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We propose a new grand unification scenario for ensuring proton stability. Our scenario
is based on the idea that the proton decay problem is an artificial one, which is caused by
the identification of the gauge-coupling unification scale with the grand unification scale or
the grand unified symmetry breaking scale. We propose a Lifshitz type gauge theory as a
candidate for realizing our scenario.

§1. Introduction

Grand unification is an attractive idea and enables the unification of forces and
the (partial) unification of quarks and leptons in each family.1) The introduction of
supersymmetry (SUSY) increases the likelihood of realizing grand unification. In
the minimal supersymmetric standard model (MSSM), the gauge couplings meet at
MX = 2.1 × 1016 GeV if the superpartners and Higgs particles exist below or at
approximately O(1) TeV.2),∗∗) It is natural to surmise that the grand unification
occurs at MX and that the physics above MX can be described by a supersymmetric
grand unified theory (SUSY GUT). This scenario is very attractive, but, in general,
it suffers from problems related to Higgs multiplets. A typical problem is the proton
decay problem4) in the minimal SUSY GUT.5)

The proton decay problem originates from the significant contribution from the
operators of dimensionality five. Stronger constraints on the colored Higgs mass
MHC

and the sfermion mass mf̃ have been obtained (e.g., MHC
> 6.5 × 1016 GeV

for mf̃ < 1 TeV) from analysis including a Higgsino dressing diagram with right-
handed matter fields in the minimal SUSY SU(5) GUT.6) Extra particles such as
X and Y gauge bosons, colored Higgs bosons and their superpartners are expected
to acquire heavy masses of O(MU ) after the breakdown of grand unified symmetry.
Here MU is the grand unification scale or the grand unified symmetry breaking scale.
The constraints contradict the relation MHC

= O(MU ) if MU is identified with the
gauge-coupling unification scale MX . From this observation, we conjecture that
the proton stability can be made compatible with the grand unification if MX is not
directly related to MU and the order of MU is larger than that of MX . This might
lead to the idea that gauge couplings agree accidentally at MX .

In this paper, we propose a new grand unification scenario for ensuring proton
stability on the basis of the above conjecture and the standpoint that the scale
MX has a physical meaning beyond the fact that the agreement of gauge couplings

∗) E-mail: haru@azusa.shinshu-u.ac.jp
∗∗) The gauge-coupling unification based on SUSY was predicted in Ref. 3).
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occurs accidentally there. We discuss a Lifshitz type gauge theory as a candidate for
realizing our scenario.

This paper is organized as follows. In the next section, we elaborate our scenario.
In §3, we discuss a candidate for realizing our scenario. In §4, we present conclusions
and a discussion. In Appendix A, we study radiative corrections using a Lifshitz
type Abelian gauge theory.

§2. Our scenario

The proton stability can deteriorate through contributions from the operators
of dimensionality five including the colored Higgsinos in the minimal SUSY SU(5)
GUT. Stronger constraints on the colored Higgs mass MHC

and the sfermion mass
mf̃ have been obtained (e.g., MHC

> 6.5× 1016 GeV for mf̃ < 1 TeV) from analysis
including a Higgsino dressing diagram with right-handed matter fields.6),∗) Extra
particles such as X and Y gauge bosons, colored Higgs bosons and their superpart-
ners usually acquire heavy masses of O(MU ) after the breakdown of grand unified
symmetry at MU . The root of the proton decay problem stems from the relation
MHC

= O(MU ) with the identification between the grand unified symmetry breaking
scale MU and the gauge-coupling unification scale at MX = 2.1×1016 GeV. Conven-
tionally, one tackles the problem by extending the model leaving the identification
untouched.
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Fig. 1. Evolution of the three gauge couplings.

We explore a new possibility of con-
structing a problem-free model. The un-
derlying idea of our scenario is that the
gauge-coupling unification at MX pro-
duces misleading information that the
gauge symmetries are also unified at
MX . The proton stability can be made
compatible with the grand unification
if the grand unified symmetry breaking
scale is not MX but larger than MX .
The scale MX has a physical mean-
ing beyond the fact that the agreement
of gauge couplings occurs accidentally
there. The outline of our scenario is as
follows. A GUT describes physics above
MU , which is larger than MX , in which

the proton decay processes are sufficiently suppressed. After the breakdown of grand
unified symmetry, the running of standard model (SM) gauge couplings gi, in gen-
eral, differs. In this case, it is necessary to explain why the gi meet again at MX .
It might occur owing to a decoupling of extra particles. In this paper, we explore a
more exotic scenario that the gi run (or stand) together from MU to MX resulting

∗) In Ref. 7), an intriguing possibility is pointed out that there are some uncertainties in esti-

mating the operators of dimensionality five and that even the minimal SUSY SU(5) GUT survives.
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from a specific dynamics.∗) Then the stucture of the theory changes around MX as
a result of a phase transition irrelevant to the grand unification and the different
running of gi starts there. A typical running of gauge couplings is depicted in Fig. 1.
The αi (i = 1, 2, 3) are structure constants constructed from gi. Through two types
of phase transitions, the MSSM will be derived as follows:∫

dtdDxLU
MU−→

∫
dtdD̃xLI

MX−→
∫

d4xLMSSM , (2.1)

where LU , LI and LMSSM are the Lagrangian density of the GUT, an intermediate
theory and the MSSM, and we have the possibility that the structure of space-time
is also changed.

For our scenario, it is natural to ask the following questions:
1. What type of GUT describes the physics above MU?
2. How is the grand unified symmetry broken down to a smaller one at MU?
3. What type of theory describes the physics at the region between MU and MX?
4. What type of dynamics makes gi run (or stand) together from MU to MX?
5. What type of phase transition occurs to derive the MSSM around MX?
Unfortunately, we presently have no definite answers to these questions, although
we provide some conjectures. Let us look for possible answers by taking the fourth
question as a clue. The simplest possibility is that no gauge couplings (almost) run
between MU and MX , i.e., the beta functions of gi (almost) vanish. We expect
that this can stem from specific super-renormalizable interactions. Then a phase
transition occurs and a theory with super-renormalizable interactions changes into
one with renormalizable interactions. We consider this possibility, which is inspired
by models with a Lifshitz type fixed point.9), 10) For the first and third questions,
we expect that the theory has a Lifshitz type fixed point with z > 1 above MX , a
grand unified symmetry above MU and the SM symmetry below MU , and it changes
into a renormalizable theory with z = 1 similarly to the MSSM around MX . In this
case, the Poincaré invariance and SUSY are regarded as accidental symmetries that
emerge in the lower-energy scale less than MX or in the infrared (IR) region.∗∗)

§3. A candidate

We expect that a specific gauge theory that possesses a fixed point with anisotropic
scaling characterized by a dynamical critical exponent z > 1 will realize our scenario,
but more careful consideration is needed to construct a complete theory. Here, we
present a candidate gauge theory and discuss its features.

∗) The idea that the proton decay rate is suppressed by an increase of the unification scale

has been proposed with interesting examples on the basis of the existence of extra vectorlike split

multiples.8) In particular, the pattern of running gauge couplings in “fake unification” is the same as

that in our scenario, but the causes are different, i.e., the running is closely related to the existence

of extra particles in the scenario in Ref. 8) and to a specific dynamics in our scenario.
∗∗) In Ref. 11), properties and renormalizability for quantum field theories with Lorentz sym-

metry breaking terms have been studied intensively on the basis of “weighted power counting”.

Furthermore, extensions of the SM have been proposed for this framework.12)
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3.1. Preparation

Space-time is assumed to be factorized into a product of D-dimensional Eu-
clidean space RD and time R, whose coordinates are denoted by xi (i = 1, · · · , D)
(or x) and t, respectively. In this paper, we mostly study the case with D = 3. The
dimensions of xi and t are defined as

[xi] = −1 , [t] = −z , (3.1)

where z is the dynamical critical exponent, which characterizes anisotropic scaling
xi → bxi and t → bzt at the fixed point. The system does not possess the relativistic
invariance for z 6= 1 but it possesses spatial rotational invariance and translational
invariance. The Lorentz invariance is expected to emerge after the transition from
z 6= 1 to z = 1.

Let us first consider a simple model on R3 × R with a complex scalar field φ
and two types of spinor fields ϕ and η described by the action

S0 =
∫

dtd3x

[∣∣∣∣∂φ

∂t

∣∣∣∣2 − 1
κ2

∣∣∣∣ ∂2φ

∂xi∂xi

∣∣∣∣2
+ϕ†i

∂

∂t
ϕ + η†i

∂

∂t
η +

1
ξ2

ϕ† ∂2

∂xi∂xi
η +

1
ξ2

η†
∂2

∂xi∂xi
ϕ

]
. (3.2)

Both ϕ and η are 2-component spinors defined on R3 and they transform as

ϕ(x) → ϕ′ → ϕ′(x′) = S(O)ϕ(x) , η(x) → η′ → η′(x′) = S(O)η(x) , (3.3)

S(O) ≡ e−
i
4
ωijσij

, σij ≡ i

2
(
σiσj − σjσi

)
, (3.4)

under the 3-dimensional rotation xi → x′i = Oi
jx

j . Here, the σi are Pauli matrices,
the ωij are parameters related to the rotation angles θi with ωij = −εijkθ

k and Oi
j

is the 3 × 3 orthogonal matrix given by Oi
j = (eω)i

j . S(O) satisfies the following
relations:

S†(O)σiS(O) = Oi
jσ

j , S†(O)S(O) = I , (3.5)

where I is the 2 × 2 unit matrix. The terms such as ϕ†∂i∂iϕ and η†∂i∂iη are also
invariant under the spatial rotation, but we assume that they are absent. Then (3.2)
is rewritten as

S0 =
∫

dtd3x

[∣∣∣∣∂φ

∂t

∣∣∣∣2 − 1
κ2

∣∣∣∣ ∂2φ

∂xi∂xi

∣∣∣∣2 + ψ̄iγ0 ∂

∂t
ψ +

1
ξ2

ψ̄
∂2

∂xi∂xi
ψ

]
, (3.6)

where we define a 4-component spinor field as ψ ≡ (ϕ, η)t, ψ̄ ≡ ψ†γ0. Here, γ0

corresponds to the time component of the gamma matrices and is given by

γ0 =
(

0 I
I 0

)
. (3.7)
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The engineering dimensions of fields (φ, ψ) and couplings (κ2, ξ2) are given by

[φ] =
3 − z

2
, [ψ] =

3
2

, [κ2] = 4 − 2z , [ξ2] = 2 − z . (3.8)

The system has a free-field fixed point with z = 2.
Next let us adopt the gauge principle. The gauge fields (At, Ai) are introduced

and the derivatives (∂t ≡ ∂/∂t, ∂i ≡ ∂/∂xi) are replaced with the covariant deriva-
tives (Dt, Di) using

∂t ⇒ Dt ≡ ∂t + igAt , ∂i ⇒ Di ≡ ∂i + igAi , (3.9)

where g is a gauge coupling. The engineering dimensions of At and Ai are

[At] = z − [g] , [Ai] = 1 − [g] . (3.10)

Gauge field strengths (Fti, Fij) are constructed from the commutators of covariant
derivatives as

[Dt, Di] = igFti , [Di, Dj ] = igFij . (3.11)

If the gauge fields are dynamical, the kinetic term of the gauge fields should be
added. In this way, we obtain the following gauge-invariant action:

S =
∫

dtd3x

[
tr(Fti)2 −

1
2λ2

tr(DkFij)2

+ |Dtφ|2 −
1
κ2

|DiDiφ|2 + ψ̄iγ0Dtψ +
1
ξ2

ψ̄DiDiψ

]
, (3.12)

where tr represents the trace of the gauge generators. If the differential operator
∂i∂i for ϕ and η in (3.2) is regarded as (σi∂i)2, the last term in (3.12) is replaced
by −ξ−2ψ̄(γiDi)2ψ. Here, the γi correspond to the space components of gamma
matrices, are given by

γi =
(

0 −σi

σi 0

)
(3.13)

and satisfy the relation γiγj + γjγi = −2δij . We add tr(DkFij)2 as the ‘potential
term’ for Ai to the action S and this form can be generalized in the case with a
higher spatial derivative. The ‘potential term’ comprises terms other than the kinetic
term including time derivatives. If we use the detailed balance condition, a term
proportional to tr(DiFikDjFjk) is introduced. Here, the detailed balance condition
means that the action (SD+1) in D + 1 dimensions is constructed from the action
(SD) in D dimensions through a particular procedure using functional derivatives.
For example, in a model with a real scalar field Φ, the action is constructed as

SD+1 =
∫

dtdDx

[
1
2

(
∂Φ

∂t
+

1
2κ

δSD

δΦ

)2
]

, (3.14)
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up to the total derivative term. The dimension of [tr(Fti)2] is given by 3 + z. Then
the dimensions of (At, Ai) and (g, λ2) are

[At] =
1 + z

2
, [Ai] =

3 − z

2
, [g] =

z − 1
2

, [λ2] = 4 − 2z . (3.15)

The effective field theory, in general, contains operators whose dimensions are
equal to or less than those in S, which are not forbidden by symmetry. We add the
following relevant terms directly to S:

∆S =
∫

dtd3x

[
−

c̃2z−2
A

2
tr(Fij)2 − c̃2z−2

φ |Diφ|2 + c̃z−1
ψ ψ̄iγiDiψ + · · ·

]
, (3.16)

where c̃A, c̃φ and c̃ψ are parameters whose mass dimension is one and the ellipsis
stands for terms related to other operators such as the Yukawa interactions and
the self-interactions of scalar fields. The third term in (3.16) is written in terms of
2-component spinors ϕ and η as

c̃z−1
ψ ψ̄iγiDiψ = c̃z−1

ψ

(
ϕ†iσiDiϕ − η†iσiDiη

)
. (3.17)

It is straightforward to construct a model with a complex scalar field φ, a
2[(D+1)/2]-component spinor field ψ and gauge fields (At, Ai) on RD × R. The su-
perficial degree of divergence (Ds) is defined by

Ds ≡ D + z − D − z

2
B −

(
D + z

2
− 1

)
Bt −

D

2
F −

∑
k

[gk]nk − · · · , (3.18)

where B, Bt, F and nk are the numbers of external lines for φ and Ai, external lines
for At, external lines for ψ and vertices including the kth power of g, respectively.
The ellipsis represents contributions from other couplings.

In the case with z = 2 and D = 3, the dimensions of fields and couplings become

[φ] =
1
2

, [ψ] =
3
2

, [At] =
3
2

, [Ai] =
1
2

, (3.19)

[g] =
1
2

, [κ2] = [ξ2] = [λ2] = 0 , (3.20)

and Ds is given by

Ds = 5 − 1
2
B − 3

2
Bt −

3
2
F − 1

2

∑
k

knk . (3.21)

The theory is super-renormalizable by power counting and infinities appear for a
finite number of diagrams if they exist. In Appendix A, we study radiative corrections
at the one-loop level using an Abelian gauge theory and find that radiative corrections
for gauge coupling do not contain any infinities owing to the gauge invariance. We
expect that the same property holds for the Lifshitz type extension of the MSSM
and SUSY GUT.
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3.2. A chiral model

On the construction of a GUT or an intermediate theory, a simple group or the
SM gauge group should be chosen as a gauge group with suitable particle contents
(including chiral fermions). Here, we do not specify the gauge group or particle
contents for simplicity. We discuss a model with z = 3 on the space-time R3 × R,
including chiral fermions with a higher spatial derivative term. A candidate is give
by the action

Sz=3 = S + ∆S ,

S =
∫

dtd3x

tr(Fti)2 −
1

2λ2
tr(DkDlFij)2 +

∑
f

(
ϕ†

f iDtϕf − 1
ξ2

ϕ†
fD2iσiDiϕf

)

+
∑

h

(
|Dtφh|2 −

1
κ2

∣∣D2Diφh

∣∣2)]
,

∆S =
∫

dtd3x

− c̃4
A

2
tr(Fij)2 +

∑
f

c̃2
fϕ†

f iσiDiϕf −
∑

h

c̃4
h|Diφh|2 + · · ·

 , (3.22)

where ϕf are 2-component spinor fields, φh are scalar fields, D2 = DiDi and the
ellipsis stands for terms related to other operators such as the Yukawa interactions
and the self-interactions of scalar fields. We can, in general, add various types of
gauge-invariant operators whose dimension is less than or equal to 6. Here, we take
simple operators in Sz=3. For example, we assume that operators such as ϕ†

fϕf and

ϕ†
fD2ϕf are absent and do not appear through radiative corrections. If ϕ†

fϕf exists,
the Lorentz invariance does not appear in the IR region. We expect that the above
type of action without specific operators is derived from a more fundamental theory.

The engineering dimensions of the fields and parameters are given by

[At] = 2 , [Ai] = 0 , [ϕf ] =
3
2

, [φh] = 0 , (3.23)

[g] = 1 , [λ2] = [ξ2] = [κ2] = 0 , [c̃A] = [c̃f ] = [c̃h] = 1 (3.24)

and Ds is given by

Ds = 6 − 2Bt −
3
2
F −

∑
k

knk . (3.25)

This theory is also super-renormalizable by power counting. It is important to study
the ultraviolet (UV) behavior of our model more carefully.

From a naive dimensional analysis, ∆S dominates ‘potential terms’ in S at the
energy scale below c̃A, c̃f and c̃h, and we expect that relativistic invariance appears
there and that the transition occurs from the theory with z = 3 to that with z = 1.
To become relativistic below MX , fine tuning among parameters is required such
that c̃A = c̃f = c̃h ≡ M` to a high accuracy and M` is one or two orders larger than
MX . We will discuss constraints on these parameters obtained from experiments in
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the next subsection. The relation c̃A = c̃f = c̃h ≡ M` can be realized in terms of
renormalization group (RG) invariants.∗) Then M2

` t is regarded as an ordinary time
variable x0 in the relativity. Hence, we expect that each term in ∆S has a common
origin that c̃A, c̃f and c̃h take a common value at the beginning and that they do not
receive radiative corrections. If the fine-tuning relation is maintained for all particles
and the theory has suitable particle contents (gauge bosons, chiral fermions, Higgs
bosons and their superpartners) with suitable gauge quantum numbers, the MSSM
can be derived as the theory below MX and the running of gauge couplings in the
IR region is verified.

3.3. Constraints from experiments

In the Lifshitz type extension of the MSSM with z > 1, the dispersion relation
for free fields is given by

E2 = p2c2
k + mk

2c4
k +

ζk

M2z−2
`

p2zc4−2z
k , (3.26)

where p2z = (p2)z, ck = c(c̃k/M`)z−1 (c is the speed of light) and ζk are dimension-
less parameters and every particle (except gauge bosons related to unbroken gauge
symmetries) acquires mass mk after the SUSY and/or electroweak symmetry break-
ing. Here, ck is an ‘own velocity’ (the maximal attainable velocity if ζk > 0) for each
particle labeled by k.

Let us discuss constraints on parameters obtained from experimental data. Lorentz
violating dispersion relations such as (3.26) are tested by the photon emission from
a high-energy particle.15) A process such as C → C + γ is forbidden (at tree level)
by the energy-momentum conservation in the case of Lorentz invariant dispersion
relations such as E2 = p2c2 +mC

2c4 for a massive charged particle C and E2 = p2c2

for a photon γ. It, however, can occur in the presence of Lorentz symmetry breaking
terms. We consider the case with the following dispersion relations:

E2 = p2c2
C + mC

2c4
C +

ζC

Mn−2
`

pnc4−n
C , (3.27)

E2 = p2c2
γ +

ζγ

Mn−2
`

pnc4−n
γ , (3.28)

where n = 2z. Using the kinematics, we derive the following relation:

ζγ

Mn−2
`

pn
γc4−n

γ =
(
p2 + p′2) (

c2
C − c2

γ

)
+ 2

(
mC

2c4
C + p · p′c2

γ − EE′) +
ζC

Mn−2
`

(pn + p′n)c4−n
C , (3.29)

∗) There has been a proposal that the Lorentz invariance appears at an attractive IR fixed

point.13) In Ref. 14), the RG evolution of c̃h has been studied for the Lifshitz type scalar field

theory with z = 2 and D = 4 (D = 10), and it has been pointed out that severe fine-tuning in the

UV region seems to be inevitable. This result can give a strong constraint on theories with extra

dimensions.
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where pγ is the momentum of a photon, and p (p′) and E (E′) are the momentum
and energy of an incoming (outgoing) particle C. E and E′ satisfy (3.27) and the
corresponding relation when p is replaced by p′, respectively. The stability of C at
a high momentum ph means that (3.29) does not hold at and below ph, leading to
the following constraints:

|c2
C − c2

γ |
c2
C

. m2
Cc2

C

p2
h

, ζk . m2
CMn−2

`

pn
h

cn
k , (3.30)

where k is C or γ. We use the relation c2
C = c2

γ up to the very small value ex-
pected from the first constraint to derive the second constraint. The most stringent
constraints originate from the case that C is a proton (p+)∗) and are given by∗∗)

|c2
p − c2

γ |
c2
p

.
m2

pc
2
p

p2
h

= O(10−22) , ζk .
m2

pM
n−2
`

pn
h

cn
k = O(106n−34) , (3.31)

where we use ph = 1020 eV from Akeno Giant Air Shower Array (AGASA) data17)

and mp = 938 MeV. We take M` = 1017 GeV. The first constraint requires that
c̃p = c̃γ to a high accuracy of order O(10−22 M`). From the second constraint, we
find that the magnitude of ζk becomes O(1) if n ≥ 6. In the case that C is an
electron (e−), the constraints are given by

|c2
e − c2

γ |
c2
e

. m2
ec

2
e

p2
h

= O(10−16) , ζk . m2
eM

n−2
`

pn
h

cn
k = O(1012n−40/22−n) , (3.32)

where we use ph = 50 TeV from observations of high-momentum gamma rays origi-
nating from the Crab nebula18) and me = 0.51 MeV. We take M` = 1017 GeV. The
first constraint requires that c̃e = c̃γ to a high accuracy of order O(10−16 M`). From
the second constraint, we find that the magnitude of ζk becomes O(1) if n ≥ 4.

If the magnitude of the Lorentz symmetry breaking term is within the range of
those observed in future for a photon with an ultrahigh momentum, we can conclude
that light led us to the concept of special relativity, but (ironically) it also might teach
us to violate the relativistic invariance, leading to a new physics beyond the SM or
the MSSM.

§4. Conclusions and discussion

We have proposed a new grand unification scenario for ensuring proton stability
on the basis of the conjecture that the proton stability can be made compatible with
the grand unification if MX is not related to MU and the standpoint that the scale
MX has a physical meaning beyond the fact that the agreement of gauge couplings
occurs accidentally there. In our scenario, MU is assumed to be larger than MX

to suppress the proton decay sufficiently so that gauge couplings agree from MU to
∗) Strictly speaking, a proton does not belong to the SM particles as an elementary particle,

and hence ζp would be zero in our Lifshitz type model.
∗∗) Various constraints on maximal attainable velocities for particles were derived in Ref. 16).
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MX resulting from a specific dynamics. The candidate for realizing our scenario is a
Lifshitz type gauge theory with z > 1, which possesses specific super-renormalizable
interactions. The structure of the theory changes around MX after a phase transition
irrelevant to the grand unification, and the different running of gi starts there. The
transition occurs from the theory with z > 1 to that with z = 1, and the ordinary
renormalizable MSSM is expected to be maintained with the emergence of Poincaré
invariance and SUSY below MX .

There are open questions regarding our scenario and/or model. The most serious
problem is a fine-tuning problem related to the speed of light. The relativistic
invariance requires fine tuning among parameters such as c̃A = c̃f = c̃h ≡ M` to a
high accuracy for all particles that survive in our low-energy world. This originates
from the standpoint that the Lorentz invariance emerges as an accidental symmetry.
The relation c̃A = c̃f = c̃h ≡ M` can be realized in terms of RG invariants. Then
the RG invariance (or no running of parameters) would become one of conditions in
selecting a realistic model. We need to study radiative corrections or RG behavior
in the space of all the couplings in our model, bearing the fine-tuning problem in
mind. Furthermore, M` might be a fundamental constant in a fundamental theory,
e.g., the string scale in string theory. In fact, it is known that the string scale is
about 20 times larger than MX in the heterotic string theory. Alternatively, we
might need to reconsider the relation between the kinematics of each particle and
the structure of space-time. Another notorious problem is the triplet-doublet Higgs
mass splitting problem. There is a possbility that mass splitting can be realized upon
the orbifold breaking19) if a higher-dimensional gauge theory is retained above MU .
It will be interesting to study this problem in our framework. It is also important
to explore the phenomenological implications of the violation of Lorentz invariance
at a high-energy scale, considering the phenomenological aspects of Hořava-Lifshitz
gravity.∗)

Even if our present model does not work, the study of elementary particle physics
using Lifshitz type quantum field theories is attractive, and it is worth exploring high-
energy theories on the basis of our proposal. In any event, we would like to believe
that nature uses the idea of grand unification to effectively organize physical laws.∗∗),
∗∗∗)
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∗∗∗) On the other hand, there is an interesting proposal that the merging of gauge couplings can

originate from not the grand unification but the property of an underlying fermionic vacuum and

that there is no possibility of proton decay.22)



Misleading Coupling Unification and Lifshitz Type Gauge Theory 11

Appendix A
Radiative Corrections in Lifshitz Type Abelian Gauge Theory

We study radiative corrections at the one-loop level using a Lifshitz type Abelian
gauge theory with z = 2 on the space-time R3 × R. The theory has a U(1) gauge
field (At, Ai) and a fermion ψ, which is a 4-component spinor (defined on R3) and
has a unit U(1) charge e. The action is given by

S =
∫

dtd3x

[
1
2
(Fti)2 −

1
4
(∂kFij)2 + ψ̄iγ0Dtψ + ψ̄DiDiψ

−
c̃2
A

4
(Fij)2 + c̃ψψ̄iγiDiψ − m̃2ψ̄ψ

]
, (A.1)

where Fti = ∂tAi − ∂iAt, Fij = ∂iAj − ∂jAi, Dt ≡ ∂t + ieAt and Di ≡ ∂i + ieAi. The
engineering dimensions of the fields and parameters are given by

[At] =
3
2

, [Ai] =
1
2

, [ψ] =
3
2

, [e] =
1
2

, [c̃A] = [c̃ψ] = [m̃] = 1 . (A.2)

The Feynman rules are given by

i

γ0Ep − p2 − c̃ψγ · p − m̃2 + iε
for the propagator of ψ , (A.3)

−i(p2 + c̃2
A)

E2
p − p4 − c̃2

Ap2 + iε
for the propagator of At , (A.4)

i

E2
p − p4 − c̃2

Ap2 + iε
for the propagator of Ai , (A.5)

−ieγ0 for the vertex among ψ̄, ψ and At , (A.6)
−ie(pi + p′i + c̃ψγi) for the vertex among ψ̄, ψ and Ai , (A.7)
−2ie2δij for the vertex among ψ̄, ψ, Ai and Aj , (A.8)

where p4 ≡ (p2)2. We take ∂tAt + (∇2 − c̃2
A)∂iAi = 0 as the gauge-fixing condition

to derive the propagators of At and Ai.
Now let us study radiative corrections at the one-loop level. Here, we do not con-

sider the terms
c̃2
A

4
(Fij)2 and c̃ψψ̄iγiDiψ for simplicity.∗) The vacuum polarizations

at the one-loop level are given by

iΠtt(q) = −e2

∫ ∞

−∞

dEpd
3p

(2π)4
Tr

(
γ0 1

γ0Ep − p2 − m̃2

·γ0 1
γ0(Ep − Eq) − (p − q)2 − m̃2

)
, (A.9)

iΠit(q) = −e2

∫ ∞

−∞

dEpd
3p

(2π)4
Tr

(
2pi − qi

γ0Ep − p2 − m̃2

∗) The qualitative features remain almost the same upon the introduction of these terms. We

will report the results of analysis including these terms elsewhere.
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·γ0 1
γ0(Ep − Eq) − (p − q)2 − m̃2

)
, (A.10)

iΠij(q) = −e2

∫ ∞

−∞

dEpd
3p

(2π)4

[
Tr

(
2pi − qi

γ0Ep − p2 − m̃2

· 2pj − qj

γ0(Ep − Eq) − (p − q)2 − m̃2

)
+ Tr

(
2δij

γ0Ep − p2 − m̃2

)]
, (A.11)

where q = (Eq, q) (Eq and q are the energy and momentum of the external gauge bo-
son, respectively) and Tr represents the trace for the spinor indices. Linear, quadratic
and tertiary divergent parts in Πtt(q), Πit(q) and Πij(q) can be removed from the
condition of gauge invariance. The physics must not be changed under the gauge
transformations At → At + ∂tΛ and Ai → Ai + ∂iΛ (εt → εt +λEq and εi → εi +λqi

in terms of polarization vectors εt and εi). This requirement leads to the relations
EqΠtt −

∑
i qiΠit = 0 and EqΠit −

∑
j qjΠij = 0. Using expressions (A.9) – (A.11),

we derive the following relations:

EqΠtt −
∑

i

qiΠit = ie2

∫ ∞

−∞

dEpd
3p

(2π)4
Tr

(
γ0 1

γ0(Ep − Eq) − (p − q)2 − m̃2

−γ0 1
γ0Ep − p2 − m̃2

)
, (A.12)

EqΠit −
∑

j

qjΠij = ie2

∫ ∞

−∞

dEpd
3p

(2π)4
Tr

(
2pi − qi

γ0(Ep − Eq) − (p − q)2 − m̃2

− 2pi + qi

γ0Ep − p2 − m̃2

)
. (A.13)

If the integrals were finite, we could make them zero after changing the variables of
integration in the first terms. Actually, we can regularize Πtt(q), Πit(q) and Πij(q)
to the following forms while maintaining the gauge invariance

Πtt(q) = q2Π(q) , Πit(q) = EqqiΠ(q) ,

Πij(q) = E2
q δijΠ(q) +

(
q2δij − qiqj

)
Π̃(q) , (A.14)

where Π(q) is a finite quantity. For example, iΠ(0) is calculated as

iΠ(0) = −e2

∫ ∞

−∞

dEpd
3p

(2π)4
Tr

(
1

(γ0Ep − (p2 + m̃2))3

)
= −e2

∫ ∞

−∞

dEpd
3p

(2π)4
Tr

(
(γ0Ep + (p2 + m̃2))3

(E2
p − (p2 + m̃2)2)3

)
= −4ie2

∫ ∞

−∞

dEd3p

(2π)4
−3E2(p2 + m̃2) + (p2 + m̃2)3

(E2 + (p2 + m̃2)2)3

= −4ie2

∫ ∞

−∞

d3p

(2π)4

(
−3
8

π

p2 + m̃2
+

3
8

π

p2 + m̃2

)
= 0 , (A.15)
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in which the Wick rotation is performed (Ep → iE).
In the same way, we can calculate the fermion self-energy and the vertex func-

tions. The expression for the fermion self-energy is given at the one-loop level,

−iΣ(q) = e2

∫ ∞

−∞

dEpd
3p

(2π)4
(2q − p)2

E2
p − p4

1
γ0(Eq − Ep) − (q − p)2 − m̃2

+ 6e2

∫ ∞

−∞

dEpd
3p

(2π)4
1

E2
p − p4

+ e2

∫ ∞

−∞

dEpd
3p

(2π)4
−p2

E2
p − p4

1
γ0(Eq − Ep) − (q − p)2 − m̃2

, (A.16)

where Eq and qi are the energy and momentum of the external fermion, respectively.
The expressions for the vertex functions among ψ̄, ψ and At (Ai) are given at the
one-loop level,

−iΛt(q, q′) = e2

∫ ∞

−∞

dEpd
3p

(2π)4
γ0 1

E2
p − p4

(2q − p) · (2q′ − p)
γ0(Eq − Ep) − (q − p)2 − m̃2

· 1
γ0(Eq′ − Ep) − (q0 − p)2 − m̃2

+ e2

∫ ∞

−∞

dEpd
3p

(2π)4
γ0 −p2

E2
p − p4

1
γ0(Eq − Ep) − (q − p)2 − m̃2

· 1
γ0(Eq′ − Ep) − (q − p)2 − m̃2

, (A.17)

−iΛi(q, q′) = e2

∫ ∞

−∞

dEpd
3p

(2π)4
1

E2
p − p4

(2q − p) · (2q′ − p)
γ0(Eq − Ep) − (q − p)2 − m̃2

· (q + q′ − 2p)i

γ0(Eq′ − Ep) − (q0 − p)2 − m̃2

+ 2e2

∫ ∞

−∞

dEpd
3p

(2π)4
(2q − p)i

E2
p − p4

1
γ0(Eq − Ep) − (q − p)2 − m̃2

+ 2e2

∫ ∞

−∞

dEpd
3p

(2π)4
(2q′ − p)i

E2
p − p4

1
γ0(Eq′ − Ep) − (q0 − p)2 − m̃2

+ e2

∫ ∞

−∞

dEpd
3p

(2π)4
−p2

E2
p − p4

(q + q′ − 2p)i

γ0(Eq − Ep) − (q − p)2 − m̃2

· 1
γ0(Eq′ − Ep) − (q0 − p)2 − m̃2

, (A.18)

where Eq and qi (E′
q and q′i) are the energy and momentum of the incoming (out-

going) fermion, respectively. We find that the above vertex functions are UV finite.
Furthermore, the following identities hold:

Λt(q, q) = − ∂

∂Eq
Σ(q) , Λi(q, q) =

∂

∂qi
Σ(q) . (A.19)
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These are the counterparts of the Ward identity in QED, which guarantee that
the fermion self-energy and the three-point vertex functions do not contribute the
renormalization of gauge coupling by their cancellation. We find that Ds < 0 for
diagrams including loops related to the vertex among ψ̄, ψ, Ai and Aj and that the
proper vertex functions among them are also UV finite.
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