BORDISM AND SEMI-FREE S'- ACTION

Masato NAKAMURA

Let X be a topological space with AcX a subspace, and let : (X, A)—(X, 4)
be a S! action, such that cACA.

We consider the semi-free equivalent bordism group R, (X, A4, 7) of s'-action
(X, A, ) by the analogue of R. E. Stong.

A semi-free (free) equivariant bordism class of (X, 4, ) is an equivariant class
of triples (M, p, f) with M a compact differentiable manifold with boundary. p:
M—M a differentiable semi-free (fixed point free) s*-action on M and f:(M, oM )—
(X, A) a continuous equivariant map [zf=/z) sending oM into A. Two triples (M,
u, f)yand (M, ¢/, f') are equivalent, or bordant, if there is a 4 tuple (W, V, v,
g) such that W and V are compact differentiable manifolds with boundary, V=
aMUaM' and aW=MUM'UV/oMUdM'=0V, v:(W, V)—~(W, V) is a differentiable
semi-free (fixed point free) s'-action restricting to gz on M and g on M', and g:
(W, V)=(X, A) is a continuous equivariant map (cg=gv) restricting tc fon M
and f" on M'.

The disjoint union of triples induces an operation on the set of semi-free
(free) equivariant bordism class of (X, A4, ) making this set into an abelian group.
This is a graded group, where the grading is given by the dimension of the
manifold M, and lets R, (X, A, 7) be the group of the semi-free equivariant
bordism classes of (X, A4, 7). and we let /Ef't* (X, A, 7) be the group of free equi-
variant bordism classes of (X, A, 7). If A is empty, we write R, (X, 7) and ﬁ*
(X, z) for these groups.

In this paper we obtain the following result.

Proposition 1. There is an exact sequence

-Re (X, 4, )
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~
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R (X, 4, 7)
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@FLY Rue (F.x BUR), (ANF.)x BUk)

where &, forgets freeness, F is obtained from analysis of the fixed-poit set, and
S is obtained from a sphere bundle construction.

We consider the bordism classification of 4-tuples (M, ¢, & o¢*) where M is a
closed differentiable manifold, ¢:M—M is a differentiable semi-free s'-action, &
is a complex n-plane bundle over M, and ¢* is a s'-action of & by a complex
bundle map covering o. Since complex n-bundle of this type are classified by
equiavriant map into BU(n) with appropriate s!'-action 7, the problem is to
analyze the semi-free equivariant bordism group R, (BUx), 7). We obtain the
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following proposition.
Proposition 2. The correspondence

(M, o, & o%—(M/s-L-BUL X BUM),
where f classifies the complex line bundle associated to the principle s*-bundle M

—M /6 and the complex n-plane bundle &/6*— M/s, defines an isomorhpism g:

N

Ry (BUM), ) —R(BUQ) x BU®). ;

Proposition 3. The fixed point set of the s'-action 7:BU(n)—BUn) is the dis-
joint union of the spaces BU() x BU(iy) x ---BU(t;), 41+1i++1i;=n and the sequence
of proposition becomes a split exact sequence

0—Rs (BUM), 0)——DLLE Dir, in, il irtizmtijmm Tox-2aBUE) x BU(;) X BU(@g) X -+

x BU( j)-i»s}t*(BU(n % BU#)—-0.

2. Nature of the fixed-point set.

If r:X—X is the staction, the fixed-point set of 7, is the set of points xeX
with o(x)=x. ‘

Being given a class aeR, (X, A, 1) represented by (M”, p, f), we have the
equivariant map f:(M, oM)—X, A). If meFpn, ofim)=flpm)=f(im), so flmeF,,
defining a map f|F.:(F,, F.UM)—~(F_F.NA). As in Conner and Floyd (1, §22),
F, is a manifold with boundary, 0¢F, being F,.NoM, and we let F.*% be the
union of the (n-2k)-dimensional components of F,. The normal bundle of F,"* 2, y,,
is an k-dimensional complex plane bundle classified by a map v, F,“2%—BU(A).
We then have a map

01 URIBU B30 UL P

~UP/PF. x BU)

and sending UPYP8(F,* %) into UYY2(F.nA)x BU().
Assingning to (M?”, ., f) the class of this map defines an element of

DFYP Ro-ae (F.x BURK), F.nAxBUR).

which may be seen depend only « by making the same construction on a bordism.
This defines the homomophism

F: RX, A, o—@Ly Ru_alF. x BUR), (F.NA)xBUR).

Specifically, there is a map g (M, oM)—(X, A) equivariantly homotopic
(through such maps) of f, with g|F.=f|F, and such that on a tubular neiborhood
F, 2 '
Vy of Fur% g| Vim fIF,5% o z: ViezDiog——F 50 7" " B heing the projec-
tion of the disc bundle of v,, D(v) on F." %, V. being identyfied with D (vp) in
the standard fasion so that x|V} coincides with - the scaler multiplication on the
fibers of D(vy). ' ' ‘
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To see that this is possible, we identifies some tuber neiborhood V', of F"-2*
with D'(vy) equivariantly and applies a fiberwise deformation in D’(v;) fixed on a
neiborhood of the sphere bundle S'(vy) and shrinking a smaller neiborhood D{v)
to its zore section, F " %,

Being given peR,.u (F.xBUK), (F.NAxBUk) represented by a map g
H* 2%~ F _x BU(E), let p be the complex k-plane bundle over H™2* induced by m3og
from the canonical bundle over BU(k). We then have f: D(po)—F. defined by =
ogow, with = the projection of D(e). Using the semi-free s'-action of D(p) given
by the scaler multiplication in the fibers, f gives an equivariant map of D{p) into
X. The restriction of the semi-free st-action to S(p), the sphere bundle of p, is
fixed peint free, and sends the boundary of S{p) (the invers image of dH" 2% under
7, or S(p|0H"2) into A, so f|S(p):S(p)—~A defines a class S(ﬁ)eé)/?\tn_l(X, A, 7).

Letting «,: E)A%*(X, A, 7)-R.(X, A, ©) be the homomorphism induced by for-
getting the free condition, we then have

Proposition 1. The sequence

A Ky

%*(X’ A7 T)’
SN

S‘R*(X’ Ar T)
F
O ReodF.x BUK), F.NA)xBUK)

is exact.

Proof. The proof is an obvious repetition of the proof given by R. E. Stong

£z
(1) Fre=0. If y=[(M, ., F1eRX, A4, 1), F.is empty so Fry (7)=0.

(2) SF=0. If a=[M, p, fleR, (X, A, o), with fixed set F, and tubular
neiborhoods Vy=D(v;) on which f|V,=f|F,"%or, then SF(a) is represented by
USEF1Swe): UFYRS(p)—X, and

M—-uWVy, aM—uy(Vi,noMP, p, f)
is a bordism of this to zero (where o denotes interior).
(3) &, S=0. If
8=CH, gIeR, 4 F.xBUk), (F.nA)xBUE),
ke S(B) is represented by (S(p), m, fls(o), where m is the scaler multiplication,
and (D(p), D(p|6H), m, f) is a bordism of this to zero in R,X, 4, 7).

(4) ker Fcim r,. If a=(M, p, FleR, (X, A, 1) with f being f|F.*%ox on
Vi=D(v) and F(&)=0, there are manifolds W; with boundary F.*"%*UW’, and
maps g (Wi, W—(F. F.UA) extending f|F,.”%* and complex k plane bundles p;
over W, restricting to »; on F,"%. Let W be formed from M xIU U /2 D(o;) by
identifying V,x1 with D{og)| F.*2#=D(v;). W has an semi-free s!-action o given
by px1 on MxI and m in the fibers of D(py), and there is an equivariant map
h: W—X given by fo = on MxI and by gwom on D{p). Then (W, aMxIuu /2
D{ox| W}), w, k) is a bordism of (M, ., f) and the free s'-action induced on {M—
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U2V TULS(01)3/0Vi=S(ps| F."%), and so a€im r,.

(6) ker ScimF. If B=(UYP (H™ %, g)) with S(8)=0, there is a free manifold
W* with OW={US(p)}UW'/0W'=US(oz|;5) and an equivariant map =:(W, W')—
(X, A)extending U f2|S(os). Let M" be formed from WU UD(p) by identifying the
two copies of US (o), with f: M—X given by 2 on W and UJf: on UD{ps), and
with semi-free s!'-action « given by that of W and m on the fibers of D(gz). The
fixed peoint set of M is precisely the union of the zero sections in the Do)
i. e., UH"% with normal bundles g, classified by =;0g: and maps to Fr given
by fil H* %=r0g, thus f=F{M, p, f.

6) kerco.cimS. If r=[M, p, F1eR"X, A, <) and #,(y)=0, there is a manifold
W with oW=MU W’ with semi-free s'-action « extending z and an equivariant
map 2: (W, W)—(X, A) extending f. The fixed-point set of » is a submanifold
with boundary, with boundary contained in the interior of W', and not meeting
M. One may then deform /%, supporting it kept the same on M so that %|V,=
h| F, "2tz on tubular neiborhoods V; of F, "%, identifying V; with D(v;). Then
(W—uVe, W—-uW'nV,)°, o, k) is a free bordism of (M, p, f) with (UzS(s),
m, Ugh| F, " ?ox)) and hence 7y is in the image of S.

8. Bordism of bundles with semi-free s'-action.

As an application of the equivaliant bordism technique, one may consider the
classification of bundles with semi-free s'-action over manifolds with semi-free s'-
action. Specifically one considers 4-tuples (M, o, & ¢%) with M a closed differen-
tiable manifold, o¢: M—M a differentiable semi-free st-action, £ a complex n-
plane bundle over M, and ¢*: E§)—E(¢) a semi-free s'-action given by a complex
vector bundle map covering ¢. Two such 4 tuples are bordant if there is a simi-
lar 4 tuple (V, o, 7, p*) with base V being a manifold with bondary and with
@V, 0|3V, 3|9V, p*) being the disjont union of the two given 4 tuples.

Taking the operation induced by disjoint union, the equivalence classes of
such 4 tuples form an abelian group given by R.(BU@®), ) where (BU®x), o) is
described as follows. '

Let BU(n) be the grassmannian of n-dimensional complex subspace of infinite
dimensional spaces C®XC® X ------ . The linear transformation t,: C®XC®X - —
Cox Corneens 1 (2, Zy, Zp, - )—(Z, 62, 02Z,, ---) #<=S! induces an semi-free st-action
r: BUn)—BU(n) by sending an n-dimensional subspace into its image under ¢.

Over BU(n) one has the universal n-plane bundle y” consisting of pairs (¢, @)
with @ an n-plane in CoxC®x - -- and a vector in «, with ¢ inducing an semi-
free s'-action z* on the total space of 7" by * (¢, a)=(ze, ta). By taking the
induced bundle and semi-free s'-action we estabish a one to one correspondence
between the equivariant homotopy classes of maps of (X, p) into (BU@®), 7), with
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X a compact hausdorff space and p an semi-free s'-action of X, and the isomor-
phism classes of n-plane bundles over X with bundle semi-free s'-action covering
0.

In order to analyze the group Rt* (BU(), 7) we consider first the free equi-
variant bordism ﬁ*(BU(n), 7). This is clearly equivalent to the study of mani-
fold-bundle 4 tuples (M, o, & o¢*) in which o is fixed point free, and we have

Proposition 2. The homorphism g:%JA%*(BU(n), 7)—R(BU(1) x BU(n)) induced by
sending (M, o, & o*) to the class of the map fxg: M/¢—BUQ)xBUx), with f
inducing the principle S!bundle M—M/s and g classifving the complex n-plane
bundle E§)/6*—M /¢ is an isomorphism.

Proof. Being given k: N—BU(1)xBU(#) we has the principle S! bundle N—
N induced from =m0k, with semi-free S* action given by scaler multiplication and
letting £ be the complex n-plane bundle over N induced by meoh, z*¢ has an
semi-free si-action »* induced by restriction of vx1 on NxE() to E@x*E). The
homorphism ¢': 5}%*(BU(1)><BU(7¢))—>§*(BU(11), 7) defined by ¢ ([f\\f, E)=[(N,», =*¢,
v¥)] is clearly inverse to q.

The fixed point set of the semi-free s'-action =: BU@#)—BU(®) is the union
of components BU(i)x BU() x .- x BU(E), 11.+i2+~-~ij:n. Applying proposition 2
we have an exact sequence

2N

E F . .
Re (BUM), ) —RW(BUM), o—@L Dir, iz, i lirtiztijmmRon-2aBUR) x BUG) x

! TBU(ij)).

S
Fixing the attention on the summand R, (BU(1)x BUx)) we consider a map
h: N*-2—-BU(1)x BU(#) which maps under S to the class of ((s(y), m, io(myoh)or)
where 7 is induced by = oh, m is the scaler multiplication on the sphere bundle
S(y), and

Se—" N BU - BUM)

which i being the inclusuin of BU(#)=BU(0)x ---BU(o) x BU@)x BU(0)x ---BU(0) in
BU(n) as part of the fixed point set of z. Since BU(0)x ---BU(o)x BUn)x BU{o) x
---BU{0) is covered by the universal bundle with trivial st-action, this is presicely
(St), m, =*¢, m*) where € is induced by ic(ageh) and m, by mx1 on S(n)x E(E).
Then ¢' coinsides with S: R,,_s (BU(l)xBU(n))—»Sﬁm_g (BU(n), ©) and g defines a
spliting of the above sequence, which proves

Prposition 4. The homomorphism ¢ defines a splitting of the sequence of
proposition 1 for the semi-free s'-action (BU(), ) and hence R,(BU®#), ) i
@Y k1, isenyRom-22 (BUR)X BU(i) % - BU(;).. The groups involved are of course
well known since R.(BU(k) is known and the kunneth theorem holds for ordinary
bordism.



A splliting homomorphism
p: @ELD Oty il st jmny Ronesdl BUK) X BUGL) x -+-BU(E )~ Ra(BUG), )
may be constructed by sending a map 2: N™ %—BUR)x BU@)x ---BU(i;), &+-+i;
=u, to the class of (CPE 419, o, ﬂ*&i1®l@;@2@~--ﬂ*Eq@l\@_:@l) where ¢; is
; ", .

the bundle induced by =k, CP(&,+1°) is the cclymplex projective Jspace bundle of
the complex lines on the fibers of the whitney sum &, with a trivial bundle, ¢ is
the semi-free s'-action induced on the space of lines by s=scaler multiplication
x 1 on E)XC=EE,®R1LY), 1 isthe canonical line bundle over CP¢;-+1°) with total
space consisting of pairs (@, @) with « a complex line in a fiber and @ a vector
in that line, =: CP+1°—N is the projection, #: is related to semi-free s'-action
induced by scaler multiplication 6%, #<S'cC, and ¢* is the semi-free s'-action
described as follows. On AQ---AQx*&:,, o* is the mi-th tensor product of the semi-
free st-action S* on 2 given by S*(a, a)=(sa, sa) and ¢ X 6% on z*&i,.

To verify that this is a splitting we simply look at the fixed point set,
formed as the disjoint union of CP(,) and CP(1°) contained in CP(&+1°).
For the CP(1°) component, we idetifies CP(1°) with N by =z, and the normal
bundle is identified with &;, while 2 is the trivial bundle with S*=1, so the com-
plex n-plane bundle is &@---@&:; with semi-free s'-action 6",@---PF%; and this
fixed component recovers (N, %). The component CP(,) is of codimension 2, with
normal bundle 2 =21|CP¢,) with S* acting as conjugate scaler multiplication in
the fiber of 4/, so that o* is the trivial s'-action given by the identity on the
bundle 77.'*51’1@/7./@\;@_2"@'"@E*Ei]’@l\wl and thus we obtain a component in

7 2t

the summand R, BU(1)x BU(,)x x BU(#;) which is the image of the splitting ¢
as defined above. In particular, FoF(M, o, & o¢* and F(M, ¢, & %) differ only
in (=2, i=mn) term, so pF=1.
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