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                               Abstract

  We set F=::R (real), C (complex), H (quaternion), 0 (octonian) and d=dimRF, We

denbte by FP2 the F-projective plane. The purpose of thjs note js to determine the

                'cohomotopy.set''

                           rrn(Fp2)=[Fp2, Snl.

   Let h == h(F) : S2d"i- Sd be the Hopf map. Then we have a cell structure

FP2=SdUhe2d and a cofiber sequence:

                 s2d-i th-, sd rmL, Fp2 -fL, s2d Nh sd+i- ･･･, (1)

where i is the inclusion map, p=p(F) is a map pinching Sd to one point and :h is the

reduced suspension of h. Our result is given by the table on page 7, Its essence is stated

as follows.

Theorem h' : 7Ttt(S")-n2d"i(S'i) is a monomofPhism and the7'e exists a bijection

                 nn(FP2) =::p' n?d(S'Z) Z- niid(S")/(: h)" nlt.i(S'i).

   Our method is to use the cofiber sequence (l) and our calculation is based on the

results of homotopy groups of spheres given by Toda (1962 [3]).

            1 The real, compiex and quaternionic planes

   Throughout this note we use the following exact sequence induced froin the cofiber

sequence (1):

            7r2d-i(Sii)-eL' n2i(S'i)e' z2i(Fp2)<-Et' 71le,(S'i){ptt'!lj)*zlr.,(S'i), (2)

   In general no group structure exists on the set nn(FP2) except for the case n }lr d

"The first and third authors are students of the second author.
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+1. To express our result simply, we give a virtual group structure in this set so that

p* : n2d(S'i) --> rr'i(FP2) is a homomorphism. This group structure is realized for n}}rd

+l since n'i(FP2) is stable. We also note that the Hopf rnultiplication of Sn for n= 3

or 7 induces the homomorphism p* : 7t2d(S'i) -> rrn(FP2).

   As is easily seen, we obtain the following: rri(FP2)==O, rr2d(FP2)==Z{p(F)} except

for F=R, rr'Z(FP2) =::O for 2d< n and n'i(FP2) 2 7r2d(Sn) = ntSlt-.(SO) for d+1< n, where

nf(SO) stands for the k-stem stable homotopy group of a sphere, So it suthces to work

in the case 2KnKd+1.

   By abuse of notation, we often use the same letter to denote a map and its

homotopy class. First we recall the following results of homotopy groups of spheres

(Toda 1962 [3]):

                     7zh(S")=::Z{`.}(n2ir1); zti(S2)=Z{op2};

                7bi+i(S")=Z2{rpn}(nl}r3); n>t+2(S")=:Z2{rp,2,}(n22),

where op2=h(C), rpn=:n-2rp2 and op?2,=rpno rpn+i for n l}i 2.

   Obviously we have the following:

                      rr2(RP2) =:Z2{p(R)}; n2(CP2)-O.

We show

Lemma 1 rp2.: n3(FP2)-n2(FP2) is bijective of F=H or O.

Proof. By making use of the Hopf fibration rp2 : S3-> S2, we have an exact sequence

(Mimura-Toda 1991 [1])

            o=[Fp2 , si]-[Fp2 , s3] -8!,-, [Fp2 , s21 -{lrE- [Fp2 , Bsi],

where BSi==K(Z,2) is the classifying space of Si and i': S2 c--) BSi is the inclusion

map. [FP2 , BS'l is isomorphic to the cohomology group EZ2(FP2 : Z) which is trivial in

our case. This completes the proof. D

   We recall the following (Toda 1962 [3]):

nts(S3)= Z4{u'} e Z3{ai (3)}; fo(S`) ==Z{u4}eZ4{:u'} O Z3{evi (4)}; rrn+3(S'i)= Zs{yn} e

Z3{evi(n)} (un=:n-`u4 for n24 and evi(n)=:::'i"3evi(3) for n l}i 3); 2u.=Z'i-3y' for n }}i 5.

We can take h=h(H)= y4+ai(4), and so ]2I]h=ys+ai(5). We also recall the following:

                717(S3) = Z2{tl'O 776}j Ll'O op6 = 773O 114; 773 OZtl'=Oj

              7ts(S`) = Z2{ y4 o op7} e Z2{:u' o rp7}; 7ts(S5) == Z2{ ys o rps};

             nk(S3) =Z2{y'o rp62}; nlj(S`) =Z2{u4 o rp72} e Z2{:y'o rp72};

                      7tiS(SO) -= ntf(SO) -= e; 7r8(SO)ZZ2.
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We recall nio(S3)= Z3{ev2(3)} eZs{evl(3)}. We set a2(n):::=]:E]'i-3ev2(3) and ev{(n)=Z'i-3ev((3)

for n}}i3. Then we know rrii(S`)==Z3{ale(4)} O Zs{ai(4)}; rris(S8)==Z{os} O Zs{: ]ot}

O Z3{a2(8)} O Zs{evf(8)}; ni6(S9)==Zi6{og} O Z3{cle(9)} e Zs{evf(9)}. We can take h==: h(O)=os

+ ev2(8)+al(8), and so :h== og+ a2(9)+ evI(9),

   Since :h(F) is a generator of n2d(Sd") except for F=R, the exact sequence (2)

implies nd"i(FP2)=O except for F=::R. We show

Lemma 2 rr`(HP2) =Z2{u4o rp7op} and rr3(HP2)=Z2{ut o rp,2 op}.

Proof. We consider the exact sequence (2) for n==4:

              n7(S`) <ZL' nk(S`) <-L' z`(HP2) "EL' nis(S`)`2!t'L2j" nts(S`).

h" is a monomorphism and we liave (:h)"(v4)== op4o us+ rp4o evi(5)=:v'o rp7 since

rp4 e evi(5)==O. This leads to the first half.

   Next we consider the exact sequence (2) for n=3:

              n7(S3) <-lif'- 7iii(S3) <-t:'L z3(HP2) <-l2L' 7u,(S3) `Y'i2:i" nt,(S3).

Since h*(rp3)==: rp3 o y4=y' o rp6, h* is a monomorphism. We have

                       (Zh)*( v,2) =:: rp, o rp4 o ys

                               = rp3 O : ll' e rp7

                               -:o.

This leads to the second half and completes the proof. B

                  2 The Cayley projective plane

   Hereafter we deal with the cohomotopy set z'i(OP2). We recall the following:

             tl' O L16 =Oj op6 O O' =4 lr76i rp7 O Z O' =:: Ol rp6 O 2-77 = 1-76 O op14= 21gj

          rrls(S7) ==Z2{O' O rpu} e Z2{ P7} O Z2{E7}l rp7O Os=O' O rp14+ V7+E7;

              nri6(S')==Z2{o' o rpi24} e Z2{y73} e Z2{rp7･o Es} O Z2{Li7}j

             7r16(S8)=:Z2{ Os O rpls} O Z2{ZO' O rpls} e Z2{ U2s} O Z2{Es}l

                 nis(S5) =:: Zs{ vs o os} e Z2{ rp6 o u7} e Zg{Bi(5)};

                 2( u, o ok)= v, o :E] ot j 3B,(5) ::= - ev,(5) o ev,(8)]

                   7ris(S6) ==: Z2{ U63} O Z2{ op6 O E7} O Z2{Li6};

           ni6(S6) == Zs{ y6 o og} O Z2{ rp6 o pt7} @ Zg{Bi(6)} (Bi(6)== :Bi(5)),

We show

Lemma 3 (i) rr8(OP2) == Z2{ os o rpis o p} e Z2{ Ps o p} e Z2{ es o p}.

(ii) 7r7(OP2)=Z2{o' o rpi24 ep} e Z2{ op7 o Es op} e Z2{Li7 o p}.
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(iii) rr6(OP2) == Z2{ rp6 o u7 o p} e Z3{fii(6)op}.

Proof. We consider the exact sequence (2) for n= 8:

                ra,(S8) 4' de(S8) 4' rr8(OP2) a' fo,(s8) (ge')' ls(S8),

h* is a monomorphism, We have

                        (Zh)*( v,) =: rp, o o,

                                 == ]I ]( rp7 o oa)

                                 = :O' O VIs+ Vs+ E8･

So we have (i). Next we consider the exact sequence (2) for n::::7:

                th,(S7)"'!" ke(S7)g' rr7(OP2)g' th,(S7){U'>'fo(S7).

Since h*(rp7)-rm op7o oR=o'o rpi4+ u27+e7, h" is a monomorphism. We have

                    (:h)*( rp,2) := v, o rps o ob

                             == rp7 O (:O' O rp15+ Y-8+ E8)

                             = rp7 O ZO' O rpls+ rp7 O Vs+ rp7 O E8

                             == y73 + rp7 o Es.

This Ieads to (ii).

   We consider the exact sequence (2) for n==6:

                th,(S6) U'i" ke(S6) "' rr6(OP2) g' ra,(S6) {Y,X}'@(s6).

We have

                       h*( rp62)= rp6 o rp7 o ois

                            == rp6 o (o' o rp14 -i- P7+ e7)

                            = rp6 O O' O rp14+ ij6 O P7+ q6 O E7

                            =4 V6 o rp14+ v63+ v6 o E7

                            = y63 + rp6 o E7.

So h* is a monomorphism. We have (:h)"(y6)=:: y6o ob and (:h)"(evi(6))-- ai(6)e(de(9)

+evi(9))=-3Bi(6) since evi(6)o ai(9)=O. This leads to (iii) and completes the proof. [1

   We recall the following:

             u' o P6 == e3 o ull; 7q6(S5) ==Zso4{gk} e Z2{ us o v-s} O Z2{ ys o Es};

 711s(S4) =Z2{ Y4 O O' O rp14} O Z2{ V4 O P7} e Z2{ Y4 O e7} e Zs4{:Plr} O Z2{E4 O Y12} O Z2{:E] U' e E7}.

Here the generators k and :pt' of the 2-primary components are used to represent Zso4

and Zs4, respectively. We also recall the following:
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           7r16(S4) == Z2{ u4 o o' o rp124} O Z2{ u44} O Z2{u4 o Lt7} e Z2{ v4 o rp7 o Es}

                    O Z2{:Ut O LI7} e Z2{: V' D 777 O Es}]

                   7rls(S3)=Z2{v' o pt6} O Z2{u' o rp6 o e7};

         z,,(S3)=Z,{yt o rp, o ge,} O Z,{ev,(3)o B,(6)}l ltb(S3) =:Z,{ev,(3)o ev,(6)}.

We show

Lemma 4 (1) rr5(OP2)==Zso4{geop}OZ2{ysoEsoP}･

(2) rr4(OP2)=Z2{ y4 o o' o rpi24 o p} O Z2{y44 op} e Z2{u4 e pt7 o p} @ Z2{:v' o u7 op}.

(3) n3(OP2) == Z2{v' o rp6 o u7 op} e Z3{evi(3) o Bi(6) op}･

Proof. In the exact sequence

              nis(S5) eth" ke(S5) "' rr5(OP2) g' fo,(S5) (pa' k(S5),

we have h*(vs)== yso os and h*(evi(5))== cri(5)o ev2(8)== -3Bi(5). So h* is a monomorphism,

We have

                (Zh)*( ys o rps) == ys o rps e Og

                          = Us O (: O' O rpls+ U-s+ Es)

                          == us e:o' o rpIs+ ys o Ps+ ys o Es

                          == Ys O YMs ÷ Us O Es.

This leads to (i).

   We consider the exact sequence

              n,,(S4) li" ag(S4) g' z4(OP2) g' rr,,(S4) {pa, Xi)' fo(s4).

By Proposition 2.2.(1) of C)guchi (1964 [2]), we know :y'o d=::2:E'. We have

               h*(:v' o rp7)=Zut o rp7 o os

                        =:y' o(O' o ry14+ V-7+ E7)

                        =Zu'e o'o rp14+Zv'o P7+:u'o E7

                        :=: e7 o yl4+Zy' o e7

and

                  h*(u4 o rp7) == v4 o op7 O Os

                         :=: 214 O (O' e op14 -Y iJi7+ E7)

                         :== t14 O O' O rp14+ Y4 O U27+ U4 O E7.

So h" is a monomorphism.
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                  (Zh)*( y4 o rp72)= y4 o rp7 o rps o ob

                              =i Y4 O rp7 O(: O' e opls+ U-s+E8)

                             == u44 -i- v4o rp7o Es

and

           (Zh)*(:vt o rp72) ==: :u' o rp, o rp, o ob

                        m- : ut o rp7 e (Z a' o rpls + uMs + es)

                        =Zy' o rp7 oXo' o rpls+:y' o y73+Zy' o rp7 o es

                        .= :y' o rp7 o es.

This Ieads to (ii).

   Next, in the exact sequence

               m,(S3) g'" de(s3) 4' n3(op2) g' ra,(s3) (2U" ls(s3),

we have

                h*(u' o rp62)= y' o rp6 o rp7 o og

                        = yt o rp6 o o' o v14+ u' o rp6 o tJJ7 + y' o rp6 o E7

                          '                        -- V O rp6O E7.

So h" is a monomorphism. Finally we have

                     (Zh)"( evi(3) o evi(6)) = cri(3) o evi(6) o a2(9)

                                   -= ai(3) o -3Bi(6)

                                   - -3 evi(3) o Bi(6)

                                   -o.

This leads to (iii) and completes the proof. D

[1]

[2]

[3]

Thus we have completed the proof of our theorem.
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                         Table of the resuit

   Our result is summarized in the following table. Here m+ rk means the direct sum

of the (k+1) factors Zm O Zr e ･･･ OZr and oo means Z.

n [RP2,sn] [CP2,sn] [HP2,sn] [OP2,sn]

1 o o o o

2 2 o 2 6

3 o o 2 6

4 i oo 2 24

5 0 o 504+2

6 I 2 6

7 2 23

8 co 23

9 o o

10 l 2

11 o

12 o

13 24

14 2

15 2

16 oo

17 o

18 i


