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1 Introduction
We shall attempt to compute the suspension-order of a complex

Yk+1 — S" U ke U e71+2(‘1—-1) U e”+2(‘1—1)+1 Uereree U en+2k(¢]—1)+1

with only homology groups H**¥-Y, )~ Z, for i=0, 1, ---- , k, where p is
odd prime,

H. Toda [4] gave the general properties of the suspension-order. We compute
Ko* in order to give a lower boundary of the suspension-order of Y,,;. Here, the
notation Ky * means the reduced group of original K-theory of vector bundles,
But, we shall use only the definitions

K5i(X)=[S'X, Bo] and K7 (X)=[SX, Bu]
and Bott’s periodicity [17.

2 Suspension-order of complex Yz

We shall use the following notations. For each topological space, we always
associate a base point*  Mapping and homotopies considered are hase point
presevring, The set of the homotopy classes of mappings f: (X, *)—> (Y, %) is
denoted by [X, Y.

Let A be a subspace of a topological space X, then X/A is a space obtained
by smashing A to a base point, ¢: X —> X/A indicates the smashing map (pro-
jection). A reduced product AADB is AxB/Av B, where AvB=AxxUxxB. We
define n-fold suspension S”X of X by the formula S"X = X A S” (§X = S1X). We
denote by 1y and ¢, the identity map of space X and its homotopy class and call
the order of the homotopy class ¢sy the suspension-order of X.

Let A and B be topological spaces, and f:B——> A a continuous mapping,
then we denote by

AUCB
f
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a space obtained from a cone CB by identifying its base B with the mapping f
into A. '

Lemma 2, 1. Let Y=Y, Then the class pisy is represented by a mapping
f:8Y,—> SY, satisfying the following conditions; f(SY?hc SY»+=1 for i =0,
L, e , Ak —1)(p — 1) + 1. Amapping f;: S™eip-Drl_y Gu20-1XP-D%2 given uniqueiy
by the commutativity of the diagram

SYZ+t SY}:+t_1 - SYZ—I—?,(J'—I)(D—D-H

la lql

i s
SYZ+t/SY;;+t"1: gt y SUALU-DG-D+2 SY%'H_l /SY}eH_/—"

represents a gemeralor of murzjcp—141 (S™XI-VE-V% by if and only if (AP — Pid)
Hr+2ie=0(Y, 7,) = 0, where t = 2j(p — 1) and 4 is mod. p Bockstein operator.

Proof. Let u: S'—> S! be a mapping of degree p, Then pesy is represented
by 1y Au: SY,—>SY,. Let h=1y A u. Since h.a) = pa=0 for a« € H(SY}),
we have that i, : H(SY;)—> H,(SY,) is trivial for ¢ > 0. Obviously, Hut:+2(SY},
SY 4+ Y m Hyp142(SYR) = 0, and Hyyr41(SY) &~ Hupr41(SY,, SY3H+h~ 7,
Applying lemma 1.4 of [4] for n+i+l=n+24(p—-1)+1(G =0, 1, - , k—1)
in place of # in the lemma 1.4 of [4], we get a homotopy %, : SY,—> SY, such
that % = hq, hS(SY,’e’+2j(i’_1))C SY}:+Zj(D“1)), hl(SYZ+2j(1’_l>) c SYZ+2(J'—1)(1)—1)+1 and %,

(SYpt2itr=D+ly o Syp+2 (=D We put f=hy, then the first condition is satisfied.

Consider complexes K:SY%JCSY,Z and K,=1SY, L%CSY,C. They have the same
homotopy type. In fact, we give a homotopy equivalence F': K——>K; as follows.
A point of CSY, is represented by a pair (%, s), x = SY,, s [0, 1]. Then I is
defined by the fomulas

F]SYk - 1SY
and
(x, 25—1)  for 1/2<s <1,
F(x, s)=
has(x) for 0<Cs<<1/2
F is a cellular map and
(1) Ia (S Y;;+2j(17—1)+1 UIZCSYZ+ZJ'(D-—1)—]—1) c SY;;-{-Zj(/)_l)_l_l UfCSY;aH"Zj(/’_D’*"]'_

Let a@; and b; be chains in the cell complex K represented by the cells Se**!
and CSe", respectively. For suitably chosen orientations of the cells, we have
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Basjcp-1301 = Dlzjp-13
aazj(ﬁ_l) = O,
0bsjcp-1351 = Pbojip-15y — PAzjcp-13

ab2j(p—1) = Plsjcp-1).
Let a’; and b'; be corresponding chains of K;, then

! i !
0a'5jcp-1ye1 = D'2jcp-1,

I —_ ! —
da 2j(p=1) = ab 2jop-1 = 0,

! — !
ab sicp-1ye1 = Pb'ajpm15e

Consider the chain mapping Fi: C(K)—> C(K;) induced by F. From the definition
of F, Fya,)=a'; and Fgb,) =b', mod a',,,. It follows from the relation (1) that
Fybojop-1p41) = 0'9jp-npe1. By use of the naturality 9.F4 = F3,0, we have that
Fybyjp-1) = 0'gjep-15 + @'ajeporyen-

Let «;, B;, a';, and §'; be the dual classes mod p of a;, b;, a'; and b';, respec-
tively. Then they are independent generators and the induced homomorphism
F* AYKy;, Zy,)—r H¥K; Z,) satisfies

F*(“'zj<p—1>) = Q2jp-13
a5 jp-1341) = Qgjcp-ne1 + Pojcp-13
FXg) = B..

It is easy to see that K = SY, L/J CSY, =Y, ANPefor P2=S1yCSt="*Ue! Ue

3 ¥
Each cell of Y, and P? represents cohomology class mod p. Then de! = 2, de™+2/»-0

_ gn+2j<p—1>+1

Assume that Ple"*’ = x""*22-D for some integer x, (0 <x, < p). Then we
have, by Cartan’s formula,

$1(en+s X 21) — xs(en+s+2(p—1) X el)
and

S/B1(en+s % 82) — x‘s(em—s«kz(‘b—l) X e?,).

The projection ¢:Y; x P*—> Y, A P? induces isomorphisms of H*Y, A P% Z,)
into H*(Y, x P% Z,) such that

7o) = €™ x €' and g*(B) = """ X €.

By the naturality of the 3! -operation, we have that
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§Bi18: = xs[Bs+2(1>—1)’

1 —
‘S‘B Oy = Xs®¥sr00p-1)

By use of the inverse of F*, we have that

B
%1‘8 s xsﬁ(s-l»Z(p—l);
1/ : i !
Pl sicp-15 = Foip-15 2651 (o1

17 — ]
Bl gip-1341 = Loiep-1ye1 @' 2641y p=1ra1

- !
+ WFaicp-1y T Toicp-1300)8 2004 o1

The commutativity diagram of the lemma defines a mapping

Q: SY‘;;—!—ZU—D(I)"‘D‘FI B‘.J CSY]I:-%-Z] (=1 3 Sn+2(j_1)(P_.1)+2 U CS"+2j(P—1)+1,

!

which induces monomorphisms of cohomology groups mod p. a'sj-1) p-ns1 and
B'zjcp-1y are the images of @*. It follows that 0 in S™2/-b -2 U CSm+eitr-Dr1

if and only if Xgjcs-1y —% 9jp-v+1 £ 0 (mod. p). Its means that (4P — EBIA \H+2i5-1
(Yk; Zp) +*= 0.

Proposition 2. 2. Let n>=2. The suspension-orvder of Y,=8"Ue"1 U ...
Uen+z(k—1) (p-1 @] et 2= p-DYL {5 q divisor Of pk'

Proof. We prove by induction on % Since we may consider SY, | =
Sy ptek=0-D+1 - gy, | is a subcomplex of SY, Then, from Theorem 4.4 of
[4], the suspension-order of SY;/SY;_; = SP2*k-DG-DHL | gnt2G-D P-D32 {g h From

the assumption of induction and Theorem 1.2 of [4], we obtain the result.

3. Computation of Kj(Ye) and Ko(Ye).
We shall use the following exact sequence in K-theory (K" = K" or K"y}

(Q)evere > KX A) > KX)o KHA)—> KX A oo

Note that if X = Al} CB, then the diagram

(71 ; KTH 1 X/A (Il«{-l SB)

X7
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is commutative, where the suspension homomorphism S is an isomorphism onto.

»
For a CW-complex Y and a fibering 0—> 0/U (=£28,), there is an exact
sequence

i* D K
@ e ——>K(V) > K (V) —> K5 (V) —> KL (Y )~

The sequence commute with homomorphism induced by a mapping f:Y' -—Y
and also the homomorphism in (2).
Let B% be a (k — 1)-connected space such that 2¢Y(B%) has the same singular
homotopy type as By.
' Lemma 3, 1. (H., Toda [4]) (i) Let L be a CW-complex such that L*!=*
Then we have natural isomorphism K (L) = [SL, B 1 for i=>1.

(i) We may take BY, as CW-complex such that the (k -+ 4)-skeleton of B¥ is Skt
My = St1 | ek*8 {f k> 2, where M, is the complex projective space,

The values of K%(S") and K57(S") are as follows

i -4 -3 —2 -1 0 1 2 3
(4) K%Hi(sm Z 0 Z 0 Z 0 Z 0
K%H(S?) Z 0 Zy Z Z 0 0 0

Consider Y; = S" U e"*t) where u: S"—>5" is a mapping of degree p. Then,
U

it follow from the table (4) and exact sequence of (2) that

1 2 3

i —4 -3 =2 -1 0
(5) K§Hiyy) 0oz 0 2 0 Z 0 Z
KMy o zZ, 0 0 0 Z, 0 0

Lemma 3. 2. A generator of K S¥e-VY,)~ [S¥r-VY, By~ Z, is repre-

sented by a mapping h: S¥¢-0Y, B satisfying the following condition; Let
a mapping i S"TE1——> S"*2 yepresent a generator of w,.ep-1(S"E P), then the
Sfollowing diagram

S2e-1y, -—h——> B’[’;Ll
i E
h
Srvep-1 N Snte

is homotopy commutative, where i and j are inclusions (n>2p — 1),
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Proof., Let m =2p — 1. From the puppe’s exact sequence, we have that the
homomorphism * : [S"Y,, S"%¢]——[S""”, S"2] induced by inclusion ¢ is an

isomorphism of the p-primary components. Since ., (B% !/ S™% is an infinite

cyclic group, we have that the homomorphism 7,:[S™Y;, S™¥]—[S™Y,, BH1]
is epmorphism of the p-primary components, Therefore we have the required
homotopy commutative diagram,

Consider Ky * of a complex Y.
Proposition 3.3. Let n be sufficientlr large (n > 2p — 2).
(i) K% (Yy) =0 and K Ys) has pP-elements,

(ii) If AR — d = 0 in Yy, then K (Vo) = Z,,

Proof. We apply the exact sequence (2) for projection g: Yy—— Y,/ Y)T!
where we may consider that Y,/Y;*l = S*#-0Y, and Y}* =Y, Then the follo-

wing sequence is exact

0 —> Kflz]+1(Szp—2Y1) L ]{nUfrl( Yz) L [()[z]ﬂ(yl) —> .

An element ae K1 (V,) &~ [SYs, B of i*(a) # 0 is represented by a compo-
sition gopy: SYy——SY, /5" —— Bl where g|SYa/S" = g|S"2 : §"*2 —
B is the injection. Now pa = aopegy for ¥ =Y, By Lemma 2.1, prgy is rep-
resented by a mapping f: SY:—>SY; such that f(SY; ™72 c SY}* and f(SYF™)

c SYj=S""'  Then there is a mapping f': SYy/SY,—>SY,/S5"*! such that the

following diagram is commutative
. f .
SY, — SY,

lSq lqo

i

g
SYy/SY, —>» SY,/S™1 —» Byt

where ¢y: SY; —> SY,/S"*! is projection,

Thus pa is vepresented by gogoof = gof'eSq. Thus pa = ¢*(y) for an element 7
of K (Yy/Y,) = [SY,y/SY,, BY] represented by gof’. We may assume that g is
cellular, Then (gof")(SY}+#72/SY ) g(SYFTL /S™1) = g(S™*2) ¢ S™*2c By,

Consider the restriction gof’[S"*20-1 Then gof'|S"+er-1 = fr|S"+2r-1; Gn+ep-1___
S™2 By Lemma 2.1, f'|S"*271 is essential if and only if 4B — PB4 = 0in Vs, It
follows from Lemma 3.2 that y is a generator of K’ (Y/Y,), the order of « is
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P2, and K5 (Yy) = Z, if AP — P4 = 0 in Y.
Theorem 3.4, (1) KjH{Y= 0,

(i) The group KHNYW has pt-elements,
(iii) If (AP — PAH™ PP, ; Z,) =0, for integer i =0, 1, - , k-1, then
KUY ) o= Z

Proof. It is obvious for 2=1, by table (5). Then (i) and (ii) are proved by
induction on %, using the exact sequence (2) for projection

q: Vi——> Y, Y ut2¢=D =D+l where we may consider that

Yk/y;:4»2k =2 (0 +1— §2-2 -0+1Y, and Y,’;+2 (=2) (P—D+1 _ Y1 In fact, the

following sequence is exact;
p*
0 —> K7l11+1 (Yk/Yk—1) _ Kf(z]—}-l (Yle) > K 7[;]—!—1 (Yk—l) —0.

(iii) Assume that K%"(Y}) is not cyclic. Let ¢ be the maximal intger such

that K%YY,/Y,) is not cyclic. Then it follows easily that K%' (Y;../Y;) is not
cyclic and (4Bt — PNHH-D PV, Z) = 0,
Theorem 3.5, (1) The group K5H(Y,) = Ofor i —3 and 1 (mod 8), (ii) The group

K2+(Y,) has p~elements if i= —3 or 1 (mod 8), (iii) If (4B' — PUH*2e-0(Y, Z,)

=0 for integers j =0, 1, - , k=1, then the groups K™ Yy and K57°(Y,) are
cyclic,

Proof. (i), (ii). We prove by induction on k. It is obvious for 2 = 1, by table
(5), Suppose that (i) and (ii) are true for £ — 1. Using the exact sequence (2), we
have the following sequence

is exact. We may consider that Y,/Y;., = S¥-0#-DY,  From the table (5) and
Bott’s periodicity, K" (Yy/Ys-1)~ Z, for i= —3 or 1 (mod 8) and K5"(Y,/Y;_}) =
0 for i % —3 and 1 (mod 8).

By the inductive assumption and the above exact sequence, (i) and (ii) are
true for k.

(iii), Consider the exact sequence (3)

From (i) and (i), i, : K% (Y,)—> K%Y, is an isomorphism for i = —3 or 1
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(mod 8).
Corollary. Let n>>2p — 1, If (4P — $id) H¥P>-0(Y,; Z,) + 0 for integers § =
0, 1, - , k— 1, then the suspension-order of Y, is p*,
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