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§ 1. Introduction

Let SU(n), SO(n) denote the special unitary, special orthgonal group respectively
and Y, the homogeneous space SU#x)/SOx). In [2], B. Harris showed that the
homotopy exact sequence of the fibrations

SO@n 4 1) — SUn -+ 1) — Yipus

reduces to the following direct sum decompsitions modulo 2-primary components ;
. e., there exist the following &—isomorphisms

7i(SU(2n + 1)) = 7;(SO@2n + 1)) @ i Van+1)

for all i, where & denotes the class of 2-primary abelian groups.
If # <0, then the homotopy group z,.,(Y,) is called stable and has been deter-

mined by Bott [1]; he showed that in the stable range,
(V) =2 for ¢ =1, 5 mod 8,
7g(Yy) =22 for ¢q=2, 3 mod 8,
7q(Y,) =0 for q=0, 4, 6, 7 mod 8.

In this paper we calculate the first few unstable homotopy groups of the homo-

geneous spaces Y,. The homotopy groups z,.,(Y,) are given in the following table
valid for s> 1:
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Table of w4 (Ya)

S s 8s+1  8+2  8+3  8+4  B8s+5 8546 8547
0 z Z+Z,  Z+Z  ZatZs z Z+Z, z Zy
V| Z4 24 2y 2ok 2 ZatZs 0 Z+4TotZy  Zo Z 0
2| ZoAZatZe ZotZy 0 Z+Zy  Zat+Zs Zy 0 Z+Zy
3| ZotZutZs  Zo Z+Zy Zatle ZatZuwa Lo L+Zn  ZetZa
4 Zy z Z, Zsa Z z Ze  ZatZs
5 z Zy Zoa Z z Zy  ZtZs  Zs

where d =1 or 2 (if s =1, then d = 1).

§ 2. Preliminaries

Let ka : SO(n) — SU(n) be the inclusion map and pa : SU(n) — Ya=SU(n)/
SO(n) the projection. Inparticular we put SU{ee) = SU and SO(c0) = SO. Let ju:
SO(n) — SO and 7y : SU(n) —— SU be the natural inclusion maps. Then we have
the commutative diagram

sow) -5 sum)

(2. 1) Y]'n l?’n
so . su
and the fibration
(2.2) sow) *4 sum 25 v

The following two lemmas are well known ;

Lemma 2.1. For the homomorphism k: wa(SO)
nclusion map k: SO — SU, we have that

» wo(SU) induced by the

(1) R is a trivial homomorphism for n==—1, 3 mod 8,
(2) k is an epimorphism for n = —1 mod 8
and
(8) k map a generator onto 2 time gemerator for n= 3 mod 8.
Lemma 2.2. (See [4]) Consider the homomorphism fy : xm (SOn)) — mm (SO)
nduced by the inclusion map ju : SOn) — SO. Then,
(L) Fo i t mes(SO(8s — 1)) » mes(S0) is a split epimorphism for s=2, i<<4 or
s=1, i1
(2)  Joeit s (SO(Bs — i)
s=1, i<2

» wese1(SO) is an epimorphism for s =2, i<<4 or
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B)  Fottt maens(SO(8s — 1))
s=1, <O

» 7as+3(S0) is an epimorphism for s =2, (<2 or

@) jei  mes—1(SO(8s — i) — mes1(SO) is an epimorphism for s>2, i<5.

B) jo_;: walSOm — 1))
8 —1and all i, s> 1

Consider the commutative diagram

» wn(SO) is trivial homomorphism for n +8s, 8s + 1, 8s-+3,

n
kﬂ—z’

ma(SOm — 1)) — wu(SU(n —i))

l ].Z—i lrn

k
zn{S0) — wx(SU)
induced by (2.1). If #>>2{ + 1, then #x is an isomorphism.
Thus from Lemma 2.1 and Lemma 2.2, we have

Lemma 2.3. [fn_>2i+ 1, then
(1) kz_i : (SO0 — 1)) —— wa(SU(n — 1)) is trivial homomorphism for nz= —1, 3
mod 8,

(2) kgi:i_i : m3s-1(SO(85s — 1 — 1)) — mwes_1(SU(8s — 1 — 1)) is an epimorphism for
s> 2 and 1 < A4.

§ 3. Calculations

If #n is even and n > 2 + 1, then za(SUn — i)) = m(SU) = 0. Thus, the homo-
topy exact sequence associated with the fibration (2.2) breaks into the following
exact sequence

n
k n-i

(3 1) 0 — 71'71+1(Yn._i) —_— 77.'11(50(% — i)) — TC;z(SU(n -— l))

r ﬂ'n(Yn-z') — wn-1(SO(n 1))

> 0
where #n > 2{ + 2 and » odd.

Proposition 3. 1. Let n=28s+ 1 or 8s+5 (s>>1) and n>2i + 2.
Then,
(@) wne1 (Vo) = aa(SOm — 1)),
(1) The sequence

0 — 7a(SUm — i) = Z

* ﬂn(Yn—i)

> ﬂn_1(SO(%—i)) — 0

is exact.
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Proof. From (3.1) and (1) of Lemma 2.3, we obtain the results.

Proposition 3.2. Let n=8s—1, s>2 and i <<4. Then
(@) wn(Yu-i) = wn-1(SOMm — i),
(#i) The sequence

0 — mns1(YViuoi) — wa(SOm — 1)) — mu(SUN —i)) =Z — 0

is split exact.
Proof. From (3.1) and (2) of Lemma 2.3, we obtain the lemma.

Lemma 3.3. If the diagram of groups and homomorphisms

. i hi i+
— A fl* Bi i Ci —— Ain i_; Biy .
o B b e
, f; . gt’ f h; ' f+1 ¢
>A,‘ - Bi ci - Al+1 : Bi+1 7

is commutative, horizontal sequences arve exact and y; are isomorphism, then the
sequence

i, ht ilg;
...... g (e S0) Sy L P g ey,

H

is exact.

Proposition 3. 4. Assume that s>2, i<<2o0r s=1, {<0.
Then,

(@) Tgss3( Yas_i) == mesus{ ¥) @D mos.2(SO(8s — 1))
2= Zy @ mas42(SO(8s — 1))

where Y = SU/SO,
(i) The sequence

0

> 7f8s+4(YBs-i) B TE33+3(SO(88 — l)) > 7L‘gs+3(SO) =7 —— 0

is split exact.

Proof. From (2.1) and (3. 1), it follows that the diagram

0

> mgssa( Yasoi) — mes+3(SO(8s — 1)) > 7es43(SU(Bs—1))
i [roei

0 — 7T83+3(SO) > 7TBS+3(S U)
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> 0

> 7!'85+2(SO<85 - l))

1

- 77-'ss+3(Y) . 0

—— mpsan(Vas-i)

is commutative with rows exact.

If 4s >>i+ 2, then 7gs-; is an isomorphism. Thus, from Lemma 3.3, we have

the following exact sequence ;

Q0 — 71'35+4(Y55_i) — 7T33+3(SO(83_i)) > 77-'85+3(S0) gZ

I 7Tes+3(Yss—i) - ﬂss+3(Y)®ngs+3(SO(8s—i)) — 0.

By (3) of Lemma 2.2, ]Z:f is an epimorphism for s>2, i<<2 or s=1, 7<0.

Thus we obtain the results.
Put n=28s + 52> 2/ + 2. Then, from (2.1) and (ii) of Proposition 3.1, it follows
that the diagram

> ﬂ'n(S U) > ﬂn( Y) > Trn_l(SO)
I?’n-i T in

0 — @a(SUMm — 1)) — an(Vi-i) — mn_(SO( — 1)) — 0

is commutative and 7»_; is an isomorphism. It follows that the lower sequence is
a split extension if the upper is. But the upper sequence splits trivially, since
73s14(S0) = 0. Thus we have

Proposition 3.5. Let n=8s+52>22i 4+ 2. Then
T YV-i) = wn(SU(n — i) @ mn_1(SO(n — 1))
= Z@ ﬂ'ﬂ_l(so(n - Z)>
Lemma 3.6. If the diagram of groups and homomorphisms

0——‘>G1——‘*G2——’G3—‘—>0

o le
- Hy — Hy — Hj

h

0 > 0

is commutative, hovizontal sequences are exact, h is a split epimovphism and f is an
isomor phism, then
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(i) ker. g==ker. h
(7i) The sequence

0

>ker.g—*G2—g;>Hz—+0

is split exact.

Proposition 3.7. Pul n=28s+ 1. Assume that s>2, i<5 or s=1, i<2.
Then

n(Yooi) = aa(Y) D kernel of J'Zj
=7® ﬂn(Vm,m_n+i)

where m is to be large.

Proof. From (ii) of Proposition 3.1 and (2. 1), it follows that the diagram

0 — 2u(SU® — 1)) — zn(Vuoi) — wn_1(SOt — i) — 0

Jra-s i K=

0 — ﬂn(s U) —_— Tl'n(Y) — nn_l(SO)

. . . . . -1
is commutative and #»_; is an isomorphism. From (1) of Lemma 2.2, j,7; isa

split epimorphism. Thus from Lemma 3.6, we obtain the result.

§4 The homotopy groups of ¥, for low values of n.
Propasition 4. 1. 77.'3(Y3) = Z4, 71'3(Y4) = Zz, 7E4(Y3) =0 and 1‘[4(Y4) =7.

Proof. Consider the commutative diagram

i 72,'3(80(5)) —}i“’ ﬂa(SU( ) —_— ﬂa(Ys

I
0 — (Ve — m(SO(4)) LN 7a(SU4)) — my(Ys) —— ma(SO(4))

|
(

S N
(

0 —— my(Ys) » m3(SO(3)) —kg—> 7a(SU(8)) — #3(Ys) — m(SO(3)) — 0

0

» 0

where 73, #. are isomorphism. Now jg: m{SO(4)) = Z 4+ Z — m(SO(5)) = Z is an
epimorphism and ks : n3(SO(5)) = Z —— m3(SU(5)) == Z maps a generator of w3(SO(5))
onto 2-time generator of m(SU(5)). Thus, from the commutativity of diagram,
ka(ms(SOM4))) = 2ZCry(SU4)).  Since m{SO{4)) =0, we obtain that =y(Y,) == Z; and
m (Vi) = 7.
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From [6], jufs: ms(SO(3)) == Z —— m(SO(5)) == Z maps a generator of m3(SO(3))
onto 2-time generator of =3(SO(5)). Thus, from (3) of Lemma 2.1, k3 maps a
generator onto 4-time generator of =y (SU(3)). Since m (SO(8)) =0, we obtain that
73(Ys) = Zy and my(Y3) = 0.

Proposition 4. 2. (i) ns(Ye-i) 2= n5(SO6 — 1)) for i =0, 1, 2 and 3.
(#ii) The sequence

0 » ms(SUB — 1) = Z r wy(Veoi) —— wo(SO6 — 1)) > 0

is split exact for 0 <Ci <3.
Proof. Since jé’ﬂi : 75(SO6 — i) —— =5(S0) is trivial we obtain the results by

the same calculations in Propositions 3.1 and 3.5.

Proposition 4. 3. (i) nY3) = Zs, m(Ye) 22 Zy and n(Ys) = Zs.
(1) me(Xs) 2= Z and we(Vs.:) =0 for 1<i<3.

Proof. =5(SO(m)) =0 for m_>»5. Thus, from (3.1), we obtain the following

commutative diagram ;

w(S50) o a(sTU)
L .

0 — (V) —— A(SOE) — 5 A SUB) — m(¥e) — 0
I

0 — 7(Yy) — m(SO(7) — wSU(T)) — m(Yy) — O
T

0 — m(Ye) — 7A(SOE)) o 2(SUB) — mrlVe) — 0
T

0 — m(Ys) — m(SOB) o m(SUB) — mal V) — 0

where #; is an isomorphism for 5<Ci <8 and #(SO(8)) = Z 4 Z and #,(SO(m)) =Z
for 5 <m <L7. Now k: n{SO) — n(SU) is an isomorphism and js is an epimor-
phism. Thus kg : 7;(SO(8)
exactness, we have m3(Ys) == Z and n,(Ys) = 0.

Je a7 SO(T))) = 2ZCmy(SO). From the commutativity of diagram, kq{z(SO(7)))=
272 Cm(SU(7)). Thus, from the exactness, it follows that z;(Yy) 2= Zs and =mg(Y7) = 0.

Jm(m =5, 6) maps a generator of z,(SO(m)) onto 2-time generator of =;(SO(m +1)).
From the commutativity of the diagram, /ke(z/(SO(6))) = 4ZcC(SU(6)) and
ks(m7(SO(5))) = 8ZC wy(SU(5)). Then, from the exactness of the horizontal sequences,

~ 1,(SU(8)) is an epimorphism. Therefore, form the
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we have
71'7(Y3) o= Z,, 71'7(Y5) == 7s and ﬂs(Ym) =0

for m =25, 6.
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