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ABSTRACT 

 

The induced electric-field has been applied to measure the elastic modulus of carbon 
nanotubes. However, the vibrational modes of the multi-walled carbon nanotubes are quite 
different from those of the single-walled carbon nanotubes. Analysis of the vibration 
characteristics of double-walled carbon nanotubes (DWCNTs) with simply supported 
boundary condition are carried out based on Euler-Bernoulli beam theory. The DWCNTs are 
considered as two nanotube shells coupled through the van der Waals interaction between 
them. It is found that the vibrational modes of DWCNTs are noncoaxial intertube vibrations, 
and the deflections of the inner and outer nanotubes can occur in the same or in opposite 
deflections. In the same vibrational mode, the resonant frequencies of DWCNTs with 
deflections between the inner and outer nanotubes in the same direction are smaller than those 
of DWCNTs with the opposite deflections.   
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1. Introduction 

The discovery of carbon nanotubes (CNTs) has stimulated extensive research activities in 

science and engineering devoted to carbon nanostructures and nanocomposites. Many studies 

have shown that the carbon nanotubes possess remarkable mechanical and physical properties 

[1-4] leading to many potential applications such as fluid transport, fluid storage at nanoscale, 

and nanodevices for drug delivery [5,6]. Since controlled experiments at the nanometer scale 

are very difficult, the simulation techniques have been widely and successfully used to 

investigate the mechanical property, wave propagation and resonant frequency of nanoscale 

materials [7-12]. It is well known that a molecular dynamics (MD) method is an effective 

method to simulate the properties of materials with microstructures. However, the MD 

simulation is very time-consuming and remains formidable for large-scale systems. Therefore, 

simulation and computation of larger systems is currently left to continuum mechanics 

methods [13]. The study of vibrational properties in CNTs is of great current interest, which 

can be used to measure the elastic modules of individual CNTs [14,15]. In some early works 

on the vibrational properties in CNTs, the role of van der Waals (vdW) force interaction 

between two adjacent nanotubes in non-coaxial resonance for MWCNTs has been studied 

using the multiple-Euler-beam model [12,16]. They assumed that all nested individual 

nanotubes had the same vibrational mode. The results indicated that noncoaxial resonance 

would be excited at the higher natural frequencies. Moreover, other studies of the vibrational 

property and the wave propagation in MWCNTs have been focused on Flügge shell model 

[9,10]. Li et. al. [17,18] have presented vibrational analysis of single- and double-walled 

CNTs using a truss rod model. They predicted that the single-walled nanotubes (SWCNTs) 

could have fundamental frequency ranging from 10 GHz to 1.5 THz and the vibrational 

frequency depends on the diameter and length of nanotubes [17].  

   In this paper, the main objective is to propose a theoretical approach to vibration 
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characteristic analysis of CNTs with simply-supported boundary condition. For double-walled 

nanotubes (DWCNTs), the interaction between the inner and outer nanotubes is considered to 

be coupled together through the vdW force. Using the present analytical method, we can easy 

to obtain the resonant frequencies of DWCNTs with different vibrational modes. The 

analytical method could be used to determine the elastic modulus of CNTs through measuring 

a few fundamental resonant frequencies.  

 

2. Theoretical approach  

   The continuum mechanics method has been successfully applied to analyze the dynamic 

responses of individual carbon nanotubes. Based on the Euler-Bernoulli beam model, the 

equation of motion of a free vibration in CNTs is given by 
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where x  and t  are the axial coordinate and time, respectively. ( )txw ,  is the deflection of 

CNTs.  is the distributed transverse force acted on the CNTs. p E  and I  are the elastic 

modulus and the moment of inertia of a cross-section, respectively. A  is the cross-sectional 

area and ρ  is the mass density of CNTs. 

   For the DWCNTs, the deflection of nested tubes is considered to be coupled together 

through vdW force between the inner and outer nanotubes. The interaction pressure at any 

point between any two adjacent tubes depends linearly on the difference of their deflections at 

that point. Based on the Euler-Bernoulli beam model, therefore, the differential equations 

governing the fluid motion are described by the following two-coupled equations: 

( 124
1

4

12
1

2

1 wwc )
x

wEI
t

wA −=
∂
∂

+
∂
∂

ρ                             (2) 

( 124
2

4

22
2

2

2 wwc )
x

wEI
t

wA −−=
∂
∂

+
∂
∂

ρ                           (3) 

where the subscripts 1 and 2 denote the quantities associated with the inner and outer 
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nanotubes, respectively.  is the vdW interaction coefficient between nanotubes. In this 

simulation, the vdW interaction energy potential can be estimated as [19] 
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where σ  and ε  are the vdW radius and the well depth of the Lennard-Jones potential, 

respectively.  is the carbon-carbon bond length.  and  are the inner and 

outer radius, respectively. 

nma 142.0= 1R 2R

   In this analysis, we consider the deflection of DWCNTs has different vibrational modes 

 for the inner and outer nanotubes. The displacements of the vibrational 

solution in DWCNTs can be given by  
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where ω  is the vibrational frequency.   

   Substituting Eq. (7) into Eqs. (2) and (3), we obtain the coupled equation of the 

vibrational properties in DWCNTs:  
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where  is the differential operator. Eliminating one of the two variables  and  from 

Eq. (8), we yield 
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If  and , the solutions of the differential equation (9) are expressed as qp >2 0<q
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where  are unknown integration constants and ( 8,,2,1 L=jC j )

qpp −+−= 2α ,      qpp −+= 2β                         (14) 

and 1λ  and 2λ  are associated amplitude ratios of the outer to inner nanotubes, which can be 

obtained from Eq. (8)  
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where qpp −±−= 2
2,1β . 

If  and 02 >> qp 0<p , the solution of Eq. (9) is given by 
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Substituting Eqs. (12)-(17) into a given boundary condition, the simultaneous equation can be 
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obtained as follows: 
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where { } 88,, ×LM βα  is a  matrix with elements of 88× L,, βα . The condition for 

nonzero solutions of  is ( )8,,2,1 L=jC j 0
88
=

×
M , which can be used to analyze the 

vibrational frequencies of DWCNTs. 

   For free frequency of DWCNTs with simply supported-simply supported and with a 

length of L, the boundary conditions are  

0)()0()()0( 1111 =′′=′′== LYYLYY                           (19) 

0)()0()()0( 2222 =′′=′′== LYYLYY                          (20) 

For the vibration of DWCNTs with clamped-clamped supported boundary conditions, we 

have 

0)()0()()0( 1111 =′=′== LYYLYY                         (21) 

0)()0()()0( 2222 =′=′== LYYLYY                         (22) 

The boundary conditions of cantilevered DWCNTs are 

              0)()()0()0( 1111 =′′′=′′=′= LYLYYY                          (23) 

0)()()0()0( 2222 =′′′=′′=′= LYLYYY                         (24) 

 

3. Numerical results and discussion  

   In this study, vibration characteristic analysis was carried out for DWCNT with simply 

supported-simply supported boundary condition. According to the transmission electron 

microscopy (TEM) observation of DWCNT reported by Iijima [20], the inner and outer 

diameters of a DWCNT are 4.8 nm and 5.5 nm, respectively. And also, the thickness of each 
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layer in the DWCNT was observed to be that of a graphite sheet with 0.34 nm. The CNTs had 

an elastic modulus of 1.0 TPa, Poisson’s ratio of 0.27, and the density of 2.0 g/cm3. The vdW 

parameters in the Lennard-Jones potential are taken as meV2.967ε =  and  as 

reported recently by Saito et al. [21]. As an example, first, a numerical result was compared 

with a solution of Yoon et al. [12]. They found that the natural frequency is close that given by 

the single-beam model. For assuming a DWCNT with aspect ratio of 20, the inner and the 

outer diameters of 0.7 and 1.4 nm, respectively, the natural frequency is 0.35 THz and the 

intertube resonant frequency is about 10 THz which is insensitive to the mode number. 

According to the present model, the natural frequency of DWCNTs, about 0.62 THz for the 

fist mode, is largely affected by the mode numbers. The vibrational frequency of DWCNTs is 

between the vibrational solutions of the inner and outer nanotubes obtained from existing 

model. 

nm0.34σ =

   Figure 1 shows six noncoaxial vibrational modes of the DWCNTs with simply supported- 

simply supported boundary condition based on the present theoretical approach. It is found 

that all modes exhibit noncoaxial intertube vibrations of DWCNTs. Moreover, the vibrational 

amplitudes of the inner nanotube are larger than those of the outer nanotube. For the 

fundamental or first mode, the vibrational mode is almost coaxial because the amplitude ratio 

between the inner and outer nanotubes is very close to one. The DWCNT with the 2th mode is 

two half-waves and the deflections of the inner and outer nanotubes are in the same direction. 

In the case of the 3th mode, the vibrational mode is one half-wave but the deflection of the 

outer nanotube is opposite to the deflection of the inner nanotube. The noncoaxial intertube 

vibration would crucially affect some of their important physical properties. The DWCNT 

with the 4th mode exhibits two half-waves, and the vibrational deflection between the inner 

and outer nanotubes is in the opposite deflection. In the case of the 5th and 6th modes, the 

characteristics of both vibrational modes are three half-waves, but the vibrational amplitudes 
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of DWCNTs with the 5th and 6th modes have the same and opposite deflections, respectively.  

Figure 2 shows the frequency responses associated with different vibrational modes (see 

Fig. 1) for both SCNTs and DWCNTs. In the case of SCNTs, the natural frequency of the 

SCNTs with different vibrational modes can be given by 

S
EI

L
i

i ρ
β

ω 2=                                 (25) 

where ,  and  are mode values corresponding to the one, two 

and three half-waves, respectively.  is the cross-sectional area of CNTs.  

2
1 πβ = 2

2 4πβ = 2
3 9πβ =

S

   It is found that from Fig.2 that the SCNTs have a larger vibrational frequency than the 

DWCNTs increased by at least 30%. In the case of DWCNTs, the characteristic frequencies 

are largely affected by the vibrational deflection of the inner and outer nanotubes. The 

vibrational frequencies of DWCNTs with the opposite deflection are larger than those of the 

opposite deflection. It has been well known that the vibrational frequency of tubes increases 

with increasing harmonic numbers. According to our simulations, however, it is worthy of 

notice that the vibrational frequency of DWCNTs with the first harmonic can be higher than 

that of the second harmonic. This is because the vibrational deflection of the inner to outer 

nanotubes is in the opposite direction.   

  The vibrational frequencies of DWCNTs with different lengths are shown in Figure 3 as the 

function of the vibrational modes. It is found that the DWCNTs exhibit the vibrational 

frequency over terahertz. The vibrational frequency with the first harmonic (the fundamental 

mode) is about 2.1 THz for the DWCNTs with the length of 10 nm. The resonant frequencies 

of DWCNTs decrease with increasing length of nanotubes.    

 

4. Conclusions 

   A theoretical approach based on a multiple-elastic-beam model is proposed to study the 
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vibrational properties in DWCNTs with simply supported-simply supported boundary 

condition. This method gives good calculate the vibrational frequency of DWCNTs because 

the inner and outer nanotubers are considered to have different vibrational modes. Using the 

present theoretical approach, the noncoaxial resonant frequencies of DWCNTs with different 

vibrational modes are investigated. The vibrational amplitudes of the inner and nanotubes are 

noncoaxial and can have opposite deflection. In the case of an identical harmonic mode, the 

vibrational frequency of DWCNTs is larger for the opposite deflection than for the same 

deflection. The resonant frequencies decrease with increasing length of nanotubes.  
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Figure captions 

Figure 1  Six noncoaxial vibrational modes of DWCNTs with simply supported-simply 

supported boundary condition  

Figure 2  Vibrational frequencies in SCNT and DWCNT for six vibrational modes (nanotube 

length of 20 nm) 

Figure 3  Relationship between vibrational frequencies and vibrational modes for DWCNTs 

with simply supported 
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Fig.1 Six noncoaxial vibrational modes of DWCNTs with simply supported-simply supported 

boundary condition 
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Figure 2  Vibrational frequencies in SCNT and DWNT for six vibrational modes (nanotube 

length of 20 nm) 
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Figure 3  Relationship between vibrational frequencies and vibrational modes for DWCNTs 

with simply supported 
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