matrix product.

For an association scheme (X, S) we denote ) | ¢ Zo, by ZS so that ZS is a
Z-algebra. For a commutative ring R we denote the tensor product R®yzZS
by RS, which is called the adjacency algebra of (X, S) over R.

For a finite group G we set

G={j|lgeG}

where § = {(a,b) € G x G| a='b = g}. Tt is well-known (see [10, Theorem
A)) that (G, G) is an association scheme and the adjacency algebra RG is
identified with the group ring R[G] for a commutative ring R. At this point
it is natural to ask whether the same attempt as in [8] can be done for
adjacency algebras generalizing group rings. In this article we deal with
association schemes (X, .S) of prime order or rank two, i.e., |X| is a prime
or |S| =2, and we obtain the zeta function of ZS being viewed as a regular
Z.S-module for each of the two cases. It should be mentioned that the proofs
owe much to the methods given in [8]. But, we would like to stress that this
is the first attempt to find zeta functions of adjacency algebras of association
schemes except for group rings. The following are our main theorems:

Theorem 1.1  Let (X, S) be an association scheme of prime order p. Then

(zs(s) = (1 —p~° +p' **)Ca(s)¢r(s)
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where F' is the minimal splitting field of a non-principal character of CS.

Theorem 1.2 Let (X,S) be an association scheme of rank two and
|1 X| = Hlepimi where p1,pa,...,pr are the prime divisors of |X| and

mi, Mo, ..., Mk are positive integers. Then
k
CZS(S) = H(sz‘,mi (piis) ) CQ(S)Q
i=1

where 8, m, (t) = p;™it*™i + Z;n:(;l pilt?7 (1 —1).

In Section 2 we prepare basic results to make this article as self-contained
as possible. In Sections 3, 4, we reveal the structure of the poset consisting
of submodules of Z,,S with finite index where p is a prime divisor of | X | and
Z,, is the localization of Z at p. In Section 5 we prove our main theorems.

2. Preliminaries

We use the same notation for association schemes as in [2] and for in-
tegral representations as in [8]. Throughout this article we assume the fol-
lowing:

(i) (X,9) is an association scheme;

(ii) p is a prime;

(iii) Z, is the localization of Z at p;

(iv) A module means a finitely generated unitary left module.

For a ring R and an R-module L we will write Rad(L) for the intersection
of all maximal submodules of L, so that Rad(R) is the Jacobson radical of
R.

Lemma 2.1  For every module L over a Z,-algebra we have pL C Rad(L).

Proof.  Assume the contrary, i.e., pL. € M for a maximal submodule M of
L. Then M + pL = L. Since M, pL and L are viewed as Z,-modules and
pL = (pZ,)L = Rad(Z,)L, it follows from Nakayama’s lemma that M = L,
which contradicts the maximality of M. ([

Lemma 2.2 Let L be a module over a Z,-algebra R and B a subset of L.
Then we have the following:
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(1) pR is an ideal of R and L/pL is an R/pR-module;
(ii) B generates L as an R-module if and only if {b+pL | b € B} generates
L/pL as an R/pR-module.

Proof. (i) Since p is in the center of R, pR is a two-sided ideal of R. Since
(pR)L C pL, the function R/pRx L/pL — L/pL, (r+pR,x+pL) — rx+pL,
is well-defined and it is easily checked that L/pL is an R/pR-module.

(ii) “only if” part is trivial. Suppose that {b+ pL | b € B} generates
L/pL as an R/pR-module. Then L = RB + pL, and by Lemma 2.1,

RB + pL C RB + Rad(R)L.

By Nakayama’s lemma, L = RB. g

Lemma 2.3 Let L be a torsion-free Zy-module and B a subset of L. If
{b+pL | b € B} is Z,/pZy-linearly independent in L/pL, then B is Zj-
linearly independent.

Proof. Suppose that

Zaibi = 0 for ag,a1,...,aq € Z, and distinct by,bo,...,b, € B.

i=0
The assumption implies that a; € pZ, for i = 1,2,...,n. Since L is torsion-
free, it follows that a; € p’Z, for i = 1,2,...,n and each positive integer
j. This implies that a; = 0 for ¢ = 1,2,...,n. Therefore, B is linearly
independent. O

We can weaken the assumption given in [8, Lemma 12] as follows:

Lemma 2.4  Suppose that A is a local Z,-order with the unique mazimal
ideal of index p, and L is a A-lattice. Then all maximal A-submodules of L
have the form kerf where

f € Homa (L, K) and K = A/Rad(A) = Z/pZ.

If f,g € Homp (L, K), then kerf = kerg if and only if f is a K-multiple of
g. Thus the number of mazimal A-modules of L is

14+p+--+p" ! where n = dimg Homy (L, K).
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Proof.  The proof is parallel to that as in [8, Lemma 12]. O

Recall that the adjacency algebra of an association scheme over the com-
plex number field is semisimple. We denote by Irr(S) the set of irreducible
characters of CS. We shall write the set of non-principal irreducible charac-
ters of CS as Irr(S)*, and the set of non-diagonal relations of S as S*. For
s € S we denote by o, the adjacency matrix of s. For x € Irr(S) we denote
the multiplicity of x by m,. For a matrix a over Z,, we will write @ for the
image by the projection Z, — Z,/pZ,.

Theorem 2.5 ([2], [3], [4] and [5]) Suppose that |X| is a prime p and K

s a field of characteristic p. Then we have the following:

(i) All elements in Irr(S)* are algebraic conjugate;

(ii) QS ~ Q @ F where F is the minimal splitting field of x € Irr(S)*,
namely F' = Q(x(os) | s € 5), and p is totally ramified in the ring of
algebraic integers of I

(i) There exists s € S such that KS = K[75] and

{"]i=0,1,2,...,]8| — 1}

1 a basis for KS where v =04 — ngoq;
(iv) KS is a local algebra and (KS)v is the unique mazimal ideal of K S.

Lemma 2.6 Let I' be a mazimal Z-order in QS containing Z.S. Suppose
ns | my for all x € Irr(S)* and s € S*. Then each prime divisor of the
index |I' : ZS| divides | X|.

Proof.  For short we denote | X| by n. Let x € I'. Then

T = stas for some by € Q with s € S.
seS

We set T : CS — C as the trace map. Since T'(zos<) = bsnsn for each
s € S, it follows that

1
nx = Z n—T(a:as*)as.
ses 8

Since z, 04« € T, it follows that zos« € I'. Note that T'(y) € Z foreachy € T
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since T'(y) € Q, T'(y) is a sum of eigenvalues of y and y is integral over Z.
Recall that T = )
CS' as xo. Thus,

nx_zz mXX ],'O'S

xel(s) Mx X We shall write the principal character of

seES X

T
seESX X

-3 3l S 3 el
sESX XF#Xo sESX

since X is a ring homomorphism such that xo(os) = ns

Z Z mxX O g* 0’5 ZmXX 0‘1—|— Z XO

SESX x#Xo sESX

Therefore, nz € ZS whenever ng | m, for all x € Irr(S)* and s € S*.

Let g be a prime divisor of |I" : ZS|. Since I'/ZS is a finite group, there
exists an element of order ¢ in I'/ZS. Since we have already proved that
nl' CZS, q divides n. O

3. Submodules of Z,S where | X|=p

Throughout this section we assume that (X, S) is an association scheme
of prime order p, and we denote by A the adjacency algebra of (X, S) over
L.

Lemma 3.1 The Zy-algebra A is commutative and local with the unique
mazimal ideal of index p.

Proof. By Theorem 2.5(ii), QS is commutative, and hence, A is also com-
mutative. Let M be a maximal ideal of A. Applying Lemma 2.1 for A we
have pA C M. Since A/pA ~ (Z,/pZ,)S, it follows from Theorem 2.5(iv)
that A is local with the unique maximal ideal of index p. O

We shall denote the unique maximal ideal of A as in Lemma 3.1 by M,
and A/M by K where K is viewed as a field or a simple A-module for the
remainder of this article. For short we shall write o1, og := Zse 05 and
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0s —nso1 as e, u and v, respectively, where o5 € ZS is as in Theorem 2.5.
For short we shall write |S| as d + 1.

Lemma 3.2 {v'|i=0,1,...,d} is a Z,-basis for A.

Proof. By Theorem 2.5(iii), {v° | i = 0,1,...,d} is a basis for KS. Thus,

this lemma follows from Lemma 2.2 and Lemma 2.3. O
By Lemma 3.2,
d .
U:Zaiv’ for some ag,a1,...,aq € Zy. (1)
i=0

Multiplying u to both sides of (1) we obtain from wv = 0 and uu = pu that
ap = p. (2)

We claim that o¢ is a nonzero scalar multiple of @. By Theorem 2.5(iii), the
annihilator of ¥ in KS is exactly Ko¢. Since vu = 0 by the definition of u
and v, the claim follows. Therefore,

a1 =as=---=aq-1=0 modp, ag#*0 mod p. (3)

Multiplying v to both sides of (1) we obtain from (2) that

d
pU + Z a;v'tt =0. (4)
i=1

Lemma 3.3 We have M = Au @ Av.

Proof.  We claim that AunAv = {0}. Note that Au = Z,u by the definition
of u and A. Suppose x € Aun Av. Then x = ru = tv for some r € Z, and
t € A. Now since uv = 0, we have

ur = u(ru) = pru, uzr =u(tv) =t(uv)=0.

This means r = 0 and x = 0. Therefore, we conclude from the claim that
Au+Avis adirect sum. Clearly, Au+Av is a A-submodule, which is a free Z,-
module with the ordered Z,-basis (u, v,v?,...,v%). By (2), (pe,v,v?,...,v%)
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is an ordered Z,-basis for Au + Av, which implies |A : Au + Av| = p. Since
M is a unique maximal A-submodule of A, M = Au & Av. O

Lemma 3.4 We have dimg Homy (M, K) = 2.

Proof. By Lemma 2.4 and Lemma 3.3, M/pM ~ K ®U as A/pA-modules,
where U = (A/pA)(v + pM) is a uniserial module. So,

d
(Rad(A/pA))(M/pM) = P K (v + pM) and

=2

(M/pM)/(Rad(A/pA))(M/pM) ~ K & K as A/pA-modules.
Since K is a simple A-module, we have
Homy (M, K) ~ Homp /,p (M /pM, K)
~ Homa /p ((M/pM)/Rad(A/pA) (M/pM)), K)
~ Homy /pp (K @ K, K).

Thus, dimg Homp (M, K) = 2. O

Proposition 3.5 Suppose d > 1. Then M has exactly p + 1 maximal
A-submodules, exactly two of which are isomorphic to M and exactly p — 1
of which are isomorphic to A.

Proof. By Lemma 2.4 and Lemma 3.4, M has exactly p + 1 A-submodules
of index p. Thus, the first assertion holds. By Lemma 3.3,

Apu + Av? € MM = Rad(A)M.

By Nakayama’s lemma, Rad(A)M C Rad(M). This implies that each max-
imal A-submodule of M contains Z?:z Zyv'. Thus, by the theory of ele-
mentary divisors, the set of Z,-submodules being viewed as A-submodules
of M with index p coincides with

{Ng|a=0,1,...,p— 1,00}

where Noo = Zyu + Zy(pv) + 2?22 Zyv® and for a =0,1,...,p—1
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d
Ny = Zyp(pu) + Zyp(au +v) + Z Zpyv'.
i=2

We shall write the representation matrix of the multiplication of v in
the ordered Z,-basis 3 for a A-module as Tj3. Note that, for all A-modules
My, My, My ~ M as A-modules if and only if T3, = T, for some ordered
Zy,-basis B; of M; with ¢ = 1,2 since v generates A by Lemma 3.2.

We claim that Ny ~ N, ~ M. By Lemma 3.3, 3; = (u,v,v?,...,v%)
is an ordered basis for M. By the definition of Ny, B2 = (pu,v,v?, ..., v%)
is an ordered basis for Ny. By (3) and (4), 83 = (u,v?,...,v%,v%t1) is an
ordered basis for Ns,. The claim holds since

01010 0
01010 (—ag")p
010 (—a;May
Tﬁl = TBQ = Tﬁs = . 1
010 | 1| | (—a; )az
01010 | [(=a;"ag—1

We claim that N, ~ A for a = 1,2,...,p — 1. By Lemma 3.2, v =
(e,v,v%,...,v%) is an ordered basis for A. By (3) and (4), v, = (au +

v,v%, ..., v% v¥*1) is an ordered basis for N,. The claim holds since

0|00 0

1[0]0 (—ag)p

0] 1]0 (—a;"a

T’Y = T'Ya = .
00| 1] | (—a;"as
000 [ |(—a;"ag—1
The two claims complete the proof of the second assertion. ([l

4. Submodules of Z,S with |S| =2 and p | | X|

Throughout this section we assume that (X, S) is an association scheme
with |S| = 2 and | X| = n, p is a prime divisor of n and m is the least positive
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integer with p™*! { n. For short we denote Z,S by A. For non-negative
integers 4, a we define

Nia= Zp(piﬂe) + Zp(piae +u) and N; oo = Zp(pie) + Zy(pu)

where e = 07 and u = o0g.
Lemma 4.1 We have the following:

(1) Niq is a free Zy-module of rank 2;
(ii) {Nio|a=0,1,...,p—1,00} are the distinct mazimal Z,-submodules
Of Ni—l,O where N—l,O =A.

Proof. (i) follows since {xe,ye + zu} are linearly independent for all
x,Y, % € Ly with xz # 0.

(ii) follows from the theory of elementary divisors since Z,, is a principal
ideal domain and N;, is a Zjy,-submodule of N;_; o with index p. O

Lemma 4.2 For eachi =0,1,...,m anda = 0,1,...,p—1, N;, 15 a
A-submodule if and only if i 0 or a = 0.

Proof.  Suppose that N, , is a A-submodule. Then
u(ap’e +u) = z(p"te) + y(p'ae + u)

for some z,y € Z,. Since the left hand side is equal to (ap’ +n)u and {e, u}
are linearly independent, it follows that

zp ™ = —y(ap’), y=ap’ +n.

Since Z, is an integral domain, zp = —a(ap® + n). Since pZ, is a prime
ideal, a € pZ, or (ap' +n) € pZ,. Thus, if a # 0, then ap’ + n € pZ,, and
hence, i # 0. Therefore, “only if” part holds.

Suppose ¢ # 0 or a = 0. Then there exists x € Z, such that xp =
—a(ap® + n) since p | n, and

u(p'™e) = (—p'a)(p'"e) + p Tt (p'ae + ),
u(p'ae +u) = z(p"t'e) + (p'a + n)(p'ae + u).

This implies that N; , is a A-submodule. Therefore, “if” part holds. O
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Lemma 4.3 For eachi=0,1,...,m, N; o is a A-submodule if and only
if i # 0.
Proof.  Since ue = u ¢ Zye + Zy(pu), No,oo is not a A-submodule. This

implies that “only if” part holds.
Suppose i > 0. Then

u(p'e) = 0(p’e) + p* ' (pu), u(pu) = npu=0(p'e) + n(pu).
This implies that N; o is a A-submodule. Therefore, “if” part holds. O

For each i = 1,...,m and a = 1,...,p — 1, (ap'Tle,plae + u) is an
ordered basis for N;, and (pu,p‘ae + u) so is. There exists ¢ € Z, \ pZ,
such that c(a + n/p’) = 1 whenever a + n/p* ¢ pZ,. Then (pu, c(p'ae + u))
is also an ordered basis for N;,. Thus, the representation matrix of u by
(pu, c(p'ae + u)) is equal to

nopt unless i =m and a Z =% (mod p) (5)
0 0 - P b

If i = m and a = (—n)/p™ (mod p), then there exists ¢ € Z, such that
cpn +n + p™a = p™tL. Since (pu,p™ae + c(pu) + u) is an ordered basis
for Ny, 4, the representation matrix of u by the ordered basis (pu,p™ae +
c(pu) + u) for Ny, , with a = (—n)/p™ (mod p) is equal to

(7% (6)

The representation matrix of u by the ordered basis (pu,p’e) for N; o is

equal to
i—1
n p

For each nonnegative integer ¢ the representation matrix of w by the ordered
basis (u,p*le) for N, o is equal to

(6570 ) ®
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Lemma 4.4  For all distinct i, j, we have N; o ~ Nj o as A-modules if and
only if i,5 >m — 1.

Proof.  Suppose N; o =~ N;o. We may assume that i < j. Then, by (8),
there exist a, b, ¢, d € Z, such that ad — bc ¢ pZ,.

n pt\ (a b\ _ [(a b\ (n pit! ()
0 O c d) \e d)\0 0 )
Comparing the entries we obtain

c=0 and p*ttd + bn = p'*la.

Since ad = ad — be ¢ pZ,, we have a,d ¢ pZ,. Since p"T(d — ap’~") = —bn,
it follows from ¢ < j that ¢ +1 > m. Thus, j > i >m — 1.
Suppose m — 1 < i < j. Then, we can take

(a,b,c,d) = (1, (p T — p'™)/n,0,1)

so that (9) holds. Therefore, N; o >~ N . O
Proposition 4.5 We have the following:

(1) No, is a unique mazimal A-submodule of A and Rad(A) = Ny ;

(ii) For each i =1,2,....m—1, {N;o | a=0,1,...,p— 1,00} are the
distinct maximal A-submodules of N;_1,0 and N; o ~ N;_2 ¢ for each
a=1,2,...,p—1,00;

(iii) {Nm,a|a=0,1,...,p—1,00} are the distinct mazimal A-submodules
of Nom—1,00 Nm,o ~ Ny =~ Np—1,0, and Ny, g ~ Npy—20 for each
a=1,2,...,p— 1,00 with a # b where b is a unique element of

{1,2,...,p— 1} such that
b=— (mod p);

(iv) For eachi=1,2,...,m, Rad(N;-1,0) = Nit1,00 =~ Ni—10.

Proof. The first statement of (i), (ii) and (iii) follows from Lemma 4.1,
Lemma 4.2 and Lemma 4.3.
(i) The second statement follows from the first one.
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(ii) The second statement follows from (5), (7) and (8).

(iii) The second statement follows from Lemma 4.4 and (6), and the
third one follows from (5) and (8).

(iv) follows from Lemma 2.1, since pN;_1,0 = Nit1,00 =~ Ni—1,0- O

5. Proof of main theorems

We will apply [8, Theorem 3] for ZS with [8, Remark p. 320]. Whichever
| X| is a prime or |S| =2, QS is commutative, in particular, QS is isomor-
phic to a direct sum of the full matrix algebras over fields. Moreover, the
assumption as in Lemma 2.6 holds, so the set B given in [8, Theorem 3]
coincides with the set of prime divisors of | X|. Therefore, we obtain

_ (z,5(8)

(z5(s) = H dp(p™°) - Cos(s) where 6,(p~°) = Cos(5)p

plIX|

and the definition of (gs(s), is the same as in [8]. Note that QS ~Q & F
for an algebraic field F of degree |S| —1 whichever | X]| is a prime or |S| = 2.
We claim that

Cos(s)p = (1—p~°) 2 (10)

For an algebraic field £ and a prime p, the definition of (g (s), is the same

as in [8]. Since (gs(s)p, = Co(8)pCr(s), and (g(s), = (1 —p~*) 71, it suffices
to show that

Cr(s)p=(1 —p~%)~! when |X| = p.

By Theorem 2.5(ii) and the definition of being totally ramified, there exists a
unique prime ideal dividing p with norm p. Therefore, (r(s), = (1—p~*)~%.

Following [8] we define a set of polynomials {4;;(t)};; as follows:
We assume the conditions (2.1), (2.2) and (2,3) given in [8] holds. Let
Lo, L1, ..., Ly represent the isomorphism classes of submodules of Ly with
finite index. Let ®;; be the set of submodules of L; which include Rad(L;)
and are isomorphic to L;. For submodules N, L with Rad(L) C N C L we

define
u(N, L) = S (~1)V

J



88 A. Hanaki and M. Hirasaka

where the sum is over all subsets J of the maximal submodules of L with
N =\pyeyM. Fori,j=0,1,...,h we define

Aij(t) = > u(N,L;)[L; : N
Ned;;

where [L; : N| = t* whenever |L; : N| = p'. Let Zy(t) be the sum of the
first row of the inverse matrix of (A4;;(t))o<i,j<n. Then, by [8, Lemma 3],

(z,5(8) = Zo(p™).

Suppose that | X| is a prime p and |S| > 2. Then Proposition 3.5 shows
that we have exactly two isomorphism classes of submodules of Z,S with
finite index and the matrix (A;;(t))o<i,j<1 is the same as in [8, Lemma 14].
Therefore, we obtain from (10)

op(t)=1—-p~° +p1_25-

Suppose that |S| = 2 and p is a prime divisor of |X| and m is the
least positive integer with p™*! { |X|. Then Proposition 4.5 shows that
Lo, Ly,..., Ly, represent the isomorphism classes of Z,S-submodules of Z,S
with finite index where L; = N;_1 for i =0,1,...,m, and

Poo = {Lo}, Po1 = {L1}, Poj =0 for each j with 2 < j < m,
Q10 ={N1q|la=1,2,....p— 1,00}, P13 ={L1,Na}, P12 = {Lo},

®,; = () for each j with2 < j <m

®,,; =0 for each j with 0 < j <m —2,

q>m,m—1 = {Nm,a | a 7& b}, q)mm = {Nm+1,ooaLmaNm,b}

where b is a unique element as in Proposition 4.5.

Thus, (A;;(t))o<i,j<m is equal to the following tridiagonal matrix:
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—t ifj=i+1landi=0,1,...,m— 1,
1 if j=i=0,
400 1+ pt? ifj=iandi=1,....,m—1,
TN Y1 =2t +pt2 ifj=i=m,
—pt ifj=i—landi=1,...,m—1,
—(p—1)t if j=m—1andi=m.
Namely,
| - 0 0
—pt | 1+pt?| —t 0
0 —pt |1+ pt? —t
(Aij(t) =
0 —pt | 1+ pt? —t
0 0 —(p—1)t|1—2t+ pt?

We shall denote (A;;(t))o<i,j<m by A. Note that
det(A) = (t —1)?

and if Az is the all one vector, then the first entry of x = A~! Az is the sum

of the first row of A~!, that is exactly what we need. Thus, it suffices to

find the first entry of the solution of Ax = b where b is the all one vector.
By Cramer’s Rule, it is equal to

det(A1 )
det(A)

where A; is the matrix obtained from A by replacing the first column of A
by b. For k =2,3,...,m+ 1 we denote by aj the determinant of the square
matrix of degree k whose first column is the all one vector and the rest of
the matrix is equal to the lower right k& x (k — 1) submatrix of A;. Note
that, for k =2,3,...,m,

agy1 = tag + by

where by is the determinant of the lower right £ x k submatrix of A for
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k=2,3,...,m. Note that
be = (1+ pt*)by—1 — pt°by—_s.
Therefore,
apt1 — tag = (1 + pt*)(ay, — tag_1) — pt*(ar—1 — tag—_2),
equivalently,
aps1 — ptlag = (t + D(ag — ptlap_1) — t(ap—1 — ptlag_s). (11)

We claim that

k—1
ap+1 = pFtPh + Z(—Pjt2j+1 +p’t%7).
=0

We denote the right hand side by cx41. It suffices to show that ap = ¢, for
k= 2,3,4 and c; and aj satisfy the same recursive equation. It is easy to
show that, for each k, cx 1 — pt?c, = 1 —t, and (11) hold with replacing
a1 — pt?ay by 1 — t. Therefore, we obtain from (10) that

5p(t) =

Z (t) . A +1 .
N =

(1
This completes the proof of Theorem 1.2. Note that as = 1 — t 4 pt2. This
implies that Theorem 1.1 holds also when |S| = 2. This completes the proof
of Theorem 1.1.
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