ITERATED CYCLIC HOMOLOGY

KATSUHIKO KURIBAYASHI AND MASAAKI YOKOTANI

ABSTRACT. {From the viewpoint of rational homotopy theory, we introduce an
iterated cyclic homology of connected commutative differential graded algebras
over the rational number field, which is regarded as a generalization of the
ordinary cyclic homology. Let T be the circle group and ]:(']I‘Z,X) denote
the function space of continuous maps from the I-dimensional torus T! to an
l-connected space X. It is also shown that the iterated cyclic homology of
the differential graded algebra of polynomial forms on X is isomorphic to the
rational cohomology algebra of the Borel space ET x1 F(T!, X), where the T-
action on F(T¢, X) is induced by the diagonal action of T on the source space
T

1. INTRODUCTION

Let T be the circle group and F(T, X) the function space equipped with the
T-action induced from the multiplication on the source space T. The results of
Goodwillie [5] and of Burghelea and Fiedorowicz [2] assert that the cyclic homol-
ogy of the singular chain C,(QX; R) on the Moore loop space of a path-connected
space X can be identified with the homology of the Borel space Er x1 F(T,X)
with coefficients in R, where R denotes a commutative ring with unit. Jones [§]
has proved that the (negative) cyclic homology of the singular cochain C*(X; R)
of a simply-connected space X is isomorphic to the cohomology of Er x1 F(T, X)
with coefficients in R as a module over H*(BT; R) = R[u]. In the case where R is
the rational number field Q, the cyclic homology of C*(X; Q) is isomorphic to that
of the differential graded commutative algebra Apr(X) of polynomial differential
forms on X. In [11], Vigué-Poirrier and Burghelea have proved that a complex
which computes the cyclic homology of Apj(X) is quasi-isomorphic to a Sullivan
minimal model for Ey xp F(T, X) if dimm;(X) ® Q is finite for any ¢. Thus the
model allows us to calculate the cyclic homology of a space explicitly [11, Theorem
BJ]. Under such a background, it is natural to generalize the cyclic homology of a
differential graded commutative algebra (DGA) over Q requiring that the homol-
ogy is isomorphic to the cohomology H*(Er xt F(T!, X); Q) when Apr(X) for an
appropriate [-connected space X is chosen as the input DGA. Here the T-action on
F(T!, X) is defined by (f - a)(t1,...,t;) = f(aty,...,at;) for a € T, f € F(T', X) and
(t,....,1) € T
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The purpose of this paper is to define such a generalized cyclic homology and to
investigate fundamental properties of the homology. We shall refer to the homology
as the iterated cyclic homology with iteration degree [ and denote it by HCI (A, d).

In what follows, we assume that a DGA (A4, d) is unital and locally finite in the
sense that A’ is of finite dimension for .. A DGA is said to be I-connected if A = 0
for i <0, A = Q and H*(A,d) =0 for any 0 < i <.

Roughly speaking, the construction of the iterated cyclic homology of a DGA is as
follows: First, for any l-connected DGA (A, d), the iterated Hochschild homology
HH il}(A,d) is defined using an appropriate complex (AW,d). The complex is
indeed a minimal model for the function space F (T, X) if (4, d) is I-connected and
X is the spatial realization |(A,d)| of the DGA (A, d).

We next introduce a derivation S on AW with degree —1. By perturbing the
differential § on AW ® Q[u] with 5, we define the complex (AW ® Qlu],d + uf)
which gives the iterated cyclic homology H C’il}(A, d). Tt will be readily seen that
HCil}(Ad) is equipped a Qlu]-algebra structure. Moreover we see that if [ = 1,
then HCI (A, d) is the ordinary cyclic homology of (A4, d). We wish to emphasize
that HC il}(A, d) does not necessarily consist of elements with non-negative degree
and that H Cél}(A,d) is not a 1-dimensional vector space in general (see Section
4).
The definition of the derivation § is quite algebraic. However, if the input DGA
(A, d) is l-connected, then the derivation [ is related to a model for the T-action on
F(T! |(A,d)|). The relationship, which is described more precisely in Proposition
5.5, is the key to completing the proof of the following theorem.

Theorem 1.1. Suppose that X is an l-connected space with dimm(X) @ Q < oo
for any k. Then, as a Q[u]-algebra,

HC (ApL(X)) = H*(Er xr F(T', X); Q).

Here the Q[u]-algebra structure on H*(Ep x1 F(T!, X); Q) is induced from the pro-
jection p of the Borel fibration F(T!, X) — Ep xt F(T!, X) 2, BT.

We prove Theorem 1.1 by induction on the iteration degree I modifying the
proof of [11, Theorem A] due to Vigué-Poirrier and Burghelea. So a new idea does
not appear in our proof. However we dare to repeat the augment of their proof
in order to state exactly the key proposition (Proposition 5.5). We also expect
that an idea inspired by the repeat may enable us to define more general cyclic
homology of a connected DGA (A, d), which is isomorphic to the Borel cohomology
of the form H*(Ey xy F(G,X);Q). Here G is a Lie group, H is a subgroup of
G, X = |(A,d)| and the action by H on F(G, X) is induced by the product on G.
Regrettably, such consideration is not made in this paper. We also mention that
Proposition 5.5 is proved by applying the algebraic model for the evaluation map
m(ev): F(T!, X) x T! — X considered in [9].

We now direct our attention to an algebraic property of the iterated cyclic ho-
mology. The result [11, Corollary 2] asserts that, for any 1-connected DGA (A4, d)
with H(A,d) # Q, the sequence consisting of dim HC’;-{I}(A, d) for ¢ > 0 is bounded
if and only if the cohomology algebra H*(A,d) can be generated by a single class.
As for the iterated cyclic homology with iteration degree greater than 1, we have
the following theorem.
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Theorem 1.2. For any integer | > 2 and any l-connected DGA (A,d) such that
H*(A,d) # Q, the sequences consisting of dim HC’ZU}(A, d) and of dim HH;-{Z}(A, d)
for i >0 are unbounded as i — oo, respectively.

This paper is organized as follows. In Section 2, after defining explicitly the iter-
ated cyclic homology, we show that the homology can be regarded as a functor from
the category of DGA’s to the category of Q[ul]-algebras. In Section 3, fundamen-
tal properties of the iterated cyclic homology are described. We also introduce a
natural transformation from HC il} to HC' iljll}. By applying it, we prove Theorem
1.2. Section 4 is devoted to computing the iterated cyclic homology with iteration
degree 2 of the polynomial algebra generated by a single element. In Section 5,
Theorem 1.1 is proved. We present in the last section the proof of Proposition 5.5.

2. DEFINITION OF THE ITERATED CYCLIC HOMOLOGY

The free algebra generated by a graded vector space V will be denoted by AV
or Q[V]. Let (AV,d) be a free DGA and (B,dp) a DGA. Let B, denote the
differential graded coalgebra defined by B, = Hom(B~?,Q) for ¢ < 0 together with
the coproduct D and the differential dg, which are dual to the multiplication of
B and to the differential dp, respectively. Let I be the ideal of the free algebra
Q[AV ® B,] generated by 1 ® 1 — 1 and all elements of the form

araz ® B — Z ‘aQHﬂl (a1 ® B}) (a2 @ B7),

where ay,a2 € AV, f € B, and D(3) =3, 8; ® ;. Observe that QAV ® B,] is a
DGA with the differential d :=d® 1+ 1 ® dp..

The result [1, Theorems 3.3] asserts that the differential d ® 1 +1® dp. respects
the ideal, that is, (d®1+1®dp.)(I) C I. Moreover, [1, Theorem 3.5] implies that
the composition map

pv: QV ® B,] = Q[AV ® B,] - QIAV ® B,]/I

is an 1som0rphlsm of graded algebras. Thus we can define a differential § on Q[V ®

B.] by pytdpy, where d is the differential on Q[AV @ B.]/I induced by d.

We apply this construction to the case that B is the DGA A(tq,...,1;) together
with the trivial differential, where |¢;] = 1 for any i. In what follows, we fix the
DGA (Q[AV @ B.],4).

Let D=1 be the (m — 1)-fold iterated coproduct on B, and the dual base of
Ty =t7'---t;" (J = (e1,...,e1)) shall be denoted by Ty, = (7' ---t;').. Observe
that if d(v) = vy« - - vy, then (2.1):

S(ve (t7-t),) = ZJ(fl)E(J)vl Uy Tre @ @Ty
— ZJ(_l)E(J)+5(U17'~~)'Um;TJ1*)~~~7TJm*)rU1 ® TJI* Uy, @ T.]m*7

where (—1)¢ (W15 vm, Ty %, ’TJm*)vlTh oLy, =v1- Umle - T inthe graded
algebra AV®@B and DM~V (15 - 5),) = 3 (=1)* Ty @ --®T),, .. We define
a derivation 8: Q[V ® B.] — Q[V ® B,] with degree —1 by

Blo® (15 £51)) = Y (=)t g ),
k

Proposition 2.1. 32 =0 and 68 + 36 = 0.
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Proof. By a straightforward computation, we can check that the first equality holds.
As for the second one, it suffices to prove that (65+6)(v® (t7* ---;')+)) = 0 when
dv = vy -+ Uy,. The formula (2.1) makes it possible to verify the equality. ([l

The iterated Hochschild homology HH il}(/\V, d) and the iterated cyclic homol-
ogy HCIY(AV,d) with iteration degree I for a free DGA (AV,d) are defined as the
homologies of the complexes

€ (V) 8) =@V @ B.]6) and (E(AV), D) = € (AV) 2 Qu], 5+ uB),

respectively, where |u| = 2. Observe that (Eil}(/\V), D;) has a DGA structure over
Q[u], which is induced by the multiplication on Q[u]. It is readily seen that the
iterated cyclic homology inherits the Q[u]-algebra structure. When the iteration
degree [ is clear from the context, frequently, the suffix is dropped in the notation

as C.(AV) for CiY (AV).

Remark 2.2. Let (AV,d) be a minimal model for an l-connected space X. We can
choose the DGA B = A(ty, ..., ;) with the trivial differential as a model for the [-
dimensional torus T!. Applying the construction in [1], we have a minimal model of
the form (Q[V ® B.],§) for the function space F (T, X). The model is nothing but
the complex (C,(AV), ;) which gives the iterated Hochschild homology of (AV,d).

We define maps on the iterated Hochschild and cyclic homologies, which are
induced from a DGA map between free DGA’s. Let ¢: (AV,d) — (AW,d) be a
DGA map. Then we can define a DGA map

Cl): (QIV @ B.],0) — (QW ® B.],0)

by C(p) = p;Vl(g;\SS/l)pv with the isomorphisms py: Q[V ® B,] — Q[AV ® B.]/I
and pw: QW ® B.] — QAW ® B,]/I mentioned above. The same argument as
in the proof of Proposition 2.1 works well to show that 3(C(p) ® 1) = (C(¢) ® 1)8.
Thus we have a DGA map

E(p) =C(p)®1: (QV ® B.] ® Q[u],d + uf) — (QW ® B.] ® Qu],d + uf3).
Accordingly the DGA map ¢ gives a morphism of graded algebras
H(C()): HHB(AV,d) — HHIY (AW, d)
and a morphism of Q[u]-algebras
H(E(p)): HCIH(AV,d) — HC (AW, d).

Let my: (AV,d) — (A,d) and my : (AW, d) — (A,d) be minimal models for a
connected DGA (4, d). For any elements z € HCIY (AV, d) and y € HCIB (AW, d),
we write x ~ y if H(E(pyw))(z) = y for some isomorphism pyw: (AV,d) —
(AW, d) such that the diagram

(A,d)

(AV,d) (AW, d)

is homotopy commutative. Observe that the isomorphism, which makes the triangle
homotopy commutative, is determined uniquely up to homotopy. It is readily seen
that ~ is an equivalence relation.
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We now define the iterated cyclic homology HCIW (A, d) of a connected DGA
(A, d) with iteration degree [ by

HOW (4,d) = IT HOD (V) [~
Madmy : (AV,d)—(A,d)

Here M 4 denotes the set consisting of all minimal models for (A, d). It follows that,
for any element my : (AV,d) — (A,d) in My, the inclusion map HC{B (AV,d) —
At smy HCI(AV,d) induces a bijection

Ny + HO (AV,d) — HCUY (A, d).

The Q[uj-algebra structure on HCIY (A, d) can be defined by forcing the bijec-
tion 7, becomes an isomorphism of Q[u]-algebras for the given minimal model
my: (AV,d) — (A,d). Take another minimal model my,: (AW, d) — (A,d). Then
we have a commutative diagram:

HCM (A, d)

HC(AV, d) HCWB (AW, d).

H(E(pvw))

This implies that the Q[u]-algebra structure on HC{Y (A, d) is uniquely determined
without depending on the choice of minimal models.

In order to show that the cyclic homology can be viewed as a functor, we need
a lemma.

Lemma 2.3. Let g, ¢1: (AV,d) — (AW, d) be DGA maps between free DGA’s.
If o is homotopic to ¢y, then H(C(po)) = H(C(¢1)) and H(E(po)) = H(E(p1)).

Proof. For i = 0,1, let €;: A (t,dt) — Q be a DGA map defined by ¢;(¢) = 4. Let
H: NV — AW ® A(t,dt) be a homotopy from g to ¢1, namely, a DGA map
satisfying (1 ® ¢;)H = ¢; for i = 0,1. We consider the following diagram in the
category of DGA’s:

—

QAV ® B*]/I%*Q[/\W ® A(t,dt) @ B,]/1 ~ Q[(W @ Q{t,dt}) ® B.]

PVTE lhw@%ls* l/éi,

Q[V ® B,] QAW ® B,]/I aut QW ® B,]

PW@Q{t,dt}

1R

in which &; is a DGA map defined by p;;} (1w (55/@) 1B.)pwaoitdy- Put B =
B./Q. Let J; be the ideal of A(t ® 1) generated by the element (t ® 1)(1 —t® 1).
Since A(t® 1,dt ® 1) is decomposed as Q{1,t @ 1,dt ® 1} & J; ® dJ;, we can write
QW & Q{t, dt}) ® B,]

= QWeBJeA(t®1,d®1)®Q[t® Bl ®dt® B/

= QW®B.,®Q{Ltel,dxl}dJ®&d))® Qe J)

= QW®B.,0Q{,te1,dt®1}® (QW @B, Q{1,t®1,dt®1} ® J3)

QW @ B.] ® (J1 ®dJ1)) @ (QW ® B,] ® (J1 ©® dJ1) ® J2)
= QWeB,|Q{,tel,dtxl}e J.
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Here J; is the ideal of Q[t ® B @ dt® B}] generated by ¢t ® By and dt® B, and J
denotes the vector space (Q[W ® B, |®@(J1®dJ1)) B (Q[W @ B, |A(t®1,dt®1)®Js).
Thus we have

EV(AW) = (6@ QW @B, ®Q{L,t®1,d® 1} ®Qu & J @ Qu]).

Moreover a simple calculation enables us to deduce that D;((J1 & dJ1) @ Q[u]) C
J @ QJu] and hence Dy(J ® Qu]) € J ® Qu]. Since 1 @t = 1-1Q b =
(1®t)(1®1)+(1®1)(1®t;:) modulo I, it follows that 1®¢;, = 0 in QAW ® B.]/I.
This fact implies that 1 ® b = 0 in QAW ® B,]/I for any b € B} and hence
(ei®1p,)(t®@b) =0 for b € Bf and i = 0,1. Thus we see that the DGA map
E(H) = (pa}@(@{mdt} ® 1Q[u])(H® 1, ® 1Q[u})(pv ® 1(@[“]) defines a linear map

huc: E;{l}(/\V) — Sil}(/\W) of degree —1 such that, for any « € Sil}(/\V),

E(H)(z) = E(po)(@) + (E(w1)(x) = E(po) (@)t — (~1)*E hyge (w)dt + £(x),
where £(x) is an appropriate element of J ® Q[u]. Since D;E(H) = E(H)D;, we
have Dihpc + hueDi = E(p1) — E(po)-

The same argument works well to show that H(C(yg)) = H(C(p1)) if o is
homotopic to ¢;. O

We define a map between the iterated cyclic homologies induced from a DGA
map. Let ¢: (A,d4) — (B,dp) be aDGA map and let @;: (AV;,d;) — (AW;,d}) be
models for ¢ (i = 1,2). Since there are isomorphisms of DGA’s, oy, v, : (AV],dy) 3
(AVa,ds) and ow,w,: (AW7,d}) 5 (AWa,d5) such that ¢apv,v, ~ ow,w,P1, it
follows from Lemma 2.3 that H(E(pw,w,))H(E(P1)) = H(E(@2))H(E(pvva))-
This fact allows us to define a map HC(p): HCIY (A, dy) — HCIH(B,dp) by
HC(¢)(x) = H(E(@)(@) for = € HOW (AV;, dy).

In similar fashion, we can define the iterated Hochschild homology HH il}(A, d)
of a DGA (A,d) with iteration degree ! using minimal models for (A,d). More-
over it follows that a DGA map ¢: (A,da) — (B,dp) induces an algebraic map
HH(p): HHIB(A,dy) — HHIY (B, dp).

Let DGA and GA be the categories of connected DGA’s and the graded algebras,
respectively. Let Q[u]-GA denote the category of graded Q[u]-algebras.

Theorem 2.4. The iterated cyclic homology and the iterated Hochschild homology
define functors HCil}: DGA — Q[u]-GA and HHil}: DGA — GA, respectively.

Proof. The result follows from Lemma 2.3. O

One may regard that Theorem 2.4 follows from Theorem 1.1 by using the real-
ization of a given DGA. This is valid if the DGA is an [-connected. We wish to
stress that the 0-connectedness of DGA’s is only assumed in Theorem 2.4.

Remark 2.5. As mentioned in Introduction, for a connected DGA (A, d), the iterated
cyclic homology HC{" (A, d) has an element with negative degree in general. If
(A, d) is s-connected and [ is a positive integer less than s+ 1, then HC’;-{I}(A, d) =0
for any nonzero integer 4 less than s + 1 — [. Moreover we see that HC’él}(A, d)
contains Q as a direct summand. The iterated Hochschild homology enjoys the
same property.
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3. A NATURAL TRANSFORMATION FROM HCil} TO HCilfll}

As is seen in the previous section, the iterated Hochschild and cyclic homologies
are regarded as functors from the category DGA to the category G.A. By restricting
the functors to each dimension, we can get functors HH ;{l} and H C’;U} from DGA
to the category of vector spaces over Q. In this section, we define a natural trans-

formation 7: HC;-U} — HC;-U:EI} and prove Theorem 1.2 by utilizing the natural
transformation.

We begin by introducing the Connes exact sequence for the iterated Hochschild
and cyclic homologies. Let (AV,d) be a connected free DGA. With the notations
in the previous section, we have a short exact sequence:

0<——ci(av) < B (av) <= e (av) =—0

in which i and 7 are defined by i( Y-, qwiu’) = X2, wiu't and w( 32,50 wiu') =

wy, respectively, where w; € Cil}(/\V). The short exact sequence gives rise to a
long exact sequence, which is called the Connes exact sequence,

o= g (A, d) 2 HHO (AV,d) £ HOM AV, d) £ HCB AV, d) <

We observe that B([w]) = [fw] for any cycle w € Cil}(/\V). Since the maps B, 7
and S are natural for DGA maps between free DGA’s, it follows that, in the above
long exact sequence, (AV,d) can be replaced by any connected DGA (A,d). We

also obtain natural transformations B': HHil} — HCiZ_}l, T HCil} — HHil} and
s: HCB, — HOWM,
Let B; denote the exterior algebra A(ty, ..., ts). We define a derivation 7: QAV ®
Bi.] — QIAV ® Bj41.] of degree —1 by
T(a ® (til .. 'tlal)*) — (_1)|a|+s1+...+5la ® (t? .. 'tfltl+1)*
for a® (7' ---¢]")« € AV @ Bys.

Lemma 3.1. (i) (d®1)oT=—-To0(d®1).
(ii) 7(I) C I, where I denotes the ideal defined in Section 2.

Proof. 1t is straightforward to check (i) and (ii). O

Lemma 3.1 allows us to obtain a derivation C(7) = py, 7 py : Ci{l} (AV) — Ci{il} (AV)
which satisfies the condition that C(7)d; = —&+1C(7). In particular, we have
C(r)(v @ (5 - t')e) = (~)PHtFey @ (15 - 17 ), for v @ (85 - 17')s €
V ® By.. Define a derivation £(7): EZ-{I}(/\V) — Elf{i?}(/\V) by E(r) =C(r)®1. Tt
is not hard to verify that 3C(7) = —C(7)5. Thus we see that D;1E(T) = —E(7)D;.
(From naturality of the maps C(7) and £(7), it follows that the maps induce natural
transformations 7y : HHil} — HHiljll} and Ty : HCil} — HCiljll}. Thus we
have the following theorem. The proof is left to the reader.

Theorem 3.2. The diagram
0<——cB(av) <"— el (av) =—— & (AV) =—0
[e@ le@ le@
0<—c I (av) <= e () <= el (av) <—o
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is commutative and hence, as natural transformations, Tyc B = —BTgy, THgT™ =
77FTHC and THCs = S’T‘Hc.

The rest of this section is devoted to proving Theorem 1.2. We mention here that
an idea of the proof of [12, Theorem| due to Vigué-Poirrier and Sullivan underlies
our proof of the theorem. We first prove the following proposition, which asserts
that Theorem 1.2 holds for a special case.

Proposition 3.3. Let [ be an integer greater than or equal to 2 and let (AV,d) be
a minimal model for an l-connected DGA (A,d). Assume that (AV,d) has a sub
DGA (AZ,d) of the form (Aa,0) or (A(a,q),dg = a™*1) and that there is a DGA
map p: (AV,d) — (AZ,d) such that p. = id, where v: (ANZ,d) — (AV,d) denotes
the inclusion map. Then the sequence dim HC’;-U}(A, d) is unbounded as i — oo.

Proof. By virtue of Theorem 3.2, we have a commutative diagram:

HE), (A2, d) =" HHL Y (72, d)

HH(L)J/ lHH(L)
HE S (A, d) —" HE 1 (4, d)
BJ/ \LB

HCEH (A, d) —"> HCT P (A, d)

%J/ \Lﬁ'

HH ) (A, d) —> HH I (A, d)
HH )| | )
HHY(AZ,d) —> HH N (72, d)

for any s < I. Let ps denote the composition map HH (p)7BHH (¢): HHij_}l (NZ,0) —
HH(NZ, d).

Lemma 3.4. There exists a graded subspace T' = @©p>1T" of HHii}l(/\Z, d) such
that

limsupdim 7pp - Tag pe(T") = co.
n—00 ——
(s — 1)-times
Thus Proposition 3.3 follows from Lemma 3.4. In fact the sequence
dim THC " THC BHH(L)(T“)
—_———
(s — 1)-times
is unbounded. (]

Proof of Lemma 3.4. Let v; and v denote the elements v ® (¢;)4 in C>;{2}(/\Z7 d) for
i = 1,2 and the element v ® (¢1t2)., respectively. Then it follows that

(€ (72,d),6) = (A(a,a1,a2,a),0)
when d = 0. If d # 0, then we see that
(CiQ} (/\Zv d)a 6) = (/\(av (_7’17 (_7’27 (:],, q, 617 (727 (7)’ 5))
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where §(q) = a"™, §(7) = (n+ 1)a"a+ 2 < " ;_ 1 > a"layas, 6(3;) = (n+1)a"a;

and 6(a) = 0(a;) = 6(a) = 0 for i = 1,2. Now define a subspace T of HH{*} (AZ, d)
as follows:

@{@]fld?}kl,zwzl when |a| is odd and d = 0,
T =1 Q{akak2}y, jy>1 when |a| is even and d = 0,
Qa1 @2352 Yoy ko1 when d # 0.
Since po(@'as?) = (kab~tak? — koahak2ha and po(a®a*) = k(@ +

az)ak?, it follows that 7' is the required subspace of HH{*}(AZ,0) in the case where
d=0.
Suppose that d # 0. For a positive integer s < [, let Z, be the ideal of C;{SH}(AZ)

‘t65+1 . .t55+1

generated by the elements a ® 1, and a ® (t7'---t .77 ), - a ® (till -~ t ). with
1+ +egqr <s+landej+---+¢,,; <s+ 1. Then it follows that elements
§(q@(t5 - 57 )+) are in the ideal Z; (see (2.1)) and hence Im § is a vector subspace
of Z,. By definition we see that

pio a1y a25?) = (—@)  a2qy® — a14y Gy*)a + (k1a1 @y~ 'aegs® — koa1qy asgy> ") q.
Therefore Ty - Ty ,ug(dl(j]fldgcjg?) has a term
————

(s — 1)-times

()l (gt — agh @) o (it t).).
We can conclude that elements 7gp - - ~THHu2(dlzj’f1&2cj§2) (k1,ko > 1) are not in
the ideal Z; and are homologically independent. Thus we have Lemma 3.4. (]

Before proving Theorem 1.2, we fix terminology. Let (AW, d) be a DGA and let
z be an element of W. We write dx = Zi Viy Uiy * Vi where v;; are non-zero
elements in W. Then we shall say that an element y of W is detected by x with
the differential d if y appears in some term of dr as a factor; that is, y = v;; for
some ;.

Proof of Theorem 1.2. We intend to prove the unboundedness of the sequence of
dim H C;-{l}(A, d). The result concerning the iterated Hochschild homology follows
from the proof.

Let (AV,d) — (A, d) be a minimal model for a DGA (A, d). Theorem 1.2 follows
from Proposition 3.3 if there exists a non-trivial element y with odd degree in V
such that V' = 0 for 4 < degy. In fact, the element ¥ is a cycle. Therefore we see
that the inclusion (Ay,0) — (AV,d) has a left inverse.

We choose a basis S = {z1, T2, ..oy Tn, Y1, Trt 1y ooy Try Y2, ...} Of V s0 that |z1] <
<< zp| < |y1] < |Tn41] < ---, where |z;] is even and |y;| is odd. Observe that
d(z;) =0 for 1 < i < n. Suppose that there is no element with odd degree in S or
d(y1) = 0. Then the result follows from Proposition 3.3.

In what follows, we put ayy = a® (t1---tx). for a € S. We assume that n > 2.

Let us deal with the case where [ is even. We choose an element z = xl?ll}zglflz} in
Eil}(/\V, d), where k; is a positive integer for ¢ = 1,2. It is readily seen that z is
a Dj-cycle and hence 7(z) = xllfll}xgl{cf} is a d;-cycle. Suppose that there exists an

element a in Cil}(/\V, d) = (AW, 6;) such that 0;(«) = 7(2). Look at the element
0 = w14y in 7(2). Since the element ¢ can be detected by some factor ¢ of a term
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of o with ¢, it follows from the definition of §; that the factor ¢ is of the form
v ® (t1---t;)« in which v € V detects z; with d. We write d(v) = x1(3_, us) + 7,
where ug are elements in AV and the element «y is not in the ideal of AV generated
by 1. Therefore the element ¢ = v ® (t1 -- - t;)« detects factors of ug, as well, in
the term which contains 6. This is a contradiction because m(z) does not contain
any elements of the form b ® 1 with b € AV. By the same argument as above, we
see that the element x5y in m(z) is not detected by an element of AW, with §;. In

consequence, the elements W(xllfll}xglff}) (k1, ke > 1) are homologically independent

in Ci‘l}(/\I/Vg, 0;) and hence so are xl}fll}xgl{“lz} in S,;{l}(/\V, d).
We next consider the case where n > 2 and [ is odd. Choose an element w =
xllfll_l}ajglff_l} which is a §;-cycle. We show that S(w) is not in Im D;. To this end,

it suffices that
B (w) = k1$1’{€}:11}$1{z}932]ff,1} + kzh’f},l}xz{z}m’{gfﬁl}

is not in Im ¢;. Suppose that there exists an element ~ in Cil}(/\V, d) = (AW, 6))
such that 6;(y) = mB(w). If the element x1y_1y in 74(w) can be detected by
some factor ¢ of a term of v with §;, then, by definition, the factor ¢ has the form
V@ (1 tj—1)« Or V@ (t1---1t;)s for some v € V. This fact enables us to deduce
that if the element 211} is detected with d;, then v or v’ ® (#;). is also detected in
the same term, as well. Here v’ denotes an element of V' which appears as a factor
of a term dv. This is a contradiction. By the same argument as above, we see that
the elements Ty T2{1-1} and Taqy in m3(z) are never detected with §;. Hence

it follows that the elements ﬁ(mkl k?z—u) (k1 > 1,ka > 1) are homologically

1{1-13T2
independent in S;{l}(/\V, d).
We prove Theorem 1.2 in the case where n = 1 and there is at least one ele-
ment with odd degree. In such a case, if d(y;) # 0, then the result follows from
Proposition 3.3. This completes the proof. O

4. A COMPUTATIONAL EXAMPLE

In this section, we compute the iterated cyclic homology with iteration degree 2
of the polynomial algebra Q[z] generated by a single element z.
By definition, we see that

HC(Q[z],0) = H(Q[z, 7] ® A(Z1, %2) ® Q[u], 6 + uf),

where z = 2®1, &1 = ®t1,, To = zQta, and T = x®(t1t2)«. Since B(x) = T1+Ta,
B(Z1) = —Z, B(Z2) = Z and B(Z) = B(u) = 0, the differential D = ¢ 4+ uf is given
by
D(z) = (Z1 + T2)u, D(Z1) = —Zu, D(T2) = Tu, D(Z)=D(u)=0.

Put o = Z1 +Z». It is readily seen that the complex which computes HC 12}((@[33], 0)
is isomorphic to the complex AU = (Q[z, Z] ® A(a, Z2) ® Q[u], D’) as a DGA, where
D'(z) = au, D'(a) = 0, D'(Z2) = Zu, D'(z) = 0, and D'(u) = 0. With the aid of
the manner for computation of a cohomology, which is described in [10, Section 7],
we can execute the computation.

Define a weight w on the DGA AU by w(a) = 1 and w(z) = w(Z2) = w(z) =
w(u) = 0. Consider a filtration of the DGA defined by F; = {z € AU | w(z) > i}.
Then it follows that the differential D’ and the product respect the filtration. Thus

8
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the filtration gives rise to a spectral sequence converging to HC12}(Q[z],0) as an
algebra. The Ey-term is given by

Ey = (Q[z] ® A(Z2) ® Qu
do(.’E) = 0, d()(Oé) = O7 do(i’g) = Eu, do(‘% = 07 do(u) =0.

®
e
=
g
>
L

Therefore we see that

as an algebra. It follows from the definition of the filtration that di(x) = au and
di(a) = dy(Z) = d1(u) = 0. Thus we can get

A(Bo, B1, - - -) ® Qlyo, 71, - - -] @ Q[u]

E2 - )
(BeBrs Bevi — Br+170, Brts iyr — Vi1 Yo, M)

where 8, = ax® and v, = 2'Z (k,1 =0, 1,...). There is no element whose filtration
degree is increased by more than or equal to 2 by the differential. Thus the spectral
sequence collapses at the Es-term and hence Fy; = E,, as a bigraded algebra.
We have to solve the extension problems. The straightforward calculation enables
us to conclude that D'(3;) = 0 and D'(vy; + lz!~tazy) = 0. The latter equality

implies that the element 7;: = 7 + l2!"'aZy of AU represents ; in the E-term.
Moreover we see that, in AU, Bxlr = 0, BrY — BrrtYo = 0, Bru = D’(%ﬂmk“),

Y13 — YirrFo = 0 and Fu = D' (2'Z3). Thus we have

/\(ﬂ(hﬁla .. ) & Q[:YOKNYM .. ] Y Q[u’]

HCI#(Q[z],0) = g - T
Qi1 0) (BrBr s Bt — Br+150, B, Yy — Vit Yo, Vi)

where deg B, = (k+ 1)degz — 1, degd; = (I + 1) degz — 2 and degu = 2.
We see that HC{? (Q[z],0) consists of elements with non-negative degree. Ob-
serve that HCgQ}(Q[xLO) >~ Q as long as degz > 2.

Remark 4.1. By virtue of Theorem 1.1, we can obtain the explicit form of the Borel
cohomology H*(Er x7 F(T?,BSU(2)); Q). In fact the cohomology is isomorphic
to HCiZ}(@[x], 0) as an H*(BT; Q) = QJu]-algebra, where degx = 4.

More computations of the iterated cyclic homologies will be made in [13].

5. A MODEL FOR Ep x7 F(T!, X)

With the same notations as in Section 2, we construct the extension
(Qlul, 0)—= (! (AV) © Qlul, & +uB) = (£ (AV), D) 7= (€ (AV), 8)

in which j(u) = v and (3,5, wiu') = wyg. We relate the extension with a topolog-
ical object in terms of rational homotopy theory. More precisely, we shall establish
the following theorem.

Theorem 5.1. Suppose X is an l-connected space with dimm(X) ® Q < oo for
any k . Let (AV,d) = Apr(X) be a minimal model for X and F(T', X) 5 Ep xt
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F(T', X) % BT the Borel fibration. Then there exists a commutative diagram (5.1):

PL(

App(BT) 2% oy (By e F(TY, X)) 28U (F (T, X))

(
HTZ mf= il

Qlu], 0)———= (£ (AV), D)) —— (¢ (AV), 0)

such that n, m; and m; are quasi-isomorphisms.

As an immediate corollary, we have the following result which yields Theorem
1.1.

Corollary 5.2. Under the same hypotheses as in Theorem 5.1, there are an iso-
morphism of Q[u]-algebras

HO (App(X)) = H* (Er xz F(T', X); Q)
and an isomorphism of algebras
HH (Apy (X)) = H*(F(T', X); Q).

We argue by induction on the integer ! in the diagram (5.1). In the case [ =1,
The result follows from [11, Theorem A].

Assume that Theorem 5.1 holds for the case | = N—1. We put (CINY(AV),dy) =
(AWn,dn). Let n: (Q[u],0) = Apr(BT) be a minimal model for BT and ¢: (AZ®
Q[u],d) = Apr(Er x7 F(TN, X)) be a Sullivan model for the map Apr,(p)n. Then
we have a commutative diagram:

Apr( Apr(i
APL BT Z/;ipL E’]r XT f(T X)) (1)4PL(.7:(TN,X))

(
- - =

(Q[u],0) (AZ @ Q[u],d)

where the map g is obtained from ¢ by reducing the elements in the ideal of AZQQ]u]
generated by u. The result [4, Proposition 15.3] enables us to deduce that the map
@ is a minimal model for F(T",X) (see also [7]). Choose the minimal model
en: (AW, On) — Apr(F(TN, X)) for F(TV, X) due to Brown and Szczarba (see
Remark 2.2). Observe that the quasi-isomorphism ¢y is obtained by applying the
lifting lemma to quasi-isomorphisms between DGA’s (see [1], [9, Section 2]). Then
there exists an isomorphism f: (AW, dn) = (AZ,d) such that gf ~ c¢n. Using
the isomorphism f ® 1: A Wx ® Q[u] — AZ ® Q[u], we define a differential A on
AWN @ Qu] by A = (f®1)7td(f ®1). Put my = q(f ® 1) and my = qf. We

thus have a commutative diagram

PL(

App(BT) MU oy (Br sz F(TN, X)) P2 A (F(TY, X))

- - -

(Q[u], 0)>—— (AWx ® Q[u], A) (AW, ).

Let ey—1: (AWn_1,0n) =5 Apr(F(TN=1 X)) be the minimal model due to
Brown and Szczarba. Let {v;} be a basis of the vector space V. Since Wy_;
and Wy have bases {v; ® (7' -+t ) )«} and {v; ® (¢7* - t3 ).}, respectively,
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we can write Wy = Wy_1 ® (Wn_1 ® ty.). To simplify, put W = Wy_; and
W =Wny_1®tn« Forwe W, let w denote the element By (w) — Bn_1(w). Since
W= (—1)lvHeteten—iy @ (17t T ) ifw =0 @ (8-t ) ), it follows
that the correspondence w — 1w gives an isomorphism between W and W.

Let : TV — TN~1! be the natural projection on the first N — 1 factors. Observe
that n is a T-equivariant map. There exists a commutative diagram

(m)
Apr(TN-1) el Apr(TV)

A

/\(tl, ...,tN_l) ? /\(2517 ...,tN)

such that vertical arrows are quasi-isomorphisms and 7(t;) = t; for ¢ < N — 1.
Moreover quasi-isomorphisms ¢; connecting Apy,(F(T!, X)) with (AW, §;) men-
tioned above are natural with respect to Apy(n) and 7 for [ = N and N — 1. These
facts enable us to obtain a homotopy commutative diagram:

Apn(F(TY, X)) 2 Ry (F N, X))

CNT: :TCN—l

(/\W ® /\W7 6N) T> (/\VV, 5]\],1),

where nf: F(TVN=1, X) — F(TV, X) is the map induced by n and k is a DGA map
defined by k(w) = w for w € W and k(w) = 0 for w € W.
Consider the following commutative diagram:

(Qlul, 0) (AW & Q[u], Dy 1)

i\ ~|ma

(/\W@/\W@Q[u}, )%APL(ET X f(TN X))%APL(ET XT f(TN 1 X))

By virtue of [4, Proposition 14.6], we have a lift ¢ of Apr(1 x n*)my and a diagram
(5.2):
APL(BT _—> APL(ET XT f(TN 1 X)) I APL(}—(TNil,X))

Apr( 1M TmN71 APL(UV ~

APL ET ><T F(TV, X)) Apr(F(TV, X)) -

u]7 mN (/\W@Q[’U;],DNfl) mN*% (/\I/V7 5N71)
q .7 q —
(/\W ® /\W ® @[a], A) (AW ® AW 5)

in which App,(1 x nY)my ~ my_1q, Apr(n*)my ~ my_1q and other squares are
commutative. Observe that a homotopy between Apr (1 x n*)my and my_1q gives
rise to that between Apr(n)my and my_1G. Since my_; and cy_; are minimal
models for Apy(F(TN=1, X)), there is an isomorphisms g from (AW, dx_1) to itself
such that cy_19 ~ my_1. It is readily seen that k ~ gq because my ~ cy. Let
{w;} be a basis of W and let {w;} be the corresponding basis of W. Since the linear
part of k coincides with that of gq (see, for example, [4, Proposition 12.8(ii)]), by
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induction on the degree of {w;} and {w;}, we see that
9q(w; + z;) =w;  and  gq(w; +y;) =0

for some decomposable elements z; and y; of AW. We write g(w;) = > pijw;
modulo decomposable elements. Accordingly there exists a decomposable element
z; such that gg(>° pijw; + z;) = g(w;). Define a map ¢ from (AW @ AW) to
itself by (w;) = > pijw; + x; and @(w;) = w; + ;. Then it follows that ¢ is an
isomorphism of algebras satisfying go(w;) = w; and gp(w;) = 0. By using ¢, we
can construct a commutative diagram in DGA, (5.3):

(Q[ul, 0)—= (AW ® AW ® Q[u], A) —> (AW & AW, dy)

H %T@@l %Tﬂp

(Q[u], 0)— (AW @ AW @ Q[u], A) == (AW & AW, dx),

where A = (¢ ® 1) 'A(p ® 1) and § = ¢ 1.

The commutativity of the diagram (5.3) and of the bottom of the diagram (5.2)
implies that ¢(¢ ® 1)(w;) = w; and ¢(¢ ® 1)(@;) = 0 modulo the ideal (u) of
AW @ AW @ Q[u] generated by u. By induction on the degree of elements of
AW @& AW, we can define an isomorphism v of algebras from AW @ AW ® Q[u] to
itself satisfying the condition that the induced map v: AW @ AW — AW @ AW
is the identity map and ¢ (u) = u, ¢(¢ ® 1) (w;) = w;, q(p @ 1)¢(w;) = 0. Thus
we have a commutative diagram (5.4):

(Q[ul],0)>— (AW @ AW ® Q[u], A) == (AW & AW, i)

fo =1

(Q[u], 0)>—= (AW & AW ® Q[u], A) = (AW & AW, dy),

IR

where A = (w)’lﬁw. Observe that the lower sequence is also a model for the
fibration F(TV, X) — ET xt F(TV,X) — BT.
It remains to prove that there exists an isomorphism of DGA’s between (AW ®

AW ®@Q[u], Dy) and (AW @ AW @Q[u], A) whose restriction on Q[u] is the identity
map. We write

5 —(5N +Zu19

i>1

for z € AW @ AW. Put p = q(¢ ® 1). Since Dy_1p = PA and p is the identity
map on W, it follows that, for w € W,

On—1(w) +ubn_1(w) = Dy_1(w) = Dy-— 1;5( ) = 55(111)
— p(SN +Zup9

i>1

The equality enables us to conclude that poy(w) = on-1(w) for w € W. By
definition of ¢, we see that gq(/\W) = AW and hence x5 = ¢ 'dn¢p is closed in
AW. This fact implies that dx(w) = dn(w). Observe that dy = dy—1 on AW.
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Putting 61 (w) = 61 (w) — By_1(w) and 6;(w) = 0;(w) for i > 2, we can write

z(w) = DN_l(w) + Zuzﬁz(w),

where w € W. o

Define a map F' from (AW @ AW ® Q[u]) to itself by F(u) = u, F(w) = w for
we W and F(w) =Y ,5, u'~'0;(w) for 0 € W.
Proposition 5.3. If F' is an isomorphism, then F' fits in the following commutative
diagram of DGA’s:

(AW @ AW @ Q[u],A)

_—

(Qul, 0) =|F

T

(AW @ AW @ Q[u], Dy).

Proof. Define D = F*IXF. Then it suffices to show that Dy = D . Since
Dy_1(w) € AW, it follows that
Dw) = F YDy_i(w)+uF(w))
= Dy_1(w)+uw
= On-1(w) +uBn-1(w) + uw
= On(w) +ufn(w) = Dy(w).
The above fact yields that

D(én(w) +ubn(w)) = Dnon(w) +uDBn(w)
InOn(w) + uBndn(w) + uDBy (w)
= ufnon(w) +uDBy(w).
Thus we have —fy0y(w) = DBn(w) = D(w + By-1(w)) = D(w) + Dfn—_1(w).
Since Bny_1w € AW, it follows that
D(w) = —Bnon(w)—DnBn-1(w)

—BNnON(w) = OnBn-1(w) — uBnBn-1(w)
—OnPBN-1(w) = BnIn(w) + ubBn (0 — By (w))

= —Onfn-1(w)+InBn(w) + ubn(w) — uBnPn(w)

(by using BnoN + dnBn = 0)

= on(Bn(w) = By-1(w)) + uby(w)

= On(w) +ulby(w) = Dn(w).
Then we have the result. ([

0 = D*w

In order to complete the induction, we have to prove the following proposition.

Proposition 5.4. The map F is an isomorphism of algebras.



16 KATSUHIKO KURIBAYASHI AND MASAAKI YOKOTANI

Proof. Since AW @ AW ®@Q[u] is locally finite, it suffices to show that F is surjective.
Let p: F(TN,X) x T — F(TY, X) be the T-action induced from the diagonal T-
action on the source TV and let p;: F(TV,X) x T — F(TV, X) be the projection
in the first factor. We see that iu ~ ip;. (From the diagrams (5.2), (5.3) and (5.4),
we can obtain a homotopy commutative diagram:

Apr(i
Apr(ET xp F(TV, X)) et App(F(TVN, X))

y :TCN

(AW & AW @ Qlu], A) ——> (AW & AW, dy) —i> (AW @ AW, 6n).

The diagram allows us to choose @i as a model for the inclusion i: F(TV, X) —
Er x7 F(TN, X). Let fi be a model for p associated with the models cy: (AW ®
/\W7 5N) — APL(:F(TN, X)) and cy®1: (/\VV@/\W7 5N)®(/\t, 0) — APL(f(TN, X) X
T). As in the proof of [11, Proposition 2.2], by using the definition of homotopy
given in [7, Chapter 5], we can conclude that

fipi(w) = p(w) + A(w) + (Apby (w) +w' + B(w)) @t

for any element w € W, where A(w) and B(w) are appropriate decomposable
elements in AW @ AW, w’ € AW and X € Q.

To finish the proof, we need the following proposition. The proof is deferred to
the next section.

Proposition 5.5. With the above notation, i = Id — By ®t.
Thus we have an equality (5.5):
P~ Bnep(w) = M (w) + w” + B'(w)

with w” = =1 (w') € AW and B'(w) = ¢! B(w). Fix an integer k > 0. Consider
the basis {w; }1<;<s for W* mentioned above. Let {1w;} be the corresponding basis
for Wk_l; that is, w; = By (w;) — By-1(w;). By definition, we have

o) =wi+y;  and  p(w;) =Y (iw; + ;)
with some decomposable elements y; and x; of AW. Thus it follows that

Bnp(wi) = By (Z pijw; + xz) =) (i (Br—1(wy) + 5) + B:)).

1

Therefore, by applying ¢~ ", we see that

o Bo(wi) =Y (pijw; + 2i + di),
where d; is a decomposable element in AW ® AW and z; € AW. Using the regular
matrix A = ( ij ), we write
o Bp(wr) (! 21 dy
z =Al s
¢~ Bp(ws) Ws Zs ds
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The equality (5.5) yields that

’Lfll /\151(11)1) Zi dll
=A"" ; +1 |+

Wy Aoy (ws) 2 d.

with elements 2] € AW and decomposable elements d; € AW @ AW. From this
fact, it follows by induction on the degree k of the vector space W that every w; is
in the image of F'. We have Proposition 5.4. (]

6. PROOF OF PROPOSITION 5.5

Let X be an [-connected space with a minimal model (Q[V],d). Let u: F(T!, X)x
T — F(T!, X) be the T-action on F(T!, X) defined by
N’(fv a’)(ala ) al) = f(aala ) aal)

for f € F(T',X), a € T and (ay,...,a;) € T.. Let B be the minimal model for
T of the form (A(t1,...,t;),0). We denote by ¢ an I-tuple (1, ...,¢;), where &; is
0 or 1, and write a. = t7'---t;'. Choose {a.} as a basis of B. Then we have a
minimal model for F(T!, X) of the form (Q[V ® B,],d). Moreover, it follows from
[9, Theorem 4.5] that the map @

QV] — Q[V® B.]® B,
which is defined by

i(z) =Y (-1 D@ ® ae) @ a.

€

for z € Q[V], is a model for the evaluation map ev: F(T!, X) x T! — X, where
{ac«} is the dual base to {a.} and a(n) = [%}, the greatest integer in {71

5
Proof of Proposition 5.5. Let ¢: T x T! — T be the action on T! defined by

a(ay,...,a;) = (aay, ...,aa;). Then we have a commutative diagram

pux1

F(TLX)x T x T 25 F(T!, X) x T

frxe iev

F(TL, X) x T X.

ev

This means that the composition ev(1 x ¢) is the adjunction map to p. Therefore,
in order to prove Proposition 5.5, it suffices to show that the following diagram is
commutative:

QVeB)eAnm®B~—"" (QV®B)]) B

M Q[V] /

for some model ¢ for ¢ because @ is a model for the evaluation map ev, where
g denotes the DGA map Id — 3 ®t. Let A: T — T! be the diagonal map and
m: T x T' — T' the multiplication. The action T x T! — T' factors through
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Ax1:TxT — T! x T! and the map m. Therefore it follows that the map ¢ has
a model ¢ defined by

Blac) =1®ac+ Yy ()T reip@ gt gih g
k
Hence we have
1@@uv) = Z(—l)a(‘a‘s‘)v ®asx 1 ® ags
5
+ 3 (1)Ul N ()P (0 @ ag) @E@ It
0 k
On the other hand, it is readily seen that
(g Diav) = ((Id-—pet)®1)a(v)

Z (D)% @ a,, @ 1© a.

S S G ). 19
k

We compare the coefficients (—1)®(lasD+1+-+dk—1 and (—1)@lacDtert+etl when
=ttt = t‘s1 . t‘sr . 51 . By applying the formula such that a(n+

m) = a(n ) a(m )+mn modu102 We see that
aflas]) +01 4+ + bk
= a1+ +0)+er+- - Fep
= aler+-tep1tert+ltepr+-+e)ter++ek
= aler+-+e)+ta)+1-(e14+--+e)ter+ - +er

= a(lae|) +1+ep+---+er

This finishes the proof. O
Acknowledgements. The authors thank the referee for suggestions to revise a
previous version of this paper.
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