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COCLEFT MODULE COALGEBRAS FOR A BIALGEBRA

Akira NISHIKAWA

In memory of Professor Akira HATTORI

§ 1. Introduction

-For a Hopf algebra over a field, Sweedler’s theorem [[5, Theorem 4.1.1] on the
structure of Hopf modules implies that the category of Hopf modules is equivalent
to that of vector spaces. This theorem was generalized successively in [1, Theorem
3], [2, Theorem 3.37, [3, Theorem 2.8] and [4, Theorem 9] by Y. Doi and M.
Takeuchi. In the process of generalizations, the structure theory of module coalg-
ebras for a bialgebra over a commutative ring has been developed. Furthemore, in
[4, Theorem 97, it was proved cleftness of a comodule algebra is a sufficient con-
dition of the equivalence of the category of Hopf modules with that of right
modules over the invariant subcomodule algebra.

In this paper we define the dual concepts of “(generalized) integral”, “cleft” and
“anti-cleft”, and prove the following dual theorem of [4, Theorem 9] in the case
that the A-module coalgebra C is flat as an R-module:

Main Theorem. Let A be a bialgebra over a commutative ving R, C a right
A-module coalgebra. When C is flat as an R-module, the following are equivalent:

(i) C is cocleft.

(i) There exists a left C-comodule and right A-module isomorphism CQ A—
C, and Tn: N—NcC is bijective for every N in the category of [C, Al-Hopf
modules.

(i) There exists & left C-comodule and vight A-module isomorphism CR A —
C, and Tcga: CQA—CLIEC is bijective.

In this case, the category of [C, A]-Hopf modules is equivalent to that of right
C-comodules.

I would like to thank Professor A. Hattori and Professor M. Takeuchi for
useful suggestions and encouragements.

§ 2. Auxiliary results

Let R be a commutative ring with identity. All our algebras, coalgebras and
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modules are over R, and &), Hom are also over K. Throughout this paper A is a
bialgebra.
For a right A-module coalgebra C, i.e., coalgebra which is a right A-module

with the module structure map wc: CRA——C being a coalgebra morphism. We
call an R-module map C——A a “cointegral” if it is an A-module morphism. We
say a coalgebra C to be “cocleft” (resp. “anti-cocleft”) when there exists a =-inver-
tible (resp. X -invertible) cointegral, where * and X are convolution product and
twist convolution product (see [4], for example).

As the dual of [4, Lemma 4], we have:

Lemma 1. Let C be a right A-module coalgebra. The jfollowing arve equivalent
Jor an R-module morphism ¢: C—A.

() ¢ is a cointegral.

(i) ¢gwc = (gb1)xDe

(iii) goc = (¢p1) X po,
Where p,: CRQA—C, cQRQal—céla), p:: CRA— A, cRQa— &cla.

Proof. (¢pixps=mal¢@1Ls) (p1 @ DP)dcws=malg@I4), so (i) and (ii) are equiv-
alent.

(@) X Do=mA¢RLs) (D@ DT dcea = mald@L4), so (i) and (iii) are equivalent.

As the dual of [4, Proposition 5], we have:

Proposition 2. Let C be a right A-module coalgebra. Assume that therve exists
a comtegral ¢ C—A whick is =-invertible (resp. X -invertible) in Hom (C, A). Then:

(1) The map ps: CQA—A is =-invertible (vesp. X -invertible).

(2) ¢ 'oc = pex{gTpy) (resp. ¢ wc =pa” X (¢7h).

If, in addition, there exists a coalgebra morphism R——C, then;

(8) The identity map 1, is =-invertible (resp. X -invertible), i.e., A is a Hopf
algebra (vesp. an anti-Hopf algebra).

(4) Pt =1I14""p, (resp. po=Ia"Do).

(B) ¢loc =maT(o QLa™Y) (rep. ¢ wc =maT(g™ R 147).

Proof. Since we and p, are coalgebra morphisms, ¢wc and p; are *-invertible
(resp. X-invertible). As ¢ is =-invertible (resp. X-invertible), (1) and (2) follow
from the preceding lemma.

(3) Suppose f: R——C is a coalgebra morphism. Then, A;P@AEC R A is
also a coalgebra morphism, and p(fRI) (@)=l Ra)=I{a) (acA), i.e., pBRI)=
I4, so by [4, Lemma 17, p. (B8R =(p:(PRI))1=147! (resp. p, (BRI)= (bR 1)) =
I,

(4) As p, is a coalgebra morphism, so by [4, Lemma 17, Iy % =(lap:) =
Dot (resp. Lo pe=(Tabs) =p27).

(5) By (2), (4) and [4, Lemma 27,
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¢ lwc :Pz_l*(éb_lpl) = mAT(Gb_l@IA_l)
(resp. ¢ wc = ps~ X{¢ p) =maT(g~ QI47)).

As the dual of [4, Corollary 6], we have:

Corvellary 3. Any bialgebra A is cocleft (vesp. anticocleft) as an A-module
coalgebra if and only if there exists I4 ' (resp. I47) i.e., A is a Hopf algebra (resp.
an anti-Hopf algebra).

As the dual of Proposition 8 of [4], we have:

Proposition 4. Let A be a bialgebra, C a vight A-module coalgebra. Then:

(1) If Ais an anti-Hopf algebra and C is cocleft, then C is aniti-coclefi.

(2) If A is a Hopf algebra and C is anti-cocleft, then C is cocleft.

(3) When A is a Hopf algebra with the bijective aniipode, them C is cocleft if
and only if it is anti-cocleft.

Proof. (1) Let ¢: C—— A be a =-invertible cointegral.

By Proposition 2 (1), ps:CRQA—A is =-invertible. We write S as the pode I~
of A, then S is an aJgebra anti-morphism and p, is an algebra morphism, so

Spa~t = (Spo)” = (S) P2 = po.
With this formula, [4, Lemma 1 (3)] and Proposition 2 (2),
(Sg) wc =S¢ we = (S¢™p1) X (SpY) = (S¢)™ X p».

Then by Lemma 1, (S¢)” is a cointegral, and is x -invertible because {S¢) =
S¢. Hence C is anti-cocleft. '

(2) Let ¢': C——A4 be a X-invertible cointegral. By Proposition 2 (1), p:: C®
A——A is x-invertible. If we write S as the antipode 7,7!, then we have Sp," =
(Spe)™t = S71p, = p.. With this formula, [4, Lemma 1 (3)] and Proposition 2 (2),

(S¢")lwe = S¢'"we = S(py” X (¢'"P1))
= (Sﬁb/_?l)*(SPz_) = ((S¢')_1ﬁ1)*p2.

Then, by Lemma 1, S¢'~ is a cointegral and #-invertible because ((S¢')™ )™=
S¢'. Hence C is cocleft.

(3) is clear by (1) and (2).

Now we go on to the dualization of [4, Theorem 9] which is a generalization
of [3, Theorem 2.8].

Let N be a right A-module and a right C-comodule with the structure mappings
oy: NQA— N, and py: N—NRKC.

N is a right [C, AJ-Hopf module when the diagram
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@GN ON
N®A — N — N®C
PN®AAJ wN®wCJ

IRTRI
NRQULRARA ——— NRAKCRKRA

is commutative.
If we put A* =Ker &4, C=CJCA* and N=N/NA*, then Cis a coalgebra and
-C and N—N as

N is a right C-comodule. We write the natural mappings C
p=pc and w=my.

Let W be a right C-comodule. When C is flat as an R-module, an R-submodule
WleC of WC is a [C, A]-Hopf submodule ([5; 1.3 Proposition]). Hence we
assume that C is a flat R-module.

If MS is the category of right [C, A]-Hopf modules and MC is that of right

C-comodules, then N|——N is a covariant functor
O:M§——MC, which is the left adjoint of the functor
¥ : MC——MS defined by W |——W[eC.
Correspondences of morphisms are following:
(1) M§ NV, WeC)—MC (N, W), f|— [=ln) [—I®ec)fm)].
The well-definedness of this mapping is verified with the commutative diagram

@c

CRA - C

8C®AJ &c

v

R®R -—— R.

(2) ME(N, W)— M§ (N, WgC), gl—(g®1I) @QI)ox.
This is well-defined since
ox @I _  gQ®I pw®le
N — NRC P NRC — WRC | WRORC
IW®PC

is a null sequence.
The adjunctions are as following:

Ty : N—> NeC, nl— 2 alne) & ne,
Dy WLeC—W, awosc (Z',wi@Ci) [——»Zwié(ci).

Consider CQRA as a right [C, A]-Hopf module via (¢ @ a) ¢’ = cQaa’ and
pe®a (€® @) =2 Jecny®a @ cace-
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Then CRA=CRQ A/ CRAA =CRA/CRANY=CRR=C, so
Voga: CQA—CR AC=CzC,c®a — 2 ccy®cna-

Proposition 5. Let A be a bialgebra, C a right A-module coalgebra. If C is
cocleft, then for any [C, A]-Hopf module N there exists an isomorphism N—NRQA
of right A-modules.

Proof. Let ¢: C—— A be a =*-invertible right cointegral. We define a map-
ping @ = Qy as:

IRy N

>

that is, Q(na) = ox(IQ¢~ )pszzv(n@)a)
= oy oy (P2 +(¢71p1)) O 1y an@nayQace)
2271(0)5(7’5(1))“(1)P2—1(”(2)®a(2)) 7P ®ac)
=2 1y ¢ e sla) = Que a)),
hence QNA*) = 0.
So there exists the induced map @ : N——N such that the diagram

v 2w
=\ /9
N

is commutative.
Now we define two mappings:

I DN
» NQA — N,

. 0®
= frea :NQA
oN R¢
g=gy: N » NQC — N®A.
Then, for nEN and e €4, ‘
2f @) ®a)=2 Jalnew ¢~ amaw) @ ¢ ¢ temeam)

= > Ixlne)) ® ¢lngy) ¢ Ungayla= 2 (zlne) & ealnaya
=rn)Qa,
and fg(n) =D ¢ nwlg (ne) =D nénay)=n

So we have gf=Inga and fg=Iy, that is, N=N ® A.
Furthermore, g is an isomorphism of A-modules, since ¢ is a cointegral.
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§38. Proof of the main theorem

Proof of. Main Theorem. (i)=> (ii). Let N be a right [C, AJ-Hopf module. By
Proposition 5, gy: N-"> NQA as right A-modules, especially, gc: C —-C R A

as right A-modules, and in this case g¢ is also an isomorphism of left C-comodules,
since
P 480(0)=(UzQI)(D ] plec)®¢ (c) = U Rk 2 Ip(cc)@ cmr)=U ® gc) (o, (¢)), c=C.
Now, as easily verified,
Im (pﬁ®[:N®A—* NRCRA) c NOLHC®A).

On the other hand, (IW®GN®I ) (pﬁ®f A :I.ﬁ@ 4 18 clear, and for any Zn(n,-)@
- _ 7
pele)®a; in NOHC®A), using the equality

21 2 i) @pnicry) ® plesas=2 ] 2 Jnn:)@plein)®p(cicr) @ @i, we have (o5 @)

UReRD 2] n)@ples) ®a;=2 | aln)@plc)®ai, s0 pr®Li) Ug® e®@L)=In o

hence N@A= N[IH{CRA).
With this isomorphism and Proposition 5, we see
N %N@A—EN—D-C-( CRA=NI LisC.
This composite isomorphism maps # in N to:
n | — 2 wlne) & dlng) — 2 Jwlnw) @ pine)Rd (ca)
2 wlnco) @ ncay @ ~Homean) Plncey) = 2 wlncer) @ oy,
so it coincides with the adjunction & .
(i) => (iii) is clear since
Toga: CRQA »C_®~Z[]EC:—:CDEC.
(itfi)= (). Let a: Hom (C, A)— Comz_(C, C) be fi—— (I ®¢&) ¥oosl R fldc,
that is, a(f) (¢) = > canfle)-

a(f) is a left C-comodule endomorphism since

pca(f) (€)= 2] plew) ® crfle) = Lz&a(fogle), c €C.

By the construction, the following diagram is commutative:

Hom /g, @'C® "

Com-¢(C,C® A) Com-¢(C,CsC)

il | il
Hom(C, A) End_(C)
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So a is an isomorphism.
Let F: C—— C®A be a left C-comodule and right A-module isomorphism.
Define 1: C—— A by 2=p,F. Then, easily, msA&®I)=Awc; i.e., 1 is a cointegral.

Furthermore, since F is a morphism of left C-comodules,

IR, =(pc®Ndc=(pc@(DF ) 4c=(IQps) URF )pc=F.

Let G: CRA—— C be the composite inverse of F. Define h: C—C by h=
Gi,, where i, : C——CR®A is pcle) — pclo®1.
Since G is a left C-comodule morphism, so %p € Endg-(C).

On the other hand, since G is a right A-module isomorphism, we have, for
any pcle) in C and 2 in A,

wclh ®I) (pcle) ® @) = M pcle)a = G(pclc)Ra),
hence wclh @ =G.
Now since a is bijective, there exists ¢=Hom(C, A) with a(@)=hp. Then Ax¢=
mAARI) Q@) dc = 2ocIQp)dc = Ahpc = peirbec = uate.
Moreover, a(g+i) = wc(f @ (mald ® Adc)dc
= wc((wcd Q ¢)4c)@N4c
= oc(GRI) (1R ®I) IQF) (pc ® Idc
=GIQ@ma) (i, ®1I) F=1Ic
= oclf Qua) I ®éc)de = aluatc),
which shows ¢#1 = u4éc, since a is bijective, and so, (iii)= (i) is proved.
To prove the last assertion, it is sufficient to show that the adjunction @ :

WL eC—W is bijective for any right C-comodule W.By using [6; 1.3 Proposition],
WeC=(W O/ Wg(CA)=WeC=W,

21 wi®ci | 2 Jwiea(pales) = > wigclc:)-

So this composite bijection coincides with @y .
This completes the proof.

§4. Examples of cocleft module coalgebras

Let C be a bialgebra, A its subbialgebra. Then C is naturally an A-module
» A which

coalgebra. We assume that there exists an R-module morphism ¢:C
is a cointegral.

Furthermore, we set the following two cases:

(i) C is a Hopf algebra, and ¢ is an algebra morphism.

(i) A is a Hopf algebra, and ¢ is a coalgebra morphism.
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In the case (i), using ma{p®¢) = gmc and ¢uc = us, we can see that ¢Sc is
the =-inverse of ¢. In the case (i), using (PR¢)dc = 4a¢ and &4 = &c, We can
see that S,¢ is the *-inverse of ¢. Thus we have:

Proposition 6. Let C be a bialgebra, A a subbialgebra. If there exisis a coin-
tegral ¢: C—— A with the property of (i) or (ii), then C is a cocleft A-module
coalgebra.

Example 1. Let G be a semigroup, H its subgroup. We set a coset decom-
position G= LZ_JgZ-H ;

It we put C=RG and A=RH, a semigroup bialgebra and its Hopf subalgebra,
then C is a cocleft A-module coalgebra.

Indeed, defining ¢:C—— A by ¢(gih) = h, h<H, and R-linearly, we can see
that ¢ is a *-invertible integral with the property of Perosition 6 (ii).

Eiample 2. Suppose R is a ring of prime charasteristic p and g=p" for some
positive integer n. Let C be the Hopf algebra R[X /(X9 = R[], where x is the
residue class of X and 4(x)=xQ1+1Rx, &x) =0 and S(x) = —x. If we put

A = R[X?]/(X9) = R[x?], then A is a Hopf subalgebra of C.

Let ¢: C—— A be an R-linear map with %" |—x" if pln and x" |— 0 if
pdn. Then ¢ is a cointegral, as easily verified. Furthermore, we see, with direct
computation, that ¢ is a coalgebra morphism. Thus C is a cocleft A-module
coalgebra, because of Proposition 6 (ii).
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Supplement. The contents from §2 to§ 3 of this paper coincide with the most part of
the equally entitled lecture in the symposium of “Algebraic groups and Lie groups, and
their representations, Hopf algebras and Galois theory” at Osaka University, January 1986.

The lecture was put into practice at the recomendation of Professor M, Takeuchi.



