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§ 1. Introduction

Let Sp(n), U(n) denote the symplectic, unitary group respectively and Z. the
homogeneous space Sp(n)/U(n).
The homotopy group me,.;(Zx) (i <0} is called stable and by Bott [17,

ﬁq(Sp/U) - ﬂ‘q.l_l(S_p) q= O, 1, 2, ...... .

In this paper we compute the unstable homotopy groups of the homogeneous
spaces Zn. For i <{7, the group mew.:;(Zx) are computed and the results are given
by the following table :

Table of mgu+i(Zy)

; < 4k 4h+1 ak+2 dk+3

1 Zal Z+2Z, Zoxn! Z

2 Zy Zs Zs 0

3 Z+Zy+ 27y Znts! Z+Z, Zanl 72

4 Zo+Ziga,m Zsaninyr2 Ziga,m Zsamasy/a

5 Zinsny) @a,my/ 24 Z Znan! o4,m 18 ZA-Zy

6 Zganrnse Zgantty Zgaprnse Zy+Zgaman
7 Z+Zy Znan! 2a,n41>748 Z+Zy VATIEN (24,m41)/ 24

where (24, n) is the g. ¢. d. of 24 and #n.
The computations will be done by use of the homotopy exact sequences (2. 1)

and (2. 3).

§ 2. Preliminaries

Let sau:U(m) — Sp(n) be the inclusion and pn: Sp(n) — Zn = Spn)/Un)
the projection.
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Consider the commutative diagram

Sn

7l'2n+i(U(n)) > 7{2,”1(8[7(%))
752n+i(U) i 77-'2n+i<Sp)
induced by inclusion maps, where i'sx is an isomorphism for i<(2n + 1. On the

other hand, ne,.i(U(n)) is finite group for i >0 and me,4;(I) is trivial or infinite
cyclic group. Thus the homomorphism

Sn - 7r2n+i(U(1’l)) - 7[2,1.;.,'(81')(%))

induced by the inclusion sx : Un) —— Sp(n) is trivial for 0 <i<<2n-+1.
From the homotopy exact sequence associated with the fibration pn : Sp(n)
Zn with a fibre U(n), it follows that the sequence

>

n 4
(2- 1) 0 — 71'271-”(817(”)) —j)—_’ 772n+i(Zn) . ﬂZn-x—i—l(U(n)) —— 0

is exact for 1 <{i<{2n + 1
Consider the fibration Spn-+1) / Un) — Spn-+1) / Sp(n) = S+ with a fibre
Zn=3Spn)/Umn). Then we have the isomorphism

(2.2) wp(Zn) 2= mp(Sp(n)/U(n)

for A <|4m + 1.
From the fibration

Sl = Un + 1)/Un) — Spn+1)/Un) — Spn+ 1)/Un+ 1) = Zn

and (2.2), we have an exact sequence

' 7 d
2.3) e S L m(Z) T m )~ md(ST) —

for (<C4k + 1.
Further, we obtain the following commutative diagrams

] ¥n
s sy 2 nZe) S m(Za)

(2. 4) [

. TEk(SZﬂH—l)

N TL'k(SZ"”) ——

b

() oz (Ul 1)—Tr mpoa(g27) —

with exact rows for £ <(4n + 1 and
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7 A
0 — mSpm) I mZe) - meUm)  —— 0
(2. 5) 'n ¥n in
: ﬁn-&l l l

0 — mp(Sp(n+ 1))

" TCk(Zn+1)

» wp-1(Un+1)) — 0

with exact rows for 2n + 3 <<k <C4n -+ 5.
From (2.4}, we have the commutative diagram

]

2 +i(SPT) I, Tonsi(Zn) — Wapsi-1(SP7Y)
N | S
Ton+i-1(U(n)).
Then, from Lemma 1.1 of [3], q: 7en(Un)) —— m2,(S*71) is given by
q(Dean+1) = 0 for » odd
q(Bean+1) = nan-1 for »m even
where 9,41 I8 a generator of m,(U(n)). Then we obtain that

(2.6) 0jnltzns1) = nan-1 for m even

Ffnltanst) = 0 for n odd
and for the boundary homomorphism @, we have the formula
(2.7) (a0 EB) = ((9n)(e))oB
where E ia a suspension homomorphism,.

§ 3. Calculations.
Let 1<<i<<{2rn+ 1. Then

o i(Spm)) = 0
for 2n+i=0, 1, 2, 6 mod & Hence, from (2. 1),
(3.1) Tan+i(Zn) == wapnsi-1(U(0))

for 2n+i=0, 1, 2, 6 mod 8 and 1<i<{2n- 1
From (2.5) it follows that the diagram

0 — 71'an+4(SP(4H‘|"1)) — 7t8n+4(Z4n+1) - Tf8n+3(U(4n+1)) — 0

I | |

0 T 71'3;1+4(S]5(4I'1+1—k))—-—> 778;1+4(Z4n+1—k)_’ 77811+3(U(47’5+1_k)) —— 0

37
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is commutative. {' is an isomorphism for 4k <(8n -+ 1. Because of commutativity
in the above diagram, it follows that lower sequence is a split extension if the
upper is. The sequence splits trivially, since wgu:s(U(4n + 1)) = 0. Thus

(3.2) 77871+4(Z4n+1—k) =Zy+ wgna(U{dn + 1 — k))

for 4k <8n 1.

Consider the exact sequence

7t8n+6(Z4n+3) —r ”8n+5(88"+5)

* 71'8n+5<Z4n+2) - 778n+5(Z4n+3)

of (2.3) where mgnie(Zan+a) =2 Z, mon+s(Zinrs) =0 and  wey,5(S¥*%) 22 Z. Thus, from
the exactness of the sequence,

(3.3) Tenes(Zanes) 1s a cyclic group.
From (2.5), we have the commutative diagram

0 — 7z:3n+5(S])(4n+2)) i 71.'3”+5(Z4n+2) I ﬂsn;4(U(41’l+2)) — 0

Ii' I“”” Ii4n+1

0 —— wopes(SPAn+1)) — 7ous5(Zane1) — menas(U{dn+1)) — 0
Ni' ‘[7’4” Tilm

0 — menss(SP(An))  —— Tenas(Zan) —— WenrdU{dn)) —— 0

Ii’ ‘[7’4;1_1 Timq

0 » Tanas(SP(An—1)) ~— mans5{Zan-1) ~— TansoU(dn—1))

> 0

where {' are isomorphisms for n > 1. From [3], {441 is @ monomorphism and from
(4], i4n, fan-1 are monomorphisms. Hence, from the five lemma, it follows that the
homomorphism #e+i 5 Tanss(Zan+i)

> Tanss(Zans1es) (6 =1,0, —1) is a monomor-
phism. Since a subgroup of a cyclic group is cyclic, we have that zg,.s(Zenis-i)
(i=0,1, 2, 3) is a cyclic group.

Now let O(8n + 4, 4n + 2 — i) be the order of the cyclic group rs,+(Udn 4+ 2 — i)}
for 0<Ci<{3. From the exact sequence

v

0 — mop.s(SH(AN + 1)) — Teprs(Zensi) — monsa(Uldn + 1)) >0
of {2.1) and meyus(Sp(dn + ) = Zy for —1<Ci<2,
(3. 4) the group msu.s(Zanse-i) is a cyclic group of order 2 x O(8n + 4, 4n + 2—1)

forn>1, 0<<i<C3.

Consider the exact sequence
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TonsalZand) — Toner(SHYT) — Tonsr(Zanss) — Toner(Zanss)
of (2.3) where mepsr(Zanss) = 0 = wsne8(Zanse). Thus

(3- 5) 7T8n+7(Z4n+3) =Z.

Consider the diagram

7f8n+6(58”+3)
7
j
ﬂBn+7(Sgn+5) — 7T871+7(Z4n+2) e 77-'8n+7(Z4n+8) — 7f8n+6(88"+5)

with exact row. From (2.6) and (2. 7),

(3- 6) éj(028n+5) = éj(lsu+5>7]28n+4 = ?38n+3 = 12545 7 0.

39

Hence 7 : mgue0(SP"*5%) 22 Zy — mgp4n(Zsnse) is @ monomorphism, Thus, from the

exactness of the above sequence,
(3- 7) 7an+7(Z4n+2) =7+ ZZ

where Z; is generated by 7(n%s,4s).
From the exact sequence

0= 778;2+7(58”+3) — 71'8n+7(Z4n+1) I ﬂfsn+7(Z4n+2) —_— ﬂ8n+6(58"+3)
and (3.6), (3.7), we obtain that
(3. 8) 71'811+7(Z4n+1) =Z.

From (2.5}, it follows that the diagram

0

» 0

> ﬂsn+7(51)(4%+1)) I Tcan+7(Z4n+1) - ”Bn+6(U(4n+1))

I o

0 — ﬂsn+7(517(47l)) » Tonat(Zan) —— men+s(U(40)) — 0

is commutative. ¢’ is an isomorphism for 7> 1. From [5], {4, is the split epimor-

phism and a kernel of 74, is isomorphic to Z;. From lemma 3.6 of [7], #4 is the

split epimorphism and the kernel of 7y, is isomorphic to Zz. Thus
(3- 9) 71'871+7(Z4n) =7+ Zz-

Consider the commutative diagram
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0

I

> 7TS11+3( U) — 7f8n+3(Sp) - 7[8n+3(Z) — 0

| I

0 —— men+3(SH(dn+1)) "L Tan+8(Zanst) — waus2(U(dn+1)) — 0

A

0

J
T8n +3(Ssn+3)

|

0

where rows, column are exact and 7' is an isomorphism. From the exactness of
the column sequence, the group msu:s(Zens1) is either Z or Z 4+ Z; From the
commutativity of the above diagram, ms,.s(Zans1) must be Z + Z,. Hence

(3. 10) Tons8(Zans1) = Z + Zo.
Consider the commutative diagram

0

> ﬂ81z+3(Sp(4n+1)) - > 7T8n+3(Z4n+1) I 77-'8n+2(U(4“+1)) )

33 + .
1 Van lay

0 — W8n+3(Sp(4n)) —_— 758n+3(Z4n) r 75871+2(U(4n))

> 0

of (2.5) where i’ is an isomorphism for #_>>1. {4, is the split epimorphism and its
kernel is isomorphic to Z,. Thus from lemma 3.6 of [7], 74, is the split epimor-
phism and its kernel is isomorphic to Z,. Hence

(3 11) ﬁgn+3(Z4n) = Z —I‘ Zz _l" Zz.

Consider the exact sequence

0= 758n+3(88n—1)

> 75811+3(Z4n) - TCDBnJrZ(SS”"I)

[

7[8n+3(ssn+1>-

r 75811+3(Z471-1) h

From (2.6) and (2.7),

5j(7728;z+1) = (5]')(!sn+1)ﬂzsn+1 = PPau-1 = 12vg,_1 0,

Hence from the exactness, we have

(3.12) Tonsa(Fan-1) 5= Z + Zo.
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From (2.5), the following diagram

0 ~—— @ausa(SP(AN — 1)) — 7en48(Zan-1) — monsa(Uldn — 1))

Ii' Ihn—z Iim—z

0 — Tfan+a(SP(4”*“ 2)) —_— 758n+3(Z4n—2) > W8n+3(U(4n"‘ 2)) — 0

> 0

is commutative where ¢’ is an isomorphism for # >>2. Since {4;-2 is an isomorphism,
Y4n_2 is so. Thus

(3.13) Tanas(Zan-2) = Z + Zs
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