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Abstract

This paper presents an efficient technique for global illu-
mination rendering of a scene with participating media. The
rendering handling participating media is performed by ray
marching method, which requires sampling along each view
direction. The step size of the ray marching must be taken
short to generate a high quality image and thus leads to
very long computational time. One possible method to im-
prove the computational cost is to exploit importance sam-
pling. In this paper, we propose a method to determine the
step size based on the importance sampling technique. For
efficient sampling, the probability density function which
is ”close” to the radiance distribution is required. In our
method, 3D space is divided into a set of uniform grids.
The radiance distribution is approximated using the grid
structure. To deal with the participating media which has
anisotropic scattering property, we use spherical harmon-
ics to represent directional dependence of radiance distri-
bution. Using this grid-based representation, fast calcula-
tion of good approximation of desirable probability density
is made possible. Using this probability, high quality im-
age can be rendered with fewer number of sampling com-
pared to the conventional methods.

1. Introduction

To render a scene with natural phenomena such as beams
of light through clouds, dusty air, it is necessary to simulate
the effect of participating media. To render a scene with par-
ticipating media, much research on volume rendering has
been done. To render such a scene, volume rendering equa-
tion should be solved. The volume rendering equation usu-
ally can only be solved numerically. A typical method for
solving the equation is ray marching. In the method, pho-
ton mapping is often used[2, 3].

The efficiency of computation in ray marching depends
on sampling method along each ray. Adaptive sampling[2],
and importance sampling based on the transmittance[1]

have been proposed. In general, optimal probability distri-
bution function for importance sampling should be propor-
tional to the integrand. Although it is very hard (usually im-
possible) to obtain the exactly optimal distribution, if we
can obtain good approximation rapidly, we can expect to
render an image of good quality with smaller number of
sampling and thus with shorter time of computation.

In this paper, we proposed a fast rendering method for
a scene with participating media which can be applicable
not only to isotropic media but also to media which has
anisotropic scattering property. For that purpose, we pro-
pose a voxel-based radiance estimation method to obtain
good probability distribution function for importance sam-
pling. We also extend this method to deal with participating
media with anisotropic scattering property. For such mate-
rial, directional dependency of the radiance should be con-
sidered. In our method to obtain good approximation of in-
scattered radiance, spherical harmonics[4] is exploited.

To show the effectiveness of our method, we compare
the image quality and computation time by our method and
the conventional methods.

2. Volume rendering methods

In this section, we briefly review the volume rendering
methods using volume photon map and ray marching.

2.1. Light transport in participating media

Light transported thorough a participating media
is affected by emission, in-scattering, absorption, and
out-scattering. Taking these four terms into account, the ra-
diance � at point �� in direction �� is given as :
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where �� is the emitted radiance, �� is the in-scattered ra-
diance, � is absorption coefficient, � is scattering coeffi-
cient, and ����� �� is transmittance along the line segment
from �� to �. This equation is called as the volume render-
ing equation. This equation must be solved in order to ren-
der a scene with participating media.

The transmittance ����� �� is given by :
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where the extinction coefficient 
 is defined as 
 � �� �.
The in-scattered radiance �� is
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Where ����� � ��� is the phase function of the medium.
Jansen proposed an efficient method to compute in-
scattered radiance using volume photon map[2, 3]. The vol-
ume photon map stores photons which are scattered in
participating media. We can estimate the �� using the vol-
ume photon map as :
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Where �� is small volume, �� is flux of photon.

2.2. Ray marching

It is difficult to solve the rendering equation analytically.
The volume rendering equation can be solved by using nu-
merical integration. To evaluate the integral, ray marching
method is often used. In ray marching, the ray is divided
into small segments. Within each segment, we assume in-
coming light is constant and the properties of media is not
changed. With the local simplification, we can approximate
the radiance ����� ��� as :
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where �� �� ���� � �� � is segment size. The segment
size of the ray marching must be taken short to generate a
high quality image and thus usually leads to very long com-
putational time.

2.3. Optimization methods

The typical ray marcher described in Section 2.2 is usu-
ally based on a uniform step size through the medium. For

non-homogeneous media and media with local variations
in the lighting, it is preferable to use adaptive ray march-
ing. In adaptive ray marching method, segment size is de-
termined adaptively to capture local changes efficiently. The
simplest method for doing this is a recursive ray marcher,
where the midpoint of the segment is sampled recursively
until the length of the segment is below a certain threshold,
or until the discrepancy between the endpoints of the seg-
ment is sufficiently small.

Another possible method is to use importance sampling
technique based on transmittance. Importance sampling is a
variance reduction technique in Monte-Carlo simulation. If
the media is homogeneous between �� and ����, volume
rendering equation using importance sampling is given as
follows :
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����� ������ represents the approximation of the sec-
ond term of (1). This is given by using importance sampling
method as follows :
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where � is pdf (probability density function) for impor-
tance sampling and � is distance along the ray. �
 represents
the sampling point according to the pdf � . In general, to
reduce the variance in Monte-Carlo simulation, it is desir-
able to use the probability density function � whose shape
is close to the integrand (i.e. in the case of volume render-
ing equation : 	������������� � �
��� ��� ). For simplicity,
the following pdf is often used :
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where � is uniformly distributed random number on
[0,	����].

Using (9), ����� ������ is given by :



Figure 1. Density estimation from the voxels
in the grid
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2.4. Further improvement by pdf estimation

We have briefly reviewed both adaptive sampling
and simplified importance sampling. Efficiency of adap-
tive sampling depends on the initial segment size. When
the strong radiance is concentrated on the small re-
gion, the initial segment size should be smaller than the
size of the effect. Thus, without specific prior knowl-
edge on the scene, we have to use very small initial
segment. As the result, this gives rise to long computa-
tional time.

As for the importance sampling, ideally the probability
distribution function should be proportional to the integrand
of the volume rendering equation. Assuming the homogene-
ity of media along the segment, the ideal probability distri-
bution function �

�� ���
��� should be :
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Usually, for simplicity, ����� � ���� ��� is treated as con-
stant, as shown above. However, this is a very rough ap-
proximation. If we can obtain near-optimal probability dis-
tribution function rapidly, due to the variance reduction ef-
fect, we can expect to render an image of good quality with
smaller number of sampling, in other words shorter time of
computation. In the following sections, we explore the im-
portance sampling method based on the estimation of the
in-scattered radiance.

3. Importance sampling based on the estima-
tion of in-scattered radiance

To obtain more accurate probability distribution function
for importance sampling, in-scattered radiance � � should
be considered. However, usually, �� is a very complicated
function and it is time consuming to calculate accurate esti-
mation of the function value.

Our goal is to obtain fast volume rendering algorithm
based on the importance sampling along the ray. If we can
obtain good probability distribution function rapidly, due to
the variance reduction effect, we can expect to render an im-
age of good quality with smaller number of sampling and
thus can reduce the computational cost. For that purpose,
fast and efficient method to approximate in-scattered radi-
ance is required. In the following subsections, we propose
an efficient method to approximate in-scattered radiance� �,
which is applicable even for media with anisotropic scatter-
ing property.

3.1. Approximation of radiance using uniform
grid

In our work, we try to derive probability distribu-
tion function for importance sampling by considering
in-scattered radiance ��. One obvious method is to ap-
proximate ����� ��� by querying the volume photon map at
each point �. However, by this method, the number of ac-
cess to the photon map would get prohibitive. This implies
this simple method is not appropriate for fast render-
ing.

To reduce the computational cost, we use uniform grid
structure and represent 3D space by a set of voxels. At each
voxel center �, we estimate ����� ��� by the above simple
method using volume photon map. The in-scattered radi-
ance at the other point �within the voxel is approximated by
the representative value����� ��� instead of querying photon
map. This reduces computational cost significantly.

From the voxels which are intersected with a ray, we
can obtain the histogram of approximated radiance (see
Figure.1). From the histogram, the probability distribution
function for importance sampling is calculated based on
(12).

To make the histogram, we have to rapidly find the vox-
els which are intersected with each ray. Since we use uni-
form grid, this is made possible by using 3DDDA (3D Dig-
ital Difference Analyzer) algorithm.

There are two tasks to be done when we create a grid.
The first is, given the axis aligned bounding box, to choose
the number of subdivisions. The second is to save the esti-
mated radiance value from photon map to the grid.

It has been argued that the grid cells should be roughly
cubes and number of grid cells should be the same order of



anisotropic isotropic

Figure 2. rendering examples : participating media with anisotropic scattering property and isotropic
scattering property

magnitude as the number of elements (i.e. photons)[6]. This
can be accomplished in the follow manner.

� � � 
�
�������

�
�
�

�� � ���� �� � ���� �� � ���

where ��� �� and �� are the lengths of the bounding box
sides. ��� �� and �� are the number of subdivision used to
create ������ grid. � is the number of photons in the pho-
ton map. � is the number of photons used to estimate radi-
ance for each point. � is parameter of grid quality. The or-
der of computational cost of radiance estimation is given as
������	��. The total number of cells are �� � ������.
Therefore, the total computational cost of grid generation is
given as ����� ��� ��	��.

3.2. Approximation using spherical harmonics

If the participating media has the isotropic phase func-
tion,����� ��� does not depend on ��. Therefore, in this case,
we don’t have to care about the directional dependency of
the in-scattered radiance ����� ���. It is sufficient to store
scalar value for each voxel.

However, in the real world, there are many kinds of ma-
terials which have anisotropic scattering properties. To ren-
der a scene with participating media which has anisotropic
scattering property, directional dependency should be taken

into consideration. As the result, the probability distribu-
tion function for the importance sampling should also be
decided reflecting the anisotropic scattering property of the
participating media. In Figure 2, we show example images
of scenes with isotropic media and anisotropic media.

To represent the directional dependency of the in-
scattered radiance ����� ��� concisely, we approximate the
radiance at voxel centers by using spherical harmonics[4]
as follows :
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where ���� is spherical harmonic basis. ���� is an asso-
ciated expansion coefficient. �� is approximated by finite
number of coefficients and basis functions as:
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The coefficients ���� are stored in each voxel. The to-
tal number of the coefficients are �� � ���. To approxi-
mate the radiance, as shown in the above equation, � �������
should also be calculated. For each ray, this computation is
performed only once for each pair �����. This is advanta-
geous for fast computation of radiance value along each ray.

The expansion coefficients are obtained as follows:
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where � � is complex conjugate of � . These coefficients are
calculated efficiently by expanding the phase function into
Legendre polynomials (see Appendix).

3.3. Sampling method

In our work, the probability distribution function for im-
portance sampling is derived by using estimation of in-
scattered radiance �� and transmittance which is shown
in (2). The radiance along the ray is approximated using
histogram representation described in the previous subsec-
tion. The histogram is generated by querying coefficients
of spherical harmonics stored in the voxels which are in-
tersected with the ray. The probability distribution function
� ��� is given by :
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where � is the distance parameter along the ray, 
� is given
by the following equation.
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(
 is given by (7))
����� ������ based on the importance sampling is

given by :
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where � is an estimation of in-scattered radiance �� by us-
ing the histogram. We can expect the following relation
holds :
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The probability distribution for sampling is given by
(16). The total number of samples is determined accord-
ing to (17). With this procedure, more samples are used in
the important parts within an image. This is important to
render an image in which the image quality is almost ho-
mogeneous.

In our method, we approximate the probability distribu-
tion function for importance sampling by using spherical

reference image

(a) Dragon (same as top left of Fig.2)

(b) Two spotlights in anisotropic scattering medium

Figure 3. Comparison of images rendered
with PDFs derived using scalar representa-
tion (one coefficient for each cell) and spher-
ical harmonics (16 coefficients for each cell):
Left image is rendered using scalar represen-
tation. Right image is rendered using spheri-
cal harmonics.

harmonics to reflect the directional dependency of the ra-
diance. If the participating media have the isotropic phase
function, we may use the representation in which each grid
cell has a scalar value.

To compare these two types of the representation, we
have rendered a couple of scenes based on the PDFs de-
rived using scalar representation (one coefficient for each
cell) and the spherical harmonics (16 coefficients for each
cell). We show the results in Figure 4. These images indi-
cate the approximation method based on the spherical har-
monics is preferable for anisotropic participating media.



Figure 4. The example of strong radiance on
small region: The image is rendered using
our method in 3 minutes. To Approximate
in-scattered radiance distribution, kd-tree is
used.

3.4. Hierarchical Data Structure

We approximated in-scattered radiance using uniform
grid in section 3.1. To further improve the approximation
quality, we can use hierarchical data structures such as kd-
tree or octree. Hierarchical data structures are efficient in a
scene that has sharp illumination edges. Dividing volume
with big local changes in in-scattered radiance into many
cells, approximation quality can be further improved. Espe-
cially, this adaptive cell division technique is effective for a
scene that has strong radiance on small regions (Figure 4).

In principle, the cell with big local change in radiance
should be divided recursively. However, in our method, sub-
division of cells are carried out based on density of the vol-
ume photon map. Although the region with big local change
does not necessarily correspond to the bright region in a
scene, as the experiments show our method works well in
practice.

4. Experimental Results

We have rendered a couple of scenes by using the pro-
posed method and for comparison by using the conventional
methods. We used two conventional methods. They are :

(i) uniform sampling described in (5) with random offset
to eliminate the aliasing problems.

(ii) importance sampling based on transmittance de-
scribed in (11).
In Figure 5 we compare the image quality by theses meth-
ods.

In experiment #1, we used a point light source. In exper-
iment #2, planar light source which emits directional light

was used. In both experiment # 1 and experiment #2, each
object has surface which obeys Fresnel equations. In the
both experiments, outside the object, there exists participat-
ing media which has isotropic scattering property whose ex-
tinction coefficient is 1.0. In the experiment #1, inside the
object, there exists anisotropic media which gives forward
scattering and whose extinction coefficient is 50. In the ex-
periment # 2, inside the object, there also exits forward scat-
tering media whose extinction coefficient is 200.

In the both of the experiments, the size of the rendered
images was 640 � 480 pixels. In the experiments, 100000
photons were used. To approximate directional dependency
of the in-scattered radiance, 16 coefficients of spherical har-
monics were used. The images were rendered by a PC with
2.8GHz Pentium 4 CPU.

In Figure 5, we show the resultant images. Top row
shows the results by uniform sampling along the ray. In the
middle row, we show the results by importance sampling
with the pdf given by (8) (pdf which is simply decided as-
suming the constant radiance). In the bottom row, results by
the proposed method are shown.

In Figure 5, each column shows the images rendered
with same computation time for comparison. Time required
for generating grid structure was 7.0 sec in experiment #1,
8.4 sec in experiment # 2.

As the images indicate, the proposed method outper-
formed the other methods. Especially, the image quality by
our method was almost homogeneous. On the other hand,
by the other methods, there exist differences in image qual-
ity within each image. Some parts were much more noisy
compared to the other parts of a image. The homogeneity
in the resultant image and fast computation are the advanta-
geous points of our proposed method.

Method (i) and method (ii) depend on the strong assump-
tion on the distribution of in-scattered radiance. Sometimes,
this assumption is too strong. For example, if scenes have
strong radiance on small regions (e.g. volume caustics, di-
rect lights), to render a noiseless image with these method,
a lot of sample points are required. On the other hand, in
our method, sampling is carried out by considering both the
transmittance and the approximation of radiance distribu-
tion. As the experiments showed, even if the strong radi-
ance exists on small regions in a scene, our method can ren-
der high quality image with fewer sample points.

5. Conclusion

In this paper, we proposed a fast rendering method for
a scene with participating media. Our method is applica-
ble not only to isotropic media but also to media which has
anisotropic scattering property. Our method is based on ray
marching algorithm using the photon map[2, 3]. Importance
sampling is used to decide the segment size along the ray



for ray marching. In general, to reduce variance in Monte-
Carlo integrand, the optimal probability distribution func-
tion should be proportional to the integrand. Although it is
very hard (usually impossible) to get the optimal distribu-
tion, if we can obtain good approximation rapidly, we can
expect to render an image of good quality with smaller num-
ber of sampling. This can lead to significant reduction of
rendering time.

For that purpose, we have proposed a voxel-based ra-
diance estimation method to obtain probability distribu-
tion function for importance sampling. We have also ex-
tended this method to deal with participating media with
anisotropic scattering property. For such material, direc-
tional dependency of the radiance should be considered. In
our method to obtain good approximation of in-scattered ra-
diance, spherical harmonics is exploited.

The rendering experiments showed our method can out-
perform conventional rendering methods with respect to
rendering speed and the image quality.
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A. Derivation of coefficients of spherical har-
monics

We expand radiance ����� ��� into spherical harmonics.
The coefficients ���� is given by:
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The phase function can be expanded with Legendre poly-
nomials as :
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where ������ � ��� is Legendre polynomial. Coefficient ��

is given by :
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Since the Legendre polynomial can be represented with
spherical harmonics [4] as :
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the phase function can be expressed as follows :
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where ��� is obtained by :
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By substituting (21) into (25), the coefficients � ��� is ob-
tained as follows.
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Experiment #1

reference image

8min 24min 45min

(a)

(b)

(c)

Experiment #2

reference image

4min 45sec 10min 20min

(a)

(b)

(c)

Figure 5. comparison of image quality : (a) uniform sampling. (b) importance sampling based on
transmittance. (c) importance sampling based on our method.
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