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                            1. gntrodiuction

   In this paper, we shall determine the real representation ring RO(G2) and

the complex representation ring R(G2) of G2, which is a simply connected compact

simple Lie group of exceptional type G. G2 is obtained as the group of all auto-

morphisms in the division ring ig of Cayley numbers and G2 invaries the set Li
                                                          1)of all pure imaginary Cayley numbers, so that Li is a G2-R-module, The result

is as fo!Iows : RO(G2) is a polynomial ring Z [2i, R2] with two variables 2i and 22,

where Ri is the ciass of Li in RO(G2) and 12 is the class of the exterior G2-R-

module A2(Li) in RO(G2). The structure of R(G2) is a!so a polynomiai ring Z[2iC, R,C]

with two variables 2,C and 2,C, where Rf, Rff are the complexification of 2i, 22,

respectively. In the final section, we consider the relations of R(G2) to R(SO(7)),

R(Spin(7)) and R(SU<3)).

                         2. Representation rimgs
                                                       2)   Let G be a topological group. By a G-K-module (K=Ror C) is meant a finite

dimensional right K-module V together with a left action of G. That is, for

each x e G, u E Vthere should be defined an element xu E V depending continu-

ously on x and u, so that

(2. 1) x(u + v) = xu + xv

(2. 2) x(ul) =(xu)Z
(2. 3) <xy)(za) = x(yza)

(2. 4) eu -rm u
for x, y Ei G, u, vE V) 2EK and e denotes the identity of G.

   Two G-K-modules Vl and Yh are G-K-isomorphic if there exists a G-K-iso-
morphism f: Vi --> Vh, that is f is a linear isomorphism such that .f<uR) = f<u)2, lf<xu)

=xf<u) for uE VI, 2cii K) xE6, .
   Let Mi<(G) denote the set of G-K-isomorphism classes [V] of G-K-modules VL
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[V] will also be denoted by V

   The direct sum Vi ([D VIi and the tensor product Vl (21) Yh of two G-K-modules

Vi and V2 define a semiring structure on Mic(G). The representation ring RK(G) =

(RK(G), ¢G) is the universal ring associated with thesemiring Mi<(G); that is, ipG:

Mi<(G) -> RK(G) is a s3miring homomorphism and for any ring A and any semiring

homomorphism op : Mr<(G) -> A, there exists a unigue ring homomorphism di : Rk(G)

   '-> A such that g == epipG･

   RK(G) is a commutative ring with the unit 1, where 1 is the class of Kwith

trivial group action.

   Note that Mi<(G) has two further oprations: For each G-K-module IL there

correspond the exterior G-K-module A"(V) (O E-{.r:-{ldimV) and the dual G-K-

       AAmodule V(V is HomK(V, K) as K-module and group action is (xe)(u) := e(xmiu),

for x Ei G, gE HomK(V) K), uE V).

   Let Hand G be topological groups and h:H-) G be a continuous homo-

morphism. Then, to every G-K-module Z there corresponds a H-K-module h#(V)

by the rule of group action

                                           '
            yzt == h(y)u, foryE! H; uE VL

The correspondence V-->h#(V) gives rise to a ring homomorphism h" : RK(G)->

RK(H) such that the following diagrain is commutative.

                  h#
            AG,(G) --)･ M,,(H)

            v¢G h"' .OU
            R.(G) - ,l?.(H).

･ A4R(G), RR(G) are denoted by MO(G), RO(G) and Mc(G), Rc(G) by M(G), R(G)

respectively.

                   3. Cayley numbers E and Greup G2

   Let g denote the division ring of Cayley numbers. E is an 8-dimensional

R-module with an additive base eo, ei,･･････, e7, and ring structure is given as

follows -
      '

            eo is the unit of E,

           ei2 =:: -ee, forit--L o,

            eiej=-ejei for i, ]' -7-L- O, i; j,

and
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el

e2

%

e7

(for example, ele2 = e3, e2es = e7, e2e4 :== -e6)

    Let G2 be the group of all automorphisms in E, that is, each x Ei GL, satisfies

(3. 1) x(u -l- v)=xu+xv

(3.2) x(zt2>=(xu)Z for zt, vEE, 2ER.
(3. 3) x(uv) =:: x(u)x(v)

(3. 4) x is non-singular

As'is well known, G2 is a simply connected compact simple Lie group of ex-

ceptional type C [3].

   Obviously, or is a G2-R-module. By (3,3), (3,4), we have x(eo)=eo forxEG2.

Therefore, if we denote by Li the R-submodule of E generated by ei, ･･}･･･, e7

additively, then Li is also a G2-R-module and E is decomposable into the direct

sum of two G2-R-modules R (with trivial group action) and Li ; E= ReLi. 'l]he

complexification Lf ==LiopRC of Li is a G2-C-module and it will play an important

role in the sequel.

el･

also

             4. Mttximal torus T and Weyl group Wof G2

G2 has a subgroup SU(3) consisting of all elements x of G2

Since the ranks of G2 and SU(3) are both 2, any maximal

 a maximal torus in G2.

Let ti:R -> G2 fori:== 1,2 be the homomorphisms given by

                                      for]= O, l, 4
(4. 1)

(4. 2)

Let

for (0i,

G,..

      ti(0)(ej) = ej(
      ti(e)<e2) =: e2 cos 0 + e3 sin e

     t2(0)(ej) = ej ,    ( t2(0)(e4) = e4 cos e + es sin 0,

                      '
t: R2 == R ×R --)k G2 be defined by

             t(0i, q2) == ti(ei)t2(02)

02)ER2. Define T=t(R2), then T

for lb -rm O, 1, 2.

such that x(ei) =:

torus in S[1(3) is

the relations

is a maximal torus in G2; TcSU<3)c
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(4. 3)

From

Similarly,

(4. 4)

(4.1), we have

   ti(0)(e3) = ti(0)(eie2) = ti(0)(ei)ti(0)(e2)

         := ei(e2 cos e + e3 sin 0) := -e2 sin 0 + e3 cos 0

   ti(e)(e5) == ti(0)(eie4) = ti(0)(et)ti(0)(e4) = eie4 = e5

   ti(0)(e6) = ti(e)(e4e2) = ti(0)(e4)ti(0)(e2)

         ==: e4(e2 cos e -F e3 sin 0) == e6 cos 0 - e7 sin 0

   ti(0)(e7) = ti(e)(eie6) = ti(0)(ei)ti(0)(e6)

         == el(e6 cos 0 - e7 sin 0) = e6 sin 0 ÷ e7 cos 0.

from (4. 2) we have

   t2(0)(e3) == e3

   t2(0)(es) = -e4 sin 0 + es cos e

   t2(0)(e6) = e6 cos 0 - e7 sin 0

   t2(0)(e7) == e6 sin0 + e7 cos 0.

    group W==VPi(G2) of G2 is NT(G2)/T, where ATIT(G2) is the normalizer

    xffNT(G2), then x(ei)= ltei. In fact, since x'itxET for any

                                             77     x-itx(ei) = ei, hence tx(ei) = x(ei). Put x(ei) = IXeiai (ai E R, Xaz2･

                                            l==1 i=1
           7
    eiaD =Xeiai for all t E 7L Using (4, 1)-(4. 4),

          1=1

         + e3 sin 0i)a2 + (-e2 sin 01 + e3 cos 0i)a3

         + es sin 02)at + (-e4 sin 02 + es cos 02)as

         + 02) - e7 sin (0i + 0`.,))a6 + (e6 sin (0i + e2) + e7 cos (ei + 02))a?

                            for all 0i, 02 E R.

   The Weyi
of Tin G2. If

tEi T, we have

           7
=1), then t(X
          i=1

     elal + (e2 cos 01

         + (e4 cos 02

         + (e6 cos (0i

         = elal + e2a2 +,･････+ e7a7

Hence we have

          I Z.i` fgg.:, Z,I Im] Z.l lsli:- Z,i lrmI= Zal4 for aii oi, o2, .o, E R,

where e3 = -(ei + 02), so that we have a2 --････-･= a7 == O. This implies that x(ei)

== elal =:= ±el.

    In case x(ei) = ei, x is an element of the normalizer NT(SU<3)) of T in SU(3).

Therefore PV<G2) contains the Weyl group VV(SU(3)) = IVT(SU(3))/T of SU(3), which

is the symmetric group consisting of all permutations of 3 variables 0i, e2, e3.

In case x(ei) == -ei, if we choose an element y E G2 such that N(ei) == ei for i -- O,

2, 4, 6 and y(ei) = -ei for i= 1, 3, 5, 7, then yx E NT(SU(3)) and y induces the

change of the sign (0i, e2, ea) ->(-ei, -02, -e3). W(G2) has 12 elements.
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                 5. G2-C-module Lf:= LiopRC and R<T)

   Let 7'2 : T-> G2 denote the inclusion. in 7'2# : M(G2) -> M(T), zve have

           j2#(L9) =Ce W, e fi, o w, e "wo w, o -"r,,

                                  Awhere Wi is 1-dimensional T-C-module and Wi is the dttal T-C-module of Wi, for

i-- 1, 2, 3. And there exist relations

                A           Vr, op l?V, -r C, for i == 1, 2, 3,
           Wi X W2 op va3 = C.

                                               A   In fact, let C be the C-module with base ei, and Mii, Wi beC-modules with

base ui u- e2i- e2i+ixV'-1, ai=e2i-Li e2i+iivX-1 respectively for i=1, 2, 3. For

t == t(0i, 02),

(5. 1)

(5. 2)

Similarly

(5. 3)

(5. 4)

tel =el,

tUi = t(0i, 02) (e2- e3･V'- 1) = ti(ei) (e2 - e3･V'- 1)

   = (e2 cos 0i + e3 sin ei) - (-e2 sin 0i + e3 cos 0i)･v'- 1

  == (e2 - e3･V- 1) (cos 0i +･V- 1 sin 0i) = ui exp (tV- 1 ei)

tu"i == iti exp((-V=TOi)･

   Since ei,

-(5. 4) yield

   PUt ¢T(VVi)

   Define 2

(5. 5)

(5. 6)

 tu2 == u2 exp((V- 1 02)I ta2 = it2 exb (-iv- i oz),

 ttt3 = u3 exp (-tV- 1 (0i + 02))I
 M3 = it3 eXP (･V- l (0i + e2)).

 ub ab u2, a2, u3, and a3 are an additive base of L9,

the desired result.

  =: cr, ip T( VV2) = P, and ip T( VV3) = r, then we have

 R(T)=Z[cr, ev-', P, Pv', r, r-i]/(evPr -1).

9 = ipG,(L9) and RS == ipG,(A2(L9)). Then we have

 1'2*(2f) :== M(¢.,<L9)) =- ip.(1',# (L9)))

                   AAA       - diT(C O rvi e Wi O W2 O W2 e W3 O W3)

       == 1+a+ a-i +P+ P-i +r+ rHi,

 1-,'k(ZS) = 7',*(¢.,(A2(Lf ))) == ip.(A2(7',# (L9)))

                    AAA       =¢.(A2(C e W, e W, e W, O W2 e W3 O W3))

                AAA       = ipT(Wi e Wi O W2 O W2 e W3 O W3

formulae (5. 1)

t
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                                  AA            OCe W, op W,O W, op W2O Wi C9 W,O W, op ur,

               A AAA AA            e uri op %e rvi op W2 O Wi X W3 e Wi op W3

                                  AA AA            eco ur, op wle o% op w, o ua op w,e% op vats oc)

           = cy + a-i +P+ P-i +r+ r't +1+ ctP + crP" + ar -F evr-'

             + cv'iP + cu-iPm' -Y cu-'r-t-ecir'i + 1 + Pr + Br' {- I3-ir+B"ir-" -Y 1

           =:: av + ct-' + P + fr' + r+ r-' + 1 + r-' + evfi-i + P-i + crr'i

             + crLiP + r + ev-ir + P + 1 + evh' + Pr-i + P-'r + ev + 1

           == 3+ 2(cr + a-i +P+ P-i ÷ r+ r-')
             + afri + cr-iP + Pr-i + P-ir + rcr-i + r-iev.

                       6. Ring structure of .R(T)VV

   Each element zv : T-> T in the Weyl group Pli induces an automorphism w* :

R(T)-> R(T) which permutes the 3 factors ev, P, r together with the map of the

form @ P, r) -> (anti, P-i, T-`). Let R(T)JV denote the subrlng of 1?(T) which is

invariant under these operations w" (called W-invariant briefly). Since 7'2" : R(G2)

-> R(T) is a ring monomorphism and the image of 1'2" is contained in R(T)'V [4],

we will regard 1?(G2)' as a subring of I?(T)"; R(G2) c R(T)PV. We shall determine

the ring structure of R(T)iV.

   Put vi = a + P + r and v2 =:: Pr + rev + aP ==: at-i + PHi + r-i, (cf. section 8) then

vi + v2 = ev + P + r + ev-i {- fim' + r-i and viv2 - 3 = crP-i + cr-'P + Pr't + P-ir + rev-i

+r-iev are I7V-invariant polynomials (the elementary I7V-invariant function !) and

we have R9 ::= 1+ vi + v2 and Zg == 2(vi + v2) + viv2 from (5. 5), (5. 6).

   LetfgR(T)'V. Case 1. If a monomial cr"ZP'i (in>n>O, mX2n) appears in

f, a polynomial g+ h also appears in L where

            g = .MP,i + PM.ti ml- fiMr,i + rMP" rl, r"iev" + ev"'r".

            h =:= av-"'Brm" -l- Pm"icx"i + i3-Mr-" + rmMP-" + r-"'evm'i + cr-Mr-'i.

Since g is a symmetric function in 3 variables cr, P, r, g is representable as a

polynomial in the elementa ry symmetric polynomials ev + P + r = vi, evP + Pr +

rev ==i v2 and evPr == 1; that is, there exists a polynomial P(X; Y) EZ[X; Y] with

two variables X, Y such tliat g=P(vi, v2). On the other hand, h can be repre-

sented by the same polynomial P in the elementary symmetric polynorpials

a'i + Phi + r-' = v2, ev"ifi-' + P-ir-i + r-ior-i =:: r+ at +P == vi and a'iP-ir-i == 1 :

h == P(v2, vi). Therefore g-F h == P(vi, v2) + P(v2, vi) is symmetric in variables vi

and p2, so that g+h is a polynomial in vt + v2 = 29 -1 and viv2 =2S-2ft9+2.

Hence g+h is a polynomial in 19 and 2S.

    Case 2. Ifarnonomial aM (m>O) appears in L a polynomial g+h also
appears in .IZ where g= lrM + PM + rM, h == cr-M + P-M + r'M. The same statements
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as in Caselhold. .
   Case 3. If f contains a monomial cr2MPM (m > O), then f contains a polynomial

g = ar2Mi3M + t92MaM + I92MrM + r2MBM + r2MevM + cr2MrM' (note that ev-2MP-M = (lgr)2MI9mM ==

r2MP"t etc. ). We,shall show that ,g is also a polynomial in R9 and RS, by the in-

duction with respect to m. First we have for m = 1, av2P + P2cr + P2r + r2P + r2a

+ ev2r :=: cur-i + i3r-i + i9cr-i + rcrHi + rl3-i + ev13-'i == (cr + i3 + r) (cr-i + P-i + r"') - 3 =

viv2-3= 2S-229-1. Suppose that the assertion is true fork<m. Now, for

m, if we describe g= (cr2P + P2a + P2r + T2P ÷ r2cr + a2r)M + h, h is a polynornial of

Case 1, 2 or the lower degree than m of Case 3. Hence by the induction, g is a

polynomial in R9 and 2g.

   We have thus proved that any polynomial in R(T)iV is representable asa

polynomial in 29, 2g.

   In addition, 29 and 2g are algebraically independent. In fact, vi and v2 are

algebraically independent in Z[a, cr-', P, Ph', r, rfii]/(evPr- 1). Therefore, vt + v2

and viv2 are also algebraically independent. Since 2S == vi + v2 + 1 and Rg =2(vi+

v2) + viv2, we have that 29 and 2S are algebraically independent. And we have

Z[R9, lg] (= R(G,) c R(T)'V = Z[29, Rg]. Thus, we have the following

   Theorem. The comPlex rePresentation ring R(G2) of G2 is a Polynomial ring

Z [29,2S]zvith tzvo variables29 and Rg, zvhere 2f is the class of the G2-C-module

LS in I?(G2) and AS is the class of the exterior G2-C-module A2(L9)i,n I?(G2). ' '

                    7. Real representation ring RO(G2)

   For a topological group G, we have the following correspondences :

            c: RO(G) -> R(G), r: l?(G) -> RO(G),

where c is a ring homomorphism induced by the tensoring c' with C (that is, c'

: MO(G)-)･M(G) is defined by c'(V) == VopRC)) and r is a homomorphism defined

by the restricting scalars from C to R. As' is well known, relation rc == 2 holds.

If G is a compact group, RO(G) is the free module generated by the classes of

irreducible G-R-modules, so that relation 'rc == 2 implies that c is a ring mono-

morphism.

   As for G2, since we have obviously c(ai) =2f and c(22) =2ff, (where Zi and

22 are the classes of Li and A2(Li) in RO(G2) respectively), c is an epimorphism.

Hence c is an isomorphism. Thus we have the following

   Theorem. The real rePresentation ring f?O(G2) is a Polynomial ring Z[Ri, 22]

zvith two variables ,Zi and 22.
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         s. Lie algebra g2 and Element 22-Zi

  The Lie algebra 6D(7) of SO(7) (the rotation group in Li) eonsists of all R-

bomomorphisms A of E satisfying

      A(eo) ;O     (
         g)      (A(u), v)+(u, A<v)) ==O for u, vE E.

Let Gi,･ (i, 7'=1, ････-････, 7, ill') be the R-homomorphism given by

     {      Gi,･(ej) == ei

      Gi,<ei) = -ej
      Gi,･(ek) :=:O for fe ]i, j, O$k:g 7.

Then 21 elements Gii (1 :.;;{ i< 1- mEl; 7) are an additive base in 6D(7).

  The Lie algebra g2 of G2 is a Lie subalgebra of BD(7) consisting Qf all A such

that

      A(u)u+uA(v) -- A(uv) for u, vE g.

g2 is a G2-R-module with the group operation given by

      (xA)(u) :::: x(A(x-iu)) for xE G2, AG g2, u Gi g.

So that its complex form gS == g2cg)RC is a G2-C-module. We shall show that

g6G (gl7)=RS - 29. We choose an adclitive base in gS as follows :

 2
      Hl = 2G23 - Gds - G67

      H2 = -G23 + 2G,, - G67
      U, =:: -2G,, + G,, + G,, - (2G. - G,, - G,,)tvt- 1

      O, -- -2G,, + G,, + G,, + <2G,, - G,, - G,,)tv'ny

      U, = -2G,, - G,, + G,, - (2G,, + G,, + G,,)･v'ny

      a, -- -2G,, - G,, + G,, + (2G,, + G,, + G,,)･Vff

      U, = 2G,, - G,, + G,, - (-2G,, + G,s + G,Otvt- 1

      0, =:: 2G,, - G,, + G,, + (-2G,, + G,, + G,,)･V- 1

      U,, == G,, + G,, - (-G,, + G,,)tV=MII'

      (>,, == G,, + G,, + (-G,, + G,,)V=i

      U,, = G,, + G,, - (-G,, + G,,)tV;[-

      ti23 = G4, + G,, + (-G,, + G,,)ivt- 1

      U,, = G,, + G,, - (G,, .- G,,)tV=
      03i == G,, + G,, + (G,, - G,6)･V=nl-.

3) The inner product (u, v), where u =X eiui, v=Z eivi, is meant by i! l uivi,

               i--o i=o i--o
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Then, fort== t(ei, 02, 03)

           tH, == Hl,

           tUi = Ui exp (V- 1 ei),

           tU2 == U2 exp (V-102),

           tU3 = U3 exp (V- 1 03),

           tUi2 --- Um exp<･V- 1(0i - 02)),

           tU23 = U23 eXP (･V'- 1 (e2 - 03)),

           tU3i == U3i exp (V- 1 (03 - 0i)),

One of them, for example, tUi2=

so, we need to show (tUi2)(ei)=

We shall show again one of them, for

= t(Ui2(ed cos e2 - es sin 02)) ==

- esV- 1) (cos 02 - ･V- 1 sin 02) =･

(cos 02 - iv'- 1 sin e2) ==

= (e2 - e3 ･V- 1) exp( ･V- 1 (0i - 02)) =

proved these formulae. Hence,

a-i P + Prni + P-'r + ra-' + rN'a =T- IS - 19.

   Theorem. Tlae class of G2-C-module gS

Lie algebra of G2.

   Since the complexification c :

G2-R-moduie, we have also in RO(G2) the

   Theorem. The class of G2-R-module g2

Representation Rings of Group G2

we have

tHl,

t0i

t02

t03

t(7,,

 AtU23
tag1

ca
AUi exp (-･V- 1 ei),

02 exp(-･v'- 1 02>,

03 exp(-tV- 1 03),

0i2 exp (V- 1 (e2 - 0i)),

&23 eXP (iV'- 1 (03 - 02)),

Osi exp (tv'- 1 (0i - e3)).

    will be proved.

    for i=O, 1, ･-･･･

 i = 4, (tUi2) (e4) = t<U

      - 1) sin 02) = t(e

133

           Ui exp(V-1(0i-e2)) To do
        Ui2(ei)exp(V-1(0!-02)) ･, 7.
             example, for i2(t-ie4))
    t((e2-e3･V - 1) cos O2-(e3+e2･v' 2
        ((e2 cos ei+ e3 sin 0i) - (-e2 sin 0i + e3 cos 0D･V- 1)

(e2 - e3･V- 1) (cos 0i + V- 1 sin 0i) (cos 02 - "v!- 1 sin 02)

            Ui2(e4) exp (･v!-1(ei-e2)). Thus we have

        gbG,(gS)== 2 +a+ am' + P + P-i + r+ r-i + ap-i +

                Thus we have the following

                in R(G2) is 29 -29, where g2 is the

RO(G2) -> R(G2) is an

      following

       in RO(G2) is

isomorphism

22 - Rl.

and g2 is a

                     9. SO(7) and Spin(7)

   Let SO(8) be the rotation group in E and SO(7) be the rotation group in Li,

namely SO(7) is a subgroup of SO(8) consisting of all elements x E SO<8) such that

X(ee) = ee.

   We remember the principle of triality in SO(8) [2].

   For every xi G SO(8), there exist x2, xa 6 SO(8) such that

(9. 1) xi(u)x2(v) == x3(uv). for u, ve ng,

and for xi, such x2, x3 are unique uP to the sign.

   If xiGSO(7), we have x2 =:- x3. For, if we put u=ee in (9.1), we have xi(eo)･

x2(v) == xs(v), henee x2(v) == x3(v) for all v E E. This implies that x2 == x3.

   Consider the subgrQup of SO(8), denoted by Spin(7), cQnsisting of all elements

x e SO(8) such that for some x E SO(7)

           x(u)X(v) =X(uv) for all u, ve E.
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   Spin(7) is a simply connected group and the projection P:Spin(7)->SO(7)

defined by P(fu) = x is a twofold covering of SO(7).

   G2 is a subgroup of SO (7) and Spin (7) and

                     G2 -= SO(7) n Spin(7),

and so we have the commutative diagram ,

                          ile
                    SU<3) - G2 - Spin(7)
                              Xxxl P

                                  ･x "
                                     SO(7)

where i, le, l are inciusions.

   We shall choose maximal tori T' and NT' in SO(7) and Spin(7) respectively as

follows. Let Ti : R -)p SO(7) be the hornomorphism given by the relations

           f Ti(0)(e2.i) = e2i cos 0 + e2i+i sip 0

(9. 2) i Ti(0)(e2i+i) == -e2i sinO+ e2i+l cose .

  ' tTi(0)(e,･)= ej for l' 74: 2i, 2i+1

for i= 1, 2, 3. Let T: R3 =R × R × R -> SO(7) be defined by T(ei, 02, 03) == Ti(0i)T2

(e2)T3(03) for (ei, 02, 03) E R3. 'Then T' = t(R3) is a maximal torus in SO(7).

    Obviously "TV' =P-i(T'Vt) is a maximal torus in Spin(7). However we need to

describe TN' explicitly. Let ii : R -> Spin(7) be the homomorphism defined by

formulae

(9. 3)

(9. 4)

(9. 5)

   Let "T' :

e2, 03) E R3.

7i(e)(ee) = ee cos e/2 + ei sin 0/2,

?i<0)(e2) == e2 cos e/2 + e3 sin 0/2,

?i(0)(e4) = e4 cos 0/2 - es sin e/2,

?i(0)(e6) := e6 cos 0/2 - e7 sin 0/2,

TN2(0)(eo)== eo cos 0/2 + ei sin e/2,

t2(0)(e2) == e2 cos 0/2 - e3 sin 0/2,

T""2(e>(e4) =: e4 cos 0/2 + es sin e/2,

?2(0)(e6) == e6 cos 0/2 - e7 sin 0/2,

?3(e)(eo) = eo cos 0/2 + ei sin 0/2,

?3(0)(e2) == e2 cos 0/2 - e3 sin 0/2,

T3(0)(e4) = e4 cos 0/2 - es sin 0/2,

 T3(0)(e6)=: e6 cos 0/2 + e7 sin 0/21

Ra -> Spin(7) be a map defined by

 Then we have

?i(0)(ei> == -eo sin 0/2 + ei cos 0/2

}' i(0)(e3) = -e2 sin 0/2 + e3 cos 0/2

?i(e)(es) == e4 sin 0/2 + es cos e/2

b'i(e)(e7) == e6 sin 0/2 + e7 cos 0/2

}2(0)(ei) = -eo sin e/2 + ei cos e/2,

}2(e)(e3) = e2 sin 0/2 + e3 cos 0/2,

i2(0)(es) = -e4 sin e/2 + es cos 0/2,

?2(e)(e7) == e6 sin 0/2 + e7 cos 0/2,

?3(0)(ei) == -ee sin e/2 + ei cos 0/2,

?3(0)(e3) = e2 sin 0/2 + e3 cos 0/2,

73(e)(es) := e4 sin e/2 + es cos 0/2,

?3(0)(e7) == -e6 sin 0/2 + e7 cos 0/2.

i(ei, e2, e3) =}i(ei)}2(e2)}3(fi3) fOr (ei,
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                r(ei, 02, e3XU)}(0i, e2,'03XV) :== )c(0i, e2, 03XUV)

for (+ei, 02, 03) Ei R3 and u, vE or. Therefore ?(0i, 02, e3) covers T(0i, 02, 03) by the

projection P, so that }(R3) =: P-i(T') (which was denoted by TN'). Hence we have

the following commutative diagram

                           tr                      -- J
                R3<.I/lp:Pl:"(2,

where i 7' are inclusions.

                                                 '          10. Relations of R(G2) to R(SO(7)), R(Spim(7)) and R(SU<3))

   Since SO(7) is the rotation group in Li, Li is an SO(7)-R-module, so that we

have an SO(7)-C-module M9=LiC9RC･ '
   We show that in M(SO(7))

(10. 1) j#(M9)-Ce W, O fi, O%e di,e Mi, O va3,

where VVi is a 1-dimensional T'-C-rnodule and 12>i i's its dual T'-C-module for i =

12 3. :l   In fact, let C, Wi and ii>i (i -- 1, 2, 3) be the same C-modules as in the

section 5. Then, for t' = T(ei, 02, 03) E T', we have t' zti = zti exp (･V'- 1 0i) and

t'uAi = u"iexp(-V-10,) for i= 1, 2, 3. These prove the above result (10･ 1)･

   Put ip T,(Wi) = a, ¢T,(VV2) = b ancl ip T,(Mi3) = c, then we have

            R(T')=Z[a,a-', b, b-i, c, c7i].

In R(SO(7)), put ¢so(,) (MIC ) == Ftf , ¢,. (,) (A2(Mf )) - ptg and ip,.(,) (A3(Mf )) == ptg , then

by (10. 1)

            1'*(ue) - 1 + (a + a-i) + (b + b"i) + (c + c"i)

            i'(pS) == 3 + (a + a-') + (b + b-i) + (c + c-i)

                   + (a + ami)(b + b-i) + (b + b-i)(c + c-i) + (c + c-i)(a + a-')

            1'"(pf) = 3 ÷ 2(a + a-i) + 2(b + b-i) + 2(c -F c-i)

                   + (a + a-i)(b + bhi) + (b + bHi)(c + c'i) + (c + c-i)(a + a-i)

                   + (a + a-')(b + b-i)(c + c'i).

                                        'And we have [4]

            R(so(7)) =- z[rt9, ttS, ptg]･ ･

    Next, since Spin(7) is a subgroup of SO(8), Spin(7) operates on or. Thus ig is
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a Spin(7)-R-module, whence we have a Spin(7)-C-module aC == EXRC.

   We have in M(Spin(7))

                                 AAA AA            N .h" A- nw N -u N "" tV N(10. 2) j#(AC) T W, Eb W,X MI,e VV, op VV,Q VV, (D MI, op VV2X W3

                   A AAA                   ev -w "-.J -" -L. --) n" tL. ev                O W, op W, op W,O W, op W, op W,e va, E9 rv, op W,

                   AA A                e ii7, op W,op-w" ,o tu, x tl7, op IV,

                        AAA                   AJ rV eSJ N "w AJ                = (W, O W,) op (W, e W,) Eb (W, O W,),

where Wi is a 1-dimensional T'-C-module and VIIi i's its dual T'-C-module for i =

1, 2, 3.

   In fact, take an additive C-base ui = e2i - e2i+itV - 1 , Aui = e2i + e2i+ iV- 1

fori= O, 1, 2, 3 in idC. Then, for}==: T(0i, 02, e3) Ei {i`', using (9. 3)-(9. 5), we have

      7ui =ui exp(V-1(0i+e2+e3)/2), t""aAi =: aiexp(iv'-1(-ei-02-03)/2),

      tNa2 == u2 exp(･v!-1(ei-02-03)/2), t-"Aa2 == fi2exp (･V'-1(-0i+02+03)/2),

      tt3=="3exp(V=T(-ei+e2-e3)/2), t"A3 := u"3exp(V-1(ei-e2+e,)/2),

      t"u4 = u4 exp(V-1(-0i-02+03)/2), Za4 = it4exp(･v'-1(0i+e2-03)/2).

These prove (10. 2).

                     11 1   Now, put dy,(fi1i) = a7, diTt(i172)= bV and ip-T-t(?;T3) =:= c7, then we have

          R(nT"t) ::= Z [a, a-i, b, b-i, c, c-', (a b c)7]

   Denote ipspin(7)(dC) = AC, then we have by (10. 2)

          .. 1 11 11 1          i'k(AC) =: (ai + a-1)(bal + bM'i)(cLi + c'Li).

Hence, Ab coincides with an element induced by a unique irreducible representa-

tion id7 which is containd in the Clifliord algebra C9 (for notations A7 and C9 we

refer to [4] and [1] respectively>. And we have [4]

           R(Spin(7))=:z[E'"t9, ,artS, AC], ,

where x-t9 = P"<ps9), PS =: P"(yg)and there exists a relation

           (Ac)2 - p:k(1 + stf) + Ltl7 + stg )･

   As for SU(3), let Ni and AT2 denote C-submodules of E(g)RC with respectively

additive bases ui -- e2i- e2i+i･V-1 and ai=e2i+e2i+itV-1 for i -- 1, 2, 3. W. e

shall show that these are invariant by SU(3). In fact, for x e SU(3), xui un- x(e2i

-e2i+itV'- 1 ) == x((eo - ei･v!- 1 )e2i) == x(ee - eiV- 1 )x(e2i) == (eo - eitV'- 1 )x(e2i). Note

                                                733that x(e2i) is a linear combination of e2, ･･-･･･, e7; x(e2i) == = eiai = Z) e2ia2i +=

                                                i--2 i--1 i--1
                              33e2i+ia2i+i. Obviously, (eo - eitV-1)(¥e2ia2i) :=::ISII]uia2i E Nt. On the other hand,

                              i--1 i==1

(ee - ei･V'- 1)(X e2i+la2i+i) = : (eo - eliv'- 1)ele2ia2i+1 =: = (et + eoiv!- 1 )e2ia2i+1

                        i=l . i-1            i =1
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= X(eo - ei'v!- 1) e2i yV'- 1 a2i+i = Xui･v!- 1 a2i+i E ATi, whence follows that xui

E AJI for i= 1, 2, 3. Similarly xuie ATb for xeSU(3), i= 1, 2, 3.

   Let 1'i : T--> SU(3) denote the inclusion. Then, analogously to the case of G2,

we have in M(T)

(io.3).(l.II`,iUli:-W..IO.%,..,O.W,,1,

                                       Awhere VVi is a 1-dimensional T-C-module and IFVi is its dual T-C-module for i -- 1,

2, 3, and there exists a relation VPXi (g) Wi op W3 = C.

   Hence we have

            R(T) - Z[a, a-i, P, P", r, r'i]/(a'Pr-1),

where a == ip T( Wi), B = ¢T( W2) and r = ¢T( VVh). Put ¢s u(,)(IVI) = vi and ¢sq,) (Nh) =

v2, then we have by (10. 3) .

            1'i'ls(pi) = a ÷ P + r,

            1-i'"(v2) = ev-i + P-' + 7"' =: Pr + rev + crP = 7'i'ts(ofsu<,)(A2(ATi)).

So that we have [4],

            R(SU<3)) = Z[v,, v,].

Thus, in the following diagram

              R(SO(7))
                l
                          l*                 p*

                      k* i*
              R(Spin(7)) -> R(G,) - R(SU(3)),

that is,

              Z [it9 , f,g , f,,C ]

                    t,)1*)x--i}srL, ,..

              Z [ltS) , INtS , AC] - Z [R9 , 2S' ] - Z [v,, v,],

we have the following relations

              P*(ptf) = llf, P;k(Ft9) - t'`tS, P*(ltS) - (AC)2 -1- l"tf - l"tg

              k*(ltf))- RS , k*(s'"tS)- RSr, k*(AC) =: 1+IS)

               l*(ttf ) ::- Rf , l*(stSr )- ,IS , l* (Ftg) ) - (29 )2 + Rf] - ZE)

               i*(29) == 1 + vi + v2, i"(ZSr) = 2(vi + v2) + viv2.
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    As for RO(SO(7)) and RO(Spin(7)), we can discuss in the real range. Using the

fact that the complexification c is an isomorphism, we have RO(SO(7))=Z [tti, Lt2, p3]

and RO(Spin(7))=Z[pti, FNe2, d] where gei js the class of A'(Li) for i= 1, 2, 3, lti --

P'k(Fti) for i -- 1, 2 and A is the class of ,d. And in the diagram

             RO(SO(7)>

                    ×
                  *' Xl:k
                IP ×
               e k'F'X.
             RO(Spin(7)> --> RO(G2)

we have the same relations as in the complex case, i. e.

               P*(Lti) = Ptlti, P'tr'(,u2) = sfi't2, P:k(Ft3) = A2 -1 - ,cti - pt2

               k,:"(F-'ti) = 2i, fe:"(IJ"e2)=R2, le"(a) = 1 + fti

               l:it(Lt,) = 2,, l*(Lt,) = 2,, l*(st,) ==: R,2 + 2, - Z,.

                                              "
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