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§1. Introduction and notation

Let S be a set, F a field. Denote by Mzp(S) the F -algébra of all F-valued
functions on S.

Iet G be a group, = an element in G, and f in Mg (G).  We define z-f and
f+z as the elements in Mz (G) by

() () = fyz), (f-z)(3)=Sflzy) (y <G

Then, Mz (G) is a two sided module on the group ring FG.
The group multiplication GxXG —— G induces an F-algebra-homomorphism

0:Mzp (G) — Mz (GXG).
On the other hand, there is a canonical injection
7 Mp (G) Qr Mp (G) — Mp (G X G),

and we identify My (G) @ My (G) with Imz.
Now it is easily seen that for fin My(G), o(f) < Imz if and only if FG-f is
finite dimensional. A function with this property is called a representative function on G.
We denote by Rp(G) the set of all representative functions on G. Then the
following results are known:
(1) Rp(G)is a F-subalgebra of My (G).
(2) Denote by 7 the restriction of ¢ on Rp(G), then
Imy C Rr (G) @r Rr (G).
(8) Rr(G)is a Hopf algebra, where 7 is the comultiplication, c:Rz(G)—
F such that ¢(f) = f(1) is the counit, and §:Rp(G) —— Rp (G) such that o(f)(z) = f
(™) (x = G) is the antipode.

The structure of an affine algebraic group over the field F consists of a pair
(G, 4), where G is a group, and A is a sub Hopf algebra of Ry (G) satisfying the
following conditions:

(1) A is a finitely generated F-algebra.
(2) A separates the elements of G, i.e., for z,y in G such that x 3£y, there



exists  in A such that a(z)s% a(y).
(3) Every F-algebra—morphism A —— F is the evaluation a> z°a@)= a(x) at

an element x of G.

The second and the third conditions mean that the canonical map z 1—z° of G into
Algr (A, F) is bijective, and we shall identify G with Algp (4, F).

When (G, 4) is the structure of an affine algebraic group over F, A is called the
algebra of polynomial functions on G.

Although all groups are not affine algebraic groups ([3]), any finite group is an
affine algebraic group.

If G is a finite group, then the natural map

z : M (G) Qr Mr (G)

> M §a (G X G)
is bijective, hence
Mr (G) = Rp (G).

In §2, we shall give a proof that for a finite group G, (G, Mz (G)) is the structure
of an affine algebraic group.

In §3, we shall prove that for a finite group G, if (G, 4)is the structure of an
affine algebraic group, then A is identical with Mz (G).

§2. A proof that finite groups are affine algebraic groups

If S is a non-empty set, then we have canonical identification
(FS)* = M (5),
where (FS)* is the dual of FS, F-space with the basis S.
Especially if G is a finite group, then

(FG)* = Ry (G).

Lemma 1. If G is a finite group, then (G,(FG)*) is the structure of an affine

algebraic group.

Proof. Let G be a finite group. (FG)* is then finite dimensional, especially a
finitely generated F-algebra.

As (FG)* is the set of all F-valued functions, it naturally separates the elements of
G.

Hence,

G c Algy (FG)*, F).
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On the other hand, for any Hopf algebra H,
Algr (H, F) = G (H"°),

where G(H"®) is the set of all grouplike elements of the dual Hopf algebra H° ([2]).
Hence here,

Algr (FGY*, F) =G (FG**) =GFG) D G

By linear independence of grouplike elements, we have
| G(FG)| ZdimpFG = | G|.

Therefore
Algr (FG)*, F) = G,

which completes the proof.

§3. Uniqueness of the algebra of polynomial fumnctions

Theorem 2. If G is a finite group, and (G, A)is the structure of an affine
algebraic group, then A is equal to (FG)*,

Proof. Write n as the order of G, then
dimz (FG)* = |G| = n.
By the definition of the affine algebraic group,

A C Rp (G) = (FG)*,
G = Algp (A, F).

Using the result of Lemma 1, we think the following composition of maps:

7res

G = Algp (FG)*, F)— Algr (4, F) = G. ()

Observing the process of construction, this composition is the identity map on G.

On the other hand,
Algr (4, F) c Homp (4, F) = 4%,

and all the elements of Algr (4, F) are linearly independent, since
Algr (4, F) =G (A°) = G (A%,

So by the equality (*), Algr (4, F) consists of = elements.

Therefore

dimpA = dimpA* = n = dimp (FG)¥,
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and so
A = (FGY,

which completes the proof.
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