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Abstraet : We make an extension of the result obtained in our preceding paper [1] for

the degenerate parabolic equation ut == [x(1-x)]auxx(x, t) (ev == 1), studying the case

of O< ev < l.

1. Introduction

   In the preceding paper [1], for the case of ev =1, we have considered the Dirichlet

problem for the degenerate parabolic equation

(1.1)' zct(x, t)=w(x)"uxx(x, t) (O<x<1,t>O),
(1.1)2 zt(Ju,O)=zto(u) (zto(O)=uo(1)=O),
(1.1)3 za(O, t) =- u(1, t) ==:O (t l) O),

(1.2) [w(x)-x(1-x)],
demonstrating the unique existence of the time-global solution of (1.1) under some

conditions on uo(x). Here, we shall study the same problem for evE(O,1). The

notations are the same as in [1].

2. Preiiminaries

   We make some preparations for colistructing the solution of (1.1) for evE(O,1).

Firstly, we use the conventional method of separation of variables as in [1]. If

U(x, t) = X(x)T(t) satisfies (1.1)i-(1.1)3, then we have

(2.1) T'(t) X(x) -w(x)" X" (x) T(t),

i.e.,

                             Xtt(x) m                 T'(t)
                 T(t) := w(x)a-:sli(.) -                                     -2 (= const.),(2.2)
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whence

(2.3) (Sfl'8grl./il;,/m(,iz-v.(,v,)Ta{<'(x) (o<c<o,

                   T(t) == Ce-At (C, const),

which shows that A and X( u) are an eigenvalue and an eigenfunction corresponding to

2 for the eigenvalue problem (2.3), respectiveiy. As easily seen (cf. [1, Afterword]), the

ordinary differential equation (2.3) is equivalent to the following integral one:

          x(x) == A.L'iG(x,e) .(le. x(s)de =At;o .X. (x) (x(x)ci cO ([o,1])),

(2.4)
                  (1-x)e (xl}i6)          G(x ･ 8) = ((i- s)x (x f{g s),

where we note that the following inequality holds,

(2 .4)t lx(x)l - iAi･ 1.4iG(x, e) w(e) rm ax(s) d{s l :{[ cblAlw(x)lxl so),

                         (J== [O,1]; Co, const.),

which is derived in the same way as in [1]. Now, apart from our subject, for a while

we discuss the eigenvalue problem (2.4). Defining Ga(x,8) by

                                      (1 -.x)i-S8i.-g (1 l}: x }}r S }i O)

          Ga(x･6)=[w(x)zv(s)]-gG(x,s- X?(1-.8)2'.

.6)'-2Xi.-2 (1>e2x2o)
                                        87(1-x)-
          ((x,6) =i= (O,O),(1,1))

          Ga (O, O) = Ga (1 , 1) == O,

where we note that

(2･s)' I[I:[: 2] :l.l, G,gtw.'.･.,G.(:･,x,), ri, (g,xlii.axi-a･oE{; G. (x,e) E{; i,

We transform (2.4) into an integral equation having a symmetric and continuous

kernel Ga(x,8) as follows:

(2.6) JSIi'(x)=A,CiG.(x,s)g(Ode(-AG.o.51'(x)), (>li'-w-gx),

(2.6)' [NB. : X(x)E CO([O,1])(cf.(2.4)'),X(O)-X(1) ::=: O].

In the next place, we state the following 7 Iemmas.

Lemma 2.1. 7n12e functions of the set {G.of(x)lfECO([O,1]),11AIL2sgl} are ttnijZ]rmly

bounded and equicontinzaozas. T7zzts, Ga as an opemtor from CO([O,1]) into itseif is
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comoletely continzaozas (of[7]).

Proof (i) The uniform boundedness of the above-mentioned functions is obvious. (ii)

The equicontinuity of those functions is easily to be demonstrated, if we note that

            1 Gaof(x) - Gaof(x')1 E{; .L i1 Ga(x , 5) ny Ga(x' , 8) 1 ' lf(8) 1 de

(2.7) E{ [XlilGa(:,8)mGa(v',e)12de]S'11fl[L2 (of{xKx'sgl)

            K[va"1...12de+.IIIX'1...ede+1,h...I2de]S'

            =- [L+h+k]t

and that

(2.7)t o :{:! ([i;')r- JcrK; la:'- vlr (O E{;x:{! a:'{1,Osl; 7t s::1).

                                                             '
                                                            (Q.E.D.).

Lemma 2.2. 71eze eigenvalztes A's in the eigenvalzteProblenz (12.4) (bz what is the same,

C2.ew are Positive. Moreovez ijC X(x) is an ezigenjunctton corvasponding to A, being

normalized with w(x)na, then zve have,

                                   '

(2.s) lx(x)l sg M.
                                      '
Proof By virtue of the estimate (2.4)` of iX(x)i, X'(O) and X'(1) exist, being

continuous there. Thus, from (2.3) we obtain

(2.8)' o<.(1ix'(x)2clir=A.(iw(x)'ax(x)2clx,

                  [N.B. : X(x) is non-trival so that X'(x) Ef!O.]

Moreover, if X(x) is normalized with weight w(x)-cr, then, by (2.8)',

(2.8)" lx(a;)Isig,Ciix'(x)1du-(ta'x'(Jc)2duL)t-A,E',

                                ' (Q.E.D.).
Thus, by lemmas 2.1 and 2.2, the eigenvalues A's are positive and countable.

Lemma 2.3. 71he eigenvalues A's are Positive and countably intnite, i.e. {A}=={An}℃=o.

Moreovez AoKAifg･･･s!Anf{l･･･(An--"oo(n->oo)). ･ '

Proof If {GaofifCII CO( [O,1])} is of a finite demension no, then G.ol, G.ox, ･ ･ ･, G.ox"O

are linearly dependent (which is easily to be shown). Thus, there exist constants co, ci,

''' ,cno such that
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(2.g) (8Cri,ili,j,].'j.6?'%),=(gl?S,IAm,',2)ij,

which implies that

(2.g)' o= zZi22o=:: -w(x)-S,'tO,G-xj, cj=o (7'=o,i,･･･,no).

The above conclusion is contradictory to (2.9).

                                                               (Q.ED.).

Lemma 2.4. 7'7ze system of the eigeithtnctions {X),(x)}:=o of the eigenvalzae Problem

(2.ew is compgete in CO([e,ll).

Proof Let {X)i} be normalized with weight 1, f belong to CO([O,1]), and, for any n,

(Xh ,f) :=: O. Then,

(2.10) (X)z,f)= An(GaoX)i,f)=An(X,Gaof) == O, i･e.,

(2.10)' (X>,,G.of) =:O (for any n),

Gaof(x) is to be absolutely and uniformly expanded in the following way (Hilbert-

Schmidt's theorem),

                              oo(2.11) G.ef(x)=-:aj.>'gVr)･(i:) (a,-(G.of,g･)),
                             j'rm-o

where, by (2.10)',

                       oo oo(2.13) O==(kz,:a,iJ-<]･)=-:aj(X)t,X)･)==:a. (n-O,1,2,･･･).
                      j=O J'=O
Thus, Gaof(x)=O, which implies that

(2.i2) o=:: zZI2, o--w(x)-gf(x), i.e., f(x) !! o.

                                                               (Q.E.D.).

Lemma 2.5. Let AJ's be as in lemmas 2.2 and 2.4. 71hen it holcls that

                             co(2.14) :A,: i:::=B(2-ev,2- ev),
                            j'--o

whe7'e B( ･ , ･ ) is the Bela fatnction.

Proof The kernel G.( x, 8) of the integral equation (2.6) is obviously a positive-definite

and symmetric one, being continuous on [O,1] × [O,1]. Hence, by Mercer's theorem we

have,
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                       oo(2.15) G.(x,E) =:ZAJ･ilSli(x)g-(8) (X}･'s are normalized),
                      j--o

whence are obtained the equalities ･ ･
               IIiG(x,x)cl2r =.4i(i-x)'rmaxi"adu == B(2-ev,2-a)

(2.Is)t
               =:,co･-o AJ･ ivaik(x)2du = Z;=o Ami.

                                                       (Q.E.D.).

                dLemma 2.6. XA(x)== duX)i(x) (n:=:O,1,2,''') satisp

(2.16) IXA(x)1{B(1-a,1- ev)A8/.

]Proof From (2.4) we have easily,

(2.16)' X'i([v)=A.[-,CX(;ima(1-Ef')-"X'.(e)ctt,÷.IIi(1-e)ima6i-crx.((?)de].

Thus, by (2.8)", IX;,1 is estimated as

(2.I6)" iX'.( t:)1 f{ A..(i'i(1-#)na4-ade ･1X.ISO' s:i B(1-ev,1- cr)A£/.

                                                       (Q.ED.).
        '

Lemma 2.7. Ei i22 .X>i(x)=:XA'(x) (n==O,1,2,･･･) satisp

(2.i7) 1x;f(ic)1 - A.zv(:)-a1x(x)1 E{;: c,Ai/l'tv(x)i-a s:; -EiL' Ag/.

,Proof By (2.3) and (2.4)', the relation (2.17) is obvious.

                                                       (Q.E.D.).

3. Maintheorem

Let An, Xn(x) and X}i(x) be as in the preceding sections 1 and 2. Now, we construct a

formal solution U(x,t) of (1.1) (ev Eli (O,1)) such that

(3-i) (.U,,g-X.ziti'.R.1/t':.e;'1`.'.,'ti,Xx."Vil.･,O,)orr(.Tg,=zge･-oa･z-x}i(x)･

                 [yCiw(x)-ax}i(x)2clc=liix,z(x)2clc==1].
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If uo(x) satisfies

(3･2) IZO&X3-sE.it,C(:()[[lli2]i)(To9Z()?･i)) (uo(o)==uo(i)::::o),

then uo(x) is to be expanded abslutely and uniformly on [O,1] (Hilbert-Schmidt's

theorem) as below,

                                         '
         ,,,(.) = .(.)g:ew..,( G.o(- .s.6t), iL,).g,(.) = ::..,( zt,, w-a.>s,)x},(x)
(3.3)
         == :ge, -o anX)z(x),

       [N.B. : an =( G.o(- zvgu 6'), Xi),) - -A.Ti( wgu6' , k,) =- -A,-, i(u6' , X},) i!i A,m, 'b.].

As a final assertion we state:

Main Theorem. Uitder the asszamotion (C3..2) on uo, the7'e exists a unique solution

u(x,t), belonging to CO([O,1]×[O,T])nC2'i([O,1]×(O,T]) for an arbitva7:y TE(O,

oo). Moreovez

(3.4) Ii,ig,Lx.;g.'iJ<,llti'."L,lk`x(ZLI'!i<,Skob,.,

where

(3-4)' (2?,=5,:.e/e=,ob2"/12,gt}o.1nt2./1,==ILw.Eas'ikrB(2uzev･2-a)'･

Proof. The procedure of demonstrating the assertion is almost the same as in the

proof of the main theorem of [1]. The inequalities in (3.4) are obtained by making use

of the maximum principle, and lemmas 2.5, 2.6 and 2.7, and by noting that

(3.s) [Z-mllliY.i :L fJSBcBi,iLBB)eSEsi)Pnl, `>O)' (Q.E.D.).

                     (C,(B), C,(B) >O).

Remark: Under another condition on zao

               u, E cO([o,1])n c6((o,1)),

(3.6) wg(wau6r)")ttEco([o,u),
               wau6'(o) = zvau6'(1) =:=: zva(zvau6t)tt(o) =:= wa(wau6')tt(1) =:: o,

zax(x,t), uxx(x,t) and ut(x,t) are continuous on [O,1]×[O,oo), which is easily to be

demonstrated. We have only to see that, under the condition (3.6),

(3･7) (a=",-',,,?,/-n.iS,eq,,I`,;",Xl'<i);,)=..A,ii(,w..li'lliG,,:o.r:,;/f,S,zlllDLg[6)"･w-g-'-<'}t)
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