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Electron-Electron Interaction in Refractive Index
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Effects of electron-electron interaction on refractive index in the absence of a
constant magnetic field are investigated. A formula for the refractive index is derived
on the basis of the miéroscopic Maxwell equations and by no use of the conventional
formulation. It is shown that, in general, the electron-electron interaction has a little
effect on the refractive index. In a system of harmonic-oscillator electrons, the
electron-electron interaction is exactly ineffective on the refractive index and the
force constant in the direction of light is also ineffective on them. A system of
anharmonic-oscillator electrons is also investigated and the effects of the electron-
electron interaction are discussed.

1. Introduction

Refractive index which is one of familiar optical constants is investigated theoreti-
cally by a number of authors in various substances.’ In most of the theoretical
investigations of the refractive index, discussions of the electron-electron interaction
have been presented by the perturbation theory.

In the previous papers,>*® a general theory of the Faraday effect has been
developed? and it has been applied to the natural optical activity® and the refractive
index in the presence of a constant magnetic field.¥ The general formula for the
Faraday effect is derived on the besis of the microscopic Maxwell equations and is
expressed in terms of a correlation function of the spatial Fourier components of total
electric current. By similar method the refractive index can be investigated from the
same point of view as is demonstrated in the previous papers.?~® The electron-electron
interactions are also discussed from the same point of view as is seen in the case of the
Faraday effect® and the natural optical activity® by no use of the conventional
formulae. Our theories are different from the conventional ones and the dielectric
constant and the magnetic permeability do not appear explicitly.

In the present paper, the effects of the electron-electron interaction on the re-
fractive index are investigated by our general theory presented in the previous paper.”

In sec. 2 the theoretical preliminaries for the refractive index and the Hamiltonian
of the system are given. In sec. 3 it is shown that the effects of the electron-electron
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interaction on the refractive index have a little in general. In sec. 4 the equations for
the Green functions are exactly solved in a system of harmonic oscillators. Section 5
gives also a discussion of the electron-electron interaction in the anharmonic oscillator
system. Finally, section 6 is devoted to summary and discussion.

2. Formulation and Hamiltonian

In a previous paper,” the theory of refractive index in the presence of a constant
magnetic field has been developed on the basis of a standpoint of the microscopic
Maxwell equations. It has been shown that, when there is no constant magnetic field,
the leading term of the refractive index originates in the zeroth order term in the
wave-number ¢ of light. Therefore, when a monochromatic light with the angular
frequency @ is propagated through medium in the direction of the z-axis, the refractive
index n(w) in the absence of the constant magnetic field is expressed in the form

()= 1 +%%{Gm(w) + Gu(w)), )

where m is the mass of an electron, e the charge of the electron and V is the volume
of a system. Expressions G.x(w) and G,y(w) are the Fourier components of the Green
functions Gr(¢) and Gy, (¢), respectively, i. e.

Gulw) = [ dte™ GulD. (=1, ) @

The Green function G,.(¢) is defined by

Gunt) = =00 [puD), 1D, ®)

where p(#) and u(¢) denote the momentum operator and the electric dipole moment
operator at time ¢, respectively, the symbol §(¢) is defined by

1 fort>0

A :{0 for t <0

and triangular brackets denote the canonical ensemble average.
The system under consideration is a polymer composed of similar monomers. The
Hamiltonian # of the system is expressed as

H= ;le {-Q%p%n + vn(rm)} + %;‘%szmm — Fin)

nEm i

+ 5 SRS Vi (i — i), @

where p., is the momentum operator of the ith electron in the nth monomer in the
polymer, v,(r:) the interaction between the 7ith electron in the nth monomer and the
nucleus in the same »nth monomer, vy(r:» — r;) the interaction between the 7th and the
Jth electrons in the same nth monomer and Vin(rw — rin) is the interaction between
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the 7th electron in the nth monomer and the jth electron in the mth monomer.
3. Green Functions

A set of equations of the Green functions of various types can be calculated by
differentiating with respect to time ¢ as is seen in the previous paper.” The simultane-
ous equations for the Green functions are found to be

. h dG,uﬂ(f) Nhe

GG 8(H) + Gha(D), ®)
—%-‘%fl:—#czm—— A0S ®
~ B GO _ _ Lgmen - Lopo, @
- def” = 7"@ Cst) =5t ~ Loz + G
Gt (t) +5 G”“(t) ®
(e=x,y)

where N is the number of electrons is the system and

Co= (22 (Prin i va (), O
Ghult) = =~ 0 (R B 0 (rin (D)), 1O, (10)
GO = == 0 (ST (Duin Dotn Prin 02 (ran (D)), (DD, an
GE(D) = =006 DTS (Buan buin 00 (rin () i), 1O, a
EHOES ——e(r)<[2222(1>mpmpu,npy in Dwrin Un (Fen (£))), (01D, (13
Gt () = ——6<t> (X2 (Duin buin borin burin Vo (rin (D)) bin(t), 12O,
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(15)
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GE() = — —6<t> AZZZZABuin boin v (rin (£))) = (rin Dusn va (rsn (1))}
X (poin vn(ran (£) = 1 (£))), (O], an
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X (Dvin Van (rin (£) — rin (1)), pu(0) ] (18

(v, v=2x, v, 2)

The electron-electron interactions appear for the first time only in the Green
functions G32(#) and G¥(¢) on the right-hand side of eq. (8), which are defined by egs.
(17) and (18) with terms of the form (pum vn(rin(#) — rin(£))) and (Puim Vam (ra(t) —
(1)), respectively. This states that the electron-electron interaction has a little
effect on the refractive index. Similarly, this interaction effect on the Faraday rotation
is also a little one and there is a relation between the Faraday rotation and refractive
index as is shown in the previous papers.?®

4. Harmonic Oscillator Model

To understand the effects of the electron-electron interaction on the refractive
index, it is useful to investigate a few model systems. Let us consider a system
composed of the three-dimensional harmonic-oscillator electrons. For this system one
may obtain a rigorous solution of simultaneous equations for the Green functions. The
Hamiltonian # of the system is now of the form

#= ST 5 b+ b s — M)}

n 1

p—

+ IS — 1)+ ZETS Van (e — 1),
(u=x,y,zand M=X, Y, Z) Q9

where the term 3 . (u:» — M:»)? is the potential of the ith electron oscillator in the nth
H

monomer located at Rin( X, Yin, Zin)-
By differentiating the Green function G,..(¢) defined by eq. (3) with respect to time
t and by making use of Hamiltonian (19), one obtains an equation for G..(¢) in the
form
_h dGu(t) _ Nhe he
T dr

where GL.(#) is a new Green function defined by

S22 8(H + 2—/@,1 G (1), Qo

G}m(t> :_’%‘6}0() <[%‘nzi‘l(#in(t)_Mm>y ﬂu<0>]> QD
From the similar calculation the equation for G}.(#) becomes
_h dGu(t) _ h 1
Y 7 Gu£). 22)

Then, a set of two equations G..(#) and Gi.(¢) is obtained and the exact solutions of
these two simultaneous equations can be found. The Fourier component G..(w) of the
Green function G..(¢) takes the simple form
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sz(a)) = - Nhe he (/1 =X, y) <23>

() )2——/ep

From eq. (1) the refractive index n(w) is found to be

_ Znthez{ 1 1 }

{n(w)f=1 + .
ey~ g (hoy - 2y,

@24

The expression n(w) is exact one and is independent of the force constant 24..
Furthermore, it should be noted that the electron-electron interaction is exactly
ineffective on the refractive index. It is very important that the results are exact in
regard to the electron-electron interactions. Similarly, the effect of the electron-
electron interaction on the Faraday effect has been discussed in the previous paper®
and similar results have been obtained.

5. Anharmonic Oscillator Model

To understand contributions of the electron-electron interaction to the refractive
index, a system composed of the three-dimensional anharmonic-oscillator electrons is
considered as a more complicated model. The Hamiltonian s of the system is of the
form

y/: ;Zl < {ﬁpim + ku(/lz'n - Min)4}

+ SIS0 — 1) + 5 TN VinCrin — ). 25)

no %y

By calculating in the similar fashion as is seen in the preceding section one may write
down a series of equations for the Green functions. The expressions are more compli-
cated than egs. (20) and (22) :

7 dGuw() _ Nhe

: N 6(t>+4“’rl€yGﬂ#<t> (26)
) |
R T O S IO X e 10) @n
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-2 det“) Ahe cpa<t>+—Gﬂp<r>—z’f REAORY LI NE A0
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where
Co= (D2 (st — Maa), 30
Gl(t) = = 30 TR () = M, 11O, 3D
G = =5 0 (IR (o) = M), 11O, €
GH(D = = 16 DS (e ) = Man puan 1), (O, (33)
EAGE ——9<t> (23 (panlt) = Min) Duin( 1) prin( 1), 11uCO]), G
Gt = — ——6<t> (22 (e 8) = M), 42(O]), (35)
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324<t> - __“0<lL> <[2222{(#m(l‘) in>2 (ﬂﬂn(t) ;m) }
X (p#in ‘/zzm(rin(t) - rjm(t)))v ﬂ#(0>]> €1

The electron-electron interactions appear for the first time only in the Green functions
GE2(t) and G2 (#) on the right-hand side eq. (29) defined by eqgs. (36) and (37) with
terms of the form (pum vr(rilt) = rin(t))) and (Puin Vam (rit) — rin(t))), respectively.
If a few approximations are made, one may have a solution G..(@) from egs. (26)
-(29). The Green functions G (¢), G (t), GEE(#) and G2(¢t) defined by egs. (34)-(37)
may be approximately replaced by

G () = Py GEL(D), (38)
GE2 () = {pim — Mw)®> Gra(8), (39
G () = (ptan — Min) ; (Puin(vn(rin — rin) + v3(Fin — rn)))) Gou (), (40)

324<t> = <(/lm Min) 2 (p;tin ( Vom (rin - rjm) + Van (rjm - rzn)))>G/21}t(l‘> <41>

From these approximations the simultaneous equations for the Green functions

become
— B dlwll) _ NRe 51y 14T, Gl (42)
m.?ﬂ%f;@:g%c;zw)—%i B(1), 43
__;;a_ deE}ZL(t) - 7; ;GM‘(;), (44
~ 2 QGEWD _ Nhe (1) + 26, (0) + 42 Gl ~ Y GELD), B

i dr
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where
V=22 hany = 1 Cttn = M) X 2 in (05 (in = 130) + (s — 72
+ Van (Fin — Pim) + Van (Fim — rin))))- (46)

Thus, the Fourier components Gu.(w) of Guu(¢) can be solved from egs. (42)-(45), i. e.

Nhe (hw)®
Guu(w) = —— 2 i 3 “n
1 (hw)4 _ (ha/)z IZhM/Z#C# + (hCl)) 24:;29&;.: =+ 127’5”1232/4 Vp
and the refractive index #n(w) takes the form
s 4 _ 2nNRhe*
nlw)f=1-= =
(hw)?
X 2 : i o W)
H=X,Y (hCU)4 _ (hCU)Z 12h”/2”Cy _+_ (ha)) 2422/@1 + 12/";1”,/;2#{/;:

In the result, the expression #(w) comes to be independent of the force constant in the
direction of the z-axis as is similar to the case of the harmonic oscillators shown in the
preceding section. The effects of electron-electron interaction are presented by the last
term in denominator on the right-hand side of eq. (48).

6. Summary and Discussion

The refractive index in the absence of a constant magnetic field has been formulat-
ed on the basis of the microscopic Maxwell equations and has been discussed by no use
of the dielectric constant. It has been shown that the leading term of the refractive
index originates in the zeroth order in the wave-number of light and the electron-
electron interaction has a little effect on the refractive index. Since the Faraday effect
also has these features as is shown in the previous paper,® there is a relationship
between the refractive index and the Faraday rotational angle, which is a generalized
Becquerel formula.¥

As the simplest model, the system composed of the three-dimensional harmonic-
oscillator electrons has been investigated. It should be noted that this harmonic
oscillator system has a exact solution and the electron-electron interaction is exactly
ineffective on the refractive index.

A more complicated model is the system of the anharmonic-oscillator electrons.
To find the effects of the electron-electron interaction on the refractive index, a few
approximations for the Green functions have been made. Dispersion of the refractive
index expressed in terms of the electron-electron interactions can be obtained and the
interaction effects can be also discussed.

Furthermore, it should be noted that, in the cases of the harmonic oscillators and
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the anharmonic oscillators, the force constant in the direction of the light is ineffective
on the refractive index.

The interactions between the electron in a monomer and the nucleus in the other
monomer have been neglected in comparison with the electron-electron interactions.
The electron-phonon interactions or the exciton-phonon interactions have been also

neglected in comparison with the electron-electron interactions as has been discussed .-

in the previous paper.”

Finally the theory of the Faraday effect,*® the natural optical activity* and the
refractive index® have been developed on the basis of the microscopic Maxwell
equations formerly by us. These three phenomena have different features each other,
however, can be discussed from the same theoretical viewpoints by our general
theory.? By our general treory being different from the conventional ones, various
properties of these phenomena can be investigated generally, systematically and
directly from the first principle without use of the dielectric constant and the magnetic
permeability in the conventional formulation. In regard to the electron-electron inter-
action, in particular, the interaction effects on these phenomena are very similar each
other and there are relations between these phenomena. These relations may be
considered to be concerned with the Becquerel formula.¥
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