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 Synopsis. This paper will give one method for attacking Airy's stress-

function in two-dimensional problems of elasticity by means of integral equa-

tion, when any distribution of external forces are given on a specified

bottnding curve. The example here given is very simple, but the method

will suggest how to find the proper form of stress-function for more

complicated boundary-value problems.

            g 1. General expression of boundary coRditions

  Stress-components in two-dlmensional elasticity are given under no body

forces by
                 ax- g"S'f･Zi-, ay == 3-k., Txy == -ff" t/il.izt-y･ ''''''''''''''''`'(i)

where z is Airy's stress-function wkich satisfies the equation

                   v`z == [-lill-i- +2 3iSlt;iG)Ctt + aO-l--i =- o. ･･････････････････････････････(2)

  We suppose that one of external forces, P say, is acting on the bounding

curve of the elastic body, whose components are denoted by Px and aFly in direc-

tions ofx and y respectively. Then the conditions of equilibrium on the

bounding curve are

                       PpXy=-=ntffbo'CcOoSscra++laryySsiinncrcr1}''''''''t'''''''''''''''''''''''(3)

  Let s bedenoted by the length along the bounding curve, and n by ehe

direction of an outward normal, then we get

                          .o,.g =, ,.,. === g.Mx. ,

                                           .......................･････････････(4)
                          ttx,- == -sin. .. g.//.

  Substituting (1) and (4) into (3), we obtain the equations

                  Px :-: S-l t,Y, -F oO;a-X,- g-g =-- i･i-･(g--:)･ l ,,,

                 p,---k/,x,-3i-/lk'agg-I..,:..../..-s.(g-l)･4
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When we integrate (5) from O to s, we have

              Si ile ds == (st =- [3-x), --p･ p- (g-S, ･

                                                       ･･･････････････(6)
              Si p, ds - -(oO-jll)j - -[tL.-Z-], "i-cr, cr = [3'-,X,,)I. ;

and also as we '£ind

                       d,-(g-:--grsi+bo-}zg)ds, ･･････..････････････････.･--...･.(7)

                  ///£'S':ndu'fi"bO'.-Z,d-dy.==tt--.2-ddy-g-g-//df,･･･-････-････････････････(s)

with (6), (7>, and (8), we obtain

           z, - -Si {3--tt- Si py ds- 4d--g S2 pxds] ds + crx + Py + T･1...... ..(,)

         [e/;i],-=-:-fl-g-S2pyds---i-gS;Lds-ev:-21g-+pk--s･･･ l

When a distribution of loads on the bounding curve of the elastic body is given,

equations <9) afford the bouBdary value of the stress-functioll. Heltce, the

problem is reduced to finding Airy's stress-function z which satisfies the com-
patibility equation (2), and takes specified values z. and (60･3;l). on the bounding

                   'curve.

       g 2. Generai solution satisfying given beundary conditions

  Now letz be composed of two parts, i.e.,

                            Z == Ctii -l- (l},i,･･･････-･-･････････････-･･･････････････(!O)

of which the boundary values are O, 0, and g;

              (tui)s = O, (w2)s xx 0, (gtti), =g, (-6a--ton-?), = O. ･･･････････････(ll)

Moreover, (v2 can be written

                           co2=: (o/2+ ¢(e). ･･･････-･････････-････････i･･b････..(12>

In this expression, te!2 is a biharmonic function aRd ¢(0) is a harmonic
function, which take on the bounding curve respectively

           (to'L')s == O, (6Ybil,'?'), =' -[-i'.-{¢(0)}], , {ip(0)}s "" 0･ ''''''''''''(13)

  Now, in order to find w,, let us refer to equatioB (2), which at once gives

               7` a), == rr2(F2(e,)=:O, 72 (oi == Ui, ff2 Ui ==: O. ････････････-･･(14)

In (14), U, is a harmonic function and can be expressed iR terms of dis-

placement--components. When the boundary value of U, is definite, we can

find Ui within the domain as soiution for Dirichlet's problem in Poten-

tlal theory. The problem is to search the function £hat, as an inner point
tends to a poiRt on the bounding curve, its value also tends to the boundary
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value, and is harmonic in the domain as weli. In order to solve this problem,

iet us use the equation for logarithmic potential o£ a doub!e sheet, which is

wrltten

           Ut -- S, gei(s) ba.- iog -,i- ds, r==v(Hii:'[i'umE)rY" ii-('YP--is2, ･-･`･･････..(is)

pti(s) being a solution of the equation

                  pti(t) = Cl.I7-?- - ･/el.-.l- S, Lti(s) be-. Iogtt- ds. ･･･････-･････････--･･(16)

Utiis the limiting value as U, tends to a point on the bounding curve. The

eqttation(16) is a FredhQlm's integral 6quation of 2nd kind, and we obtain

Ui by substituting the solution lt,(t)of (16) into (15).

  Next, the solution of Poisson's differential equation F2tot ==Ui is

                 toi == -SS.G(g",?,x,y) U,(g", rp) dCdv -f- C,. ････ny･･･････-･････a7)

In this equation (17), G(g",?,x,y) is Green's function, U, (e,v) is the solution

of (15) and C, is a constant of integra#ion.

  Simi!arly, we ob#ain

               U2 " Sg't2(S) aigfi'n iOg-li dS,

             /-`L' (t)= t/2Ilrmi - t,-1, S, lt2(s) blltr log-l-ds, ''''''t''''''''''･(18)

               cti'L, == ndSS.G(6,op,x, y) U2(6,q) dg"drp + C2･

  Lastly, ¢(0) may be solved as a Dirichlet's problem in Potential theory;

ehat is

                  op(e) == Sl /i, (s) eqi--log tt･ - ds,

                                                   ･･･････････････････-･<19)
                 Et3 (t) == va(.e-)s - -.i-- S, pt, (s) o2. iog i-･ ds.

The kemel, K(s,t) say, of these integral equations is

            -K(s,t)--.ie-a.iog-ii---;--(-//,-,:i･t-rp--)6--ggl'I'+---((;X,Il'i9)l31;',l. (2o)

                2== -1. J
In general, Fyedholm's integral equation can be solved by means of the re-

ciprocal function of K(s,t), which is

            D(s, t, 4) - IK(s, t.). + R2 d,(s, t) -y 23 d, (s, t) +･･･

              D('2) - 1-i' 2d{ -i- 12de -t-''' imrr'

"There

             d, (s, t) == K(s, t),                                                        ････････････(21)
               dm+i :=: -'-.' 1+' ' l S, dnt(4, g")d4,



             d.(s, t) ==K(s, t)d. + Sl K(s, e)d.rwi(g, t)de, j

and pt(t) is written

                      ,(t) - .t2.i. + S, P.Ci.!(E.//X12 .tl..( d,. ..............,.........(22)

The aggregation of tu,, of2, and M(0) is the Airy's stress-function z･

                           <3. Example
  For example, let us take a circle with unit thickness and uniform load on

the bounding curve. The equation of the circle is

                      g"' == acos -S-, ij == asinA, -･-･･････････-･･････････-･(23)

                              aa
where a denotes the radius of the circle and s the cttrve lengtk along the

circle. The external force per unit area is denoted by P, and then its com-

ponents become respectively

                    A ===Pcos£, 4 -- PsinS. ･･･････････････････ny･-･･･(24)
                              aa
Let us express a point in the domain with x and y, i. e.,

                      x=: pcost-, y = psin--t-, ･･････････････････i･･････････････(25)

                              pp
p being the distance from £he cen£er to the point, and tthe curve length of

the circle with the radius R. Substituting expresslens (23) and (24) into (9),
we obtain the boundary values of z and 6a-n in this case, which are

               zs = Pa2(1- cos Z-) + cra cos2- Pa sin Ed + r,

                                                         ......･･･(26)
             (s.a--S), == Pa(1- cos2) + cr cos-2 + psin-aS-･

The kernel K(s, t) is
                  K(s, t) == ffi-･.] ". ,-', :CO,S.(,M2,uz,g(injiil i'')' '`'''''''''''''`'''''<27)

Consider (14); in the case o/f plane strain, we can put the term in the dis-

placement U, as constant without loss of generality, so that

                        %'g9ri + t--,-?-t-{E'- - Ui (6, rp), ････''････'････'''････････････(28)

U,s(g,rp) is the boundary value of U,(e,rp), that is

                          Uis(g, v)=Ai･ ････････-･･････････+･･･+･･･t････････(29)

Substituting (29) into (16>, and considering the limit as an inner point has

tended to the botmding cuyve, we have

                    lti (t) = ;-A,- -l,i-. SZuaF.t(s) 2ids. ･････････････････････････+･(30)
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From (21) the reciprocal function of K(s,t) is

tQ'KiE
:T'uz:'tt')'="-2",,alisTr'(i,:,IT,l'...{ifS2.t'-wwli..?.'/l''l';',ll,-',,J'k"l.....,=,.)`3i'

Hence (30) becomes "
             F`i(t) = l'Ai -l- SZva2 (i+11T')-. rm.1'Aj, dS ":. Ill1 Ah.i' '''''''''''''"'(32)

Substituting (32) into (15), we have

            ui -= S:"aa----"----i A},iE, kli, llZOi,(g.Ii(SaS'wnl -2-) ds =- ,-2; ai--Ai ･ ･････-(33)

Green's function in (17) is in this case

               G(x,y, 6, ny) == 41i {log (62 + rp2)- log (x2+ y2)}. ････････････(34)

From the expressions (33), (34), and (17), we obtain

         twi "" - SS. 4i{log (gft"" -t- ?2 ) - log (x2 -l-ty2)}2ia+-a-･i-A, ded? + c,

           == d4-:･ l:--a--r/･1- A, {log (x2 + y2) - loga2 + o + c, . ･･･`･`･･････････････････(3s)

Similarly, the expression of te2 becomes

                   4a2              ca2 == a+ rA2{10g (x2+ y2)- loga2+1} + C,. ･･･t･･･････ny(36)

  Now, the boundary value of di(0) is

           [ca(0)], == Pa2(1 - cost-S ) + cra cos-i; - Pa sin a-S + r･

Hence, (19) is written

          ,t,, (t) - t-1 {di(o)}, - SZva2--(---i･l---1-->-i-- {i- {di(o)}s ds

               = -l--- {pa2' (1 - cos S) + aa cosi- pasin -aS- + r}

                 la              -? .+1{(Pa2+ r)z - 2aP}. i-･･････････4･････････････..........(37>

Substitutlng (37) into (19), we have

  ¢(e) =: SZ""[-l- {Pa2 (1 - cos-1;-) + cracosil} - PasiR i; + r}

            -i12- a { 1-{(Pa2 + r)rc -2 aP)]a, +a ;, mP C20aSp(0cis (tSo-)- rm£h)ds

      ==-.I-- [{(pa - a) cos o- psino}{--2-.P- sin e - -32-(-S + S?) sin 3o -･･･}

      -F{-(Pa - cr) sin o+ pcos o}(llaP-- cos o - -3-2 (-£ - aP-!, ) cos 3o -･･ ny }]



       + -.･ -4--1{ r,2 (Pa2+ r) - tP- (3a + Ol, ･･･+････････････････････+･････････････<3s)

and accordingly

       [a--op-i-<i-<-)-], - [C-q-a-t･p--(-)-],--.=- £f-(Pa - cr)(ll･//?-3sin2e + 32iissin4ff +･･･ )

               - 4-.E-(tttte cos2o + 3tt･s- cos4e + s97 cos60 +･･･)･ ･････''･++'''''(39)

Considering the boundary values of respective functions, we obtain

              av, == a{Pa(1 - cos e) + exsine+Pcose}Iog Z-, ･･･････････････(40>

             e)i, == a [ke8-rr(Pa - cr)(i23 sin 2o + 32.2s sin 4a ++･･)

                - 4ttP (ll3cos2e --F 3-2.scos4o +･ )]log .P. ････ +･････ ･(41)

Hence it follows that

    z =: a)i + cvi2 + <Z}(e)

     == a{Pa (1 - cos 0) + cv cosa -f- Bsin e}Iog Z

     -lta(a8f (pa - ct)(i:-g sin2o + 32-i- sin4o +･･･)

                          - 4-iP-- (1-l:-3 cos2e -- 3?s- cos40 +･･･)} log -.P-

     +-l-[{(pa - cv)coso- fi sin o}(-?aQ sin o- g- ( aP -t- Z!,)sin 3o -･`t]

     +{-(pa - cr) sine + pcos o}(?t･R-- cose -- -i--- (S - aP-;/ ) cos 30 -''']]

     +. Ii} iIz2 (Pa2+ r) - Q.P (3a -f･ 1)]. ････････････････････････････t････････････････(42)

The boundary value of z is

           3c {(･ z･ g･     xp-a == ---- (Pa - cr) cos0 - sm0--sm30 - -- sin5e -･-･)]

                                                 '         + 25 sin20+･･･+ -i-3--･-1-{rt2(Pa2+ r) - -ai-P- (3a + D]].
                                                      ･･-･････-･･････(43)

On the other hand it is
                '
             xp... == Pa2 ( 1 - cos 0) + cva cos 0 - Pa sin 0 + r.

The two expressions above sheuld be identical regardless of the variable 0

and hence we find

                    cr =:-r Pa, P== O, r== ･- Pa2.

Finally, we have

                            x -- Pa2 log --S '

  Thus we have arrived at the well-known Airy's stress-function for the

5

,
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present bottndary-value problem, which a priori has been assumed rather

by intuition.

  Cenclusion. The above work presents a new method for finding Alry's

stress-function, when the configuration of the elastic system is given.

Though the exarnple treated, which is the circular disk under uniform

external force, is simple, the method presented suggests the way to find

the stress-function compatible with given boundary--value problems of

higher complication.

  Analytical solution frequently fails in the problem of elasticity; in such a

case the present work would be developed further by means of numerical

method of integration. Further study on this line is now in progress.
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