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ABSTRACT

We construct new integral standard generalized table algebras from
parameters of projective geometries. The algebras are noncommutative,

imprimitive, and six dimensional.

1. Introduction

In [5], Zieschang and the second author investigated structures of noncommu-
tative association schemes with 6 relations. If such an association scheme has
a non-normal closed subset with two relations, then it defines a 2-design. Con-
versely, it was shown that some parameters of 2-designs define ISGT-algebras
(integral standard generalized table algebras in the sense of [1]). But it was
not determined which kind of parameters define ISGT-algebras. In this article,
we will show that parameters of 2-designs obtained from projective geometries
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define 6-dimensional noncommutative ISGT-algebras. Our results contain some
parameters given in [5].

In Section 2, we describe a relation between association schemes and 2-
designs. Results in the section are based on [5] and duplicated, but written
from a different point of view. In Section 3, we will construct algebras with
two parameters n and ¢ by the method in [5]. In Section 4, we will compute
all structure constants of the algebras, and in Section 5, we will show that the
algebras are ISGT-algebras if n > 1 and ¢ > 2. In Section 6, we will state our
main result.

2. Association schemes and 2-designs

Results in this section are based on [5] and duplicated, but written from a
different point of view. In [5], many things were written in terms of structure
constants. Here we will write them in terms of parameters of 2-designs.

In this section, (X, S) is a noncommutative association scheme with a non-
normal closed subset T' with |S| = 6 and |T| = 2. Then S has exactly two
non-symmetric relations by the Frobenius-Schur Theorem [6, (7.5) and (7.6)].
We put S = {1,t,u,w,s,s*} and T = {1,¢t}. Put Irr(S) = {1s, p, x} where
©(1) =1 and x(1) = 2, and put Irr(T) = {11, 7}.

LEMMA 2.1: We have 17° = 15+ x and 75 = ¢ + .

Proof. Since T is non-normal in S, 17% = 1g+y or 17° = 15+ ¢+ x. Suppose
that 17° = 1g + ¢ + x. Then 7° = ¥, but this is impossible by [3, Theorem
5.1].

LEMMA 2.2: We have |S)T| = 2.
Proof. This is clear by Lemma 2.1 and [4, Theorem 3.8].
LEMMA 2.3: We may set Tu = {u, s} and T's* = {s*, w}.

Proof. If Tu = {u}, {u,w}, or {u,s,s*}, then TuT = Tu # {u,w,s,s*}
and this contradicts Lemma 2.2. So we may put Tu = {u,s}. Then Ts* =

{s*, w}.

2.1. A 2-DESIGN FROM AN ASSOCIATION SCHEME. In this subsection, we will
construct a 2-design from an association scheme with the above properties.
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LEMMA 2.4: For z,z',y,y’ € X, assume that y € zu, 3y’ € z'u, 2’ € 2T, and
y € yT. Then y' € zu.

Proof. If x = 2’ or y = ¢/, then the statement is clear.
Assume that * # o’ and y # y’. Then 2/ € xt and 3y € yt. Now y €
uNyt C ztuNzut = z(tu N ut) = zu.

Let
X =zoT Uz TU---UxpT
be a coset decomposition of X. Put
P = xT.
Fori=1,2,...,b, we define
B,={pe P |punuzT # 0}.
Put B={B;|i=1,2,...,b}.

THEOREM 2.5: The incidence structure (P,B,€) is a 2-(v,k,\) design where
(Ua ku /\) = (nt + 17 Aty + 17 auut/(autu + 1))

Proof. Since |S)T| =2, (P xz;T)Nu# (. Fix p € P and z € x;7 Npu. Then
B; =xzunP. Now B; = {p} U (zuNpt). We have that |B;| = ays, + 1 and this
number is independent of the choice of i. Put

k= |B1| = Qyty + 1.

If p € By, then |p'u N x;T| = k. Thus |(P x ;T) Nu| = k? for every
ie{1,2,...,b}.

Fix p € P and g € P such that p # ¢. Easily we can see that punqunNz; T # ()
if and only if {p,q} C B;. Put

A= {i|{p,q} € B:i}| = |{i | punqunz;T # 0}].

Note that, if pu N quNx; T # 0, then punqunNz;T = pun ;T = quN x;T by
Lemma 2.4 and in this case |[pu N quNx;T| = k. Now
b

Quut = |pu N qu| = Z lpungunz,T.
i=1

So we have that
Auut — k.

This means that A is constant.
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Now (P, B, €) is a 2-(v, k, A) design, where v = np = 1 + ny.

Remark 2.1: The 2-design obtained in Lemma 2.5 can have repeated blocks and
allows the case A = 0. Also we remark that, if we change the base point, then
the obtained 2-designs may be non-equivalent. But their parameters are the
same.

Fori=1,2,...,b, we define
Bl ={pePlpwnz,T#0}

and B’ = {B{,...,B;}. Then (P,B’, €) is the complement of (P, B, €). So it is
a 2-(v,v — k,b—2r + \) design, where b and r are parameters of the a 2-design
(P, B, €) determined by well-known equations bk = vr and r(k —1) = A(v — 1).

2.2. INTERSECTION NUMBERS FROM PARAMETERS OF A 2-DESIGN. In the pre-
vious subsection, we constructed a 2-design from an association scheme. The
parameters of a 2-design are determined by the intersection numbers of the
scheme. In this section, we compute intersection numbers from parameters of
a 2-design. Of course, all intersection numbers must be non-negative integers.
So the parameters must satisfy very strong conditions. It seems to be difficult
to determine all such parameters. We will give some examples of parameters
which give non-negative integer intersection numbers. We do not know if they
come from an association scheme, but we can construct integral table algebras.

Suppose that a 2-design is obtained as in the previous subsection. Let
(v, k, A\, b,7) be the parameters of the 2-design. We know that

bk=wvr, rk—1)=Xv-1).

LEMMA 2.6: (1) atuu + 1 = atus, tss + 1 = Qtsu, Qg5+ + 1 = apser, and
A + 1 = Qppsr .
(2) k= autu + 1= apun + 1 = aus = Gursr and Ak = @yt

(3) ng=v—1,n, =1k, ng =ng = (v—k)r, and n,, = (v—:)h.

Proof. (1) is by [9, Lemma 2.3.1]. (2) and (3) are by the proof of Lemma
2.5.

Recall that ¢ is the non-trivial irreducible character of S of degree 1.
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LEMMA 2.7: Let ¢ be the non-trivial irreducible character of S of degree one.
Then we have p(o;) = —1 and ¢(0y,) = —p(0s) = —p(0s+) = Y(ow).

Proof. Since |7 is a non-trivial character, we have ¢(0;) = —1. Note that
(o) is a real number since u is a symmetric relation. By oy0,, = (k—1)o,+kos,
v(0y) = —p(0s) holds. Similarly, by 105« = (k—1)0s« +kow, p(0s+) = —@(ow)
holds. So ¢(0y) is a real number and (o) = p(0os+) holds.

We give multiplicities of irreducible characters.
LeEmMA 2.8: We have my, = bv +v — 2b—1 and m, = b.

Proof. Since 17° = 1g + x, my = ns/ny — 1 = b by [3, Theorem 5.1]. The
equation on m, is obtained by } ¢y, (5) meé(1) = ns.

The next lemma is [5, Theorem 2.4.3] and not so easy to prove and not crucial
in our arguments. So we omit the proof.

LEMMA 2.9: If k =1 or k = v — 1, then the scheme is a Coxeter scheme or a
semidirect product of smaller schemes.

From now on, we assume that £ > 1. Then
Alv—=1) b (v —1)

E—1" k(k—1)"

Let ¥ : CS — M3(C) be a representation of S affording x. By Lemma 2.1,
we have yr = 1p 4+ 7. So we may assume that

o= (75" %)

\I/(Uu) _ ( Uir U2 ) '
U211 U222
By Lemma 2.3 and Lemma 2.6, we have 0,0, = (k — 1)oy + kos, oyor =
(k—1)oy + kos«, and o501 = (k — 1)os + koy,. So we have

v—k v—k v—k
U1 U12 Uir —uUi2
_ k k _ k
V(os) = ;o W(os) = v—k )
—U21 —U22 B U21  —U22

v—k)?2 v—
V(ow) = ( (_Izzli)kun - kkum )

E W21 U22

Set

and
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By > eg ¥(oe) = 0, we have
k2
v
By the Schur relations [9, Theorem 9.2.4] to the (1, 2)-entries, we have
ot — k(v —k)(\? — X+ k2 — k)
12U21 = w2 (k1)

Uil = —

We note that uioue; # 0 since W is irreducible. So we can change u2 and w9
keeping uisu21 by considering a similar representation. For example, we may
assume that us; = 1. Again by the Schur relations to the (2, 2)-entries, we have
og? — k(v —k)2(M? — 2 v + k? — k)
v2(k—1)

v— k\/k()\z;? —2)\ + k2 — k)
U2 = € E—1
for ¢ € {£1}. Now we can determine ¥(oy) for all £ € S by the parameters of
the 2-design and a sign €. Hence we get character values of .
Now we can also compute the values of . Then by the formula

1
Aryz = Z mﬁg(awo'yo—z*)u
n:|X|
E€lrr(S)

we can compute all intersection numbers. Here, to compute x (0,040~ ), we use
the matrix trace of ¥(o,)¥(op)¥(0ex ).

General forms of intersection numbers are very complicated. So we do not
compute them here and will compute them for some special cases.

3. Construction

Let n and g be integers greater than 1. We consider a projective geometry
PG,—1(n,q) (see [2, I, Definition 2.15, Proposition 2.16]). It defines a 2-design
of parameters

n+1_1 qn_l qn—l_l
g—1 "¢g—-1" ¢g-1 )
In this article, we consider a 2-design obtained by gk-times repeating of

(0,k, ) = (q

PG,,—1(n,q). So the parameters are

"t -1 ¢" -1 q(fJ"—l)(q"‘l—l))
g—1 " q-1" (¢ —1)2

(v,k,/\):(
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We remark that ¢ must be a prime power to define PG, _1(n,q). But in this
article, we only use the parameters and ¢ is not necessarily a prime power.

By the method in [5] or Subsection 2.2, we will define a 6-dimensional C-
algebra A with basis B = {1,¢,u, s, s*, w}. Make a two-dimensional irreducible
representation by the system of parameters above as in Subsection 2.2, and
consider the direct sum of three irreducible representations. Then the algebra
A will be defined as a matrix algebra of degree 4. We fix a sign € and get

1 0 0 O
1— 0 1 0 O
1o o 1 0]’
0 0 0 1
(¢"—1)
1 Z71 0 0 0
;= 0 -1 0 0
- (¢"—1) )
0 0 1 ?171 0
0 0 0 —1
q(q"-1)3
(¢—1)3 0 0 0
0 _qnfl 0 0
u = 0 0 _ (¢"—1)2 4" (@ —1)3 (22 g2 gt g2 _gqny |
(g=1)(gnt1-1) (g—1)3(gn+t1-1)2
0 0 1 qn+l(qn71)2
(g—1)(gnt1-1)
a1 (g7 —1)2
(a-1)2 0 0 0
0 gt 0 0
S = 0 0 _qn(qnil) q2n(qn71)2(q2n+2iqn+2iqn+l+q27q+1) 5
qntl-1 (qfl)i(lq"“fl 2
— _ """ -1)
0 0 1 (g=1)(gnt1-1)
q71+1(q7171)2
(a-1)2 0 0 0
. 0 ! 0 0
s = 0 0 _q7l(q7171) _qn(qn71)3(q2n+27qn+27qn+1+q27q+1) 5
gntl—1 (g—=1)3(gnt1-1)2
0 0 a"(g—1) B a7 —1)2
qn -1 (g—1)(gnt1-1)
q271+1£q17171) O O O
q
0 _qnfl 0 0
w = 0 0 _q2n(q71) _q2n(qn71)2(q2n+2iqn+2iqn+l+q27q+1)
qntli-1 (g=1)2(qn+1-1)2
0 0 _qn(Q71) qn+1(qn71)2

qn—1 (g=1)(gnF1-1)
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In the rest of this article, we will only use these matrices and show that (A, B)
is an ISGT-algebra [1]. For any xz € B, we can write

T1 (ZE)
Tr = TQ(.I)
Ts(x)

where T; (i = 1,2,3) are all irreducible representations of the algebra A. We
can see that

A2 CoCo My (C)

and A is noncommutative.

4. Structure constants

In this section, we compute all structure constants {azy. | =,y,2 € B} of
the algebra A with respect to the basis B = {1,t¢,u,s,s*,w}. Namely, for
x,y,z € B,

Ty = E Apyz?-

zeB

Theoretically, it is possible to compute all structure constants directly by the
matrices. But it is not so easy even if we use computers. If the algebra is
obtained as an adjacency algebra of an association scheme (X, S) (in the sense
of [8]), then we can use a useful formula

1

Qpyz = |
z

| Z My X (050027 )

x€lrr(S)

on association schemes. We do not explain details, but we use this formula to
compute structure constants agy. (z,y,z € B). After that we need to check
that a,,. obtained in this way are really structure constants of the algebra,
because we do not know there is an association scheme.

All computations were done by Maxima [7]. Let L : A — Mg(C) be the
left regular representation of A with respect to the basis B. Namely L(z) is a
matrix with the (z,y)-entry az,.. We get the following matrices of structure
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constants:
1 0 0 0 0 O
01 0 0 0 O
L(1) = 0 0 1 0 0 O
1o 0010 0 [’
0 0 0 0 1 0
0 0 0 0 0 1
(¢"-1)
0 :;%71 0 0
I S 0 0 0
=" 0 o 00 0
0 0 g1 0 0 ’
q71 q n
0 0 0 0 qgjlq q"
0 0 0 0o et gt-1
q(q"-1)3
0 (¢=1)3
0 (qnfl)z(;zr;‘ﬂ)
—1
1 qniq q2n+37q2n+273q2n+173qn4(»13+73qn+27qn+1+q3n+q373q2+q
L(u) = -t Rlasie
(¢"—1)(¢" —a)
0 0 (¢—1)3
o <1 (@"=1)(¢"—)?
. @ R
q"-1)%(¢" —q
0 0 (a—1)3q
0 0 0
: o :
q"f(l(q");q)2 q"f(l(q");q)2 *" (" —q)
q—1 q—1 qg—1
q"*l(q"*l)z(qnfq) " g"-1)(¢" —q) """ -1) )
(¢—1) (g—1 q—1
"N =D (@™ —q) (" —1)(¢"TE—2¢" T +¢*" —¢®+q)  ¢" T (¢"-1)(¢"—q)
(g—1)2 (a—1)2q q—1
" (g"-1)? (g"-1)%(q"—q) " (g"-1)2

(¢g—1)2 (¢a—1)2q q—1
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0 0
q"(q"—1)?
) I e
q q"—q
0 0 2((]*1)21 2 2
1 q"—q ("1 ("% —2¢"T14¢%" g% +q)
" Ty
q" (" =1)(¢" —q
0 0 (¢—1)2
0 q" -1 (" -1)%(¢" —q)
q—1 (¢—1)2q
q" T (q"—1)?
q-1)% 0
q"(¢"-1)
2n7qlz1n ) 30
— n—1
q1 q:zl q q
n—1(,m_1y(g"— _
q 1(‘1 q—l)(q q) 2n l(qn _ 1)
q" " (¢"—1)(q" —q) 2n l(qn —1)
a—
n_q 2n41_ 2n+ n_ 2 n— n
(a"—1)(q ot ) g™ —1)?
0 0 0
0 0 a
n q" "1 (q"—q)?
o L D am—a)
T @"-1)(¢" —q
0 0 4 ) g—1)2
n_ q" " (¢"—=1)(q" —q)
1 g¢q 1 (il(*lﬂ .
q" (¢ -1
0 0 (a-1)2
0 0
0 a*"(q"-1)
qg—1
2n—1 _ n—
o " q" —q)
2n — 1
P )
O 71)(11 —q) " (T P g -
'n. l =1 2 - 1
q(ql 1) qnfl(qn _ 1)2

Isr. J. Math.

0
0

*" " (q"—q)
qg—1
a" g™ —1)(q" —q)
q2n71(qn71)
qg—1
qnfl(qn71)2
qg—1

n+1(q 71)2
qg—1 2

"(@"=1)(¢" —q)

—1)
P i 7211"*1 +¢°2" —q%+q)

q—1

qnil(qnfl)(qnfq)

q—1

qnil(qnfl)(qnfq)

q—
" Mg"—1)?
q—1

@)
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0 0 0 0
0 0 0 q2n(qn1*1)
q—
2n—1,._m _ n— n
I B E ¢ ¢" ~q)
(w) = 0 qn qnfl(qnil)(qniq) qnfl(q2n+17q2n+qniq2)
—1 qg—1
an-d n
0 0 q q£‘11 -1) q2n71(qn _ 1)
n—1, n 2
1 ¢"—1 q q(zlil) qnfl(qn _ 1)2
0 q2n+l(qn*1)
q—1
0 q2n(qn _ 1)
q3n71 (q _ 1)q3n71
g 1) (=g (" - 1)
" Hg" - 1) (¢—1)g>"(q" ~ 1)
1 2 n=1(g2n+2 _gg2ntl_n42 4 gantly g2 _ggn 02 1)
qn (qn 1) q q q q qilq q q q q

5. ISGT-algebras

In this section, we will show that (A,B) is an ISGT-algebra. By the table
of structure constants, we can check many properties required by A to be an
ISGT-algebra. The representation T; defined in Section 3 is the map required
by (A4,B) to be standard. The map * : B — B is s — s*, s* — s, and
x — x for x € {1,t,u,w}. It is not so easy to check that * defines an anti-
isomorphism of A. We need to check that azy., = ay«gz-.~ for all z,y,x € B.
But we can do it by the forms of L(z) (x € B). Now, it is enough to check
that all structure constants are non-negative integers. We suppose that n > 1
and ¢ > 2. We note that, if we use the arguments in Subsection 2.2, we need
k= (¢"—1)/(g—1) > 2 and this means n > 2. But after we define 4-dimensional
matrices, we may consider the case n = 1. This is just the case in Lemma 2.9.
Except for the following three values, it is easy to see that the entries in L(x)
(x € B) are non-negative integers.

(1) ¢""? =2¢"" +¢*" — ¢° + ¢ > 0 for aysese, Qs su, and Agys.

(2) @23 — g2nt2 _ 32l _ggndd  ggnt? gl 4 gBn 4 g3 302 4 0> ()
and divided by (g — 1)? for ayuy.

(3) q2n+2 _ 2q2n+1 _ qn+2 + 4qn+1 + q2n _ 2qn _ q2 —q+ 1>0 for o -

LEMMA 5.1: If ¢ > 2 and n > 1, then ¢"*? — 2¢"** +¢*" — ¢®> + ¢ > 0.
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Proof. We have ¢"*? —2¢" ' +¢*" — > +q = (¢"*' —q)(¢— 1)+ (¢*" —¢"") >
0.

LEMMA 5.2: If ¢ > 2 andn > 1, then ¢?" 13 — ¢?"1+2 — 3¢+ —3¢" T3 4 7¢"+2 —
"+ " + ¢ - 3¢% + ¢ > 0 and divided by (q — 1)3.

Proof. Put f(x) = x?"3 — p2n+2 _ 3p2ntl _ 3ant3 4 7pnt2 _ gntl 4 g0 4
23 — 322 + 1. It is easy to see that f(1) = f/(1) = f”(1) = 0. This means that
(r —1)? divides f(z).

Suppose ¢ = 2. Then f(2) = (22" +1)(2" — 1) > 0.

Suppose ¢ > 3. Then

Fa) =" + (a(¢* — = 3))a*" + (¢(=3¢° + 7q = 1))¢"
+q(q* = 3¢+ 1).
Since ¢ > 3, ¢> — ¢ — 3 > 0. On replacing ¢>" by 3¢", we have
f(a) = @™ + (a(4q = 10))q" + q(¢* — 3¢ +1).
Since ¢ > 3, 4¢ — 10 > 0 and ¢ — 3¢+ 1 > 0. So we have f(q) > 0.
LEMMA 5.3: If ¢ > 2 and n > 1, then
¢ 2P — T AT P = 2¢" — P — g+ 1> 0.

Proof. Put f(z) = ?"+2 — 2227 +1 — gnt2 4 ggntl 4 20 _99m — 22 — x4+ 1.
Suppose ¢ = 2. Then f(2) = (2" +1)2 -6 > 0.
Suppose ¢ > 3. Then

f@) = (¢ =20+ 1)¢*" + (=" + 49— 2)¢" + (—¢° — ¢+ 1).
Since ¢® — 2¢ + 1 > 0, on replacing ¢>" by 2¢", we have

fl@)>q""? —¢* —q+1.

On replacing ¢"*2 by 2¢2, we have

fla) = —q+1.

Since ¢ > 3, we have f(q) > 0.

Now we can say that (A, B) is an ISGT-algebra.
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6. Main result
Now we write our main result.

THEOREM 6.1: Let n and q be integers with n > 1 and q > 2. Then the
algebra A with distinguished basis B = {1,t,u, s, s*, w} defined in Section 3 is
an ISGT-algebra with the following properties.

(1) dimc A=6.
(2) A is noncommutative.
(3) C = {1,t} is closed.
(4) The character table of A is given by the following.
1 t U S s* w
T 1 ald"-D a(@"=1°  ¢"TH(g"-1)*  ¢"PH" -1 (" 1)
1 q—1 (a—1)3 (a—1)2 (g—1)? q—1
T 1 -1 _qn—l qn—l qn—l _qn—l
n+1l_ n__1)\2 neomn__ neomn ne.mn__
T, 2 ¢ q_?q-irl (Qq_ll) _4q (qq_1 . _q (qq_1 9] q (qq_l q)

Proof. (3) is by the form of L(t) in Section 4. (4) is by the definition of 4-
dimensional matrices defined in Section 3.
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