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Borrowed Intensities for Optical Absorption
and Optical Rotation in Helices

Yuji KaTo* and Toshihiko ANDO**
(Received October 23, 1992)

Expressions for borrowed intensities on oscillator strength and rotational
strength in a helical polymer are formulated on the basis of a formula in terms of a
response function which represents a correlation of electric current densities based
on the linear response theory, that is, on the basis of the first principle. The
borrowed intensities for optical absorption and optical rotation and f-sum rule in
the system of two excited states with the arbitrary strength of interaction between
residues are discussed. It is seen that the borrowed intensities for anomalous optical
rotation and that for intrinsic optical rotation have close connections with each
other.

1. Introduction

Since 1960, the theoretical studies of hypochromism in helical polymer have been
made.!”* Tinoco® and Rhodes? have developed equations for the oscillator strength
based on the first order degenerate perturbation theory by taking into account the
effect of exciton interaction and dispersion force interaction on the oscillator strength
of a helical polymer. Hypochromism is attributed mainly to dispersion force interac-
tion between the residues.? McLachlan and Ball® have shown by the formulae based
on the time-dependent self-consistent field theory that the hypochromism for optical
absorption spectrum and the anomalous optical rotatory dispersion in helical polymer
are interpreted purely as a local field effect. Rhodes and Chase? was discussed the
optical absorption and the hypochromism in a coupled molecular system by means of
generalized susceptibility theory using linear response functions.

In the previous papers, a formula for the natural optical rotation® and a general
theory of the Faraday effect® was developed on the basis of a standpoint of the
microscopic Maxwell equation. The formula for the Faraday rotation encompasses
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the theory of natural optical rotation and it is very useful for studying the natural
optical rotation from the same points of view.® Furthermore, the formula for re-
fractive index was developed in a similar fashion to the formula for the Faraday
rotation including the natural optical rotation.” It is seen that optical absorption and
optical rotation in helices have the close relations with each other in the form of
mathematical formulae.”

In the present paper, we investigate the oscillator stfengths and the rotational
strengths in a helical polymer based on the Frenkel exciton model by means of our
general theory.® The relations between the borrowed intensities for optical absorption
and that for optical rotation are discussed.

In sec. 2 the formulae for the refractive index and for the optical rotation in helices
are presented by the technique in the previous paper.” In sec. 3 the expressions for the
borrowed intensities on the oscillator strengths and the rotational strengths are
derived in terms of interactions of arbitrary magnitude between residues. The rala-
tions between the borrowed intensities are dincussed. Section 4 is devoted to conclu-

sion.
2. Optical Absorption and Optical Rotation in Helices

In the present section we shall merely express some of the important equations
obtained in our previous papers®” which are needed later.

The refractive index n{w) and the optical rotational angle ¢(w) of the plane of
polarization per unit path length* for light with angular frequency w propagating to
the z direction in medium are in the form

n(w)=1~ —271221_% oo, @) (1)

and
i
26‘2(]0

respectively, where ¢,=w/c, ¢ is the speed of light in vacuum,

(g, w)=*-12—[Qxx(q, w) + Qnlq, ) (3)

Hw)= — Onlgo, W), (2)

and

(q, CU):_;'[Qxy(Q, w) ~ Qnlg, w)] (4)

with the wave-number ¢ and the angular frequency w. Expressions Qu(g, ) are
given by

* The sense of rotation is defined so that positive ¢ corresponds to counterclockwise rotation as
seen by an observer against the z direction of propagation of the incident light.
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L,
Qula, 0 =2H2 [“areo(r) [*aa Gila, DI~ g, 1A (5)

(u, v=1x, )
with

1 for >0
t e
o) {O for <0,

8=
where j(q, t) is the spatial Fourier component of electric current density operator, %
Boltzmann’s constant, 7" the absolute temperature and V is the volume of the system.
The angular brackets denote the canonical ensemble average under the total
Hamiltonian.

The system under consideration is a helical polymer composed of N similar
residues, whose adjacent distance along the helical axis is d and whose pitch angle is
@. By taking the helical axis along the z axis and by using the Frenkel exciton model,
the quantity Qu(g, ) is written in terms of correlation functions Cun (@ ; 7, ) as

Q#u(Q, CU) = é%q)—g%:;;elq(n-—m)d
X(T" s J(q, NlT™ » T(—=q, F)oConlw; £, £, 6)

where #, m denote indices labelling the residues, f, f’ indices labelling the energy
eigenstates, T a matrix

= [cosga —sinqo}
sing cosgd

which makes a rotation of angle ¢ and J(qg, f) denotes the matrix element between the
excited state f and the ground state 0 of the electric current density operator of the
zeroth residue. By making use of an expression

N-1
ia, ) = "SI J g, ABILD~Ba), 1
the correlation function Caun{w; f, ) is represented as
Conlw: £, ) = ["dt e *0(2)

x A *AAUBLE —ih2) = Bu(t—hAHBLAD) = Bug0))>,  (8)

where B, and B,s are the creation and the annihilation operator of the Frenkel
exciton relating to the fth level at the nth residue, respectively. Here use has been
made of the assumption without losing its generality that the wave functions | f> and -
| 0> are real. When the Fourier transform is defined by

Clwi /i) =3 & ™4Co(w; £, ), (9)
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_ 27 _ e AT
k=71 (=0, 1, 2+, N=1),

the expressions (g, w) and Qu(g, @) become

(g, @) = THESSUIa s £, ) Cavsial £, 1)+ Compils £, 7))

_ijl(q i/ f’)[cqw}/d(w i 7 f,)" Cq—w«i(w i 7 f)]} Q1))
and
e, ) = FESSUa; f, A Corpidw; £, 1)+ Compidw; 1, 1))
+1/o(q i 7 f')[cqﬂa/d(a) i 7 )= Co-pralw 7 f’)]}y an
respectively, where
Jola; £, 1) =Ta, NI—q, /) +TLa, NI—q, ) az
and
Jla; £, ) = Ta, NI—q, F)=Ia, HI{—q, ). 13)

By making use of the Hamiltonian of the system the correlation functions are
rewritten in terms of the Green functions. The total Hamiltonian $# of the system on
the basis of the Frenkel exciton model is described by®

N-1
5 = But+ 2 0eBlBu+5 LSS Vanss(Blr+ Bus) Bis + Bre) as

and

Vameg = <0f} Vnm|g0>;
where Eg is the ground state energy, s the energy eigenvalue of the f-state of residue
and Var the interaction between the nth and the mth residues. Here the assumption
that the first excitation energy is much larger than the thermal energy is made. The
correlation function Cun(w; £, ) given by eq. (8) is written as

Conlw; £, F) = —g—cm(w F ), a1s)

where Cunw ; f, f) is the Green function

Ganlw: £, f) = / “dr e

XL GBI+ Bu1), BirA0) = BurdO)). 16
Introducing the Fourier transforms
Gilwif, /)= 3 &G0 £, f) an
and
Virlk) = 30 e*me Y, (18)

and considering only the two excited states f and g, one can find out the Green
function Gi(w; f, ) as follows:
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()’ — XR)) 8rr+2e,Vie(R)Ser

Gl 1) =200 = (g BXR)) (Ghay— EXR)) a0

where
5?3(/?) = Eg[5g+2 Vgg(k)] 200
and

EXE) 5 T {(&6k) — E/)Y +16eseq] Vis R, D

By substituting egs. (9), (15), (17) and (19) into egs. (10) and (11), one can write
down @(¢,w) and Qu(g,w) in terms of Vi(k), Jo(go; f, ) and Ji(qo; /, 2).

Eﬁ(/e)} _ &R+ k)

3. Borrowed Intensities

In the present section, we consider the system for the two-level exciton and
discuss borrowed intensities on the oscillator strengths and the rotational strengths
from the other band. In the calculation of the intensities by egs. (9), (10), (11), (15),
(17> and (19), we may deal with the type of function

glw; ) =2 JU, NGlw; 1, 1), 22)
here J(f, ') denotes Jo(g; 7, /) or Ji(q; f, /). We obtain from eq. (19)
N EXk)— k) 2hw _ EXk)—ELk) 2haw
glos =) {E%(k)—Eﬁ(/a Gy~ EXB B0~ EXE) (ral— EXR) }
2€fog(/€) 2hw 2hw
VO Fe -~ B { oy~ EXR)  Gha — EXR) } @

When the imaginary part of g(w+ie; f) (¢ =+0) is denoted by Img(w ; /), the follow-
ing relation is confirmed :

fdwlmg(w )= —%](f, ), (24)

which does not depend on the interaction, and convince us that eq. (23) still keeps the
f-sum rules for oscillator strengths and rotational strengths.

When the two levels, f and g states, interact mutually, let us arrange many terms
coming out in ef'glw: f)+e5'g(w: g) to look into the intensity for each state as
follows:

gw;f)  glwsg) 1) 2o _1(g)-2h0
& Es (hw)—EXk) ~ (ho)—ELk)’

(25)
o j(fy f) __1_______ 2 — ~2
1) = =20 ( O 0) {(EM) E4R))

+

2 /g, 8) -
](fff) {—;—“(Ef(/e)— EXR) + (J(f, )+ (g, /) -2 Vfg(/e)”), (26)

g

and
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I(g) =the term of (f — g) in eq. (26).
Noticing 1(f) = e7'J(#, f) in the case of Vi(k)= Vee(k)= Vs(k)=0, we can define
the oscillator ( or rotational ) strength including the interactions between the f and g
states as I(f) =&7'J(f, f) 1+ AR(f)), where AR(f) is found to be

1

AR = i ER R

{(Eé(k% ELk))

) P%gz(ﬂ(k)"éﬁ(k)) + U g)+ T2, ) - 2Vfg</e>ﬂ, @n

which represents the effect from the g state.

‘When the second term in eq. (10) is neglected and the approximation Ce+eralw ; f,
FIx=Coplw; f, ) is made, the borrowed intensity AR(f) from the g band on
oscillator strength is written in the form

1

ARY) = E = B

{(Eé(ko)— E% ko))

5 qf."f ) { / °<"°;gg &) (B3 ) — &)

+ (Jolao; £, &)+ Tao; g, 1)) + 2 Vfg(ko)ﬂ, 28)

where k denotes ¢/d. The borrowed intensity AR(g) from the f band can be obtained
by interchanging f and g. This expression is slightly different from that of McLachlan
and Ball® In their expression corresponding to eq. (28), the energies E, and Eg
appearing in the denominator have been replaced by &5 and &g, respectively. In the
present paper the divergency in the borrowed intensities is suppressed even if the
interactions between the residues become very large as it is shown later. It should be
noted that eq. (28) holds under the arbitrary magnitude of the interaction. If Vy(%),
Vee(k) and Vig(k) are very small, eq. (28) leads to

Jolge; £ @)t a0 8, F) 26, Vie(ho)

ARY) = Tiav: £, f) ko) — k) @9
and
_ Jolgo; £, @)+ Joqo; 8, 1) 2e¢Viyelho)
e ) k) — X k) @0
In the case of Vy(k)—co (or ék) = £.(k)), eq. (28) can be approximated as
U S I
AR()Y =~ {1 Toans 7, 1)
Jolgo; g, 8)  Joao; f, &)t ]oge; &, F)  Viglho)
< { e (cre0) Z0 “ @D

and
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L e
Ak(£)= 2{1 Jolao; g, 2)

(32)

y fo(qo;f,f)+]o(qo;f,g)+fo(00;g,f) Vie(ko)
&r (eree)'? [ Vie(Ro)| ||

Even in the case of optical rotation, if the second term in eq. (11), which represents
the anomalous optical rotation, is neglected, the borrowed rotational strength of the f
state can be written in the form

1

ARY) = T = Exm)

{(E?:(/eo) — & ko))

+ fl(quf = {]1(6]0 g;gg, £) (B — &k)

+ (Jilgo; /. &)+ Jiqo; &, ) + 2Vfg(/€o)]}. (33

However, we may introduce the borrowed intensities for intrinsic optical rotation and
that for anomalous optical rotation. The borrowed intensity for the latter reduces to

1

AR(f) = )

{(Eﬁ(/fo) — &L ko))

STy [1 olas — L (BH k)~ )

+ (Jo(qo; f, &)+ Tqo; &, 1)) * 2 Vfg(ko):”y 34
which is same as the expression given by eq. (28).

4. Conclusion

In the previous paper,® a general formula for the Faraday rotation including the
natural optical rotation was derived on the basis of the first principle by no use of the
conventional formulae. The formulation for the refractive index was also made in a
similar fashion to our theory of the Faraday rotation.” It has been seen that the
optical absorption and the optical rotation is closely connected with each other in the
form of mathematical formulae.

In the present paper, the borrowed intensity has been investigated from the same
point of view as is demonstrated in our theory of the Faraday effect and the relation-
ship between the borrowed intensities for optical absorption and for optical rotation
have been obtained.

The system under consideration is a helical polymer on the basis of the two-level
Frenkel exciton model under the condition that incident light is parallel to the helical
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axis.

The f-sum rules for the optical absorption and the optical rotation have been
derived.

The expressions for borrowed intensities on oschllator strengths are slightly
different from those given by McLachlan and Ball.¥ In the present paper, divergency
in the borrowed intensity is suppressed even if the interactions between the residues
become very large and our expressions hold under the arbitrary magnitude of the
interactions.

It has been shown that the expression for the borrowed intensity for anomalous
optical rotation is essentially of the same form as that for intrinsic optical absorption.

References

1) I Tinoco, Jr., J. Am. Chem. Soc., 82 (1960), 4785.

2) W. Rhodes, J. Am. Chem. Soc., 83 (1961), 3609.

3) A. D. McLachlan and M. A. Ball, Mol. Phys., 8 (1964), 581.

4) W. Rhodes and M. Chase, Rev. Mod. Phys., 39 (1967), 348.

5) T. Ando, Prog. Theor. Phys., 40 (1968), 471.

6) T. Ando and Y. Kato, J. Phys. Soc. Jpn., 38 (1975), 509.

7) T. Ando and Y. Kato, J. Fac. Sci. Technol. Kinki Univ., No. 27 (1991), 45.
8) R. Hoffmann, Radiat. Res., 20 (1963), 140.



