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Model Calculation for the Field Enhancement Factor of Carbon
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SUMMARY To estimate the field emission current associated with an
array of carbon nanowalls (CNWs), the model of the floating rods between
anode and cathode plates was proposed. An approximate formula for the
enhancement factor was derived, showing that the interwall distance of the
CNW array critically affects the field emission. The field enhancement
factor was almost one order of magnitude less than that of vertically aligned
CNTs. Considering the field emission current density, the field emission
can be optimized when the interwall distance is comparable with the wall
height. For same separation distance, the macroscopic field strength of the
CNW array is almost one order of magnitude higher than that of vertical
CNT array to obtain the emission current of 1 mA from the cathode surface
of 1 cm2.
key words: field emission, field enhancement factor, nanowall

1. Introduction

An important factor in field emission is the relationship be-
tween the applied and the local electric field where electron
tunneling occurs. When a voltage is applied across a car-
bon nanowall (CNW) and a perpendicular planar anode, the
nanoscale width and the high ratio lead to a much greater
local field at the top of CNW.

Simulation and calculation for the field emission from
carbon nanotubes (CNTs) are mainly concentrated on the
vertically aligned CNTs. Wang et al proposed the floating
sphere model to calculate the apex field-enhancement factor
for an individual CNT, leading to a simple formula for the
factor [1]. They also reported the field-enhancement factor
for vertically aligned CNT array [3].

The enhancement factor of CNT arrays should be
smaller than that of an individual CNT due to the electro-
static interactions between CNTs. And many experiments
had shown that the intertube distance critically affects the
field-enhancement factor of CNT array, and that the field
emission could be optimized when the intertube distance is
comparable with the tube height.

Few papers have reported about field distribution
around vertically aligned CNWs. To estimate the field emis-
sion current associated with the CNW array, the model of
the floating rods between anode and cathode plates was pro-
posed. An approximate formula for the enhancement factor
was derived, showing that the interwall distance of the CNW
array critically affects the field emission.
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2. Model and Calculation

2.1 Floating Rod Model for the Field Enhancement Factor
of the Nanowall Array

The model shown in Fig. 1 was used to calculate the field
enhancement factor for the vertically aligned CNWs on the
cathode. As shown in Fig. 1, the CNWs stand perpendicu-
larly on the cathode plane, having a plate shape of the height
h and closed at the top with a cylindrical cap with the ra-
dius ρ. Since we assumed the CNW is conducting, the cath-
ode potential is maintained zero over whole the surface of
CNWs. Owning to the macroscopic electric field, almost
induced charges are exiting at and near the top of CNWs.
Thus, the rod with the radius ρ at the height of h can be
electrically replaced with the CNW.

2.2 Floating Charge and Dipole Model

The electrically grounded rods placed at height h can be re-
placed with the linear arrayed charge of −q and linear ar-
rayed dipole −p, together with image charge q and image
dipole p. The field produced by the images must satisfy the
boundary conditions at the conductor surfaces and the cath-
ode plate.

The electric potential V(r) at the distance r from a
straight line charge with infinite length in free space as
shown in Fig. 2(a) is,

V(r) − V(r0) =
q

2πε0
ln

( r0

r

)
(1)

where q is the charge per unit length, ε0 is premitivity of free
space and V(r0) is the potential at r = r0.

The electric potential V(r, φ) around a linearly arrayed
dipole with infinite length as shown in Fig. 2(b) is,

Fig. 1 The schematic of the nanowall array and its floating rods model.
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Fig. 2 Linear charge and linearly arrayed dipole.

Fig. 3 Linear charge and linearly arrayed dipole model for calculation of
potential distribution around carbon nanowall.
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where φ is the angle between r and the direction from −q
to +q, δ is distance between the linear charges, p ≡ qδ is
dipole moment per unit length and V(r0, φ0) is the potential
at r = r0 and φ = φ0. The value of δ is assumed to be much
smaller than r or r0 and ln(1 + x) � x for x � 1.

Figure 3 shows the model for the nanowall array. The
nanowalls are placed at y = ±ka, where a is the spacing be-
tween nanowalls and k is integer. The height of the nanowall
is h, the width of it is 2ρ and the length of it is assumed to
be infinity. The top of the nanowall is assumed to be cylin-
drical.

In order to estimate the field strength near the top of
the nanowall, we propose a simple model of floated lin-
ear charges and dipoles between parallel anode and cathode
plates. Take the cylindrical center of the cylindrical coordi-
nate as the origin O, and the vertical axis through O as the
x axis. The yz plane located at x = −h denotes the cathode

plate.
In our model of floating linear line charges and dipoles

combined with the image method, the potential near a cylin-
drical floating rods (the upper half of the cylindrical rod co-
incides with the cap of a nanowall) with its center at the
origin O is considered as produced by (a) the two layers
of linear-charge arrays each point with charge −q or q at
symmetrically situated above and below the cathode plane
as shown partially in Fig. 3, (b) the two layers of linear ar-
rayed dipoles each with a dipole moment −p or p, locating
at each linear charge and pointing downwards, and (c) the
applied voltage V on the anode and cathode planes causing
a mean field −Em between them. Linear charges and dipoles
of infinite length were arrayed to establish zero potential
(V(ρ) = 0) at the distance ρ from the charges os dipoles.

When the potential reference point is selected on the
cathode and V(r0) = V(r0, φ0) = 0, the electric potential
at the point (r, θ) to the linear charges and linear arrayed
dipoles is,

V(r, θ) = Em(l + r cos θ) +
−q
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where,

r−2h,0 =
√

(2h + r cos θ)2 + (r sin θ)2 (4)

r0,±k =
√

(r cos θ)2 + (ak ∓ r sin θ)2 (5)

r−2h,±k =
√

(2h + r cos θ)2 + (ka ∓ r sin θ)2 (6)

cosφ−2h,0 = (2h + r cos θ)/r−2h,0 (7)

cosφ0,±k = (r cos θ)/r±k,0 (8)

cosφ−2h,±k = (2h + r cos θ)/r±k,−2h (9)

In the case of r � h, a and r0, V(r, θ) can be approximated
by,
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where,
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Because the nanowalls are electrically connected to the
cathode plate, the potential at r = ρ must be zero, so,

V(ρ, θ) = Em(h + ρ cos θ) +
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The Eq. (14) must be valid for all θ, so q and p must be
satisfy following equations,
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so the values of p and q are,
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The electric field strength (Eρ) at the top of the nanwall
is,

Eρ = − dV(r, θ)
dr
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where ρ is assumed to be much smaller than h and a. The
field enhancement factor β is,

β =
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The S 1 can not be expressed in a simple formula. The value
of β can be obtained by calculating the value of S 1 numeri-
cally.

3. The Influence of the Intertube Distance

3.1 Field Enhancement Factor β

Figure 4 shows the dependence of field enhancement factor
of CNW array on the normalized interwall distance (a/h).
The field enhancement factor of vertically aligned CNTs
was also calculated using the equation derived by Wang
et al. [3], and shown in Fig. 4. Wang et al. [3] reported the
field enhancement factor β of vertically aligned CNTs by the
same method described above. The value of β is,

β =
h
ρ

(
1

1 + Y

)
+

1
2

(
1

1 + Y

)2

+ 3 (21)

Y ≡ ρ
R
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− 4√

n2 + m2 +
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⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
(22)

where h and ρ are the length and diameter of CNT, respec-
tively, and R is intertuve distance [3]. Equation (20) was
used to calculate the data for the CNW array. In Fig. 4 the
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Fig. 4 Field enhancement factor of CNW array and vertically aligned
CNTs against the normalized interspace.

dashed lines indicate the data for vertical aligned CNT ar-
ray and solid lines are for the CNW array. The sums (

∑
)

in Eqs. (20) and (21) were calculated from n = 1,m = 0 or
k = 1 to m = n = k = 1000.

When the distance is less than the height of CNWs
(a/h < 1), the enhancement factor for the CNW array de-
creases rapidly with decreasing distance. The decrease of
field enhancement factor for the CNW array starts at higher
a/h value than that for vertical CNT array.

3.2 Field Emission Current Density

The emission current from cathode is proportional to the
area of emission site. The emission area of the CNW is
thought to be wider than that of vertical CNT. So the emis-
sion current must be compared to evaluate the performance
as the field emission cathode.

The Fowler-Nordheim equation for field emission cur-
rent density J in A/cm2 is,

J = 1.54 × 10−6 E2
x

φm
exp

⎧⎪⎨⎪⎩−6.83 × 107 φ
3/2
m

Ex

⎫⎪⎬⎪⎭ (23)

where, φ is work function in eV and Ex is electric field in
V/cm [4]–[7].

The emission current from cathode surface of 1 cm ×
1 cm was estimated from Eq. (23) and the values of β shown
in Fig. 4. The emission area of individual CNW and individ-
ual CNT are assumed to be 2ρ × 1 cm and πρ2, respectively.
There are 1/a CNWs or 1/R2 CNTs on the cathode surface
of 1 × 1 cm2. The total emission area per 1 cm2 of the cath-
ode for CNW array (AW ) and that for vertical CNT array
(AT ) are,

AW = 2ρ
1
a
=

2ρ
h

h
a

(24)

AT = πρ
2 1

R2
=
π

4

(
2ρ
h

)2 (
h
R

)2

(25)

Fig. 5 Emission current from arrayed CNWs of h/2ρ = 10000 (a) and
that from arrayed CNTs of h/2ρ = 1000 (b).

Fig. 6 Macroscopic electric field Em = V/d, when the field emission
current density is 1 mA/cm2.

where a, R and ρ are in cm. The work function φ is assumed
to be 5 eV. The emission current from the unit cathode area
(AW J or AT J) was calculated from Eq. (23) and Eq. (24) or
(25), and shown in Fig. 5. In this calculation, the value of
h/2ρ was selected to obtain the lowest turn on field of 1–
2 V/μm.

The shielding effect seems more serious for arrayed
CNWs than for arrayed CNTs. To discuss the dependence
of emission current on the interdistance, the field strength to
obtain the current density of 1 mA/cm2 on the cathode sur-
face was calculated. Figure 6 shows the macroscopic elec-
tric field Em = V/d, when the field emission current density
is 1 mA/cm2 on the cathode surface.

For same a/h or R/h value, although the total emission
area of CNW array for the same cathode area is wider than
that of vertical CNT array, the macroscopic field strength of
CNW array is almost one order of magnitude higher than
that of vertical CNT array. The field emission performance
seemed to be determined mainly by field enhancement fac-
tor β.
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4. Conclusion

The model of the floating lines between anode and cathode
plates was used to estimate the field emission current asso-
ciated with the arrayed of CNWs. When the distance is less
than the height of CNWs (a/h < 1), the field enhancement
factor for the CNW array decreases rapidly with decreas-
ing distance. The decrease of field enhancement factor for
CNW array starts at higher a/h value than that for vertical
CNT array and is significant in the region of a/h < 1.

For same inter space to height ratio (a/h or R/h), the
macroscopic field strength of CNW array is almost one or-
der of magnitude higher than that of vertical CNT array to
obtain the emission current density of 1 mA/cm2 on the cath-
ode surface. The field emission performance seemed to be
determined mainly by field enhancement factor β.
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