EQUIVARIANT BORDISM AND SEMI-FREE S! -ACTION

Masato NAKAMURA

1. Introduction

Let X be a topological space with ACX a subspace, and let r: S! x (X, A)—>
(X, A) be an Sl-action such that r (z, ADCA for z¢e Sl={zeC:complex number | |z|
=13

We consider the semi-free (free) bordism group 2.(X, 4, r) of Sl-action (X,
A, ) by the analogue of R. E. Stong.

A semi-free (free) equivariant bordism class of (X, 4, ¢) is an equivariant
class of triples (M, #,f) with M a compact differentiable manifold with boundary,
p SIxM——> M a differentiable semi-free (free) St-action on M and f: (M, d4)
—>(X, A) continuous equivariant map [zf=fp] sending oM into A. Two triples
(M, p, f) and (M p,/ f) are equivariant, or bordant, if there is a 4 tuple (W, V,
v, #) such that W and V are compact differentiable manifolds with boundary, 8V
=0M UoM’ and sW=MUM’ JV]oMUoM’ =adV, v: (W, V)—>(W, V) is a differe~
ntiable semi-free (free) Sl-action restricting to # on M and ¢ on M/, and ¢ :(W,
V)—>(X, A) is a continuous equivariant map [r#=%v) restricting to f on M and
f on M.

The disjoint union of triples induces an opration on the set of semi-free
(free) equivariant bordism classes of (X, 4, r) making this set into an abelian
graded group, where the grading is given by the dimension of the manifold M
and lets 2.(X, 4, v) be the group of the semi-free equivariant bordism classes
of (X, 4,7). And we let ,/Q\*(X, A,7) be the group of free equivariant bordism
classes of (X, 4,7). If A is empty, we write 2.(X, r) and fQ\*()& t) for these
groups. The purpose of this paper is to compute the groups £2,(X, ).

2. Calculation of free bordism

THEOREM. 1. /.é*(X, A1) = 2, (Xx S>>/t x a, A xS/t xa) where a is the
Sl-action on the infinite sphere: direct limit of a: SIx82%+1—>52%+1 g(z, (24, z,,
...... zn))=(220, 221.-+22n).

PROOF Let aeQ #(X, 4, t) be represented by (M, g, f). Then the principal S!-
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bundle M—>M/p is induced by a map ¢ : M/p—>CP® with equivariant covering
map p : M——>S=, 5 being given the above Sl-action. We then have an equivariant
map fxg: (M, 3 M)—>(XxS=, AxS=<)and {x¢: (M/ed (M p)—>(XxS=/cxa,
AxS>=|rxa).
The assignment
(M, p, F)—>M/ 1, Fx0) ey (XXS=jrxa, AxS®/rxa)
defines a homomorphism
0 Da(X, A, )= 0x(XxS=cxa, AxS=zxa)
Being given g: (N, ON)—> (X xS*=/crxa, AxS*®/rxae) there is an induced

o

cover R’:'g*(m)i—%Xx See

N —>XxSt°/r><a,
and letting g=m, 0 g N—X and v : Slxﬁ—-——»ﬁ being the Sl-action : v
(z(x, 2) =(z (2, x), 22"), (.}\7, v, g) is a free bordism element of (X, 4, r). The ass-
ignment (&, ;&)—»(ﬁ, PR /.(:)n (X, A, ©) induces a homomorphism inverse to o.
Notes. (1) If X is a point, A=¢, this gives 24(S1) = Q2 4(CP (x=)). For r=1,
this is 04X, 4, 1) 2 2, (XxCP (), AxCP(co)).

3. Calculation of semi-free bordism

) 2n@) LnWh
Threre are the exact sequence of Sl-action:--- - Pa(A ) — 02, (X, ) —>

an 1 7
22X, A, 0)—>02x(A4, 0)—> with (4, ¢, ©)—>(X, ¢, 0)—>(X, 4, ) the inclusion.

(see Refference (1], (2])

THEOREM 2. The (semi-free) equivariant bordism exact sequence of the Si-
action (X, F, r) is split exact.

Proof. We have the homomorphisms

2nD Fx
Qun (X, o)——>02, (X, Fr, 0)«—02 1 (X, F;, ©) and it suffices to de-

fine a homomorphism q: /.Q\n (X F,o)—> Dn,(X, ) with 2,()) oq(a)=ky (a) for
all a. Being given ae2,(X, F, r) represented by (3, g, f), we have a closed ma-
nifold M obtained from M by identifying each m €8M with # (S!xm)CéM. (This
is the manifold obtained from M by attaching the disc bundle D (§) of the line
bundle ¢ associated to the Sl-principal fibration ¢ : M~——>}/p along their comon
boundary.) Since f is equivariant and f (eM)HCF:, f(m)= f(pm) for medM, and {
factors through f : M—>X, this being equivariant if M is given the Sl-action
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induced by . Letting q (a) be the class of (M, g, F) defines the homomorphism g

L Qn (X, Fr, 1)—>Qu (X, 2.

Now #x(e) and 2.(j) oq (&) are represented by (M, g, f) and (M, p, ) res-
pectively, in 2, (X, Fr, ). Let H: MxI1—>X be a homotopy of the map f=H ( ,
0) to a mapg =H ( ,I) with g|v=F| Fior where V== D (») is a tubular neigh-
borhood of Fz, constructed by the standard radial deformation. Then F# = 0M/p
with v = &, and we may find a map ~ : M—>M x 1 identifying M with M —V°
and such that gh=Ff. Then (Mx1,Vx1, px1, H) is a bordism of (M, g, f) and (M,
t, ), 50 kx(a)=024(j)eq ().

COROLLARY. 2,(X, 0)22,(F., ) @ 2u(X, F., o).
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