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Abstract

We set F=R (veal), C (complex), H (quaternion), O (octonian) and d=dimrF. We
denote by FP? the F-projective plane. The purpose of this note is to determine the
cohomotopy .set

"(FP*)=[FP? S"].

Let h= W(F):S* ! — S be the Hopf map. Then we have a cell structure
FP2=5%U,e* and a cofiber sequence:

SZd—l h Sd i FPZ P SZd Xh Sd+1 (1)
where 7 is the inclusion map, p=p(F) is a map pinching S¢ to one point and 2% is the
reduced suspension of 4. Our result is given by the table on page 7. Its essence is stated
as follows.

Theorem /*: 7.(S™)— ma1(S™) is a monomorphism and there exists a bijection

1 (FP?)=p* ma(S") = NZd(S")/(Z 1)* e (S™).

Our method is to use the cofiber sequence (1) and our calculation is based on the
results of homotopy groups of spheres given by Toda (1962 [3]).

1 The real, complex and quaternionic planes

Throughout this note we use the following exact sequence induced from the cofiber
sequence {1):

7Z’2d~1(5n)£-ﬂd(sn)Fj*—ﬂ”(FPZ)ﬁ*ﬂzd(sn)(MﬁdH(Sn). (2)

In general no group structure exists on the set 7"(FP?) except for the case n>d

*The first and third authors are students of the second author.
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+1. To express our result simply, we give a virtual group structure in this set so that
2% ma(S™) — x"(FP?) is a homomorphism. This group structure is realized for n>d
+1 since #”(FP?) is stable. We also note that the Hopf multiplication of S” for #=3
or 7 induces the homomorphism p*: ml(S") — 7 (FP?).

As is easily seen, we obtain the following: 7' (FP?* =0, 7*(FP?)=Z{p(F)} except
for F=R, 7" (FP?) =0 for 2d < n and 7*(FP?% = m4(S5") = my_(S°) for d+1< n, where
72(S?) stands for the k-stem stable homotopy group of a sphere. So it suffices to work
in the case 2< n<d-+1.

By abuse of notation, we often use the same letter to denote a map and its
homotopy class. First we recall the following results of homotopy groups of spheres
(Toda 1962 [3]):

72'7;(5"):Z{5n}(7’l2 1), 71-3(82) :Z{ 772}y
7T11+1(Sn) :ZZ{ 7771}(7/123), 7Tn+2(S”>:Z2{ 77721}(7422):

where 7= h(C), 7:»=2" %5 and p2=7nn° 7o+ for n=2.
Obviously we have the following:

7 RP?)=Z{p(R)}; n*(CP*)=0.

We show
Lemma 1 7. : 7%(FP%)— z%(FP?) s bijective if F=H or O.

Proof. By making use of the Hopf fibration 7:: S*— S? we have an exact sequence
(Mimura-Toda 1991 [1])

0=[FP?, S'|— [FP?, S*]-"5[FP*, S*| %> [FP?, BS'],

where BS'=K(Z,2) is the classifying space of S* and ¢ : §% s BS! is the inclusion
map. [FP?, BS'] is isomorphic to the cohomology group A*(FP?: Z) which is trivial in
our case. This completes the proof. [

We recall the following (Toda 1962 [3]):
m;(Sa):Zm/} b Zs{a’l (3)}§ 7T7(S4):Z{V4} EBZ/L{EV,} 53] Zs{a’l (4)}; 7Tn+3(Sn):Z8{Vn} &
Za{ar(n)} (vu=22""*vi for n >4 and a(n)=22""*wm(3) for n > 3); 2v,=21""%V" for # =5.
We can take h=A(H)=w+ ad), and so 2 4= s+ m(d). We also recall the following:

(S®) = Za{v o pe}; Vo e = a0 vy pso 2V =0;
7(S*) = Zofvae 7} ® Zo{22v" 0 1) mo(S®)="Zn{vs° 1s);
1(S?) =Za{v o 98); m(S*) =Zo{vic 13} & Lo{Z v o n3};
(S =m(S% =0, m(S")=Z..
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We recall mo(S*) = Za{a3)} ® Zs{ai(3)}. We set ae(n)=21""a3) and ai(n)=21""ui(3)
for #=3. Then we know mi{SY)=Zs{a(4)} ® Zs{ai(4)}; ms(S%)=7Z{0s} ® Zs{>0"}
@ Za{x(8)} ® Zs{ai(8)}; me(S®)=Zus{ 00} @ Zo{a{9)} ® Zs{c(9)}. We can take h=h(0)=0s
+ a8+ a4(8), and so 2= v+ @(9)+ ai(9).

Since 214(F) is a generator of ma(S*"") except for F=R, the exact sequence (2)
implies 7¢"Y{FP?%) =0 except for F=R. We show

Lemma 2 #(HP?)=Z:{vsio 70 p} and #(HP?)=Zx{v o é° p}.

Proof. We consider the exact sequence (2) for n=4:
7(SY) (S - p (HP?) &5 (S E8 (S).

h* is a monomorphism and we have (X 4)*(7s) =10 vs+ a0 a(5)=2311" o 7, since
7s° ar(5)=0. This leads to the first half.
Next we consider the exact sequence (2) for n=3:

(S M m(S?) - T (HP?) & mp(( S?) @22 7 S59).
Since A*(ns)=ns° ws=1"° 55, k* is a monomorphism. We have

(Eh)*(%): 73°74° Vs
/N ZV/O /4
=(.

This leads to the second half and completes the proof. []

2 The Cayley projective plane

Hereafter we deal with the cohomotopy set #*(OP?). We recall the following:
Vo us=0; 75° 0'=40s; 70 20" =0; 75° Ir=Us° 714= 1%

7T15(S7):Z2{O‘/ ° 7/14} @D Zz{%} & Zz{67}; 7o Og=0"° 1t Urt ez
7[16(57>:Z2{(7/ o g} @ Zo{vE} & Zo{spo s} ® Zz{,U7};
ﬂle(ss):Zz{Gs ° 7715} 2 Zz{ZG’ o 7/15} 52 Zz{ﬁa} @ Zz{é‘s};
ﬂls(ss):Zs{I/s e Gs} @ Zz{ 76 © ,117} ® Z9{31(5)};
2()/5 ° (73): Vs©o 210" ; 3[3)1(5): —a(5)e 0’2(8);
mis(S®) =Zo{ 18} & Zol 6 ° &7} ® Zof{ 6};
7T16(SG) :Zs{Vs ° 09} D Zz{ 76 ° ﬂ7} @ Z9{ﬁ1(6)} (31(6): 2/31(5))

We show

Lemma 3 (1) ﬁS(OPZ):Zz{Gs © 75 ° p} &3] Zz{ Vg © 1)} 5] Zz{€3 o p}‘
(i1) 7(0OP?)=Z:{0"° ntso p} @ Zo{7p:0 €5 p} @ Zo{p7 0 p}.
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(iii) ﬁG(OPZ)ZZz{Us o pro p} @ ZS{BI(6) ° 1)}

Proof. We consider the exact sequence (2) for n=8:
7T15(SB) ‘ﬂﬁs(ss) & ﬁB(OPZ) L 71'16(58) e 7[9(53).
#* is a monomorphism. We have

(Zh)*(ﬁs): 778 ° Oy
:2(7/7O (78)
=210 o s+ Ds+ s

So we have (i). Next we consider the exact sequence (2) for n=7:
ms(ST) - m(ST) - T (OP?) = 16( S7) B2 7 (ST).
Since 2*(n)=1nr° gs=0"° pu+ v+ e, B* is a monomorphism. We have
(Zm)*(ny=n°18° 06
=n7°(X0"° ms+ Gpt en)

:7770210‘/O Ms+ pro Pat 170 Es
=vi+ 70 e

This leads to (ii).
We consider the exact sequence (2) for n=6:
71'15<SG) S ﬂa(sﬁ) L ﬂﬁ(OPZ) s 7T16(56) @nr 7f9(56)-
We have
h*(n8)=1s° 70 0s
—=7g° (¢’ Mat Gt er)
=560 0 °atee Ut s &r

=4 750 mat+ 8+ 760 &7
=i+ 50 &

So #* is a monomorphism. We have (312)*(ve)=veo 0o and (I4)*(anl6)) = au(6) o (a(9)
+ ai(9)) = —35.(6) since @(6)e ai(9)=0. This leads to (iii) and completes the proof. [
We recall the following:

Vo e==g3° 111, Mol S%)=Zisoa{ &} © Zo{vso s} B Zia{vs 0 €3}
s S =Z2{va° 0" 1} ® Za{vae U7} B Zofvac &7} @ Zisa{ D1t} @ Zio{ €40 via} ® Zo{21) © 7).

Here the generators & and 20 of the 2-primary components are used to represent Zisos
and Za4, respectively. We also recall the following:
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7?16(84):Z2{V4 og’o 77124} @ Zz{)/f} 52] ZZ{W" ﬂ7} @ Zz{l/4° 77 e 58}
® Zo{23V 0 prr} ® Zo{23V © 770 es);
ms(S*)=Za{V 0 s} B Za{V o 15 &7},
me(S*)=Za{V" 0 7160 7} ® Za{en(3) ° Bil6)}; 76(S?)="Zs{n(3) © n(6)}.

We show

Lemma 4 (1) 7°(0P?)=Zsp{&op) ® Zo{vso ssop}.
(2) 7 (OP?) =Zo{vue 00 plaop} ® Zo{vio p} ® Zo{vao prro p} & oDV © 170 p}.
(3) (OP)=Z:{v o 50 7o p} ® Za{en(3) ° 5u(6) > p).

Proof. In the exact sequence
mis(S®) = m( S°) - 25(0P?) = me( S°) EF m(S°),

we have 2*(vs)=vs° s and A*(ail5))=a(5)° al8)=—3/A(5). So #* is a monomorphism.
We have

(Z1)*(vso ns)=vs° 75° 0
:Vs"(zdl" s+ Ds+6g)
=50 2,070 s+ Vs © Ps 1 U5 o €s
=y5° Jgt V5 ° &s.

This leads to (i).

We consider the exact sequence
72'15(54) ‘ﬁ 71'3(84) ‘-L 7T4(0P2) ‘L*F1G(S4) (w 71'9(54).
By Proposition 2.2(1) of Oguchi (1964 [2]), we know v/ ¢’=23"¢". We have

AOIVEEIEDIVEY LX)
:ZI/O(G"’ et Ut er)
=W eg o qut 2oV e 20V 0 &
=groyut2lV 0o

and

B*(vao )= vuo g0 08
:V4°(O‘/° nut Ut E7>

=yy0 0 0t uso bty er

So #* is a monomorphism.
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(Zh)*(mo 7772):V4° 77°78° Oy
=woo(20 e s+ Ustes)
:)/f‘*" Vs© 770 &g

and

(W (ZV o ph)=20" o 570 780 G0
=2 7770(2(7/0 75+ )73‘]‘68)
=2Wome 2o o mst 2V e ¥+ 2V 0o g
=S 0 770 €.

This leads to (ii).
Next, in the exact sequence
7T15(Ss) < 7(3(53) ‘iﬁ3(OP2) s 7T16(S3) Enr 7T9(S3),
we have
WV e pd)=y"° 50 17° Gs
:y/o 76 © OJO 7714—1-)/'0 76 © )77+U,° N6 E7
ES V’ ° N ° E7.

So A* is a monomorphism. Finally we have

() *(a3) e al6)) = an(3) o arl6) o ax(9)
= 61/1(3) ° - 351(6)
=—3a(3)° £i(6)
=0.

This leads to (iii) and completes the proof. []

Thus we have completed the proof of our theorem.
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Table of the result

Our result is summarized in the following table. Here m+ »* means the direct sum
of the (k+1) factors Zn ®Z, ® - ® Z, and co means 7.

»n || [RP%, S"] | [CP?, S"] | [HP?, S*] | [OP%, S"]
1 0 0 0 0

2 2 0 2 6

3 0 0 2 6

4 : oo 2 2

5 0 0 504+2
6 2 6

7 2 28

8 00 2°

9 0 0
10 2
11

12 0
13 24
14 2
15 2
16 ©o

—
-3
<

—
[oe]




