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                Note on the Endomorphism Ring

              By KAORU MOTOSE

                                                         '                                                            '                                                                      '
   Let R be a ring with 1, RMa unital left R-module, J(M) the radica! ofMand

S the R-endomorphism ring of M acting on the right. As to other notations and

geZM.#irzO,gOi,ie,S..",S:,d.ke}8,' ,W,8, ih=a,'l.g?;i?.W,Z',1.?."asi!h,ln this ngte, we shaii. give

.lb,ge.h.e7,rgM.,.i,,,IZ,,f,",,iS,,q.ta,'/r,":.g'g,9S'3e.a"..d,,z`,zsk.,fsthedescendzngchazncondttton

   Proof. We note first .that for every.'ele'nientsof f(S), 'Ms'is' small in M ([7,

Lemma 1]). Let {si} i-i,2, -･･ be an 'arbitrary sequence of elements of "S).･ Then

we have a descending chain of small submodules Msi )- Ms2si2･''2Ms.s.-i'''
s'i2･･･ and hence there exists a natural number n such that Ms.s..i･･-si ==

Ms.+is.s.-i･･･si. Therefore, M== Msn+i+Ker s.s.-i`･･si. Since Ms.+i is small in

                        'M, M=1ter s.s.H-t･･･ si and hence s.s.-i ･:･si == O. . .
    Foraring with 1, the following contains [3, Th. 3.1. 1]. ' ''

   Corollary 1. 11f RM is quasi-Pro7'ective and 1(M) is Artinian, then 'flS) is niipo-

tent.

   Proo£ Since M"S) is a sum of small submodules, we obtain the descending
chain J(M) p MJ(S)]MJ(S)2 2 ･･･ 2 MJ(S)k 2 ･･･, and so Ml(S)k = M"S)k't for some

integer k. Since rtS) is right T-nilpotent (Th. 1), the argument usecl in [1,pp.

473-474] implies MJ(S)k == O and hence "S)k == O.

   Combining [5, Th. 3. 10] with Cor. 1, we can see the foilowing

    Corollary 2. if RM is finitely generated Pro7'ective and Artinian, then S is a

semi-Primary ring with ni(Potent radical.

    The next is a dual of Th. 1

    Theorem 2. if RM is quasi-inf'ective and satiskes the ascending chain condition

for essential submodzales, then 1(S) is left T-nilpotent.

    Proof. One may remark first that for every element s of "S), Kers is

essential in M ([4, Ex. 4,4.8]). Let {si} i-i,2, ･･･ be an arbitrary sequence of

elements of "S). Then we have the ascending chain of essential submodules Ker si

1) "small" means "d-dense" in the sense of [5].
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[;; Ifer sis2 [ ･･･ g Ker sis2･･･s. g ･-･ and hence there existsa natural number n such

that Kl7r sis2･･･s. =: Ker sis2･･･ s.s.+t. Therefore, Ker s.+i A Msts2･･･ s.= O. Since

Ker s.,i is essential in M, Msis2･-･ s. ==: O and hence sis2･･･ s. = O.

    Corollary 3. ,l17e RM is quasi-iniective and ATbetherian, then 1<S) is nilPotent.

    Proof. Since M is Noetherian, S satisfies the ascending chain condition for

left annihilators ([6, Lemma]). On the other hand, 1(S) is left T-nilpotent by

Th. 2 and hence f(S) is nitpotent by [2, Prop. 1.5].

    Combining [4, Prop. 4.4.2] with Cor. 3, we can see the following.

    Corollary 4. 111C RM is iniective and Noetherian, then S is a semi-primary ring

with nilPotent radical.
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