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                            1. Intreductien

    Previously T. Pati has proved a following theorem for tke absolute N6rlund

sttmmability of a Fourier series at a point.
          i)
    Theorem. ifg(t) (ii BV(O, rr), and{P.}is a Positive, fnonotonic non-increasing

sequence sttch that P.-> oo as n-> co,

                         { (n + 1)Pn/Pn} Eii BV

and

                      I X.i (V H- l>-iP./P.)E Bv,

then the Fourier series of flt>, at t == x, is sztmmable iN, P.l.
              2)
    Later on he has proved that in the theorem, "non-increasing" can be

omitted.

    In this note, we sha}1 prove an analogous theorem for the summability

 IN, P.l of a Fourier series.

    As is easily seen, the transformations IAX, P.l and IN, P,,l talce symmetric

forms, hence we can expect the close relation between them. However, these
                                     3),e)transfomations are not equivalent in general.

'

                      2. Definitions and Netations

    Let Xa. be a given infinite series and {s.} the sequence of its partial sums.

Let {P.} be a sequence of constants, real or complex, and let us write

             P. E'Ei'un Po + Pi nv- ''' -- P.; P-k == l)Lk i'!-!' O fOr k}.e/t. 1.

    The sequence-to-sequence transformation :

                     tn "' B. tt/, Pn-v sp <Pn 4= o) (1)

defines the sequence {-t.} of N6rlund means of the sequence {s.}, generated

by the sequence of coefficients {P.}. '



    The seriesXa. is said to be summable (N, P.) to the sum s if lim t. exists

and is equal'to s, aild is said to be absolutely summable '(N, P.),' or summable

IAi) P.], if the sequence {t.} is of bounded vayiation, that is, the series

£Itn - t.-il ls convergene?

    Similarly, the sequence-to-sequeRce transformation :

                      i]' !'"'f'Ii'. .#.,P'S" (P" "i O) (2)

defines the sequeRce {t.} of discontinuous Riesz means of the sequence {s.},

generated by the sequence of coeficients {P.}. The series IZ]a. is said to be

summabie (N, P.) to the sum s if Iim t. exists and is equal to s, and is said

                                }t---oe -to be absolutely summable (N, P.), or summable IN} P.l, if the sequence {tn}

is of bounded variation, that is, the series ]E] il. -i;,-ii is convergent･

   Let .f<t) be a periodic function, with period 2rr, and integrable in the Le-

besgue sense over (- n, z).

   We assume, without any loss of generality, that the constant term in the

Fourier series of .fKt) is zero, so that

                              n                             S f(t) dt ..o

                              -n
and

                        oo co                  .f<t) - X(a. cos nt + b. sin nt) ii! ;IE] A.<t).

                        1l
   We wrjte throughout

                                        n
                             Sn == S,t(t) - £ A.(t),
                                       y= 1

                    ep<t) =g.(t)il-[flx+t)+fix- t)l. (3)

   Moreover, by "{t.} E BV " we shall mean that {t.} is a sequence of bounded

variation. Similarly, by "f<x) E BTi<a, b) " we shall mean that f<x) is a function

of bounded variation over the interval (a, b).

   FinaJly, as usual ET] denotes the greatest integer not greater than T.

                         3. Theorerrt and Proof

   We state our result as follows:

   Theorem. Lf g(t>EBV(O, r,), and {P.} is a Positive, monotonic seqttence
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such that P. ---). oo asn-} oo, ･
                        {(n + 1>Pn/Pn} Ere BV

and

               . (il.i;, ("+ 1)"nyiPy/Pnl EBV, .

then the Fourier series of flt), at t = x, is sztmmable iN, P,,l.

   We require the followmg lemmas for the proof of our theorem.

   Lemma I. if q. is non-negtztive and non-increasing, then, for

O Sa $. b ;:il co, O $ t ::l z, and any n,

                         b
                        ]X] qkei (,t - k)t ::$ Q.,

                        k=a

where r ii [1/t] and Q., =- qe + qt --- ･･' -fr q.･

   The result is originally due to Hlll and Tamarkin.

   Lemma 2. For v.).,,r. O,

                        .#...,)s;3p"i.i,==,g"i･

This is evident, since P. == P. - P..i, and P. --> oo witk n.

   Lemma 3. Chiiformly in O<t ;;S T,

                       y                      X sin (k -i- 1)t :El Tt"` i.

                      h==e

   The proof of this is easy.

   Proof of the theorem. We have, by (2>

                  tndn nv Zn-i = S.e pPllS" - li'l]..,iit3,".,S'

                         =ttf,(ili;-]iili.I,)pvsv+iptSilf.f;,t'sn･

   For the Fourier series of flt), at t == x

                             n sin<v -i--I )t
                  s. =: s.(x) -- -3-S . i ･2 ., g(t> dt

                             O 2sm---t
                                  2

(4>

(5)

(6)

<7>

3



           E-i: -i--･!" g<t)D.,<t)dt,

              o･
so that,

  in - `'n-i = 9S: g(") A.,(S'A - t'.---,)PpDv<t)dt +.e,'i, ?, Sg o, (t)Dn(t)dt,

where

          sin<v+ }' )t 1
       Dp<t) =' -'mr'rm =                 -+ cos t + ･･- -l-- cos yt.
           2sin l-t 2
             2
  Now, by Abel's transformation,

                          '
       A.,(S";,mhrii;I.ll)pvDv(t)

         =:ii'lll..I(;l;, '-- Lp--1.:I)PuADp(t> + (Iil};/, " tlHma,")PnDn(t)

         == p.Pp'l,-., IS'i#..iP" COS(" + i)t wu pe,tt.L' ,Dn(t)･

where

            AD,(t) i'! Dv(t) - Dv÷i<t)-

  From <8) and <9),

  t-n - tMn-i =: 3, S,rr c (t)(p.Pp".H, IS' l:=i Ppcos (" + 1)t-t3,tri ,Dn(t) +rp9irm,Dn(t>]dt

        z      =- g-! g(t)s?<n, t)dt,

        o
where

          S?(n, t) i'i:p.Pp".-.i il'l:=iPy cos(" rriT 1)t･

 Thus, in order to prove the theorem, we have to establish that
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(8>

(9>
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                                  ["t" i                 :ll,I] lTn ww Zln-il = 'l'i" :i,l]lS, so(t)-O'(n･ t)dtl:-E K)

where K is used throughout to denote an absolute positive constant,

not necessarily the same at each occurrence.

   We observe that

        sg,(t)s.)(., t)dt .=[(sg' g(., u>d,,),(t)]g' -!j (!:"(., ,,)d,,)d,(t)

                                                         '                          '-" t                     = . nt S, (S,9(n, u)dt{)dg(t),

se that,

                 ;I;,] i7], - 'i.mi i ;:s. -li- :i,] I･ !g' ( igs?(n, u)du)d,(t)

                            ;.is .e･-;, {/ sl' dg(t)I ,s:£)(., ,,)d.I.

                                              '   Since, by hypothesis,

                             ln                             IS d,(t) s.K,

                             lo

it sttflices for our purpose to show that, uniformly for O < t l.!:! r,,

                            n                        lIF, I. I/ S, -e(n, u)dtt :s K,

or what is the same thing, uniformly for O<t l!S r,,

                                         '

                  i =' :i,] p.Pp",,-., 11Sl.;i,p.S-L"-iktL ,i)` dt 1/ :.gim. KL

   In order to deal with L we consider two cases separately.

Case <i> Let {P.} be a posiitve, monotonic non-increasing sequence.

5

but it is



   Then,

             1S (,i,Il]=i + ..X..+i )p.Pii.-., 'l!l.ij-.,i -. P+um" lsi" (" rrt- 1)t il

              E Li + L2., say,

where T i= [1/t].

   Since,

                   lsin (v -- 1) t[ $(y+ l)t nd nt,

and by hypothesis,

                , . :i;?k･t < i, .l-, ii' li=i Siff < -･

we have

                   Lis-t},l]=,,llStli-i-,'tTivP.y,

                     ;;!i Kt Ii,ll..l, "-pP;i-;$ KtT s K.

   But, since {p.} is positive monotonic non-increasing, ( .P+'--i]

   Hence, we have, by Lemma I, '

                  tlE'liirmiffe-i--isin(v+1)t:s.n.,.p+p1,

                   L2$,,immZT].,Tj-;P-};i;I,ii-,iS.Il,iJ-ll-lj",･

   Also, we have, by Lemma 2,

                      L22.i;!-i-;. Ill.II,.P+'igK. .

   Thus, we obtain that the Fourier series of flt), at t==x

1 N･ Pn lt

Case (ii) Let {P.} be a positive, monotonic increasing sequence.

   Then, we have

               Li == tr.i ]p' .Pp'i,-, l!'li-mu'o . {IF" z sin (v + i>t

'
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is so, too.

is summabie
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                ist;,l..lp."pP::,tlE'ii,P.",

                 -t};,ll}--,liSgllifi-"(-.--li.ii,tl!'liii.Pi,)

                ,:i Kt il,l]...., zlfP] r:

                <Kt3,;]-m,("+p.llPumn

                S.Kt.

                :.SK,

   by virtue of the hypothesis <4) and (5) of the theorem.

                        '   Also, ( vP+' 1) is positive monotonic increasing sequence, by hypothesis.

Hence, by Abel's transformation, -
         lf'll..i JPmt-' i sin (v +i)t

           = IS'li..i( 2.ll.,sin <fe + i)t) (. P+" i - .Pit" i2 ) + Ps'-' lil.i-i sin (k "- i)t

           ==r - 11Sl.lii(,X"=.,si" (fe "i- i)t) (.P#t"2 nv . P+' i) N- tCl;'tti il'll..Iisin(le + i>t,

whence applying Lemma 3,

           li'll.. l -. -P-g-tL-i-sin (v + i>t ;:i{- g (ett' - p, + te;･f:-2)

                         ;s; K(T + oliL'ul,

                                 n

where

                 r i-i: [1/t] l;S 1/t $T + 1.

   Thus, we have

               L2i-i:.nv-£℃.,t?ptri.-.,li'lij=,'.P+"1si"("-t-1)t

7



                      g!S.ti.,p,g."-.-,Ll;;--i･K<T{-i)

                      -: K(T e'} i'.tt.,f21;,

                      = K(T + l).tt.,(" Ti .1)P"n(n il 1)

                      ;:Sg K(T " i>.tU.., ii'M } i)'

                      = K.

Therefore,

                          f:S L, + L, =K

 L Thus, we obtain that the Fourier series of flt), at t= x, is summable

IN, Pnl'

   This terminates the proof of our theorem. ･

                               References

l) T. PATI, "On the Absolute Ndrlund Summability of a Fourier Serles,'' Journal of the

   London Matlaematical Society, vol. 34,1959,pp.153-160.

2) ----･･------- , "Addendum : On the Absolute Ndrlund Summability of a Fourier Series,"

   ibid., voL 37, 1966, p. 256.

3) K. ISHIGURO, "The Relation between (N, p.) and (N, p.) Summability," Pro-

   ceedings of the Japan Academy, vol. 41, 1965, pp. I2e--122.

4) -------, "The Relation between (N, p.) and (N, p.) Summability, II,'' ibid., pp.,

   773--775.

5) L. MCFADDEN, "Absolute N6rlund Summability," Duke Mathematical Journal, vol.

   9, 1942, pp. I68--207.

6) H. Hardy, "Divergent Series,'' Oxford, 1949.


