arXiv:1307.0910v1l [math-ph] 3 Jul 2013

DPSU-13-3

Non-polynomial extensions of solvable potentials
a la Abraham-Moses

Satoru Odake®” and Ryu Sasaki®®

¢ Department of Physics, Shinshu University,
Matsumoto 390-8621, Japan
b Center for Theoretical Sciences,

National Taiwan University, Taipei 10617, Taiwan

Abstract

Abraham-Moses transformations, besides Darboux transformations, are well-known
procedures to generate extensions of solvable potentials in one-dimensional quantum
mechanics. Here we present the explicit forms of infinitely many seed solutions for
adding eigenstates at arbitrary real energy through the Abraham-Moses transforma-
tions for typical solvable potentials, e.g. the radial oscillator, the Darboux-Pd&schl-
Teller and some others. These seed solutions are simple generalisations of the wvirtual
state wavefunctions, which are obtained from the eigenfunctions by discrete symme-
tries of the potentials. The virtual state wavefunctions have been an essential ingre-
dient for constructing multi-indered Laguerre and Jacobi polynomials through multi-
ple Darboux-Crum transformations. In contrast to the Darboux transformations, the
virtual state wavefunctions generate non-polynomial extensions of solvable potentials
through the Abraham-Moses transformations.

1 Introduction

In order to extend solvable potentials in one-dimensional quantum mechanics [I} 2], 3], two
methods are well-known; the Darboux transformation [4, [5] and the Abraham-Moses trans-
formation [6]. The latter, about 30 years old, does not seem to have been well exploited
compared with the former, which is known for about 120 years and has seen remarkable
developments brought about by the multi-indexed orthogonal polynomials [7], [§] and the ex-

ceptional orthogonal polynomials [9]-[15] generated in terms of seed solutions called wvirtual
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state wavefunctions. They are obtained from the eigenfunctions by the discrete symmetries
of the Hamiltonian [7].

In this paper, we assert that these virtual state wavefunctions and their generalisations
can also be used for the Abraham-Moses transformations for adding finitely many eigenstates
at arbitrary real energy. We present the explicit forms of various seed solutions for typical
solvable potentials; the radial oscillator, the Darboux-Poschl-Teller potential and some oth-
ers. These will bring immensely rich applications of the Abraham-Moses transformations.
The harmonic oscillator potential has been discussed in the original paper [6] and in many
others [16]-[20].

Historically, the Abraham-Moses transformations have been introduced and discussed
in connection with the formulation of the inverse scattering theory [21]. However, like the
Darboux transformations, as a map relating one Hamiltonian system to another including
the proper solutions, the Abraham-Moses transformations can be formulated totally alge-
braically, without recourse to the inverse scattering theory, so long as the boundary con-
ditions of various solutions are well specified. The key idea, as stressed by many authors,
is that the Wronskian of two solutions W[y, 9] can be expressed as an integral from one
boundary (2.24]); an essential ingredient of the Abraham-Moses transformations.

The present paper is organised as follows. In section two, the basic formulas of the
Abraham-Moses transformations are recapitulated for introducing necessary notation and
for self-containedness. They are presented algebraically, without making use of the inverse
scattering theory formulation. Starting from one state adding transformation in §2.11 the
multiple sates addition formulas are given in §2.21 The multiple states adding process, start-
ing from a set of M non-normalisable seed solutions {¢;} and ending up as many orthonormal
vectors (¢§M>,¢,§M)) = 0% (J,k=1,...,M), ([2.35), can be considered as a good example
of an orthonormalisation procedure of non-normalisable vectors. The one state deletion is
presented in §2.3] as an inverse process of one state addition. The multi-states deletion is
commented on briefly. Various remarks and comments on Abraham-Moses transformations
are listed in §2.4] including a note on the relation between Darboux transformations and
Abraham-Moses transformations. Section three is the main body of the paper. Starting
from the two well-known solvable potentials, the radial oscillator and the Darboux-Poschl-
Teller potential, the familiar virtual state wavefunctions are introduced in §B.Il They are

polynomial type wavefunctions. For the Darboux-Poschl-Teller potential, the total number



of addable eigenstates is limited by the parameters of the starting Hamiltonian. In §B.1.1]
their “degrees” are changed to real numbers by rewriting the Laguerre and Jacobi polyno-
mials as (confluent) hypergeometric functions. The other genres of seed solutions are also
given there. The seed solutions for other solvable potentials, the Morse potential, etc, are

given in §B.21 The final section is for a summary and discussions.

2 Multiple Abraham-Moses Transformations

Here we first recapitulate the essence of the Abraham-Moses transformations [6] for adding
one bound state with an arbitrary real energy in §2.11 By repeating the one state additions,
the multiple Abraham-Moses transformations are realised in §2.21 We briefly discuss one
and multiple state deletions in §2.3] The addition and deletion are shown to be the inverse
processes of each other. The other properties are discussed in §2.41

In contrast to the original and most of the subsequent publications on the Abraham-
Moses transformations [0, I8, [I6], our derivations are purely algebraic without recourse
to the inverse scattering method [2I]. This is partly because some important quantum
mechanical systems are defined in finite intervals, for which the inverse scattering method
is inadequate. The main reason is the clarity of the presentation. Like the Darboux-Crum
transformations [4], 5, 22], most salient features of the Abraham-Moses transformations can
be better understood algebraically.

The starting point is the general quantum mechanics in one dimension defined in an
interval z; < x < x5 with a smooth potential U(xz) € R. The system has an infinite (or

a finite) number of discrete eigenstates. For simplicity we assume vanishing groundstate

energy:
d2
H¢n($) = €n¢n(x) (n € ZZO or 0<n< nmax), 0= 80 < (91 < 52 <L -ee, (22)
(dm, D) déf/ Az G (2) D (2) = Bpmp, 0 < hy < 00. (2.3)

In quantum mechanics, another requirement is built in. That is, the momentum operator
p = —ihd, (i = +/—1) must be hermitian. This simply means that the boundary terms

in partial integration should vanish. We require the following boundary conditions on the



eigenfunctions:

2 2
im 220 o w20 g w01, (2.4)
T—=r1 T — X1 T—=x2 Tg — T

An appropriate modification is needed when xy = +o00 and/or 1 = —oo. Throughout this

paper we adopt the convention that all the wavefunctions are real. We will not discuss the
scattering state wavefunctions.
Let {¢;(z),&} (j =1,2,..., M) be distinct solutions of the original Schrodinger equation
21):
Hej(z) = Epi(x) (& €R; j=1,2,..., M), (2.5)
to be called seed solutions. In this paper we consider such seed solutions that are square

non-integrable at one boundary:

. 2 T2
TypeI: lim $5(@) =0, / dz pj(z)? = oo, (2.6)
=1 T — X1 To—e
r1+e€ . 2
Type 11 : / dz pj(z)? = 0o, lim i(@) = 0. (2.7)
1 T—T2 1’2 — T

Of course this means that ¢;(z) is square integrable at z; for type I and at x, for type II
[17]. It should be stressed that there is no type I or type II seed solution belonging to the
spectrum of the Hamiltonian {&,} (n = 0,1, ...), because of the uniqueness of the solutions

of the Schrodinger equation.

2.1 One state addition

Let us introduce the Abraham-Moses transformations for adding one bound state by using a
seed solution with an arbitrary real energy. For simplicity of the presentation, we will restrict
ourselves to utilise the type I seed solutions only. We will comment on the use of the type II
and both I and II in §2.4l For a pair of real functions f and g, which are square integrable

at the lower boundary, let us introduce a new function (f, g) by integration:

<ﬁ@@ﬂ%fﬁwwmwﬁ4mﬁ@x n << (2.8)

Z1

Note that 7(f, g)(z) = f(z)g(x).

For a seed solution, say ¢;, with the energy &1, an Abraham-Moses transformation for

adding one bound state with the energy &;, is defined as follows:

6(o) > 60) 2 (o) - 2

X (1, ¥) (), (2.10)



- (1) def 1 , 2.11
or simply P — Y P 1+(<p1,g01)<¢1’¢> (2.11)

Here 1 is an arbitrary smooth function of z € (x1,x2) and (p1,) must be well defined at

the lower boundary x;. We have the following:

Proposition 2.1 [6] Let ¢ be a solution of the original Schrédinger equation satisfying the

boundary condition

Hp=EY, E€R, lim ()"

rT—x1 L — 1’1

= 0. (2.12)

Then the function ") @I) satisfies the deformed Schridinger equation with the same

enerqgy:
HOY = ey, (2.13)

VU At UW () €y 2% (1 2.14

T da2 + (), () = U(x) — dr2 Og( + <Q01,<,01>). (2.14)

The eigenfunctions are mapped to eigenfunctions with the same norm

together with the newly created eigenfunction gpgl), which has a unit norm:
Y1
1ol = — () =1, (Y, 6) =0. (2.16)

1+ {1, 1)
It should be stressed that the seed solution ¢; is not square integrable (¢1,p1) = o
and its overall scale is immaterial. The normalisation part of the Proposition is a simple

consequence of the transformation form (2.I1]). The transformed seed solution has the form:

(H\2 30% __i ;
) = T oy dx(H(‘Pl"m).

By integrating the above expression from x; to x, we obtain

oWy 1 r_ 1 _
01 01) = — -1-— =1, 2.17
o) {14'(@1#1) - L+ (1, %1) (217)
Likewise we have
d ({1, ) g))
Wy = fg— —( === ), 2.18
Vg fg dx( T+ (o1, 01) (2.18)

for arbitrary smooth functions f and g with well-defined (¢4, f) and (1, g). Taking f = ¢,

g = ¢, and integrating from z; to x, we obtain

<901>¢n><901a Cbm)
14 (o1, 1)




At the upper boundary x = x5, we obtain (2.15)). The other orthogonality relation (gbn , 1 ))
= ( (2.16) can be shown in a similar way.

d
Next we note (f' = %)

3
1)\ 30/1 Y1 1) (1) 2/, (1)\2
_ _ N _ o (2.20
(v1") 1+ (o1, 01) (14 (o1, 01))? o1 ) er —ei(en) (2.20)

which simplifies the expression of the deformed potential
2 !/
U(l):U—2<7¢1 ) —U=2(p") = U —2(2646" - G2 (p1")7). 221
T (e11”) Yot —ei(e1”) (2:21)

Then it is straightforward to show the deformed Schrodinger equation for gpgl):

(¢D) = . L 2%
T PN S G el (W AP
~ 2 ~
= (U =&)Y — 4 (¢ + 202 (o1M)° = (0D — EpD. (2.22)

The deformed Schrédinger equation for 1)) can be shown as follows:

YO =y — oM, y) = (WD) =v - (o) (en, ) — ¢y,
@) = 9" = (") (e, 9) — 2(01") 100 — o1V (10 + @10)
= (U= &) — (UY = &)V (1, 1) — 491017 + 202 (1) 0
— (o1 — wlw)
= (U = £)p — o (Wler, ¥] = (&1 = E)o1, ) ). (2.23)

Here W[y, 1] is the Wronskian, Wy, ] o 1" — @, satisfying
(W[%ﬂﬂ)/ = (-1 = Wlpr, 9] = (51—5)/ dyp(y)v(y) = (E1—E) (1,1, (2.24)

because of the boundary conditions (24)), (Z6) and (2I2). This proves the deformed
Schrodinger equation for ™).

There is one important exceptional situation when & = &, i.e. at the newly added
eigenenergy level. In this case, W[ypy,9] = constant # 0 (otherwise (") o gogl)) and ™) is

no longer a solution of the deformed Schrodinger equation.

2.2 Multiple states addition

It is now obvious that the new Hamiltonian () has the eigenspectrum {5~1, En}, and the cor-

responding eigenfunctions {gogl), gbg)} (n=0,1,...), together with the seed solution {gog-l)}

6



with energy {&;} (j = 2,3,..., M), assuming that they also satisfy the boundary condi-

tions. By picking up another seed solution, say gogl), one can define another Abraham-Moses

transformation:

1
(1) (2) def Spg )

gp _>902 - )
1*—(¢§’,¢§’>

P — @ L) — B (M Dy,
. 42

HY = H df?ﬂl-—Qd log (14 (5", ¢5")),

H(1)¢(1) _ g¢(1) — @ ¢(2 — g¢

This step can go on as many as the number of the prepared seed solutions, so long as the
seed functions satisfy the boundary conditions. Let us use the M seed solutions {¢;} (Z3)
in the order j =1,2,..., M. At the K-th step, the transformation reads:

(K1)
K— K) def '
goﬁ( n_ (p% ) def (Kfil) e (2.25)
14+ (o o )
YU ) L U — D (R ), (2.26)

e d2 - -
BR300 46 (56— Fog(l F I G, ()
HUE D=1 — g (K1) _y (), () — gqp () (2.28)

together with the orthogonality conditions of the eigenfunctions

<¢; >,w§K>>=o (n=01,....;j=1,...K), (2.30)

The last formula (2.31]) means that the multiple Abraham-Moses transformations could be
interpreted as orthonormalisation of non-normalisable vectors {¢;}. Indeed the formula
(2.31) is independent of the fact that the functions {¢,} are the solutions of the Schrodinger
equation (cf. (218), (242)).

The Abraham-Moses transformation for adding one eigenstate (2Z.11)—(2.14)) involves one
integration. It is naturally expected that the K-fold Abraham-Moses transformation would
require K-fold integrals. It turns out that all the higher integrals can be partially integrated

and only simple integrals remain. Let us define an M x M symmetric and positive definite



matrix F depending on the seed solutions {p,} (7 =1,..., M) as follows:

F@) = Flow, . oml@),  (Fikn 650+ oy, 00) Gok=1,...,M). (2.32)

For any M x M matrix G, let us denote by G its K x K submatrix consisting of (G);
(j,k = 1,...,K). Because of the positive definiteness of Fg, the inverse ]-"[}1 is always
well-defined. In terms of Fx (K =1,..., M), we have the following:

Proposition 2.2 [I8] Repeating the one eigenstate adding Abraham-Moses transformations
(2.11)-214) M-times based on the seed solutions {y;}, j = 1,..., M in this order, the
Hamiltonian H™ and the corresponding eigenfunctions {gb,(qM)}, {¢§M)} can be expressed in

the following simple form.:

HM =3 — 2dd—2 log det (Fas()), (2.33)
¢(M ( Z SOJ >]k<90ka¢7L>( ) (TL:O,l,...), (234)
oy @) =D (Fal @) on(@), @M M) =6 Gk =1, M), (2:35)

k=1

provided that all the intermediate seed solutions satisfy the boundary conditions.
Obviously M = 1 quantities, HV) @), {45’} @II) and {p\"} ZI6) have these forms.
It is rather amusing to verify M = 2 formulas. From (2.I9), we obtain

(¢1,02) {1, p2)
L+ (p1,¢1)

( 1) ()>

P55 ) = (P2, P2) —

which means that
(1 + {1, 901>> (1 + <80§1)>80§1)>> = (1 + (@1,801» (1 + (4o, <P2>> — (1, P2) (p1, P2)
= (F2)11 X (F2)22 — (F2)12 X (F2)21 = det(F2).

This proves the potential formula for U®). Likewise (Z19) gives

(1) {1, 2) (01, )
<SD2 7¢ > <(p27¢n> 1+<(p1’¢1> .

This gives an explicit expression of the eigenfunction gbg) as a linear combination of terms
©i{r, on) (Ui k =1,2):

1 1 1
82 — o) _ (), oi))

RE
L+ (5, 05")




4, — P1{p1; Pn)

1+ (1, 1)
o - M) ( B <sol,soz><sol,¢n>) 1
(% T+ ) <\ =0y ) (o, oMy

It is indeed trivial to verify that the coefficient of the term —p;{pk, ¢,) det(Fa)~! is the
co-factor of the matrix element (F3),, (j, k¥ = 1,2). This proves the eigenfunction formula
234) for M = 2. The added eigenfunction formula ([Z35]) for M = 2 can be verified in a
similar manner.

In order to prove Proposition inductively, we need the following Lemma, with the
correspondence A, <> Fr, Ap_1 <> Fr_1, i <> Fjr = 0j + (@;, ¢x). The Lemma can be

proven elementarily by using the cofactor expansion theorem once or twice.

Lemma 2.3 For an arbitrary reqular matriv A, = (a;)1<jk<n and its reqular submatriz

A1 = (ajk)1<jk<n—1, the following relations hold

. 1 . det(An_1>

(i) (4,1, = et (2.36)

y det(4,) — »

(1 ) m =Apn — J%:l a'nj(An—l)jkakna (237)

det -

(i) 1<j<n-—1, (A1), = Jet(A) Z ) P (2.38)

. 1 det

{)1<k<n-—1, (4.2), . = Z AL (2.39)

. 1 1 det . -1

(i) 1 < j,k<n-—1, (An )jk = (An_l)jk Z - ]lalnanm(An_l)mk.
(2.40)

Supposing Proposition is true up to K — 1, we will show that it is true for K. For an
arbitrary smooth function f with well-defined (p;, f), the (K — 1)-th transformed function
f5=1 has the form

K—1
FED == 0 (Fiche) (o £)- (2.41)
jk=1
For such f and g, we have
K-1
F Vg fg—ZgO] Fr- 1]k<¢ka —Z<Pj9(f1_<l—1)jk<<ﬂkaf>
k=1 jk=1



1= (X o DE )l a)), (2.49)

where we have used

K-1 K-1

_ _ d ) ) q
j; PpipL (fK1_1>jk(fK1_1)lm = 2 e ((]:K—l)jz) ~ (}"Kl_l)jk(}}(l_l)lm == (Fi ), .
Thus we obtain
K—1
(FED g5y = (f,9) = > {ei D(Ficha), e 9). (2.43)
jk=1
The transformation is generated by ¢ [f 1),
K—1
@%{_1) =YK~ Z Spj (‘FI_(I—l)]k<Q0k> §0K>a (244)
k=1

and (2.43) leads to

K-1
K— K—
L+ (o Dok V) = 1+ {px, o) Z 050 o) (Fretr) ;P 0

o det(fK) o :1
T I F) e (2.45)

In the second equality, Lemma (i) and (i’) are used. This proves the change of the potentials
(2:33)) of Proposition

Here we introduce a simplifying notation

det(]:K_l)

o def (K—1) (K—1)\y—1 1
1 = (F = ) 2.46
( +<90K ' P >) ( K )KK det(Fx) ( )
The Abraham-Moses transformation on gpy{_l) givesfor 1 < j < K —1
(K-1), (K-1) (K-1)
K K— Y (2 Py )
P\ =y T T T (2.47)

K—1) (K- °
L+ (i ek ™)
By (Z43), the numerator on the right hand side can be evaluated:

K-1
(ic ey ) =ews ) = D (01 er) (Ficka) 1 oms 3)

I,m=1

10



K-1

= (i o) (Fiela),0 (2.48)

=1

since (P, ©;) = (Fk-1)mj — Omj. We obtain

K-1 K-1 K-1
o) = Z(f?_l)jk%—a@x— > oe(Fely) wm,wx) ( (on, o) (Freh 1)U)
k=1 k,m=1 =1
K-1 K-1
=S ((FR )t X R R o) )
k=1 I,m=1
K-1
—a sDK( (s 9K (fle_l)kj) (2.49)
k=1

By Lemma (ii) and (iii) we arrive at

Mx

]k@k :1,,K—1)
k:l

For j = K, we obtain directly from (2.47]),

" HE-D) K-1

K K

Pr = K-1)\ ( Z SDJ K 1 k SOIWSDK>>
1+ <90g{ )>Q0§{ > j,k=1 !

which gives the desired result through Lemma (i) and (ii’),
K
=D (F') xupr
k=1

We apply the Abraham-Moses transformation to quLK_l) by using the above seed solution:

(K1) <80(K_1) ¢(K—1)>

n

P K
P = pE=D _ S— (2.50)
1+ (oY, oy
From (2.43), we have
K—1
K-1 _ _
(el ) = (r dn) = Y (w0 (Ficha),, (000 00)- (2.51)
m,k=1

We obtain, by using Lemma,

K-1
(bg{) = (bn - Z P (‘FI_(l—l)jk<SOkv¢n>
jk=1



K-1

- a(SOK - Z P (-7'—[}1_1)]-1@017 90K>> X <<<PK7 Pn) — (©Om, SOK>(‘FI;1—1)mk<SOk’ ¢">)

=

jl 1 m,k=1
K-1
( Z P <Pk,¢n ( K I)Jk « Z (‘FI_(l—l)jl(ff;l—l)mk«plv¢K><¢mung>>
7,k=1 I,m=1
K-1 K-1

—« Z PP, Pn) < Z I;l—l)jk«p’“’ S0K>>

E
—_

=

—aZ‘PK @Jvﬁbn)( ( K- 1)ky<<‘0k’(pK>) +a(pK<S0K’¢n>)

=1

ol

K

= n — Z SOJ(‘FI_(l)jk<(pkv¢n>

k=1
This concludes the proof of Proposition

It is rather easy to show the orthonormality (2.29)-(231) based on (2.34)—-(2.35) of
Proposition 2.2,

2.3 One state deletion

Deleting multiple eigenstates by Darboux transformation is well established by Krein-Adler
[22]. By choosing a subset of the original eigenfunctions (ZI)—(24]) specified by D =
{dq,...,du} (d; > 0), the deleted system is given by the ratio of Wronskians:
def d’ _1fk(I)
Wit fore oo fo _dt( . ) ,
1 fo fa)(®) dxi=v  Ji<jk<n
W — M & Wida,, Pdys - - - s Panys ¥
[¢d1a ¢d27 BRI ¢dM] ’
¢ N ¢[M] d:ef W[¢d1> ¢d2a R ¢dMa ¢n]
" W[¢d17 ¢d27 ey ¢dM]

HIMIyIM] — gy IM] ;L[[M}@LM} — gnqg%\/!]’

o d?
H[M d fH — Q—IOg’W ¢d1a¢d2> .- '>¢dM] )

(n=0,1,...,;n¢D),

In order to guarantee the non—smgulamty of the potential and the positive definiteness of the

norm, the deleted levels must satisfy the conditions [22]:

[[(n—dj) =0 (vn € Zs). (2.52)

J=1

12



The conditions mean, in particular, a single state (M = 1) cannot be deleted except for the
groundstate ¢g. By the Abraham-Moses transformations, in contrast, one can delete one
and many eigenstates.

Here we consider the process of deleting one discrete eigenlevel from the original Hamil-
tonian system (2I)—(24). Let us denote the eigenfunction to be deleted by ¢4. By almost

the same calculation as in the case of one state addition, we obtain the following:

Proposition 2.4 [6] When the eigenfunction ¢4 has unit norm (¢q, pq) = 1, the following
transformation maps the solution v of the original Hamiltonian system to a solution v of

the deformed Hamiltonian system HY ([256) with the same energy:

(1) def  Pd (1) def )
¢d — ¢d - 1 . <¢d,¢d>’ ¢ — ¢ - ¢ + ¢d <¢d7w>7 (253)
n = 8P = b+ 800, 00) (n=0,1,...,;n#d), (2.54)
HOYW =gV, HWD = €, (2.55)
2 2
Hm§7%+WWm Wngmw—%%mﬂ—mMm. (2.56)

The norms of the eigenfunctions are preserved except for gbfil), which becomes non-square

integrable. Thus the eigenstate ¢q is deleted:
(6, 0)) = (Dn b) = BB (nem # ), (8,7, 6) = oo, (2.57)

The transformation ¢, — qu(iI) @.53)-([@2.506) defines a singular Hamiltonian HY, when
¢a has norm greater than unity (¢4, ¢q) > 1. When ¢4's norm is less than unity (¢q, pq) < 1,
the new wavefunction qu(iI) has a finite norm and the deletion of the state is not achieved.
If a seed solution g4 is used in the state deleting transformation (2.54]), at a certain point
x € (x1,22), 1 — (@a, pq) vanishes and it leads to a singular Hamiltonian.

The fact that the norm of the eigenfunction to be deleted, ¢g4, is strictly restricted to
unity can be understood easily when we consider that the deletion is indeed the inverse
process of the addition, in which all the newly added eigenstates have unit norm, and vice
versa.

Let us first add an eigenfunction <p£ll) by using a seed solution 4, then delete the created

eigenfunction <p£ll) :

(1)

(pél) _ $d <pf12) _ Pa
1+ {@d; pa) 1— (o, M)



o0 = ¢y — o Dpa d), 0P =D + QP (e gy,
2

2 d
HO =H —2——log(1 + (pa,0a)), HP =HY —2-—log(1— (&}, o).

dx? dx?
It is elementary to show (cf. (ZI7), 219))
o O 1 o W
oY =1 o (14 (paa)) (1= (0, —1,
<90d Pa ) 1+ <80d790d> ( <90d 80d>)( <90d Pa >)
oy {Pd, Dn)
i o) = T o

These lead, as expected, to:

9022) = ©d, H(2) = Ha
<(pda ¢n>

0 = ¢, — & pa, p) + Qg —
#a{a 0n) ¢d1+<¢d,¢d>

n-

Next we work in the opposite direction. We first delete a unit norm eigenstate ¢,
(¢a, pa) = 1, by mapping it to ¢((11)7 which is not square integrable, (qbfil), Ell)) = 00. Then

we add an eigenstate by using the seed solution (;Sg):

o0 — a @ _ ¢y
C T lowod U T gy

00 = 6+ (00, 00), 6P =) — P (), o),

d d2
HY =H — 25 log(1— (00 00)), HP =HY — 25 log(1+ (0. 0,").

It is again elementary to show

W) = T — 1 = (1= (on0) (1 (6. 0) = 1
(o), o) = ot
These lead, as expected, to:
= bu. 1) — H,
B2 = 6o+ 66, 60) — @% — 4.

At the end of this subsection let us present the formulas of multiple eigenstates deletion
by using M eigenfunctions {¢q, }, (¢4;, ¢a,) = djr, j = 1,..., M, in this order:
2

d _
HM) — gy _ 2F logdet(fM(x)),

DY (dy, ... du), (2.58)
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M

oM (1) = ¢ () + Z ba, () (fﬂjll(:c))jkwdk, On)(x) (n=0,1,...,;n¢D), (2.59)

]7k:1

Z ) ba(x) (G=1,...,M), (2.60)

E

F(x)

def

Flbays - - ban (@) = (Firhicjmarrs  (Fjk = 0k — (Bay, bay)- (2.61)

These formulas are almost the same as those for the multiple eigenstate addition (233)—
([235)) in Proposition 22, with F replaced by F and a plus sign in (Z59) instead of a minus
sign in (2:34]). The proof goes parallel with the multiple eigenstate addition case. Indeed
these formulas are obtained from those for the multiple eigenstate addition (Z33)—(235]) by

changing ¢; — i¢a,, ¥ — it and ¢, — igy, (n ¢ D), i = /1.

2.4 Comments on Abraham-Moses transformations

Here are some comments on various aspects of the Abraham-Moses transformations. As
for the seed solutions for adding eigenstates (2.5]), we have not specified the overall scale
of these functions, since there is no standard way of fixing the scale of such non square
integrable functions. The very fact that the obtained eigenfunctions have unit norms is
independent of such overall scales. As stressed in Abraham-Moses paper [6], one could
use one of the original eigenfunctions, ¢, with energy &,, as a seed solution. In this case,

O = QSa/ (1 + (¢a, Pa)) is still an eigenfunction with energy &,. Its norm is changed to
(6, 6) = (G 61+ (B 60).

As for the type II seed solutions (2.7)) [17], we have to change the definition of the function
(f,g)(x) as follows:

(f. g)(x) & / dyf)aly) = (g, (@), 1<z <, (2.62)

T2

Then all the formulas in this section are also true when the type II seed solutions only are
used.

It is definitely true that one can apply the state adding Abraham-Moses transformations
in terms of both type I and II seed solutions in any order, if seed solutions of one type remain
seed solutions after transformations by the other type. This depends on the explicit forms

of the seed solutions. Let us consider a seed solution s of type II after the transformation

15



by a seed solution ¢; of type I:

@gl) = Y2 — @gl)@% ©a).

By construction gogl) = ¢1/(1+ {p1, 1)) is well behaved on both boundaries. If the integral

{1, p2)( fxl dypi ( )gpg(y) exists on both boundaries or its certain regularisation exists,
it is hlghly likely that <p2 can qualify as a type II seed solution. The situation is about the
same for a seed solution of type I after the transformation by a type II seed solution.

Even when these mixed multiple transformations are possible, to write down the generic
formulas like Proposition for such Abraham-Moses transformations is a different matter.
In contrast to the multiple Darboux transformations in terms of type I and II virtual state
wavefunctions worked out for the radial oscillator, Darboux-Poschl-Teller and other solvable
potentials [7, 23] 24], we are not quite sure if generic formulas exist for the multiple state
adding Abraham-Moses transformations in terms of both type I and II seed solutions.

Let us briefly comment on the relation between a Darboux transformation and one state
adding Abraham-Moses transformation [19, 20]. Let us first execute a Darboux transforma-
tion by picking up a seed solution (o, €) of type I (2.0):

L U@, U@ U - 2 g gl

H—HIE
A2
W — ! def¢ £/¢7 HU ) = o]
2

Next we perform a second Darboux transformation in terms of a particular solution of H:

def 1 _ 5
PUE J(leg)), MR = EpT, (2.64)
1 [2] def /1] d 1] d?
A = HEZ HI — 9 log| M| = H — 20 log (1 + (v, 9)),

oy 2 oty C = @ gy - Wil

Since 1 and ¢ satisfy the boundary conditions (2.4]) and (2.6]), the Wronskian W{p, 1] can
be expressed in terms of an integral W(p, 1] = (€ — £)(p,v) as in (2.24). Thus we arrive at
the one state adding Abraham-Moses transformation (2.1T])

W= E-8)(v -1l 0). (2.65)

Instead of a seed solution (i, £), an eigenstate (¢q, £;) and ¢d1] £ ¢1d (1= (d, ¢a)) are used,

the one eigenstate deleting Abraham-Moses transformation (2.54)) is obtained. The relation
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between the two seed solutions ¢ <+ @t ([2:64) and its many disguises have been discussed

by many authors in connection with Abraham-Moses transformations [16].

3 Generalised Virtual State Wavefunctions

Here we present the explicit forms of various seed solutions for some exactly solvable poten-
tials [1], 2], in particular the radial oscillator and the Darboux-Péschl-Teller potential and a
few more. (The harmonic oscillator case has been discussed in the original Abraham-Moses
paper [6].) They are necessary in order to carry out the program of ‘generating exactly
solvable potentials’ by adding a finite number of eigenstates with arbitrary energies through
multiple Abraham-Moses transformations. These seed solutions are tentatively called ‘gen-
eralised virtual state wavefunctions.” The ‘virtual state wavefunctions’ have been introduced
by the present authors [7, 9, 10] and extensively used to generate ‘rational or polynomial
extensions’ of various solvable potentials, through multiple Darboux-Crum transformations
[, 5, 22]. Obtained from the eigenfunctions by a discrete symmetry operation of the original
Hamiltonian, these virtual state wavefunctions are of polynomial character and their ener-
gies are discretised and negative by restricting the ranges of their degrees. They have been
indispensable for the construction of the ‘multi-indexed Jacobi and Laguerre polynomials’ [7]
including various exceptional orthogonal polynomials as the simplest cases [I1]-[I5]. Since
the negative energy condition is irrelevant, these virtual state wavefunctions of type I and
II, without any restrictions to their degrees, are bona fide seed solutions for Abraham-Moses
transformations, easiest to use in practical applications.

In order to construct seed solutions of arbitrary real energies, we generalise the polynomial
type virtual state wavefunctions as well as the eigenfunctions to hypergeometric functions
(oF7 and 1 F}) type, by making the degree of polynomial type solutions to be a continuous
real number. This has been done in our previous paper [25]. See also [26]. For the Darboux-
Poschl-Teller potential, we also report another genre of real seed solutions corresponding to

‘complex degrees’.

3.1 Radial oscillator and Darboux-Poschl-Teller potentials

We first recapitulate the known virtual state wavefunctions of type I and II of the Hamilto-

nian systems with the radial oscillator and Darboux-Poschl-Teller potentials. The potentials
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are

-1
$2+g(972)_(1—|—2g), 71 =0, 1y =00, g>3 L
Uz) = ol - 1)93 W — 1) | o)
72 T sy CWTH, m=0m=5 g h>5 )
S~ T COS“ X

in which L and J stand for the names of their eigenfunctions, the Laguerre and Jacobi
polynomials. The parameter ranges are consistent with the restrictions for the eigenfunctions
(Z4) and for the seed solutions (2.6), (271). The eigenfunctions are factorised into the
groundstate eigenfunction and the polynomial in a functions n = n(zx), called sinusoidal
coordinate [3, 27]:

65 A) = do(2: A) Pa((2); A). (3.2)

in which A stands for the parameters, g for L and (g, h) for J. Their explicit forms are

L: ¢olw;g) =e 329, Pulnig) =LY (), nx)=a?

1
Enlg) =4n,  Tn(g) = 5=T(n+g+ 1), (3.3)

J: dolzig,h) = (sinz)(cosz)t, Pulmg,h) = P " (), n(x) = cos2z,
I'n+g+ %)F(n—i—h—l— %)

En(g,h) =4n(n+g+h), hy(g,h)= 2@t g T g1 h)’ (3.4)

in which h,, is the normalisation constant of the norm introduced in (2.3)).

It is obvious that the above potential ([3.I]) without the constant term (—(1+2g) for L and
—(g+ h)? for J) are invariant under the discrete transformation g +» 1 —g and/or h <> 1 —h.
The Hamiltonian for L without the constant term changes the sign under x — ix. These are
the discrete symmetry transformations mapping the above eigenfunctions to seed solutions
of type I and II, which are again polynomial solutions. The virtual states wavefunctions for

L are:

Ll: l(zig) e300 (—n@)),  El(g) = —A(g+v+1L) (veZs) (35)
L2: ¢l(z;g) e300 (n(2)), EM(g)=—A(g—v—1) (vEZs). (36)

The virtual states wavefunctions for J are:

It Ghaig,h) ™ (sina)(cosa)' RO (@),
Edgh) = —Alg+ v+ Dh=v—1) (veZs), aad
325 3l g, ) 2 (sin 1) 9 (cosa) P (),
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EMg,h)=—4(g—v—2(h+v+3) (vEZs). (3.8)

Due to the parity property of the Jacobi polynomial P\ (—z) = (=1)"P{’*(z), the two
virtual state polynomials for J are related by this parity transformation. It is obvious that
the virtual state wavefunctions satisfy the boundary conditions (Z6]) and (2.7) and that the
type I solutions are not square integrable at the upper boundary z, and the type II solutions
are not square integrable at the lower boundary ;. If the two types of the discrete symmetry
operations are applied, the resulting solutions are not square integrable at either boundary.
They are called pseudo virtual state wavefunctions [24] and they cannot be used for the
Abraham-Moses transformations.

At each step of state adding Abraham-Moses transformation, the parameters of the above

virtual state wavefunctions describing the boundary conditions change:
J1: h—h—-2  12&J2: g—g—2 (3.9)

These are consistent with the interpretation that Abraham-Moses transformations can be
understood as special two-step Darboux transformations. This also means that the total
number of addable eigenstates is limited when using the above J1, J2 and L2 seed solutions.
As stressed in [10], the L1 case is obtained from J1 by the confluence limit, h — oo. Thus
their boundary conditions are not affected by each Abraham-Moses transformation and the
L1 virtual state wavefunctions can be used as many as wanted.

These known virtual state wavefunctions are all of polynomial type and their energies
&, take only discretised values for integer v, which is the degree of the polynomial. In the
next subsection, we generalise the virtual state wavefunctions to take arbitrary real energies.
It should be easy for each explicit example of seed solutions to calculate the change of the

boundary parameters as above.

3.1.1 generalised virtual state wavefunctions

The strategy for the generalisation is quite simple, as shown in [25] for the type I cases.
We rewrite the Laguerre and Jacobi polynomials in terms of (confluent) hypergeometric

functions:
n k

L(a)(l’) _ (Oé + l)n Z (_n)k [L’_

" n! =0 (Oé + 1)k k!
MNa+1+n) —n
= F 1
Tla+l(n+1)’ 1(a+1 x) (3.10)
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P,so"ﬁ)(a:) _ (a + 1)n Z (—n)k(n +a+ [+ 1)k <1 — ;,;)k

n! PR (Oé—i-l)k]{?' 2
MNa+1+n) —n,n+a+6+1’1—x
= . A1
o+ 1)(n+1)° 1( a+1 2 ) (3:.11)

The expressions in terms of (confluent) hypergeometric functions are valid for any complex
number n and satisfy the Laguerre and Jacobi’s differential equation, respectively. Since
the overall scale of the seed solutions is irrelevant, we will drop the overall factors. The

non-polynomial forms of the seed solutions valid for a real number v (v € R, v € Z>) are

L1: Ol (z:g) & e300 _V‘— , 3.12
Ao = e ann () i) (3.12)
L2: oYz g) o e_%xle_gll*](?)_v ‘ n(x)), (3.13)
2 9
: o v, Ch+lg1-
J1: ¢l(x;9,h) *f (sinz)?(cos x)l_h2F1< vy ;—j_ ! * ‘ %), (3.14)
~ v vvth—g+11
J2: ¢Mw;g,h) *f (sm:c)l_g(cosx)thl( v 1 g+ ‘ w) (3.15)
h+3 2

The energy formulas (3:5)—(3.8) are now valid for any real number v. By using the Kummer’s

transformation formulas,

1F1<Z ‘ :E) = ex1F1<ﬁ ; @ ‘ —93), (3.16)
R (O"f ‘ a;> — (1 —2)~"F,F, (7 N a,vv —F ) :)3) (3.17)

they can be rewritten [25]. For example,
1
L1 BI2) ¢l(r;g)=e é9”236g1Fl<g+ 28 ‘ U(x)>,
g
5 3 h—L_—v, 1=
J1 BI4) ¢ (z;9,h) = (sinx)?(cosx)"2 F} <g+ TV, E v } #)

The same procedure, polynomials to (confluent) hypergeometric series, can be applied to

the eigenfunctions to obtain another type of L1, J1 and J2 seed solutions (v € R, v & Zs) :

L1: ¢l(zig) ©e oz, /(" ‘ : 3.18
i) ¥ et R (| @) (3.18)
of , . —v, h|1-—

T olleg ) sna)r(eosa)oin (0TI )

g—|—§ 2
of , . -V, h i1
J2: ¢M(x;9,h) o (an:p)g(cosz)thl( v ZigjL ‘#) (3.20)
2
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Another generalisation exists for the J1, J2 seed solutions. For certain complex values of
v(BeR, B#0):

JI@I): v=4h—g—1)+iB
{ J2 3I0) - V:% : (3.21)
{Jlm: ==

J2@20): v=—3(g9+h)+iB ’

the seed solutions ([B.14), (3.13), (3:19) and (B:20) and the corresponding energies (3.4)), (87
and ([B.8) are real:

(3.22)

Eg,h) = —((g+h)*+4B%) <. (3.23)

3.2 Other solvable potentials

Among various solvable potentials, some have only finitely many discrete eigenstates, which
are labeled by the degrees of the polynomial eigenfunctions, n = 0,1, ..., ny.,. For these, the
same polynomial wavefunctions as the eigenfunctions with higher degrees than the highest
energy eigenfunction n > npy., provide seed solutions, on the assumption that the boundary
condition at one boundary is satisfied [28], 29, 30]. These are called overshoot eigenfunctions,

[23]. Here we report that the following four potentials have overshoot eigenfunctions.

3.2.1 Morse potential

The system has finitely many discrete eigenstates 0 < n < np.x = [h]" in the specified

parameter range ([a]’ denotes the greatest integer not exceeding and not equal to a):

U(x; h, 1) = p?e* — u(2h + 1) +h%, 2 = —00, @3 =00, h,u>0,
gn(h'a :U“) = h'2 - (h - n)2a 77(517) = 6_:07

r—e® —1\—n —on _ PQh—?’L—I—l
o5 o 1) = €7 (2 )L (), () = )

(2u)?hnl2(h —n)’

For n > h, the overshoot eigenfunctions provide type II seed solutions.

3.2.2 Rosen-Morse potential

The system has finitely many discrete eigenstates 0 < n < nyax = [h — y/1]" in the specified

parameter range:

h(h+1 2
U(z;h,p) = —(7—2)+2,utanhx—l—h2—l- L

ol =k ry = —00, Ty=00, h>./u>0,
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2 2 Nz ,U2
Gn(@; b, p) = e~ 75" (cosh ) B, (n(@); b, ),
. — (an,Bn) — _ —'u = — — H
Py p) = P20 (n), - an=h—nt o, fp=h—n——0
22h=2n(h —n)D(h+ 7= + D)T(h — 72 +1)

nl ((h—n)’ = G5)T(2h —n + 1)

hn(hv N) =

The overshoot eigenfunctions provide type II seed solutions for h — /i < n < h and type I
seed solutions for h <n < h + /L.

3.2.3 Kepler problem in hyperbolic space

This potential is also called Eckart potential. It has finitely many discrete eigenstates 0 <
N < Nmax = [/t — g]' in the specified parameter range:

—1 2 3
U(w;g,u)zg(.g 5 )—2ucothw+92+ﬂ—2, 11 =0, my=o00, Ju>g>,
sinh” z g 2
2 2 1 I
Elg)=9g°—(g+n)"+ = — —, x) = cothx,
(9,1)=9"—(g+n) p n(z)

On(w: 9, 1) = e 7" (sinh )" P, (n(x); g, ),

Qn,POn _ M _
P,(n;g,p) = PeP(n), ap=—-g-—n+—"— Bo=—g—n-—

g+n g+n’
(. 1) (9+n)(1—g+ )29 +n)
n 97/“1’ = 2 .
220+l (s — (9 + 1)) (g + J45)

For n > /i1 — g, the overshoot eigenfunctions provide type I seed solutions.

3.2.4 hyperbolic Darboux-Poschl-Teller potential

This has finitely many discrete eigenstates 0 < n < nyax = [%]’ in the specified parameter

range:

-1 h(h+1
U(z;g,h)Zg(.g 5 ) _ N t )+(h—g)2, r1 =0, zy=o00, h>g>§,
sinh” z cosh” z 2

gn(gvh) :4n(h’_g_n)7 U(x) :COSh2JZ‘,
bulw;9,h) = (sinh2)? (cosh o) P+ 772 (),

- h)_r(n+g+§)r(h—g—n+1)
g C2nl(h—g—2n)T(h—n+3)

The overshoot eigenfunctions provide type I seed solutions for n > %.
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See [23] for polynomial extensions of known solvable potentials having finitely many

discrete eigenfunctions.

3.2.5 seed solutions based on discrete symmetries

In [24] we have examined several well-known exactly solvable potentials and shown that
the discrete symmetries of harmonic oscillator, Kepler problem in spherical space, Morse
potential, soliton potential, Rosen-Morse potential, hyperbolic symmetric top II, do not
provide either type I or II virtual state wavefunctions which could be used as seed solutions
for state adding Abraham-Moses transformations.

For the hyperbolic Darboux-Poschl-Teller potential, Kepler problem in hyperbolic space
and Coulomb potential plus the centrifugal barrier, the discrete symmetry produces type I
or II virtual state wavefunctions.

Like the trigonometric Darboux-Poschl-Teller potential, the hyperbolic Darboux-Pdschl-
Teller potential has type I and II virtual state wavefunctions obtained by discrete symmetries

h <+ —(h+1), g > 1 — g from the eigenfunctions and they give seed solutions:

(g, h) = (sinh 2)? (cosh )" P2 () (v € Zsy),

Ev(g,h) =—AV+3+9)(v+ 1 +h),

M (z; g, h) = (sinh x)l—g(coshx)—hpé%‘g"h‘%>(n(x)) (V€ Zso, v<i(h+g-1)),
h) =

ENg.h) = —A(v + L —g)(v+ 1 —h).

The second example is Kepler problem in hyperbolic space. The virtual state wavefunc-

tion is obtained by discrete symmetry g <> 1 — g from the eigenfunction:

bu(x; g, 1) = e 1" (sinh @) TP (n(x); 1 — g, 1), Elgy i) = Ev (g, ).

For g—1 <v < g—14 /i (v € Z>), the above wavefunctions become type II seed solutions
[29, 24].
Coulomb potential plus the centrifugal barrier has infinitely many discrete eigenstates in

the specified parameter range:

. glg—1) 2 1 3
Uz g) = 22 _;‘1‘?7 21 =0, x3=o00, 9>§7
1 1
Enlg) = 5 - L on@) =27
W) =5 -G @
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g+ n>29+2 4

Onlig) = TR LB (oY), hlg) = (£20) 7 S TR0+ )

The discrete symmetry g <> 1 — g generates the type II seed solutions v > g — 1 (v € Z>y),
[31]:

Ou(w:g) = e T2 LI (2o, Eulg) = Evna(g)-

It is also possible to generalise the degree n or v to a real number (or certain com-
plex number with real energy) in the above overshoot eigenfunctions or those wavefunctions

obtained by discrete symmetry.

4 Summary and discussions

In order to carry out the program of Abraham-Moses [6] to enlarge the list of exactly solvable
potentials through extensions by adding a finite number of eigenstates of arbitrary energies,
one needs proper seed solutions. Infinitely many seed solutions of different sorts are presented
for some well-known solvable potentials, e.g. the radial oscillator, the Darboux-Poschl-
Teller and the Morse potentials, etc. They are the same virtual state wavefunctions which
have produced the multi-indexed Laguerre and Jacobi polynomials via multiple Darboux
transformations, and their straightforward generalisations. There are two types of seed
solutions, type I and II, corresponding to the integral transformations starting from the
lower and upper boundary points, respectively.

The basic formulas of adding as well as deleting Abraham-Moses transformations are
recapitulated. They are presented purely algebraically without the inverse scattering formu-
lation. It is pointed out that the multiple eigenstates addition transformations are a good
example of orthonormalisation procedures of non-normalisable vectors.

It would be a good challenge to formulate the difference equation analogues of Abraham-
Moses transformations. The theory of difference Schrodinger equations is now well devel-
oped as ‘discrete quantum mechanics’ [32], and most of the orthogonal polynomials of Askey
scheme [33, 34], e.g. the Askey-Wilson and the g-Racah polynomials, are the eigenfunctions
of various solvable models [35] 36]. The discrete analogues of various methods and results of
quantum mechanics, including the Heisenberg equation of motion [27], the Darboux trans-
formations [37, 38], and the multi-indexed Askey-Wilson and ¢-Racah polynomials [39, [40]

are already established.
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