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Abstract

We denote by R, the n-th rotatoin group and by z.(R,) the %-th homotopy
group of R, We determine the group structures of the homotopy groups
m{Rn) for k=21 and 22 by use of the fibration R,. 25"

Introduction and statements of results

This paper is a sequel to [12]. According to [17] and [19], the group structures of
m(Rn) for £<22 and #<9 are known. The group structures of m(&.) for £<20 are
obtained by [2], [10], [11], [12], [14], [25], [26] and [27]. We denote by m.(X : 2) the
direct sums of a free abelian subgroup and the 2-primary components such that the
index [m(X): m(X : 2)] is odd. The purpose of the present note is to determime

me( Ry 2) for k=21 and 22. We write m(R,: 2)=R} and m.(S": 2)=n} [28].

Our method is the composition methods [28]. We freely use the generators and
group structures of the homotopy groups m.+.(S”) for £<22 [16], [18], [28]. The main

tool is the following exact sequence induced from the fibration R,.i®»S":
(/f)n ”kJrl(Sn)A)ﬂk(Rn)_iL)ﬂk(RﬂJr1)_&}”k(sn)A)ﬂlc—l<Rn),

where {=1y+1: Rp— R is the inclusion map, p=pu+1: Rrer—S" is the projection and
A is the connecting map. We set ix,n: R Ry for £<n—1 as 2o cden.

The group structures of mi(Ri7) and m(R.) for k=21, 22 and 18<#»<22 are
obtained by [13]. We recall from [1] the splitting for £<2%—3 and »>13:
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ﬂ/c(Rzz) = ﬂk(Rm) @ 7T/c+1( T/Zn,n),

where Vi,r=Rn/Rn-» for m=y is the Stiefel manifold. By use of this splitting, by [3]
and the group structures of mx1{ Van.n) [8], we obtain the group structures of m.(R.) for
k=21, 22 and n=13. Therefore our main task is to determine the group structures of
me(Ry) for 10<n<12.

Denote by #a the order of @. For an element o€ m.(S5"), we denote by [ 2]€ m(Rns1)
an element satisfying p..1.[@]=a. Note that [ @] is only determined modulo Zur 1. Rx)).

We set

About the element #E< 7%, we adopt the renamed one by [18]. We state our result.

[a']m:Z'n,m*[a']eﬂk<Rm) (W§M*1, as ﬂk(SlZ) ) A&’ZO)

Theorem 0.1 (i) mu(Rs: 2)=2Z.{[ 911 01a} ® ZoAL 7]V &6} ® Zo{[ 2] s} ;

71'21(R4 .

7 (Rs :
7F21(R6 .
71'21(R7 :
7T21<Ra .
7 ( Ry :

(if)

(iii)

(iv)

7Z'21(Rn .

7R
iz (R -
71’21(R21 :
71‘21(R22 :

77.'21(R7z :

71‘21(R10 :
7T21(R11 :
71'21(R12 .
7T21(R13 .
7T21(R14 .
7T21(R15 :
71 (R1s

2)=Zall malart’ 014} ® Zo{[ 9]0’ &6} B Zo{l me)amaiin) ® Zall a1 014}
@ Zo{[ 5] &6} @ Zo{[ ta) et} ;
2)=Zadlvac’ 014]} ® Zol[ cslsmsita) ;
2)=2Zno{[ 110" 014)s} ® ZA[ 93] 7).
2)=Zs{[ v40' 017} ® Zall 6] 7} ;
2)=Zs{[ 140" 01418} ® Za{[ m6)sstr} ® Zi{[ 2] 0" 614} @ Zul[ 1) s} 5
2)=Zu{[ wrlotr}.
2)=2ZoAl tr]roa} ;
2)=2Zs{[ Jukr} ® Zal[ o] 122} ;
2)=2ZA erharer} ® Zol[ 1] 10} ® Zol[ 950 )21000}
2)=ZaA[ milispus} ® Za{[Vislvis}, where 2[vie]vis=[crhrakz ;
2)=7{[Vi]uws} ;
2)=7Zo{[Vis]istis) ;
2)="Zo{[ Vi]16118) ® Zo{[ vis) 118} ;
2)=ZA[ vis]nvis} for n=17 and 18 ;
2)=ZA1 visliovis) ® ZA[ sl 720} ;
2)="7ZaA 7s]20720} ® Zo{[ 1910] 720} ;
2)=Zo[ 7ola1 20} ;
2)=7{ At}
2)=0 for n>23.

Theorem 0.2 (i) m(Rs: 2) = Z4{[ 772] /7} @ Zz{[ 7]2] l///ledls} N

71'22(R4 .
ﬂzz(Rs N
7Z'zz(R5 N

(11) ﬁzz(R7 .

2) :Z4{[ ”2]4/2/} ©® Zz{[ 772]4 V' 115015 D Z4{[£3]ﬁ/} @ ZoAl ]V s 015} 5

2):Z32{[U4.0”]} @ Zz{[M;U/ )714]} @ Zz{[U40"614]} N
2)=Znst[ va0" 16} ® Zal| v5] 15} ® Zo{[ v40” D1als} © Za{[ 140" €14] 6}

2)=7Zs{[v40"17} ® ZoA[ vs]716} ® ZoA[ 110" D1a)s} @ Zal[ 140" €14]7) ® Zal[ &+ 1160151}

& Za{[76] &7} ;
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oo Rg : 2) = Zs{[ U4p”]8} ® Zo{[ vslska} ® Zz{[h(f’ 514]8} @ ZZ{[V:;G/FJM]E} @ Zs{[ §/+ﬂ6515]8}
® ZoA 76l &1} ® Zall 7] 07} ® Zof[ 2] 07 D1a} @ Zo{[ 7] 07 €1} B ZA[ 7] €7} ;

oo R+ 2)="7Z16{[808] 015} ® Zs{[ t1160”} ® Zo{[ vsoa) ® Zol[ tz]5 &7},
where 2([8cslois)=al &'+ ps01s o+ 0] tz]e0” mod [vsleis for a and b odd.

(i)  me(Rio: 2)="Zs{[80s]100is} ® Zsl| tr]100”} ® Zoll 2] 10E7) ;
Taz(Rur: 2)=Zns{[80s] 11015} ® Zaz{[[ 10, 110]]} ;
e Riz: 2)="Zs{[[t10, Vio)]i2} ® Zao{[ G111} @ Zal[80s]12015+ 20 L] 2w [ t1o, 110]]12)}
for v odd and w an integer.

(iV) 7Z'22(R13 . 2)*Z16{[77£1§2] 6715} where 2[77?2] Ola_[808]13615, [é/n] E[7712] o015 mod 2[77?2](715 N
Taa(Rua: 2)= Zle{[ﬂlsala]}eaZz{[Vls} Vw} where 2[7713(715] [77 2]
7o R 0 2)="Zne{[ 914015} ® Zo{[ Vis]istie}, where 2[ pacis]=[7n%
ﬂzz(Rm . 2) = Zm{[ 7714015]16} @ Zz{[ V13]16U19} @ ZIG{[Gls]} s
7T22([€17 : 2):Z2{[U%3]17V19} @ Zlﬁ{[dls]l?} S
71'22(Rn: 2):Z16{[615]n} Jor n=18 and 19 ;

T Rao 2 2)=Za{[2110] — 2 015 )20} ® Zs{[ G15]20} 5
7o Ror : 2)=Zs{[ 15]21) ;
T Raz 2 2)=Zal[ 05]22} ;
72'22(st : Z)ZZ/Z{[GIS]ZS} N
72 R 1 2)=0 for n=>24.
The group structure m(Rs: 2) corrects that of ma(Spin(9): 2) [17].

14015 mod 2[7712]140'15 s

30 1]15,

1 Recollection of fundamental facts

First of all we recall a formula [13, Lemma 1],
(1.1) AlaoZB)=Aa-8.

Suppose given elements ¢ € m(S"*) and B € m.(S*) so that Aa=0. Since A(a°g)
=A(pn+1[aleB)), we obtain

1.2) AlaoB)=0 (Aa=0).
From the relation paAt=(14+(—1)")¢s-1, we obtain

(1.3) DA Z@)=0 (5 : even) ; pri1.AZ@)=2c0a (n: odd) for ¢ & m(S").
Let J : m{Ry)— meen(S™) be the J-homomorphism. We have a formula

J(aeB)=J(a)-2"8.

We consider the commutative diagram up to sign [29]:

Ryt —fee Ry —Pe g L gy
(.4) \ J \ J \ b l J
H 271—1

n—1 n n—1
Ti+n—1 Tk+n Tevn — " Tk+n-2
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where the upper sequence is (£)» and the lower is the EHP sequence. The following
~ formula [20, Theorem 5.2] about Toda brackets is useful :

(1.5) Ae, 28, ZyhClAa, B, 7).

We need the following [19, Theorem 2.1].
Lemma 1.1 (Mimura-Toda) Let (X, p, B) be a fibre space with a fibre F. Assume that
o€ m(B), BE (ST and yE m(S?) satisfy the conditions (Aa)°f=0 and B-y=0. For
an arbitrary element 8 of {Ae, B, Y} Cmeri{F), there exists an element €< m;1(X) such
that

pre=ac2f and ixS=goXy.

Let Spin(n), U(n) and Sp(#) be the the spinor, unitary and symplectic groups,
respectively. As it is well known [17], Sp(2)=Spin(5). There exists a natural
epimorphism f : Sp(2)— Rs which induces a Hopf map % : S"=Sp(2)/ Sp(1)— Rs/ Ri=S*
[7]. This shows the following.

Lemma 1.2 There exists a natural wmap between the exact sequences induced from
Jfiberings Sp(2)-24-ST and RsEHS*

1§ — s m(Sp(2)) —Bi— 1,(ST) —Bie g, (S9)

\ [53]* \f* ‘ D \ [43]*

7T71(R4) L, 7f71<R5> e 7T71(S4) A’ 7l'nf1(R4).

Let wx.(C)Em.(U(n)) be the characteristic class and 7: U(n)— R be the
canonical inclusion. Then we know that 7w.(C) is a generator of m(2n) and [ tans,
tans1}=21n, Where ,=J(7:w.(C)) [9]. So, we can take Atzri1=lan+1.750a(C). As
Dana 5 0n{C)=(1+1) 7201, we can set [un_1]=7sw2.(C) and obtain
(1.6) A£4n+1:[774n—1]4n+1.

Let ¢=7¥*2 be an element satisfying 2¢n+20a¢=0. By (1.1) and the fact that R1313
=74, we obtain

(17) A( 774n+22a’):0 (2£4n+2°a’:0>

and an element [ 74230 | € RYA2. Since 2R 11=0 [13], we have #[#3x+2] =2. By [13], for
n=2,

Rt~ {Zz, n even;

ant (Z2)?, n odd,
471+4:{2Z2§2, n even;
nt4=1(Z2)%, n odd,

ants~ |22, T E€VEN;
dn+4 = (Zz)z, n Odd



21-st and 22-nd homotopy groups of the n-th rotation group 5

and
R = Zol[ nanva]} ® duna R
So, by use of the exact sequences (42+3)in+a and (dn+4)ans:
RIS RUT SR Poninti,
we obtain
(1.8) 7 Anunsa=| ninvelansa for n=2.
Notice that Ags=][7sls7:, because
(1.9) A=2[t:]—[76]s.
By use of the exact sequences (8% &)sn+z for 0< k<2 and [13], we obtain
(1.10) Atsnia=[ven-1lsnss for n=>2.

Notice that Awi=[e]uv: [10].

We recall from [15] the following.

Theorem 1.3 (Mahowald) If n=1, 2 or 4, then #A[tan, t2al =ax(2n—1)1/8, where a,=
1if nis even and 2 if n is odd.

Let P" be the real n-dimensional projective space and j.: P*'—>R, be the
canonical inclusion. For the J-map J: [P}, R.]—[2"P"!, S"], we set g.=J(j»). We
show the following.

Lemma 1.4 Let p=ps. Then, pellien, ton) =[ten-1, 2n-1]. In particular p+Alten, t2a] =0
Jor n even and prlten, tan]=[tan-1, 221-1)7F0 for n odd.
Proof. By use of [26, Lemma 1] we obtain Z%"p,Al t2n, tzn]=0. By the Freudenthal

27241 4n+2
4n

suspension theorem, X**: git—riii? is an isomorphism, and so 2%pA[ ten, tzn] =0.

By the EHP sequence

an+1_ P 2n 2n+1
Min+1~ 2T dn— ’71'471 y

we have
Zp*A[LG, ézn]epﬂ’ﬁi% N 271'%2:%

As PriitinZndizi=0 by the Serre theorem, we obtain XpsA[ s, 2]=0. So, by the
EHP sequense

in-1_P, _2n-1 X
P A S 1,

we obtain psAlten, alE Prisi ' ={{tzn-1, 120-1]}. By [6], [c2n-1, 720-1]20 for # odd and=
0 for # even. Hence,
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p*A[tzm LZ?l]:[LZn—l, 772;:—1]:0 (n: even).

Let ¥ : S™P” be the covering map and p, : P*=S" be the pinch map. Since A¢,
=juYn-1, We have gnZ " yn-1=T{tn, tn] by (1.4). We recall from [21] that

J—rgrzE{Z‘gn—l, Zﬂ?’n—-z, Ell_lpn—l}l-
By (1.5), we have

iAgZHE{A(292n—1>, 22"_17’27172, 22”_217271—1}
:{Alzrzc’QZn—l, 22”71727%2, 22"7217271_1}
C{Almz, [6271—1; LZn—l], 22n_2p2n~1}-

So, by (1.3), we obtain

ip*A[th, LZn]:p*AQZnOAEszl?’Znﬂ
ep*{ALZn, [62n—1, 4271—1], 2271_2]9271—1}022”47’271—1
C{2£2n—ly [lZn—l, £27z~1}, 2£4n~3}-

We recall that [ zen—1, tan—1)=27s-1. By the fact that m,_s( Ran-2) =(Zs)? or (Z2)® for n odd
[13] and that Jrii—i=n%2}, we obtain
{2001, [ten—1, t2n-1], 2tan—s}=1{20n1, Ztu-1, 2tan_sh.
So, by [28, Corollary 3.7], we obtain
{26201, [ton-1, tan-1), 2tan-3} D(XT0-1) Yan—s=[t2n-1, 72n-1].

Hence we have

e 2, t2n]=[tan-1, 72n-1] mod 275073,

Since 7l=7Z2, we have p«Als, t]=[ts5, 75]. As it is well known, [tzn-1, 720-1]° an_2=
Lezn—1, 732170 for # odd and %>5. So [tzu—1, Dan—1|E2x5-3 in this case. This implies
D tzn, t2n)=[tzn-1, 72n-1] for # odd and »>3. This completes the proof. (]

2 Elements in the J-image

Suppose that e=x? ' satisfies the relations Aeg=0 and +X"a=H(S) for an
element f<7%in Then, by (1.4), we have H{(J[e])=+F"a=H(B). So, by the EHP
sequence, we obtain

(2.1) Jlel=8 mod Xriih-.

By (2.1), we obtain J[{s]=v; mod v and J[«&]=0s mod Xo’. By [28, Proposition 4.4],
at=3n1® Jtn]«n® ! for n=3 or 7. From this fact, and to avoid messiness of

changing generators of #7, we take as
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2.2) Jlesl=v: and J{&]= 0.

We know Aps=0 [10, Table 3]. By the same argument as in [12, Lemma 1.3], we
can take [&]E{[vs], 84, Jo'h. That is,

(23) Avs=0, A&=0 and [éls]E{[Us], 8¢s, 20'/}1.

Hereafter we use the following convention : Qur notation /{a]=§ stands for J/{a]
=xf for x odd.
By [28, Lemma 12.10] and [24, Proposition 2.8.(2)],

(2.4) si=esVu=16&7 and Ui= Vee1a=0.

Now we obtain the following result overlapping with (4].
Lemma 2.1 () J[7]=v"; J[4vdl=0"; JIndl=0"; Jlns]l=0".
(1) JTvs)|= s+ es; JIVi=vs08.
(i) Jlo”]1=ts, 6"1=4P(01) ; Jnse6)=— 0" 013+ Vsv’1a; J 1216, ts]]= &7 ; JL Vs T €6l=0" 0w
(v) Jinb]l=6"; Jlml=80 mod 26" ; J[8cs|=p mod cs¥1s, Gscis; J[ni2]=p1s.
W) JI&1=8"+ peors mod 7s&7; J1 &lo=po0us ; J([Gslr+[nelmest+ bluslres) = iz 5

T &lemet bl vslresme) = pt2G16m2s= 1118017 for b=0 o7 1.

Proof. By the fact that HJ[7:]=7=H (V') and (2.1), we have J[7:]=1" mod 2. This
yields the first of (i). The rest of (i), (ii) and (iii) are obtained from [10] and [11].

The first two relations of (iv) are obtained by [12]. The fourth of (iv) is obtained
by [10]. By [10] and [28], J[80s}=¢" mod Xn8:={20’, 6y 1s, ducis, &s}. In the stable range,
& is not in the J-image, so we have the third of (iv).

By the fact that {es, 2¢11, 8611} = 361z and { Ts, 8¢1s, 2014} =& mod 2¢ [22, Proposition
1.3.2.(1)], we see that

{Ts+es, 8cra, 2014} T{Ts, 8t1a, 2014} + {6, St1a, 20u} D&+ pe01s
mod {2(’}‘&‘{)7(3, 66}°7Té§+7l'(135°2(715.

Since 7%:=(72)° [28], we have 7%°201:=0. By (2.4), {Ds, es}onis={7s&+} and
(2.5) &+ po0E{ s+ g6, 8tus, 2011 mod 28, &
Then, by (2.3) and the fact that J[vs]|= s+ &, we obtain

JLG1E{Ts+ s, 8t14, 2014} D+ psors mod 28, 7eér.

This leads to the relation J[ &= &'+ 1015 mod 27, 7s&7. Since J([v3sv%) = VeOoVis= 76 &7
[28, Lemma 12. 10], we obtain the first of (v). The rest of (v) is obviously obtained. This
completes the proof. [J

Lemma 2.2 (i) J[#%]=7%" mod Gispze; J[ms)=nis+ wie mod 7%, ot

(i) J(Les, mell= 007 ; Jlmewl=A1"; Jlew]=A+2&"; J[Vh]=A+26s;
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Jlvis]=vis+ &6 mod 4373

(iii) J([0”]ow)=866; J[32[c10, t10]]= Cuu.

(iv) Jlenl=o' mod G0z, (X&) ps0, (ZX) 7505 J[Vis]= wrsvae; J[ 0™ ]=8P (o).

W) JL&]=8"; Ilmopn]=p" mod I8’ ; J[pu]=8" mod 38", X°B"; Jlntl=8;
Jlme]l= B mod [ce0, 720].

Proof. First, we recall from [24, Lemma 2.10] that

(2.6) 277*,5[&16, 7716] mod O16/423.

The first of (i) is obtained by the fact that H(J{7%])=H(5*"), n%=2Zs{ w14} ® Zal cratta1)
and (1.8). The second of (i) is obtained by (2.1), (1.6), (2.6) and [28, Proposition 12.20.(ii)].
These correct the assertions of [10, pp. 30-31].

For the proof of the rest of (i) and (ii), we need the fact that the stable J-image
is 0 in 7f(S°: 2) and the result [28, Corollary 12.25] :

2.7) [ti9, o] =via+ Ero.

The first of (i) is obtained by [11, p. 343]. The second of (ii) follows from the fact that
271'37:{610§17, ?710ﬂ11}, 2=A=2v* and [23]

H(”’):??mé‘zo; 24" = 01061y mod 2010817,
The third of (ii) is obtained by the fact that £=—v* (2.7) and [23] :
H(/i,) — &21.

The fourth of (ii) is obtained by the result H(1)=v%. The last of (ii) is obtained by the
fact that HJ[ws]=H(cvis) for ¢ odd [28, Lemma 12.14], Saii={&s, Z°A, mesihr}, (1.10),
(2.1) and (2.7).

Since J{¢”]=4P(0ws) by Lemma 2.1.(i1), J([6”]012) =4 P(6%). By the fact that 25s
= 1P (¢%) mod Zn3={%, 1656} for x odd [28, p. 151], #&,=8 for #n=5 and #5,=2, we
obtain 46e=2xP(c%). This leads to the first of (iii). The second of (iii) is a direct
consequence from the fact that

Ri= Z{[?)Z[Lw, Llo]]} @ (ZZ)Z, H= [32[6109 élo]]n}(n >22)

and that ¢ is in the stable /-image.

We recall the relations H{(w")= g2 mod 70 [28, Lemma 12.21], & 6z3=& 120, G004
= 273 mod (ZE") ns0, (ZA) 7750 [ 24, Proposition 2.20] and o' &{[ 1z, ti2], Vs, 729} mod Eiz70,
(XY 90, (ZA) a0 [24, Lemma 2.21]. Since A(v%)=0 [11], the Toda bracket {Aus, 31, 77}
C R13 is well defined and

f{Ale, V%l, 7]17}C{[£12, élz], V%a, 7729}.

So, for a representative @ of {Auz, Vi, ma},
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Ja=o mod Evmse, (XE) 70, (ZA) 730,

By Lemma 2.1.(iv) and Lemma 2.2.(i), we see that J([yulow)=00u mod (X0")0mu,
]([7]%0](712):0/(72325'7729 and ]([610]127718):(2/1/)7]30. By (1.3),

p12*{A£12, U%l, 7/17}(:{2611, V%l, 7717}5611 mod 11013,

so « is taken as [en] mod [#1]owr. This leads to the first of (iv).
By [12], we have 2[vh]=[enli. So we obtain

2J[visl=Jlen]u=2"w mod Euns, (3°¢") s, (3°A) 722

By [28, (12.27)], X*w =2wisvs. Since 2£4=23%¢" and 231=3°X [28, Lemma 12.19],
(235/)7732:(23/1/>7]3230. By the fact that P(627):<§137731 [28, (12.26)], we have &47:,=0
and 2] Vil =2wwuvs. Since & is not in the stable J-image, we obtain the relation J[ %]
= wuve mod 4 &, Hence, by the fact that Aviz=[1v%]ir [12] and wy=0€ z5:(S%), we
have the second of (iv).
By [12], [0 1€{[6™], 4¢1z, 4012}. So, by the fact that J[o”]=4P(os),
][pIV]E{4P(613), 4613, 4(513}:)P{4(713, 4!20, 4620}.

By [28, Lemma 10.9] and [24, Lemma 2.9], we have 8015=23"0". So, by the definition of
0" [28, p. 103], 8015 {4 013, 4 t20, 4 020} mod 4150 To8+ 784 621 =0. This leads to the last of
(iv). By [12], we have (v). This completes the proof. [']

3 Determination of w.(R.: 2) (k=21, 22; n<8)

First of all, from Lemma 2.1.(1), [10] and [25], we obtain
Lemma 3.1 R=7{[4w]}, Ré=7{[7E]} and Ri=27{ 5s}}, where 2[ yE]l=[4vals and 2] ps)=
[W§]7-
Hereafter we shall use the fact [3] that the stable J-image is trivial in 73%(S®) for
k=2122.
As it is well known, me(Rs) = 7(S%) and m(Re) = m(Rs) @ m:(S?). We know 75 =274
{1 614} ® Z2{V &6} ® Zoa{ pafia} and wha=7Z.{7"} ® Z2{V" ps0ns}, where 21" = n3us [28, (7.7)] and
2/ =n3is [28, Lemma 12.4]. This yields the groups B3 and K% for »=21 and 22:
Ry=7Z{napt’ 014} ® Zo{[ 7241 E6} ® Zia{[ 9:)a s 1}
O Zall sl 1t 014} ® Zo{[ ta] v &6} @ Zol[ a) s}
Rip=7{[7142} ® Zo{[ 92]1v 116015} ® Z{[ 1312} © Zo{[ 5]V 116015},
By (19, Theorem 5.1], we have the following :
mi(Sp(2) : 2)=7Z.6{[207]}, where 4[2¢" =% isy;
ms(Sp(2) : 2)=Za{[ 0" mal} 5 me(Sp(2) 1 2)=2Z2{[ 0" 7ua) s} © Za{[ vi] Vo) ;
a(Sp(2) 1 2)="Zal[ 0" 014]} ® Zalis n3fia}, where 80" oul=Fisst o
m2(Sp(2) 1 2)=2Za{[0"]} ® Za{[ 0’ Puu]} ® Zal[ 07 €1u]}, where 8[0"]= L.
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By [24, Propositions 2.2.(1), 2.13.(6), 2.17.(7)],
(3V)o'=22¢, €03=28& and (ZV)p"=0.

So, by setting A=v; mod 2V in Lemma 1.2, we obtain the following.

Lemma 3.2 (l) Ri:Zla{[ZWG']} and 4[2V4(7']:i[é3]5{/.

(1) Rys=7:vsc' mal} ; R%s=2Z2{[ 10" n1a) 115} ® ZA[ V3] V5o

(iii) R ="Zao{[v40 1]} ® Zo{[ ta)smsits} and 8[vac’ o14] =4[2v40"] o0,

(iv) RgZ:ZBZ{[ )/40”]} ® ZZ{[ U4(7/914]} @ Zz{[i/w‘,é‘u]} and 8[U440”] = i[ts]sﬂ/.
By [10, Table 3],

(3.1) A65:[£3]5773
We consider the exact sequence (21)s:
7T ZZA)R gl_iL)R gll)—*“)ﬂ glA’R go.

We recall that 7sx= &6 [28, (10.23)], 7[31:Z2{,U5(714} @Zz{ﬁglﬁ} and 7T32:Z4{V5K8}@Z2{ﬁ5}
®© Zo{ 5155015} By Lemma 3.1, KerA=2Z,{7éx;} for A on the right. By (2.3) and (1.2),
Alvsks)=0. By (3.1) and (1.1), Ajis=[es]smsiia and A(yspscis)==| ts]s 73 1ts014=2[ t3)522" 014=
16[ v46’ 014]. Since 2= P73 [19], we have 2] 7&] ir=[ %] 7v%. By [10], Ris=ZA[ va0" mal}.
So, by the relations 72 7= 7sv8=0[28, (7.3), (5.9)], [ 72] Tr= a[ vao’ 7uls for a={0,1}. By the
fact that [wio’nuls={7eslmat4{vs]os [11, Lemma 1.2.Gii)], we have [7E]Ds1is=
al vac’ pualevi=0. Hence

RE=7Z16{l vac’ o14)s} ® Zo{L 8l 1}
In the exact sequence (22)s :
T %AR gzji'*R gzl*ﬂf gz“A)R gl,

we know that Ker{A : n%— R} =Z{vsks} and 7ha=Zs{ G016} ® Za{ vssko} ® Zad nsiis}. By
(2.3) and (1.2), Alvsysns) =A(&016)=0. By (3.1), we see that

(32) A(?]s,lls)22[63]5/1/:8[2%(7/] y A(?]sﬂs):2[63]5)(7:16[114(0”].
We recall from [28] that 2vsks==0 and 4x=0. This yields the group
Ro=716{[ 110716} ® Zsl[ vs] 16} ® Z2{[ v V14l6} ® Za{[ 1407 €146}

By [17, Proposition 9.1], m(Spin(7): 2)=Z 2.(Ge: 2) ® m(S7: 2). We know 75="%7s
{0’01} ® Zu{ky} and nl="7s{0"} ® Z:{0" 014} & Zo{0 61} ® Z2{&:}. By [17, Theorem 6.1],
(Gz: 2)=0 and me(Gz: 2)=7Za{¢ + 150150} B Z2{<né1s>}. Here the notation <{a) is an
element such that p.«<a>=ea for the projection p: Go— Go/SU(3)=S® So we have Ry
27:® 74 and RL=(76)?®(7.)" [17]. By (2.5) and the group structure of R=(Z2)* [17],
we take [{'+ poi5] < RE: as follows :
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(3.3) [C"}‘/lsdls]e{[ )76+66], 814, 2(714} mod 2[?4‘/[5615], [)7(3‘|‘6G] V14, [176+€6]614.
We consider the exact sequence (21)s:
T SZ"A_)R 31‘—i*—>}? glﬂ"” 31_A—’R go¢

We know 75="7.{0"} ® Za{nsrs} and mle="74{{"} ® Za{ 015} ® Za{me&:}. By [12], Ap”=
[0"]. By (1.2), A(psr)=0 and A(5&7,)=0. In the exact sequence (14)s:

w ?SA)R IRy ?4.
3= Zalvsoa} ® Zo{ pspts} 128, Theorem 7.3], RY=Z{[2v40"]} and RY= Tl 7586} B Za

{Tvs]v8} [10, Table 2]. By (1.2), Alyses)=0. So, by the fact that A(7sus)=8[2v407} (3.2), we
obtain

(3.4) W nses]l=y[2v:0")s (v : 0dd).
In the the exact sequence (14)s:
7R =R Pont,,
8= 7 o{ 1ts} ® Z {957} @ Z 2{ees} (28, Theorem 7.2, (7.3)] and Rl= Z s{[nsesls} ® Z2

{[vslrvi} @ Zs{] U+ 6]} [10, Table 2]. By the fact that S {ys, 247, 250" h+{Vi}, Ans=0,
A(v3)=2[vs]vE=0 and by (1.5),

ApeS A5, 207, 22071 {0, 246, 20”7} =Ri40".

So, by the fact that Ri=7{[7%]} (Lemma 3.1), we obtain RS$edo’={2[4v)sc’}. Since
([4wslo"—2[2vi0 ) E s, Ri=Z444[2407]} [10, Table 2], we have [4yv]o’=2b[2107] for &
odd. Hence, by (3.4) and the group R%;, we obtain

(3.5) A#s:8[775€ﬁ]~

From the fact that [2v40"}01—2[ 140" 01| E i5x R = Z4® Zs, we have 4[2vs0 0=
8[ w0’ ous]. Hence, by (3.4), (3.5) and the fact that A&’ =A(u01s), we obtain A{usows)=
Apse 010=4[2v40" J601s=8[ v40’ 011)s and AL’ =8| 16" 0ws]s. By Lemma 3.1, we get a relation
2[ 6] kr=[ )4 and conclude that

R%IZZS{[V40,014]7}®Z4{[776] K7}-
We recall {10, Table 3]
(36) AV6:2[V5].

Next we show the following.
Lemma 3.3 AZs=8[v10"]e and 7174 R5=0.
Proof. fis and f'are taken as follows [28, pp. 136-7]:
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/256{[[6, 415, 4(715}1 and /TE{//, 414, 4014}1.
So, by the fact that Aus=4[2w0 Je=[e)srt’ ((3.5), (3.4), Lemma 3.2.(i)) and by (1.5),

Afs & {A/Je, 401y, 4(714}
= {[éa]s//, 441, 4614}
D [53]60{//, 4414, 4014}
2 [aler’ mod [alsrt o i+ Rised ais.

Since | esleiZ =4[2v40"J6 and 78 =(7Z.)%, we have [ler e 75=0. By [10), R$s=Zall vs] 0a} ®

ZoA[vao mals}. So we obtain Réedois={4[vs]cf}. By the fact that Aye=2[vs] (3.6) and

2v608=0 [28, Theorem 12.7], we have 4]vs]c§=A(2vs0%)=0. This leads to the first half.
We recall

Ris=7Zd[ 1217} ® ZoA[ 2)av 116015} ® Za{[ 03] 7} ® Zol[ 3]0 1266151

By (3.2), A(nsfis)=2[ ¢s]s/Z’. Then, by the fact that [721s=2[es]s, we have [ 7z]e =2[ ts]eZ’
=(). By Lemma 3.2.(iv) and the first half, *[e)si =8[vi0”]s=A/s. So we obtain [ ]
=0. Since [72]s1, [ )51’ € RE=0, we have [72)sv 16015=] ts]s1” tts015=0E R3.. This leads
to the second half and completes the proof. [ ]

By [24, Proposition 2.6.(4)] and [18, (15.3)'], #7721= &7+ ¢’ V11. So we have H(x:)opa
=H(¢")° D14= 13 Pa= P1a7a, and hence

(37) H(IC7):)713 and I{,’7W21:6_7+6/)714.
In the exact sequence (22)s :
T SSA’R ngi"R ;Z‘EL’T( gz‘L)R gl,

we know Ker{A : 73— R%} ={&'+ 116015, 7667} = Zs® Z2 and n5:s={P(20), veks, s, o/t2016}
=(72)". We have A(veks)=2[ vs| 18, Aypsptr016)=0 and A(jzs)=8[ 140" ]s (Lemma 3.3).

By Lemma 3.3, Lemma 3.5 and the group structure of 7 (Spin (7) : 2) ={(Z6)?® (Z»)"
[17], we obtain

Ri=7s{ &+ 10151} ® Zo{[ 761 &7} ® Za{[ 140717} ® Zoo{[ vs ) s} ® Zo{ 146" Drar} @ Zo{[ va0 €14)7).

We need
Lemma 3.4 [ 146" 014} 921 =[ V26" 114 015=[ 140" V1] + [ 146" €14] mod 16 vap”].
Proof. Since 135*([)/46’0‘14]7721+[U40")714]+[V4G'614D:0, we obtain [md’du] 7/21+[1J4(7/!714]
+[V4G’514]Eis*Rgz'—_ZA{g[W‘O”]} and

[vso’ o1l = vs0’ P1a) + [ vao’€14] mod 16[ vu0”].

By the parallel argument,
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[V4G,7]14]0155[V4(7/(714] 7721 mod 16[)/40”].

This completes the proof. []

Although the following is obtained by a similar calculation to the last case in the
proof of [17, Proposition 6.3], we give a proof.
Lemma 3.5 A(P(28))=2] vs] xs.
Proof. By the fact that #%:={¢’, usois, 7687} and (3.5), we have An§={8[ pses] 01s}. So, by
the proof of [28, Lemma 12.11], we can take A(P(Z9)E{A(P(01s)), vir, 70}. By the
relation Al s, t]l=[vslni+4[vi]s [11, Lemma 1.1.(iii)], we obtain

A(P(Z@)) & {[ Vﬁ:, 771%(710, V17, 7720} + {4[ )/3]60'10, W17, 7720}
Dlwsle{niow, vir, ma}+[vilec{d 0w, viz, 720}

We have {7iow, 117, 7200 ={(Ds+e8) s, 117, 720} D(Vs+ &) vis=24 mod mhonua=0 and
{4 O, V17, 7720} Cmig= {[ (10, Vw]}. This implies

[2/5]0{77%(710, V17, 7720}‘|‘[2/§]6°{4(710, Vir, 7720}:{2[V5]K3}.

We have to examine the indeterminacy R%e o ={[1v10" c1len2, | 98721}, By (3.7),
[ 78] kg =[98} rkem -+ 0’ Dra). Since [ 72 7:=4[ vs), we obtain [72]7ka=4[vs]ks=0. On the
other hand, by the fact that 2[2vi0’]1=*[4vi]o” and 2[7E]¢’=F2[4]0’, we have [52]o’
==*[2u0"]e. Since [2u0 7uE i RE=0 (Lemma 3.2.(ii)), we obtain [2w0d’]vu=
[2v40" ) €14 and

[2vs6"lenE{[2v0], M4, 2015}° V% mod 0.

Since {[21/40"], 4, 2&15}CR?6:{[V4(7/7714] s, [Vﬂ V%o} (Lemma 3.2.(i1)), we get that
[2v40" 514=0. Hence, [ 7%]0’ 514=0, and thus, we see that [ 72] g 721=0.

Finally, by Lemma 3.4 and the group structure of R%, we have [wio’oulrgn=
(46" D1ale+ [ va0”€14)z50. This completes the proof. [J

Obviously we see that

RY=7Zs{{v16" 614)8} ® Z sl 76ls1:} ® Zs{[ t] 0" 614} ® Zal] 2] e}
and

R=7Z6{[ £+ 11601518} © Zall 76887} D Zal[ va0” 15} ® Zo{[ vs s s} ® Zool[ va0” Trals)
® Zo{[vic c1ls} ® Zs{l )07} B Z{l 1] E1} @ Zo{l 107 T1) @ Zo{[ 1] 67 €14}

By [11, Lemma 1.1.(v)],
(38) [775](7/:4[)35‘1‘ 65]+[V5]7U§+[77565]7.

By [28, Lemma 10.7],
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(39) eson=0 and Ugoa=0.

Finally we show the following.
Lemma 3.6 (i) [77556]0'14:a[)/40/(714]6, [ﬁs‘i’ée]dmzb[l/40‘,0‘14]7+26[776]/€7 Jor a odd, bE7,
CE{O, 1} and [776]0/014:((l+4b)[1/4(7/(714}7.
(i1) [V40J(714]67721:[VAG/”M}GUISZ[)/4OJﬁ14]6+[)/4(7,514]6~
(iii) [ nscelrera=[va0" eualr+d((va0’ Dralz+[vac €1a}s) ;
[7586l7 Pu=[vs0" Viale+ d([va0" Druli w0 ensls) for d<{0, 1}.
(v) [ D+ 56] 5145[ Vst 66]6143[V5]7/{8+[776] &7 mod 4[U40”]7, [2/40"1714]7, [U46’€1417.
Proof. By (3.9), [ 75e6]014S don [0 = Z1s{[ va0’ 014)s}. By (3.4) and Lemma 3.2.(iii),

8[ 77565] 01u=4 [2 V46/]6614 = 8[ V4G,614]6.

This implies the first relation of (i). By (3.9), we have [ U+ 6] ouS #7e R$1= Zs{[ v40” 014]7)
® 72{2[ 6] #z}. This implies the second of (i). So, by (3.8) and the fact that viio1u=0 [28,
(7.20)], [nelo’ cra={4[ D+ es]+[vslrvi+[nseels) ora=4[ Vs + esl s+ [ n5€6]7014=(a
+4d)[vs0"0uls. This leads to the third relation of (i).

(ii) is a direct consequence of Lemma 3.4 and the group structure R%.

Since €uE{nu, 20s, Vi) and Risovis={{vio’malms, [VEi]vh}ovis=0, we see that

[vao" il E{[veo’ pal, 2015, Vis) mod {[va0 ] s} + tss R
We obtain
20[va0"ma, 2us, Vist=[vac"malo{20s, vis, 201} ={2[ v40 p1a) 015} =0.
Hence we have
[vid’ en] E{[va0"mal, 2015, Vis} mod [ a0’ mal ous, 16{va0”]
and, by (i),
Lvo’ eradr €S ved’ miads, 205, Vis) mod {Lvao” Diads +Lvao’ e1ads} + Rigo vis.

By [12], Rlso116C Rlo="7:{[ vsl7 Vsvis}. So, by the fact that 2= Vsv% and 2[ vsl- =0, we
have Ri°1v%=0. By [11, Lemma 1.2.(iii)], [#ses)r74=[ 140" nsl7. Thus we obtain

[V4(7/614]7E{[U4(7/7714]7, 2[15, V%S}D[”566]7°{7714, 2615, V%5}3[7556]7614 mod [U4(7/ )714]7’*‘[%0"614]7-
This leads to the first half of (iii). We have
[ses]( Pt er) =[ 7586] ez =[ 120" Grale 1 =[ va0’ pialeo1s=[ 46’ D1ale -+ Va0’ €14]s.

This and the first half of (iii) lead to the second half of (iii).
By the fact that (Js+ eo) Du=(Vs+ ca)eu=176&7 (2.4), we obtain [ Vs+ es| Tuu—|7s] &7
E lrs R =76 110" 17} ® Zo{| vs )7 s} ® Zo{[ v40' Dral7} ® Zal{vac' e14)s}. Since nhr={esis, vs&,
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vsas) =(7,)°, we have J[wp”]€{w&). By Lemma 3.6.(iii) and [11, Lemma 1.1.(i1)],
Jvso’ Duli=J[ w6 enl»=0. By [16, Lemma 8.1],

T ] &7)=0"nukis=nr0sis+(Tr+ &) is=( D7+ e7) kis=J ([ vs]74s)
Hence, by the relation J{| Vs+ 6] D) =6 014 ¥21=0 (Lemma 2.1.(iii)), we obtain
[ Ue+ 66] V= [ Us]7/€8+ [76]&7 mod 4[ )/4()”]7, [M:O/ )714]7, [)/46'614]7.

The same argument is used for [ Js+ &s]e1e. This leads to (iv) and completes the proof.

O
4 Determination of wa(R,: 2) (n=9)

We know that Acy=[wslece+|e]e( 7+ e+ 0 74) [11, Lemma 1.2.(v)]. By [11,
Lemmas 1.3 and 2.3], [vslecs=][tz]s0"m4. So we obtain

4.1) Aos=[ ] 72+ 1)
By [11, Lemma 1.2.(ii)] and its proof,
(4.2) Acs=t]o"+xl Vst eslst y([ mesls+uslerd) (x: 0dd; yEZ).
In the exact sequence (21), :
o Ry R -Eord 4 R,

A: 78— R3% is a monomorphism and 7%= Zs{0% ® Zs{(Z0") 015} ® Zu{is}. By (1.9) and
Lemma 3.6.3),

As=2[ ezl tr— [ 6]z
and
A((Z0")o15)=2[ tz] 0" 614 = 76]80" 01a=2[ (7] 0" 514 — (@ + 4 b)[ v40" G1als (a = odd).
By (4.2) and Lemma 3.6.(),
Aod)=[u]o o+ {xb+ ya)vio’ orals+2xc ps]akcr.
Hence we obtain
Ry=7Zu{ler)orer}.

By the fact that 2[ 7sletr=4[ tz]ekz=0 and Lemma 3.6.(1), [ ¢7]e¢” 6.4 =0 mod 2[ ¢z]e0” 614 and
hence | ¢]oo”01s=0. Thus, by Lemma 3.6.(i),

(4.3) [57]96/614:[7]566]9514:[ Vet 56]9614:[V46,014]9:[776]9(7/614:0-

In the exact sequence (21), :
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T3 RS RE-EH3,,
71=0 and 7%= Zs{0oovis}. By (4.1), Aldsvis) =[wlo( U7+ er)vis=[er)o vrvis=2[ tr]orrs and
RE=7:{[ r}orr}.
In the exact sequence (21),,:
T RO RO - R,
T8 =76l G0} and 78="7.4{| t1o,110]}. We know [12]
Ker{A : n}— R} = Z2{ nloruz}.
Since JA[ t10,110] = 10, 10,110]1=0 and J{[ ¢7]1047) = c107==0 [16], we obtain
(4.4) Al ti0,v10] =0
and
RE=Z:{[:]urer} ® Za{[ 0] 1112}
In the exact sequence (21);; :
T PRI REPHTH- R,

ﬁ%%:Zz{O'uVls} 63%2{011#12} and n%%:ZB{Cu}. We know Ker{A: ﬂ%%"Ré})}:Zz{ﬁuﬂlz}‘ By
the fact that A£11:[L7]11V7 [10] and VGCQZZGHGIE [28, (107)], we have A§11:[é7]11)/7§10:
2[&7]112((7”6713)6271'21(}311):0. This implies

RE=7[ tz)i2i6r} ® Zo[ 70121122} ® Zo[ 931 g2}
In the exact sequence (21),2:
TR R Ry 4, P2

TR ="72{ 1012} ® Zo{mze1s} & Zo{v3:} and wli=Za{nasa}. By (1.8), A(pznz)=[7%]12062. We
know Apma=[ o]z mod [ &l [12, Lemma 3.9.(2)]. By [12, Lemma 3.9.(1)] and (1.8),

(4.5) Almeen)=[7]ize2=[ &l

We consider an element [ %] visE R, By the fact that J[vh]=142&s (Lemma 2.2.(i1))
and Gavs= 0% [22, Proposition I1.2.1.(2)], we obtain J{| v%2]vis)=Avs. Hence, by the fact
that J{[ 7milistus) =(20) =0 [16, Theorem A] and 2Avs= oizk [16, Proposition 7.2], we
obtain

B= Z4{[ vi] Vw} @ Zz{[ 7711]13/112}, where 2[ V%z] Vig= [ t7]13/€7.

Now consider the exact sequence (21)y3 :
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13 4,13 is, 14 Py, 13 4 I3
T RIS R PO R .

A: 78— RE is a monomorphism [12]. Since Aas=[71ls (1.6), Azz=[71lsaz and
A(pho1s)=[m1|139%201. By the fact that [as, %] =(28) p%:=80% [28, (7.30), (10.10)], R¥=
Zsl[ Ds+ €6 13}[10, Table 2] and by Lemma 2.1.(1i1) ; (iv), we have [ g1)is7%=4[ Us+ &]13.
Hence [7u]s7%201u=4[ Ds+ sslis614=0 by (4.3). We know A(v%)=0 in determining K1}
[12]. So, by (1.2), A(y3:)=0. This implies Rit="7Z.{[v%]u11s}.

Next, in the exact sequence

14_4

14_ix 1215 Ps,,14_4 14
TR 21 21— .

20,

A 78— R is an isomorphism [12]. Since P(Fa)=P(e20)=2(ZA)vsz [16], we see that
Avu=Acu=2[V]uvis and RE=Z:{[vi]isvis).
In the exact sequence

15 4 15_ix , 7216 _Px, 15 4 15
o2 1X2Y R21 21— X2,

as Aus=[ Us+es)is and [ Us+ &6 i511a=0 ([10], [11]), there exists an element [ vis] 1= RE.
By (4.3), A015:[176+ 56]15014:0. By Lemma 2.2.(ii) ; (iii) ; (iv), the fact that vis7s—= Cis724
=(2%) =0 [24, Proposition 2.20] and &« R15=2Z{[32] t10,t10) 16} ® Z:{[ vis )16} [12], we
see that [wis]7e=0. So, by the fact that R¥=0 [12],

2 vis)vis [ vislo{ms, 2e10, 70} =—{[115), 718, 2010} 720 R 3o 720=0.
This implies that
RE=27:{[vis]vis} ® Zo{[ V2] 16118}

By the fact that + P(vss)=2vi— 334 [28, Lemma 12.18], we have a relation Ave=
2l uis] —[viz]ie, and so A(Vis)=[vi]is11s. So, by the exact sequence (21);5, we have the
group RY=7:{[vis]i11s}. Obviously we get that R3=7Za{[1v1s]is11s}.

The sequence (21),; induces the group RY=Zx{[ 7% 720} ® Za{[ vis 10115}

By Lemma 2.2.(ii) and the fact that P(usg)=(v{+ Gio)vsr [28, Corollary 12.25], 271
=0 [16, Theorem A], we obtain J([vishovis)={v#+ &is) ver. Hence, by the relation B7s
#+0 [16, Theorem A], we get Avie=[wis]1s11s. Hence the sequence (21),, implies

RE=7{ms] 7]} ® 7oA 72s] 20720}
By (1.8) and (1.6), Ayzo=]7%]20 and A ={70]a. Thus we obtain the following :
Ri= Zz{[ 7]19]21 ?720}, RE= Z{A Lzz} and R%=0.

This completes the proof of Theorem 0.1.
Finally, we give a remark. By the fact that 6350 [16, Theorem A], £ vse=0, A'vag

=ouks [22, Proposition 1.3.1.(1)] and that J: R 73 is a monomorphism, we obtain
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[810} Yig— [ £7]11K7
and
2[ 1/%2] :[610]13.

On [11, p.343], the second and third authors claim to have proved the equality 2[ vi:]=
4([e10)13—2[2011]1). This is wrong and should be corrected as above.

5 Determination of ms(R,: 2) (n=9,10)
We have HJ[vi0’ Dul=HJ[vi0' 1] =0 and
Hf[ 1/40”]:2)/920/50 mod 4@9020:8(79&5:0.

We recall that X7ds=n%="7,{vs s} ® Zo{esnis} ® Zo{vsFs} [16]. Therefore we see that
Jlvao’ D, Jlvac’eul, T vap”1E{vs &s}. We determine the J-image of [ £+ 150151 € R By
the fact that X&' =0"nuews [28, (12.4)], 1us0m=nsou=H (o 011) [28, Proposition 12.20,
Lemma 5.14] and by (2.1), we obtain J[{' + tts01s] =0 01« mod Z7ds. By [16], Zns=7Zu
{20" 014} © Zod D1 tt1s} © Zoo{ €215} ® Za{ 17 510} So we get that

(6.1) JIE 4 te015)=co’ o1 mod (T4 ) ks (¢ 1 odd).

Next we show the following.
Lemma 5.1 [76] 0" =4[ &+ ts015] + d[ vap” ] mod [va0” Tule, [vacd’ewuls for d odd.
Proof. By the definition of 0" [28, p.103], 40" =40 0" E{40", 8ews, 201} and 4vap” E{dvs0’,
814, 2014). By the fact that 7p”=4¢’ [24, Proposition 2.8.3)], [#7e]o” —4[ &'+ meois| €
173 RS =Za{[ 140”12} ® Zo{[ vs)ris} & Zof[ 140’ Drale} ® Zof{[va0"ena)s}. By (3.8) and (3.4), we
have 4] 7s] 0" =4[ nses}r=2[2v40"]. Hence, by the fact that R =(Z,)* [10] and n5=(7Z,)?
we have

4[776],0”6{4[776]0‘/, 8&14, 2(714}:{2[21/4(7/]7, 8[14, 2(714} mod 2[21/4(7/1707T%§+R’{5°20‘15:0.
That is,
476l 0"=12[2v40"7, 8eus, 204).

We consider {2[2v407], 814, 2014}. Since R%:= 7. [10, Proposition 2.1], the indeterminacy
is 2[2vs0" ] i+ Rise2015=0, and so this bracket consists of a single element. We see
that

ps*{Z[ZMG,], 814, 2()‘14}C{4V4(7/, 814, 2(714}94)/40”,
where the indeterminacy of {4vs0’, 8¢, 201} is

dyyo’o s+ 7T%5°20‘15:{2<2#,)0‘15}- ‘
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A(Z(Z/l/)015):A£4°2,U,O'14:2[772]4[/0'14#:0
by Theorem 0.1.(i), we obtain ps«{2[2140"], 81, 201} =4vs0” and
{2[2v407], 8w, 20ut=4[vip”] mod #s R

By Lemma 3.3, we obtain i+{2[2v:0"], 8as 201} =4[vip”]; and 4[vio”]:=4{n]0" =
{2[2v40' 7, 84, 20u). Notice that J([7s]l0”) =40 01 and 4][ & + psois]=46" s (5.1) and
T vs)ztw) =(7+ er) k1570 [16]. This leads to the assertion and completes the proof. [']
We need the following.
Lemma 5.2 (i) A(GsV1s)=[¢z]6" Dra+ 1| Ts+ €6s 71a mod [ 7s&6)a 14 ;
Alsins)=[tr]0" vt vslsie+ [ 76]s €7 mod 4[va0”)s, [v46" Drals, [va0" Euls.
(ii) A(dsels) 5[67] 6'614+[ )76+66]3614 mod {7/556]8614 ’
Aosers) =[] 0" et vslsks [ 76]s€7 mod 4l vip”ls, [va0” Duls, [va0'€r4ls.
Proof. By (4.2) and the relation v, 7,,=0 [28, p.70],

Aoz 1) =Aggo 514:[57]0’1714+x[ )76+66]8)714+y[775€s]3514 (l‘ : odd, Z/EZ).

This implies the first half of (i). The second half of (i) follows the first half and Lemma
3.6.(1i1) ; (iv). By the parallel argument to (i), we obtain (ii). [
Now we consider the exact sequence (22)s :

8 4,758 dx 09 Pxy 8 A 738
Mo DR Ry P3R5,

In determining R%, we know Ker{A : #%— R3i}=7-{803%}. We know n8:=2:{0s 15} ® Z»
{ose15} ® Za{ 207} @ Z{(207) D15} ® Z{( X0 ) €15} ® Zo{ &5} By (1.9) and Lemma 5.1, A&y=
[ 75]s&7 and

A(Zp”)52[67]0,,—4[§/+ﬂ6(715]8‘d[)/‘;‘O”]g mod [1/4(7/1714]8, [l/4(7/614]3 (d N Odd)

By the fact that [7s]0” Ju=[7s€6): Vs, | 76]0"€14=]7585]7614 and Lemma 3.6.(iii), we have
the following for 6<{0, 1}:

(5.2) A((Z‘G,) 515):[%0‘, 1714]3+ b([wd, )714]3+[V4G’€14]3)
and
(5.3) A((25,>615):[V4(7/514]8+ b([U4G/514]8+[V4(7/614]8).

Hence, by the group structure of R%: and Lemma 5.2, we get that
Coker{A : 3> R} =7s{[ &'+ 1501518} B Zal[ 2] 07} ® Zool| vs|ster} © ZA[ 2] 7).

We need the following.
Lemma 5.3 {[ws]:v3 8us, 201)=0 and {[7seslr, Scus, 2014 2 76]0” +4[ &'+ ps015]7 mod
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{W o’ ﬁ14]7, [1/46’614]7.

Proof. Since vs&=20" 015 and {vu1, 8cw, 2014} D &, we have
{[U5]7)J§, 8614, 2514}D[U5]7Ug°{)/11, 8&14, 2(714}94[V5]7(2(7’)G15 mod [)/5]7)/507[,%/214‘]?;502015,

We know viien#=0. By the fact that R%=(Z2)* [17], we have 4[vs]:(Z6")01s=0 and
Ri502015=0. This implies the first half.
By the fact that [7seslr=[vs]7vE+[76] 0" +4[ Js+ es] (3.8), we obtain

{[7sesls, 8ers, 201} C{[ M6l 07, Bers, 2014} + {4 U6+ &5, 814, 2014} mod [76] 070 7.
By the definition of p”, we have
{[76]0”, 801, 200} DL 1s){ 0", 8trs, 2614} D[ 6] 0" mod [76]0”> 7.
By (3.3),
(4] Ds+ &6l, 8tus, 201 =4[ &'+ 115015).
We have
[76]0”e m=([vslr 8+ [eeelr+4[ Do+ es])o{ s, €1} =[mse6lro{ Dus, erd}={[ 140" D1als, [ 110" €14)s}

by Lemma 3.6.(iii). This leads to the second half and completes the proof. [ ]

Now we show the following.
Theorem 5.4 Rgz:Zm{[SGg] (715} @D Zs{[h]gp”} @ Zz{[h]g 57} §2 ZZ{[ VS]QKB}, where 2([8(78] 0'15)
=al &'+ peoislot bl le0” mod [vsless for a and b odd.
Proof. We consider the bracket {Acds, 8c4, 201} CR%. The indeterminacy of this
bracket is Agsemss+ Ri0201:={A(0s715), Aloses)}. By (4.2), we have

{Ads, 8014, 201 T{{ tr] 07, 8tua, 2014} T 2{[ To+ €6ls, 8tra, 2614}
"1':4/{[77556]& 814, 2(714}+y{[U5]3V§, 814, 20‘14}.

We see that
{[ez]o”, 8ew, 201} D[ tr]o{07, 8ers, 2014} D[ tz) 0" mod [er] 6" 7wl
and
{[ Z6+ e6ls, 8tus, 2014} DLE + tt6015]s mod [ Js+ &6ls s, | J6+ eslsena.
So, by Lemma 5.3, we obtain
{Ads, 8t1, 201} D[ o] 0" +H{x+H4y)[ &+ 16058+ yl 76]s0” mod H,
where

H={[t:10" D14, [er]0" €14, [ V40" Drals, [va0 €148, [96]8E7, [ Ts+ €6ls P, [ Vst S6lscra).
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By Lemma 5.1, 4[ws0” =4[ 7s)0” and 4[vao” lo=4] 76]o0” =8[ ¢)o0” =0. We have [7]o&r=
2[¢:]s,=0. So, by Lemma 5.2, Lemma 3.6.(iv) and (5.2), (5.3), we get that

[¢)o0” Dra=[tz)00" €1a=] vs|oks.
Hence, by making use of Lemma 1.1 for the bracket {Ads, 8¢, 2014}, we obtain
2([863]615)E(x+4y)[§’+/z6015]9+(1+2y)[c7]9p” mod [Us]g/(s,

and thus we get the group R3%. This completes the proof. []
This theorem corrects the group structure of ma(Spin(9) : 2)=(Zs)*® (Z2)* in [17].
Next we show the following.

Lemma 5.5 Ri=716{[86s]10015} B Zall tr}100”} ® Zo{[ t2]10&7} and [vsliwows=][tz]10&7.

Proof. In the exact sequence (22), :

9 4.9 éx 210 Pey, 9 419
PR R PR,

A: 73— R% is a monomorphism and 7%= Z1s{03} ® Z«{}. By (4.1) and (3.9), we have
Acd)=[]o( P+ er)o015=0. We also have Axo=[vsloss+[czlo&7. Hence we obtain the
group R35. This completes the proof. []
Finally we show the following.
Lemma 5.6 (i) [ 7se6)o 7= 7586)oc14=[ 140’ T1alo=1 46" €14}o=0.
(i1} [ Ts+ eslo Tra=[ Ds+ eslocra=[vslors=[tz100" Via=[t:]o0" €14 and [t7)o0" G1a721==0.
({i1) [vslioks=1tr]w0&7 and [czlrokina=0.
Proof. By [11, Lemma 1.2.(i)] and the relations v vu=vii€14=0,

A((ZOJ) 515):[?7566]8 Ve and A((ZG,)Ew):[??sEe]sEm.

This, (5.2) and (5.3) imply (i).
By Lemma 3.6.(iv), we obtain

[Te+ colova=][ Vs+ esloc1a=[vsloas mod 4{vs0"]s.

By use of (4.3), [ Js+ €6lo014721=0, and so [ Js+ €s]o V1= Vs + €6Joc1s. By Lemma 5.2.
(i) and the first assertion, we obtain [ Us+ eslo 4= ¢z]o0” U14. By the parallel argument,
we obtain [ Us+ egloc1a=|tr]o0" 1. By Lemma 5.1, we see that 4[vs0” [;=4[7s]0". So we
obtain 4] 7sle0” =8[ &z]e0”=0. Thus (i) and Lemma 3.6.(iv) imply (ii).

We have A= vslo+[ez)omr) ks=[vsloks+ [ r]o&7. This leads to the first half of (iii).
By (3.7), we obtain [¢]mpa=[](&7+ 6" hs). So, by Lemma 3.6.(iv) and the first half of
(i1), [67]10/{77721:0. Since 617a1= U+ e, we obtain [67]90"0‘147721:[67]9(7/!714+[57]9(7'614:0
by (iii). This leads to the second half of (iii) and completes the proof. [ ]

6 Determination of w(R,: 2) (n=11)

First we recall from [18] that 7¥=Zs{ i} ® Zs{B}, 26 =0"es, H(S)="89 and
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P(&1)==124". We show the following.
Lemma 6.1 () &S {naens1, Tnro, 2tniiotns mod 28, for n>=10 except for n=12; L.
{mi2€1s, 721, 2e2}s mod 282, 2 as, a2l
(ii) 55:{2V5(73, Vs, 7718}.
(iil) cwer<s{B’, 1, 2¢s1} mod 2010017
Proof. By the fact that »fs;=4(vs0s) [28, (7.10)], 4(vec12)=0 [28, (7.20)] and 7.&n11=
Enlinis Tor m=3 [28, (7.5)], a Toda bracket {#.en11, Turs, 2¢nriolns is defined for n=9.
Since X : m¥— ) (S°: 2) is an isomorphism and £&<ye, 7, 2¢> mod 2¢ [28, Lemma
9.1], we obtain (i).

By [24, Lemma 2.14] and the fact that ztsov16=0, we have &s={n, 245, vs0s115) = {4,
2us0s, vish. By [28, Lemma 12.10], 7:8:= &sms. We have

EamoS{m, 2vs0s, Vis}o o= 74°{2vs50s, V15, Ta}.

The indeterminacy of {2vsds, 115, s} is 0, because 2vs0s0 75+ w300 710={15s, Vs Uslis}o Mg
=0.

On the other hand, <2vo, v, 7>=r5(S%: 2)op={&} = Z.. This and the fact that 7%
={&, "'} =(Z2)" lead to (ii).

Since J*: 73— 74 is a monomorphism [16] and X34 =(X20") =0, we obtain 8 7
=0. By Lemma 6.1.(i),

P(@zs):P(Czs)"gst{[hz, 7712813], 7732, 2&33}.

Since ep2io and 12615 survive in the stable range, we get that P(&s)=20%"4+(2n
—1) 012010 Tor n<E7 [16, p.320]. Hence, by the fact that 328’ =(320")ez= P(yse25) and
2r¥i={20"", 2012010} [16], we obtain

22{,3,, 730, 2&31} - {[612, M2E18), 7az, 2633}
= P(§25):2(7*W+(27’Z*1)0‘12,019 mod 271':})%:{20‘*”/, 2012019}.

L~

Since X?: n#— i is a monomorphism [16], H(¢*")=&s mod 2&s and 8o 4012010
mod 8ciz019 [16, Lemma 6.2], we obtain cworns{8’, 70, 2ta}. This leads to (iii) and
completes the proof. [ ]
Now we show the following.
Lemma 6.2 () A(owvi)=[]wér.
(ii) pLAEG=10".
Proof. Since
(7101/?7:(7100{7717, Vis, 7721}1C{(7107717, V18, ?721}1:{77100‘11, s, 7721}1
and A7i0=2[z]10v7, we obtain

A( O10 V%7) S {2[ L7] w7010, Vi, 7]20} D [ 67] 10{2 vz O, W17, 7720}.

By Lemma 6.1.(1), &S{2w0w, iz, 720} mod 750 9a:={ks721, ¢’ 6un21}. By Lemma 5.6,
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A owovin)=[t]087 mod [ &]we{krma, 0" 0unu}=0. This leads to (i).
We recall that 96{612, V19, 7]22}1 and 0':{(711, 2 V1s, 7721}- By (1.3), we have
D12 AOE D2 012, 119, D2}t C{2011, vis, 721} {00, Z2vis, Pa}=0".

This leads to (ii) and completes the proof. []
By (1.4) and (4.4), H(J[[¢w0, v10}])=0 and so,

Tl two, vio]1E 2= 3= Znsl 011018} ® Zol €11 510} ® Za{ 111 514}
We can set
oo, voll=d' onps (E€7Z).
By [22, Proposition 11.2.3.(1)] and [16, (8.4)],
(6.1) 0 2= boso1s mod [to, ke (5 odd).

Hence, by the exact sequence (22),, and Lemmas 5.5, 6.2.(i), the following relation holds
for integers » and s :

4[[ o, viol]= 7180811015+ s[er)10”.
Taking the J-image of this relation and using (6.1), we see that
4aon =S¥ ¢ 02) + 4501 018=br +45) 011 018.
Hence, we get that b7 =4(a—s) (mod 16) and »=4#" for some integer 7 and
4([[ cro, vio)1+ 7'[80s]110ws) =5 er]uip”.

As pizsl 12, 62]=0 by Lemma 1.4, we have Al ¢12]€ i2eR%. By Lemma 6.2.(ii), A ¢’
=0 and 712« : R R% is a monomorphism. By Theorem 1.3, #A[ ¢, a2]=32. Hence
there exists an element of K% with order 32. Thus s is odd. This determines the group
R, By noticing the fact that #[as,[ ¢z, 62]]=3, we obtain the following.
Lemma 6.3 (1) Rﬁ - Z16{[863]11(715}@ Ze.z{[[élo, Uw]]} and 4([[£1o, V10]]+7"[8(78]11(715):
slalne” for s odd an integer 7'
(1) Al az, az]l=I[[¢w0, violl1z— a’'[80sliz01s.

We show the following.
Lemma 6.4 [7]%0]7712/113:8[8(78]11015 and 4A§12:[77%0]127712#13:8[808]12615-
Proof. From the fact that pi«[ 7%]7%=0 and i1+ R13=Zs{[ Vs + &s]11}, we can set [7%] 7%
=4a D+ &s]u for a={0,1}. We know that J[ Us+ es]lu=20% (Lemma 2.1.(iii)), [ 7%]1s=0
by (1.8) and #0%:=16. So we obtain ¢=0 and [ »%]»%=0. By this relation and by the fact
that s {ms, 204, 8014}, we see that

[7%0) maraas [ hol mze{ms, 20, 801t ={[ 7%l Mz, s, 2t14}°80us.
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By [10],
{{n%]me, ms, 204 CRE=7{[80s]11} ® Z2{[ vs]1108}.

So we have [7]%0] 7]12#13:82?[80‘8]11(715 for 16{0,1}. We obtain f([ﬂ%o] 7712#13):0,7723/124 and
87 ([80s]11015) =8(2%0") 626=8 011015+ 0 by Lemma 2.1.(iv) and (6.1). By the fact that X0'=
P(n:s) [28, p.80] and X (&' pesptea) =4 P(&s)=8012010%0 [16, p.320]. This implies x=1, and
hence the first relation follows.

By the fact that 4&s= 7% and Ag=[7%]z (1.8), we see that

4A( §12) :A( 7/%2#14) = [ 7/%0]12 Tz f3.

Hence the first relation leads to the second one. This completes the proof. []
By (2.1) and the fact that A&, =0, H(c*”)=&s mod 2&s,

(6.2) Jl&ul=yo™” mod o101 (7 : odd).

By (6.2) and the fact that #o*” =32 [16], #[ &u] is a multiple of 32. By the exact sequence
(22)1;, by Lemma 6.2 and Lemma 6.3, R is generates by [86s]i201s, [[ t20, v10) 112 and [ &ul.
We show the following.

Lemma 6.5 Afz=u[80s]1201s+ 2 &uu] mod 2[[ tae, violliz for « odd and #| &y]=32.
Proof. It suffices to show the relation. It follows from the relation &7w=0 [28,
Theorem 7.6] that [ &]720S f«R%. So, by Theorem 0.1, we can set | &]70=2[ t:]10# for
2€{0,1}. Since J[&]=4" (Lemma 2.2.(v)), 8 7:0=0 and J{{ &z}ioir) = Gror17£0, we get x=
0. So the Toda bracket {[ &, 720, 2¢21} is well-defined. By (6.1) and Lemma 5.5, Lemma
6.1.(iii), we conclude that

[BoslwosE{[ &), 7o, 2en} mod 2[8as]wais, [ ]’ [a]wér
By (4.5) and thé fact that &S { gz, 1o, 262)1 (Lemma 6.1.(1)), we see that
A& E{[ Loliz, 720, 2021) D ta0124{[ &), 720, 2021}
Hence, by Lemmas 6.2 and 6.3, we can set
Ats=[80s]iz01s mod 2R E={2[80¢s)1201s, 2[[ 10, violl1z, 2[ Eul}.

Since piz«A&2=2&; (1.3), we obtain the relation. This completes the proof. []
Now we show the following.
Proposotion 6.6 (i) RE="7a{[ £11} ® Za{[[ ti0, vio] |12} ® Zal[8 8] 12015+ 20 & ]+ 2wl tao, vio]]ia)}
Jor v odd and w an integer.
(ii) RE=2Z16ln}:) 015}, where 2] nlo)o1s=[808l13015 and [ &)=yl n}:lcis for v odd.
Proof. We know the short exact sequence (=1, p=py3):

0— R oREPo);
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By Lemmas 6.4 and 6.5, we have the relation
8180812015 =4u[80s]12015+8[ £11] mod 8[[ i, vio)ia
This implies the relation for » odd and an integer w :
4([8asl 12015+ 20 Eul+2wl[ 1o, v10]]i2)=0

and leads to (i).
In the exact sequence (22);, :

12 4 P12 ix P13 ps,, 12 4 D12
PR RO R i,

78%=7{ 12, t12]} ® Zs{ G2} and that A 75— R¥ is a monomorphism. So, Lemmas 6.3.()

and 6.5, we obtain
Rég:G{[fu]w, [8(58]13015},

where G is a group of order 16. Consider an element [7}:]ois& R, where J[7t2]= o015
mod 201z (Lemma 2.1.(iv)). Then, by the relation 2[ 7%:]=[80s]is [10], we obtain the first
relation of (ii) :

2[ 7]?2] J15= [8(78]13(715-

Since J([80sli3015) =2 013028 is of order 8 [16], the order of [7%]01s is 16. This yields the
group R3. By the fact that 826*” = 18pis0m [16, (8.7)], 2*0*"=pc=0 and (6.2), we
obtain Xo*” =ypz0 for y odd. This leads to the second relation of (ii) and completes
the proof. []

Next we show the following.
Lemma 6.7 A(7713#14):8[77§2](715 and R%g:ZIG{[”%SO‘m}}®Z2{[V%3]V19}, where 2[77%3(715]:
2l nieluos for z odd.
Proof. In the exact sequence (22),5, we know

Ker{A : F%%"Ré?} = Zz{ﬂ%sdls} ® Zf )/?3}.

So there exist elements [7%s01s] and [v3s] 1S R, By the fact that Rit=7Z{Aou} [12],
J([Vi]lme)=0 (Lemma 2.2.(iv)) and 8[ c1s, 614]50 [18], we have [ 1] 71e=0. So, by the fact
that Ri#t=7Z.{[vh]uuws}, we obtain

2 vhlveSVislo{ime, 2ea, mao}=—{[vk], 71, 2t0}° 721 C Rito =0,

Since JA(apa)=Lc1s, Mmsrra]=8p01302s+0 [16], we have the first relation. By (2.1)
and the fact p%00=H(c*") [16, Lemma 6.2.(2)], we have
f[ﬂ%aOls]EG*” mod 271'%:{,014629, E14K2, V14517}.

Y o

Since 20" = p110 mod 20102 [16, Lemma 6.2.(2)], we obtain 2[ n%015] =2z #32]1501s for z
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odd. This leads to the second relation, yields the group structure of R} and completes
the proof. [J
Next we show the following.
Lemma 6.8 RE=7Z16{[714015]} © Za{[ vislisvie} and 2] puois]=[ ns015)s.
Proof. We know Ker{A: zi—RY¥}=Z.{nuos) and Avu=~7Ae,=2]v%]ums. By (1.7),
A(pues) =A(pho15)=0. We know H(o*)=1as0s0, Pp20)=80* 70 [16, pp. 321-2] and
H(w1avs0)=v%. This implies the relations Azus=8[ %015, J[ nuois|=x0* mod wisvhi for
x odd and J([v¥]isvie) =wisvk. This yields the group R¥ and completes the proof. []
Since Adgis=| Js+ e6)1s014=0, there exists an element [ois]E R3. Then we show the
following.
Lemma 6.9 R¥=Z16{[ 714015]16} ® Z2{[Vis]16v10} ® Zns{{ 0151}
Proof. By the fact that Aus=[ Us+ 515 [10], by Lemma 5.6 and Lemma 6.2, we get that
A7r$=0 and 7., : RE— R is a monomorphism. We recall from [16] that H(o¥s)=0m
mod 20,

78="716l0"} ® Zs{ 015151} ® Za{ 1510} ® Z2{115 018},

2 78— it is a monomorphism and 7i8=7Z.6{ 0%} ® Z7¥. This implies the relation /[ ois]
=¢% mod Zo¥, wisvi. We obtain

Ao~ 2[615] = Z*Rég:{[ 7714515]16, [V%S]IG)/IQ}

and J{[ v&lisvie)= wisv%. Hence, by the fact that P(oss)=20%—20* mod ows0n=420*
[16], we obtain

Acie=2]015] + a| nuacishis+ b Vis]isyie (a: odd; bE{0, 1}).

and 32] g15]=0. So, by Lemma 6.8, we can set 16[615] =8 nuc1shs+ c[ Vis)is110 Tor b, cE
{0, 1}. Since 8/[7u0os11s=820* and J([vis]isvie)= wisv% are independent in #3 [16], the
relation 0=16][ 05| =8b20" + cwisv?: implies b=c=0. Thus #| 6is]=16. This completes
the proof. []

In determining R3], we know that A: 73— R% is a monomorphism. This implies
the following.

Lemma 6.10 RE="7Z16l[ 015]17} ® Zo{V3s]17110).

Since Al/l?:[U%S]I? [12], A(V%?):[V%Ii]l?l/l& This implies that Rég:Zm{[Gts]w}.
Obviously R¥="7.16{[ 615]19}. 20, : R3¥— K% is a monomorphism, because 73=0. We know
Ker{A: 78— RE}=7Z4{2v1}. We recall nl=27Z16{0%} ® Zo{c101) ® Z2{110522}. By [186,
Lemma 8.3], 865%=4P(vu). So we get that 4Avw=8[ tis]s. This implies that RE="7Zxs
{[ 015]20} 2] Z4{A Vo 2[ (715]20}.

The groups R% for n=21 are obtained from the relations:

P(7]§3)=4d§1, P(7745):20‘§Q2 and P(ln):(fz*a.
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We note the relations : A( 77%1):4[(715}21, A7722:2[(715]22 and AKZE:[015}23-

Finally we state the group structure of the p-primary components m.(%,: p) for

k=21 and 22, where p is an odd prime. We know isomorphisms for all £ ([2], [5]);

Te(Rans1: p)=m(Sp(n): p);
7T/c(R27l+2 : p)S ﬂ/c(Rznﬂ . p) D ﬂ/c(San . p).

We know the homotopy groups m.(Sp(#)) by [19] and [20] for £<22. So, by

combining the results of [16], [18] and [28], we obtain our result which is summarized

in the following table.

n=3 n=—4 n=>5 n=6 n="7 n=8

k=21

w
—
[o5]
Rt
]
<
w
—
[#&]
=
S

f=22|3-11| 311 | 3511 | 3-5-11 27+5-7-11 2757-11+3-5

n=9 n=10 n=11 n=12

k=21 3 3 0 3

k=22 8125+7-11 812571143 81-25-7-11 8125711497

n=13 n=—14 n=15 n=16 n=17 n=18 n=19 n=20

k=21 0 0 0 0 0 0 0

k=22 0 0 0 3°5 0 0 0 3

(1]
[2]
(3]
[4]
[5]
[6]
[7]
[8]

[9]

(R p)=0 (n=21, £=21,22).
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