
Montclair State University Montclair State University 

Montclair State University Digital Montclair State University Digital 

Commons Commons 

Theses, Dissertations and Culminating Projects 

5-2006 

Multiorder Multidimensional Systems : Computation of the Multiorder Multidimensional Systems : Computation of the 

Transfer Function Using the DFT Transfer Function Using the DFT 

Marinos Theodorou Michael 

Follow this and additional works at: https://digitalcommons.montclair.edu/etd 

 Part of the Computer Sciences Commons 

https://digitalcommons.montclair.edu/
https://digitalcommons.montclair.edu/
https://digitalcommons.montclair.edu/etd
https://digitalcommons.montclair.edu/etd?utm_source=digitalcommons.montclair.edu%2Fetd%2F1208&utm_medium=PDF&utm_campaign=PDFCoverPages
https://network.bepress.com/hgg/discipline/142?utm_source=digitalcommons.montclair.edu%2Fetd%2F1208&utm_medium=PDF&utm_campaign=PDFCoverPages


A B ST R A C T

Author: Marinos Theodorou Michael
Title: Multiorder multidimensional systems: Computation 

of the transfer function using the DFT
Institution: Montclair State University
Thesis Advisor: Professor George E. Antoniou
Degree: Master of Science in Computer Science
Year: 2006

In this thesis the discrete Fourier transform is used for determining the coefficients of 

the determinantal polynomial and the coefficients of the adjoint polynomial matrix for four 

systems/models. The main contribution of this thesis include:

• A method for computing the transfer function of a second-order 2D system using the 

DFT.

• A method for computing the transfer function of a generalized second-order 2D system 

using the DFT.

• The second-order 2D systems was extended to k-oider n-dimensions.

• The generalized second order 2D system was extended to generalized fc—order n— 

dimensions.

• A method for computing the transfer function of a /c-order n-dimensional system 

using the DFT.

• A method for computing the transfer function of a generalized k—order n-dimensional 

system using the DFT.



MONTCLAIR STATE UNIVERSITY

Multiorder multidimensional systems: Computation of the transfer function using the DFT

by

Marinos Theodorou Michael

A Master’s Thesis Submitted to the Faculty of 

Montclair State University 

In Partial Fulfillment o f the Requirements 

For the Degree of 

Master o f Science 

May 2006

College/School: CSAM 

Department: Computer Science

(date)

Thesis Committee:

Professor George E. Antoniou 
Thesis Sponsor

Professor Angel Gutierrez 
Committee Member

Assistant Professor Stefan A. Robila 
Committee Member

Professor Dorothy) 
Department Chair

teremer



M ultiorder m ultidim ensional system s: C om putation of the
transfer function using the D FT

/

A Thesis 
Presented to 

The Academic Faculty

by

M arinos Theodorou M ichael

In Partial Fulfillment 
of the Requirements for the Degree 

Master of Science in Computer Science

Department of Computer Science 
Montclair State University 

May 2006



To my family and friends, 

for their continued support

iii



ACK NO W LEDG EM ENTS

I would like to express my sincere gratitude to my thesis advisor, Prof. G E. Antoniou for 

giving me the opportunity to work on this exciting project and for his faith, dedication, 

encouragement, guidance and support throughout the course of my master research. I have 

been working with Prof. G. E. Antoniou since the first day I came to the U.S. I benefited 

from his guidance in every aspect during my Master’s study. It was his wide knowledge of 

Computer Engineering especially on Multidimensinal Systems Analysis, creative thoughts 

and sparkling of fresh ideas, dedication to scientific excellence, and most important, his 

pure love and enthusiasm toward scientific research, that had led to every progress in my 

Master research. I deeply appreciate all his invaluable help, the care he showed for me, and 

the freedom he gave me.

I would also like to thank Dr. Angel Gutierrez and Dr. Stefan Robila who gladly agreed 

to serve as my thesis committee and taking time out of their busy schedules to evaluate my 

work.

I would also like to express my appreciation to all my friends and colleagues, here at 

Montclair State University, for their help in successful completion of this thesis.

IV



TABLE OF C O N T E N T S

D E D IC A T IO N .................................................................................................................... iii

A C K N O W L E D G E M E N T S........................................................................................... iv

LIST OF FIGURES .......................................................................................................  vii

A B S T R A C T ....................................................................................................................... viii

1 IN T R O D U C T IO N ....................................................................................................  1

2 BACK GROUND .......................................................................................................  5

2.1 2D Classical State Space m odels........................................................................  6

2.1.1 Givone-Roesser 2D m odel.....................................................................  6

2.1.2 Attasi 2D m o d e l ..................................................................................... 7

2.1.3 Fornasini-Marchesini 2D models ..........................................................  8

3 SECOND-ORDER TW O-DIM ENSIONAL S Y S T E M ................................  9

3.1 202D Background ..............................................................................................  9

3.2 2D Discrete Fourier Transform...........................................................................  12

3.3 A lg o rith m .............................................................................................................  14

3.3.1 Denominator Polynom ial........................................................................  15

3.3.2 Numerator Polynomial...........................................................................  16

3.4 Numerical Examples ........................................................................................... 16

3.4.1 Single-Input S in g le -O u tp u t.................................................................. 16

3.4.2 Multiple-Input S ingle-O utput............................................................... 21

3.4.3 Multiple-Input Multiple-Output ........................................................  25

3.5 Complexity of the A lgorithm ..............................................................................  32

4 GENERALIZED SEC O N D -O R D ER  TW O-DIM ENSIONAL SYSTEM  38

4.1 2D Discrete Fourier T ran sfo rm ........................................................................  39

4.2 DFT-Based A lg o rith m ........................................................................................ 39

4.2.1 Denominator Polynom ial........................................................................  40

4.2.2 Numerator Polynomial...........................................................................  41

4.3 Example: G202D, two-inputs two-outputs, s y s t e m ...................................... 42

4.4 Complexity of the Algorithm..............................................................................  47

v



5 A-ORDER iV-DIMENSIONAL S Y S T E M ....................................................  48

5.1 nD  DFT ...........................................................................................................  49

5.2 A lgorithm ...........................................................................................................  49

5.2.1 Denominator Polynomial....................................................................... 51

5.2.2 Numerator Polynomial.......................................................................... 51

5.3 Complexity of the Algorithm............................................................................. 52

6 GENERALIZED A-ORDER A-DIM ENSIONAL S Y S T E M ...............  53

6.1 nD DFT ...........................................................................................................  54

6.2 A lgorithm ...........................................................................................................  54

6.2.1 Denominator Polynomial....................................................................... 56

6.2.2 Numerator Polynomial.......................................................................... 56

6.3 Complexity of the Algorithm............................................................................. 57

7 CONCLUSION .....................................................................................................  59

8 FUTURE W O R K ..................................................................................................  60

A PPEN D IX  A —  M A T L A B ™  C O D E -1 ..........................................................  61

A PPEN D IX  B —  M A T L A B ™  C O D E -2 ..........................................................  69

REFERENCES ..............................................................................................................  77

V IT A ....................................................................................................................................  80

vi



LIST OF FIG URES

1 202D state c i r c u i t ...............................................................................................  10

2 202D time diagram ............................................................................................  13

3 Plot of aiui2 ( 2 9 ) ..................................................................................................  19

4 Plot of F il>i2 (3 3 )..................................................................................................  20

5 Example 3.4.1........................................................................................................  22

6 Example 3.4.2 - First I n p u t ................................................................................ 26

7 Example 3.4.2 - Second I n p u t ..............................................................................  27

8 Example 3.4.3 - First Input - First O u tpu t........................................................  33

9 Example 3.4.3 - First Input - Second Output ..................................................  34

10 Example 3.4.3 - Second Input - First Output ..................................................  35

11 Example 3.4.3 - Second Input - Second O u tp u t ............................................... 36

vii



C H A PT E R  1

IN TR O D U C TIO N

Multidimensional (nD) digital systems have received, in recent decades, considerable re

search interest because of the advancement of digital technology. One Dimensional (ID) 

systems find wide applications in speech processing (wired and wireless), audio systems, 

data and computer communications etc. [1], [10], [30], [31], [32]. Systems that are charac

terized by two independent variables propagating information in two directions, in systems 

theory, or by two delay elements z-f1, z ^ 1, in circuit theory, require a different approach for 

the analysis since many ID techniques can’t be extended to 2D [7], [13], [20]. It is noted 

that systems with multiple delays are used today in electronic industry. The multiple delay 

elements are considered to be as “scheduling devices” , implemented with house software 

(.X ilin x™ )  over M A T L A B ™  and hardware with the well known D-type Flip Flops [14], 

[35]. Applications of Multidimensional systems can be found in digital image processing, 

seismology, geophysics, remote sensing, robotics, medicine, underwater acoustics, metal

rolling, long-wall coal cutting, etc. [10], [16] ,[20], [21], [25], [26], [34], [36], [37].

Multidimensional systems, like ID, can be represented with a polynomial transfer func

tion:

Ti (z i,22,23,
N (zi, ¿2, Z3, ■ • •, Zn) 
D{Zì ,Z2,Z3, . . . ,Z n)

or using classical state space like structures, for example:

x( i i ,2 2, • • • An) =  A x ( i i , i 2) . . . , i n )  +  bu(*i, ¿2, . . ., ¿n)

y{h  ,»2, • ..,*n) =  C,x(ii,*2, . . .,in) + du(il i i2, • • •, *n)

The classical state equation x(«i, z2, . . . ,  in) and output equation y(ii, ¿2, . . . ,  in), represent 

the system dynamics and the input-output behavior of the system. The model is linear,
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shift invariant and causal [20].

State space based techniques play a very crucial role in the analysis, synthesis and 

implementation of multidimensional systems.

In this thesis, new system-models for representing fc-order n-dimensional systems are 

presented for the regular and generalized structures. Using the proposed models, computer 

implementable algorithms are proposed, using the discrete Fourier transform (DFT), for 

the computation of the transfer function for the following models:

• Second-order 2D system

-  George E. Antoniou, Marinos Michael, Computing the transfer function for second- 

order 2D systems, IEEE International Symposium on Circuits and Systems, Pro

ceedings 237-240 III, Vancouver, 2004.

-  George E. Antoniou, Marinos T. Michael, Second-order two-dimensional sys

tems: Computing the transfer function, Journal of Electrical Engineering, Vol. 

55, No. 11-12, pp. 296-300, 2004.

• Generalized second-order 2D system

-  George Antoniou, Marinos Michael, On the generalized second-order 2D Sys- 

tem/Model, International Conference on Circuits and Systems and Computers, 

Proceedings, pp. 487-490, Athens, Greece, 2004.

-  George E. Antoniou, Marinos T. Michael, Generalized second-order two -  di

mensional systems: Computing the transfer function, Journal of the Circuits, 

Systems and Computers, Vol. 14 , No. 6 , pp. 1063-1071, 2005.

• fc-order n-D system

-  George E. Antoniou, Marinos Michael, n-Dimensional k-Order systems: Trans

fer function computation, International Symposium on Signals Circuits and Sys

tems, Proceedings IEEE Xplore, pp. 183-186, Iasi, Romania, 2005.
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• Generalized fc-order n-D system

-  George E. Antoniou, Marinos Michael, Generalized n-Dimensional k-Order sys

tems: Transfer function computation, IEEE International Symposium on Signals 

Circuits and Systems, Proceedings, pp. 2299-2302, Cobe, Japan, 2005.

The new system-models are logical extensions for multidimensional systems. The par

ticular models are extension of the 2D Fornasini-Marchesini [11] and the second—order two- 

dimensional models [3] to n-Dimensions and fc-Order. For more two-dimensional (2D) 

second-order system structures, the reader can refer to [3] . The proposed extension to 

fc-order systems, will increase the order of the numerator and denominator polynomials of 

the nD  transfer function and at the same time will represent systems in more than one 

dimension. It is noted that the presented model can realize a transfer function with lower 

matrix-dimensions than the classical models.

ID systems/models with order more that one have been used in the past for Robost 

pole placement, Model reduction, Real time block recursive parameter estimation, Leverrier 

and extension of Fadeevs’s method to polynomial matrices, in electric power analysis and 

analysis of flexible beams [8], [9], [17], [19], [27], [29].

In this thesis the DFT is used for determining the coefficients of the determinantal poly

nomial and the coefficients of the adjoint polynomial matrix for four systems/models.The 

computational speed of the proposed method can be improved by using fast Fourier trans

form techniques.

The DFT has been used for the evaluation of the transfer function coefficients for linear, 

generalized (singular), and multidimensional state space systems [2], [4], [22], [33]. Other 

methods that could have been used are the Leverrier-Fadeeva, and Vandermonde matrices 

[6], [18], [28].

The main contribution of this thesis include:

• A method for computing the transfer function of a second-order 2D system using the 

DFT.
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• A method for computing the transfer function of a generalized second-order 2D system 

using the DFT.

• The second-order 2D systems was extended to fc-order n-dimensions.

• The generalized second order 2D system was extended to generalized fc-order n - 

dimensions.

• A method for computing the transfer function of a fc-order n-dimensional system 

using the DFT.

• A method for computing the transfer function of a generalized fc-order n-dimensional 

system using the DFT.

The thesis is organized as follows: Chapter 1 is the introduction. Chapter 2 contains 

some background information. Chapter 3 explains a method for computing the transfer 

function of a second-order 2D system using the DFT. Chapter 4 demonstrates a method for 

computing the transfer function of a generalized second-order 2D system using the DFT. 

Chapter 5 has the extended /c-order n-dimensional system and a method for computing 

the transfer function using the DFT. Chapter 6 presents the extended generalized fc-order 

n-dimensional system and a method for computing the transfer function using the DFT. 

Chapter 7 comprises the conclusions. Chapter 8 presents future work that can be done.
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C H A PT E R  2

BA C K G R O U N D

A 2D discrete signal can be modeled as a function of two independent variables #(¿1 , 12), 

defined for all integer values of i\ and i2 [25].

A 2D digital system is defined as an operator, T, that transforms an input m(ii, ¿2) to 

an output y{i\, ¿2).

For linearity,

T[ax(ii, ¿2) +  by(ii, ¿2)] =  aT[x(h, ¿2)] +  bT[y(i\, ¿2)] 

V a, b arbitrary constants.

The 2D ^-transform of a function x(ni, 122) is defined as:

X(Z!,Z2)=  x ( iu i 2)z1tlZ2 t2
il= — 00 ¿2 — — OO

where, z\ and Z2 are complex variables.

For example a 2D system is described by the following difference equation [25]:

^ 2  ^ 2  a(ki,k2)y(ni -  k i ,n 2 -  k2) = ^ 2  k2)u(ni -  Aq, n2 -  k2)
(fc \,k2) €i?a (fci,/C2) G-Rb

where, u(n i,n2), y{n i,n2) are the input and output arrays and a(ki,k2), b(ki,k2) are 2D

finite sequences. Applying the 2D ^-transform on both sides of the above equation yields,

J2  J 2 b(n1,n2)z îniz ï n2
tt( \ _  Y ( z1,z2) _  (ni,n2)£Rb 

(Zl' Z2>~ U(zu z i ) -  Y ,
(ni,n2) &Ra

The above numerator- denominator description H(zi, z2) is a 2D transfer function.
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2.1 2D  Classical S ta te  Space m odels

In system theory two approaches are used for the analysis and design: the transfer function 

and the state space. The definition of the 2D transfer function was given and an example 

from the literature was presented in the previous section. It is noted that the reason for 

presenting the 2D case is only due to simplicity.

There are the three classical 2D state space/model descriptions:

• Givone-Roesser

• Attasi

• Fornasini-Marchesini

2.1.1 Givone-Roesser 2D model

In 1972, Givone-Roesser introduced the first spatial state space system for linear iterative 

circuits. Iterative circuits are a combination of individual cells [15]. The updating state 

equation and the output equations are:

Xnx (¿1 +  M 2) A n A 12 (*M2) +
Bi

_ x£2(HG2 +  1) _ A21 A-22 _ x£2(*M2) _ B2

y (h j)  =
Xni(n^2)

< 2 (¿1^2)
+ du(ii, ¿2)

where,
xh{i,j) G R nl.. Horizontal State Vector

( 1)

xv( i , j ) G Rn2.. Vertical State Vector 

y (i , j ) G RP.. Output Vector

u (i , j ) G R171.. Input Vector
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In a compact form the above state space model (1) can be written as:

x(ii, ¿2) =  A x (zi, 22) +  Bw(ii,i2)

J/(M) = C 'x (ii ,i2) +  du{ii,i2)

(2)

where,

and

*(¿1 , 22)
x^(ii +  1,*2)

xv(«M2 + 1)
G Jj>nl+n2

x(il,Î2) =
Xv(«M2)

e Æinl+n2

A n A i2 Bi r -j
5 B = 5 C — Cl c 2<N 

◄
 

__
1 a 22 B 2

A =

A n, A i2, A2i , A 22, B i ,B 2,C i ,C 2, are real matrices of appropriate dimensions and d is a 

scalar.

Applying the 2D ^-transform on (2), with zero initial conditions, the corresponding 2D 

transfer function takes the following form:

Hgr(z1,z2) = C ' [ Z - A ] - 1B + d (3)

where, Z  — z{ln © z2In, with © denoting the direct sum.

2.1.2 Attasi 2D model

In 1973, S. Attasi proposed the following 2D model [5]:

x{i\ +  1, ¿2 +  1)

y (h j)

A 1 M 1  +  l , j )  +  A 2a r( ii,i2 +  1) +  A . q x {1\ ,  12)  +  B w (iM 2)

C 'x(îi,i2) (4)
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Applying the 2D ^-transform the following 2D transfer function is derived,

Ha(zi, z2) = C'[zlZ2l  -  z \A \  -  z2A 2 -  A 0]_1B (5)

2.1.3 Fornasini-Marchesini 2D models

In 1976 and 1978, Fornasini-Marchesini proposed the following 2D models: 

Fornasini-Marchesini First 2D state space model [11]:

x(i\ +  1, ¿2 +  1) — A$x(i\, i2) +  Aix( i i  + 1, i2) +  A 2x(ii, i2 +  1) + Bu(ii, i2)

y ( i i , i2) =  C'x(«i, i2) (6)

Fornasini-Marchesini First 2D transfer function:

77/miO i, z2) = c'[ziz2X -  z iA i  -  z2A 2 -  A 0]_1B (7)

Fornasini-Marchesini Second 2D state space model [12]:

x(i\ +  1, ¿2 +  1) =  A\x{i \  +  1, i2) +  A 2x(ii, i2 +  1) + + 1, i2) +  B 2u(?i , i2 + 1)

y(h j )  = C 'x(«i , 22) (8)

Fornasini-Marchesini Second 2D transfer function:

Hfml{zi,Z2) =  c' [Z\Z2Z -  Z\A\ -  22A 2]_1B i 2:i +  B 2z2 (9)

It is noted that the Fornasini-Marchesini models are based on the algebraic viewpoint 

of Nerode equivalence [7].

In the following section the mathematical representation of the new model is analyzed 

by defining the properties of the model. This model is of second—order and two dimensions.



C H A PTER  3

SEC O N D -O R D ER  TW O -DIM ENSIO NAL SYSTEM

A second-order two-dimensional (S02D) system has the following structure [3]:

2(21 +  2 , ¿2 +  2) =  A 0a:(ii +  l , i 2 + 1) +  Aix(*i +  l , i 2) + A 2x (ii ,«2 +  1)

+Bitt(*i +  1, ¿2) +  B 2u(ii,*2+  1) (10)

y (h , i  2) =  C x { i i , i 2)

where, x{i\ , ¿2) G 7£A, u(ii,z2) € 7£m, 2/(ii, *2) £ *i,*2 are integer-valued vertical and

horizontal coordinates respectively, x ( i \ , i2) is the local vector at (¿1 ,¿2)5 w ^ i,^ ) is the 

input vector and y(zi, ¿2) is the output vector. A^, for = 0,1, 2 and B i, B 2, C, are real 

matrices of appropriate dimensions denoting the characteristics of the S02D system that 

can also be represented by a 2D transfer function, as in the regular 2D systems [12]. It is 

noted that this particular S02D system (10) is an extension of the regular 2D Fornasini- 

Marchesini model [12] to cover systems of second-order. The “state” circuit for the S02D 

system (10) is depicted in Figure 1. For more 2D second-order structures the reader can 

refer to [3].

Applying the 2D Zi, i = 1,2 transform to system (10), with zero initial conditions, the 

transfer function is found to be:

T ( 2i , Z2) =  c  [I;z \z \  -  A qZ\Z2 -  A xz\ -  A 2z2] 1 • \B\Zi +  B 2z2\ (11)

3.1 2 0 2 D  Background

To help the reader consider the S02D model (10) with some numerical constant coefficients, 

for example:

9



Figure 1: 202D state circuit
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x{i\ +  2, i2 +  2)

y{h ,i  2)

®(ii +  1,22+1) + 2x(zi +  1, ¿2) +  3x(zi, Z2 +  1) 

+w(?l +  1, ¿2) +  2li(zi, i2 +  1) ( 12)

I t’s transfer function becomes

T{z1, z2) =  -2
zi

In comparison, with the “equivalent”

Z\ +  2 z2

z2 -  Z\Z2 — 2z\ +  3̂ 2

classical 2D Fornasini-Marchesini model [12],

ic(2i +  1,22 +  1) 2x(i\ +  1, i2) +  3x(zi, ¿2 +  1) + u(h  +  I 5 *2) +  2u(ii, i2 +  1) 

x{i\, i2) (13)

The transfer function,

T(zi, z2) — C [I^i^  -  A ijzi -  A 2z2\ 1 • (B izi  +  ^ 2z2) (14)

or

T (z i , z2)
z \  +  2 z2

z \ z 2 — 2 z \ +  3z2
(15)

The Figure 2 depicts the relation among the “state” and any point (21, 22). Also the 

“state” at the neighborhood points (¿1 — 1, i2), (i\ — 1, i2 — 1) and (¿1 , i2 — 1) and the values 

of the boundary conditions x(i\, 0) and a?(0, i2).

It is clear that the value of a “state” at any point depends on the entire neighbor “state” 

values of all the neighbor points. The boundary conditions too are simple. If for example 

we assume zero inputs, then the “state” at various x ( ., .) points are given by:

x(2, 2) -  A0x( 1,1) + Airr(l, 0) +  A2x(0,1) 

x(2, 3) =  A0x( 1, 2) +  A xx{ 1,1) +  A2x(0, 2)

11



x(2 ,4) = A qx(1, 3) +  A ix(l,  2) +  A2x{Q: 3) 

x{2, 5) =  Aqx(1, 4) +  A ix(l,  3) +  A2x(0,4) 

z(3, 2) =  A0x(2,1) + A\x(2, 0) +  A2x( 1,1) 

x(3, 3) =  A0a;(2, 2) +  A ì x (2, 1) +  A2x( 1, 2) 

z(3 ,4) =  A qx(2, 3) +  Aix(2, 2) +  A2z(l, 3) 

z(3, 5) =  A0x(2,4) +  A lX{2, 3) +  A2x(l,  4)

:r(4, 2) =  Aoa;(3,1) + A\x(3, 0) +  A 2x(2,1) 

z(4, 3) =  A0x(3, 2) + Aia;(3,1) +  A2z(2, 2) 

x(4,4) -  A0x{3, 3) +  Aiar(3, 2) +  A2x(2, 3) 

x(4, 5) =  A0x(3,4) +  Aix(3, 3) +  A2x{2,4)

:r(5, 2) =  A0x(4,1) + Aix(4, 0) +  A2x(3 ,1) 

x(5, 3) =  Aox(4, 2) +  A ix(4,1) + A2:r(3, 2) 

x(5,4) =  Aox(4, 3) +  Aix(4, 2) +  A2x(3,3) 

x(5, 5) =  Aqx{4, 4) +  Aix(4, 3) +  A2a;(3, 4)

The Figure 2 clearly shows the above analyis.

In the following section an interpolative approach is developed for determining the trans

fer function T(z\, z2), given the matrices A&, k — 0,1, 2 and Bi, B2, C using the 2D DFT. 

For the sake of completeness a brief description of the 2D DFT follows.

3.2  2D  D iscre te  F ourier Transform

Consider the finite sequences X {k \ i k2) and X ( r i ,r2), ki,T{ — 0, V « =  1,2. In

order for the sequences X(k\, k2) and X(ri,  r 2), to constitute a 2D DFT pair the following 

relations should hold [10]:

12



Figure 2: 202D time diagram
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x ( n , r  2) (16)
Aii M2

= Y . Y . x (k i , k 2 w r k m w 2 t m
k\= 0 fc2=0 

-, Mi M2
(17)

^  n=0r2=0

where,

R — (Mi + 1)(M2 + 1) (18)

Wi =  i =  i,2  (19)

X, X  are discrete argument matrix valued functions, with dimensions p x m.

In the following section an interpolative approach is developed for determining the trans

fer function T(s), given the matrices A*, i — 0,1,2 and B i, B 2, C, using the 2D DFT.

3 .3  A lgorithm

The transfer function of a S02D system (10) is, +

where,

T(2l,22)
N (zi, Z2) 
d(zi,z2)

N(^i, z2) =  C adj \iz\zl -  A§z\z2 -  A\Zi -  A 2z2] • (Bi^i +  B2z2) 

d(z\ , z2) =  det [I,z\z\ — A§z\z2 -  A\Z\ -  A 2z2]

( 20)

(21)

(22)

Equations (21) and (22) can be written in polynomial form as follows:

P  P
m a x  ™"max

N(Z!,22) =  Y ,  £  (23)
Ai=0 A2=0

with, n ^ aa. := max((2\i -  1), (2A2 -  1)). The numerator coefficients P ai,a2 are matrices 

with dimensions (p x m).

14



•"max '• 'm a x

d{z!,z2)=  5 Z Q\iM zi 1z22
Ai=0 A2=0

(24)

where, n ^ aa, := max(2Ai, 2A2). The denominator coefficients QAi ,a2 are scalars.

The numerator polynomial matrix N (zi, 2:2) and the denominator polynomial d(zi,z2) 

can be numerically computed at R — (r +  l)2, points, equally spaced on the unit 2D disc. 

The R  points are chosen as (zi, z2) — [u(ii), v(i2)], ¿2 =  0, • • •, r, with r =  2A, according

to definition as:

v1(i) = v2(i) = W~i, V * = 0 , . . . , r . (25)

where,

W, = i =  l,2 (26)

The values of the transfer function (20) at the R  points are the corresponding 2D DFT 

coefficients.

3.3.1 Denominator Polynomial

To evaluate the denominator coefficients q\lt\ 2, define,

0*̂ *2 =  det [Iu2(2i )u| ( î2) -  A 0vi(ii)v2(i2) -  A iui(ii) -  A 2v2(i2)\ (27)

Therefore using equations (24) and (27), can be defined as,

Oilti2 = d[vi(ii),v2(i2)] (28)

Provided that at least one of a q ^  7  ̂0. 

Equations (24), (25) and (28) yield

ah ,i2 = E  E  I X (29)
Ai—0 A2=0

In the above equation (29) it is obvious that [aq,i2] and [<?Ai ,a2] form a 2D DFT pair. 

Therefore the coefficients [q\1,x2] can be computed using the inverse 2D DFT, as follows:

15



(30)«A,,A, = ~5 E E aii,i2W ^ ^  
11 ¿1=0 ¿2=0

3.3.2 Numerator Polynomial

To evaluate the numerator matrix polynomial P ai,a2) define

F iu i2 =  C  ad j \ l v l ( i i ) v l ( i 2) -  A 0u i(z i)u2(î 2) -  A iU i(U ) -  A 2u2( i2)]

x [Biui(ii) +  B2u2(i2)] (31)

Using equations (23) and (31), F ^ ^  can be defined as,

ï '4l,i î = N [« i( i1),«2(i2)] (32)

Equations (23), (25) and (32) yield

Fn,i2 = E  E  P M,A2^ “(ilAl+i2A2) (33)
Ai=0 A2= 0

In the above equation (29), [Fq^], [P a i,A2] form a 2D DFT pair. Therefore the coeffi

cients P Ai ,a2 can be computed, using the inverse 2D DFT, as follows:

P a!,a2 =  1 E E F ii,i2 ^ (ilAl+<2A2> (34)
K ¿1=0 ¿2=0

Three salient examples, simple yet illustrative of the theoretical concepts presented in 

this work, follow below:

3.4 N um erica l E xam ples
3.4.1 Single—Input Single-Output

Consider the following single-input single-output 2DSO system:

x{i\ +  2, ¿2 +  2)

y (h , i  2)

A 0x(ii +  1, ¿2 +  1) +  Ai x(i\ +  1, ¿2) +  A 2x(ii, 12 +  1)

+  l , i 2) +  B 2u(U,«2 +  1) (35)

16



where.

1

i----CO - 1 1

1
O 1

IIo◄

O
_____i

o > II

o 1
, A  2 -

1 1

1 0
Bi B 2 =

Since A — 

proposed 

Using

2, the r — 2 • A = 4. Therefore R

algorithm yields:

(29), the aj1*2 coefficients are,

1

= (r +  l)2 25. The direct application of the

GOO = -6.0000 + O.OOOOj, a oi = 3.0451 + 2.4899j

«02 — -2.5451+ 0.2245J «03 = —2.5451 -  0.2245.7

«04 = 3.0451 -  2.4899jf «10 = —0.3090 + 4.7553.7

«11 - 1.9271 + 3.3022j «12 = 0.1180 - 2 . 7144j

«13 = 3.3090+ 1.4001.7 «14 = -1 .0 0 0 0 - 3.8042j

«20 — 0.8090 +  2.9389j «21 = 2.1910 -  4.3920J

«22 = -1.4271 -  3.2164j «23 = -1.0000 -  2.351 l j

«24 = —2.1180+ 2.2654j «30 = 0.8090 -  2.9389j

«31 = -2.1180 - 2 . 2654j «32 = -1.0000+ 2.3511j

«33 = -1.4271+ 3.2164j «34 = 2.1910+ 4.3920j

«40 = -0.3090 -  4.7553j «41 = -1.0000+ 3.8042j

«42 = 3.3090- 1.4001j «43 = 0.1180 + 2.7144J

«44 = 1.9271 -  3.3022j

The Figure 3 shows the plot of (29), using M A T  L A B ™ , given in Appendix-A.

Using (33), the coefficients are,

17



Foo = 2.0000 + O.OOOOj Fqi — 0.6180 -  0.7265j

Bq2 — — 1.6180 — 3.0777j F03 — -1.6180 +  3.0777j

-Fo4 = 0.6180+ 0.7265j F 10 = -0.5000 -  1.5388j

Fn  = 0.1910 -  1.7634j F12 — —3.4271 +  1.7634j

F13 = 1.7361 + 1.5388j F 14 = 2.0000 + 0.0000j

F20 = —0.5000 + 0.3633.7 F21 — -2.7361 -  0.3633j

F22 — 1.3090 + 2.8532j F23 = 2.0000 +  O.OOOOj

U24 = -0.0729 -  2.8532j F30 = -0.5000 -  0.3633j

F31 = -0.0729 + 2.8532j F32 — 2.0000 -  O.OOOOj

F33 = 1.3090 -  2.8532j F34 — -2.7361 + 0.3633j

F40 — -0.5000 + 1.5388.7 *41 = 2.0000 -  0.0000j

F42 = 1.7361 -  1.5388.7 F43 — 3.4271 -  1.7634j

F44 = 0.1910 + 1.7634j

The Figure 3 shows the plot of (33), using the software package M A T L A B ™ ,  

given in Appendix-A.

Using (30), the denominator coefficients are,

9oo 901 902 903 904 0 0 - 1 0 0

910 9ii 912 913 914 0 - 2 - 2 0 0

920 921 922 923 924 - - 1 1 0 - 1 0

930 931 932 933 934 0 0 0 - 1 0

940 941 942 943 944 0 0 0 0 1

Using (34), the numerator matrix polynomials are,

-Poo Pol P02 P03 *04 0 0 0 0 0

P 10 P ll P 12 P 13 Pl4 0 1 - 1 0 0

P20 P21 P22 *23 P24 = 0 0 0 1 0

P30 P31 P32 *33 P34 0 0 0 0 0

_ P40 P41 P42 *43 P44 0 0 0 0 0

18



Mesh Plot with Contours

o o

Contour Plot

Surf Plot Contour Plot of Peaks

Figure 3: Plot of (29)
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Mesh Plot with Contours Contour Plot

Surf Plot Contour Plot of Peaks

Figure 4: Plot of (33)
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Once the denominator and the adjoint matrix coefficients have been computed, the

transfer function T(z\, z2) is determined as,

T( , _  __________________ P ^ \ z\  +  Pl2Z\zl +  Pi
Z l ' Z2 944^1 <4 + Q33zfz% + ̂ 2 3 1̂^2 + Q21z ï z 2 + 920^1 + 912^1^2+911^1^2

or

T{z1,z2) --
z \z \ -  Z\z\ +  2122 (36)

z fz2 -  z \z \ -  z \z \  +  z \22 — z \ -  2 z \z \ -  2z\z2 -  z\

Figure 5 shows the mesh, contour, surface and z plots of the above 2D transfer function 

(36). The M A T  L A B ™  code is given in the Appendix B.

The correctness of the above result (36) can easily be verified using (11), with k — n = 2,

T(z  1 , 22) =  C \lz \z \ -  A 02i22 -  A 22i -  A 222] 1 • (B i2i +  B 222) 

3.4.2 M ultiple—Input Single—Output 

Consider the following two-input single-output 2DSO system:

x(i\ +  2, î2 +  2)

y(hÂ2)

A 0a:(2i +  1, i 2 +  1) +  A i x ( i i  +  1, i2) +  A 2x(i\, i2 +  1) 

+B iii(ii +  1, ¿2) +  B 2u (n ,i2+  1) (37)

C £C(®1 , ¿2)

where,

1 3 -1  1

1---O
 

1__

> II > A 2 -

1
OO

 
__

1 0 1 1 1

Bi
1 2 3 1IICM

PQ

1 00 0 0 1

C = 1 0
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Mesh Plot of Magnitude
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Figure 5: Example 3.4.1
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Since A =  2, the r — 2 • A = 4. Therefore R = (r +  l)2 =  25. The direct application of the 

proposed algorithm yields:

The coefficients (29) aixi2 V ¿i, ¿2 =  0, -..,4 are the same as in the single-input single-

output Example 3.4.1

Using (33), the coefficients are,

II00

fa -19.0000 2.0000

F 01 = -9.7533 +  18.15587

IICNO

fa 9.2533 + 4.6493j  1

IIco0

fa 9.2533 -  4.6493j  1

0

11 -9 .7533 - 18.1558j

Fio — 2.1180+ 13.12307

F u  = 22.6074 + 2.93897

F 12 = 1.9549- 12.000573

F 13 — -7.6180 -  3.35527

F 14 = -2.8820+ 11.0494^

F 20 = -0 .1180 - 6.34717

F 21 = -5.3820 -  7.33097

F 22 = -3 .1074 - 4.75537

F 23 = -5.1180 +  5.51467

F 24 = 7.5451- 6.10247

CO 0

II -0 .1180 +  6.34717

F 31 = 7.5451 + 6.10247

F 32 = -5 .1180 - 5.51467

23



F 33 = -3.1074 +  4.7553j  2.6910 + 6.6574j

IIco -5.3820 +  7.3309j  -0.5000 -  0.3633j

0 11 2.1180 -  13.1230j -0.5000 -  0.8123.?'

F 41 — -2.8820 -  11.0494j  1.4721 -  3.0777j

F 42 = -7.6180+ 3.3552j  -0.5000 + 1.5388.?

00

II 1.9549 +  12.0005j 3.8090 + 0.5878j

11 22.6074 -  2.9389.? 3.8090-4.1145.?'

Using (30), the denominator coefficients are,

4oo 4oi 402 403 404 0 0 - 1 0 0

4io 4 i i 412 413 414 0 - 2 - 2 0 0

420 421 422 423 424 = - 1 1 0 - 1 0

430 431 432 433 434 0 0 0 - 1 0

440 441 442 443 444 _ 0 0 0 0 1

Using (34), the numerator matrix polynomials are,

Poo Poi P 02 P03 P 04

Pio P ll P 12 Pi 3 P14

P 20 P 21 P22 P 23 -P24

P 30 P 31 P 32 P33 P34

P40 P41 P 42 P43 P44

0

0

-4 -2  

0 

0

0

-7  -2  

-9  0 

0 

0

-3  0

0 3 

0

1 2 

0

0

0

3 1 

0 

0

Once the denominator and the adjoint matrix coefficients have been computed, the 

transfer function T ( z i , z2) is determined as,

T ( z 1, z2)
P 02-̂ 2 + P HZ1Z2 + P 12ZU2 + P 2(Ul + P 21^2 + P 23Z1 Z2 + P 32̂ 1+>

402-^2 +  + ? l U U 2  +  412-2422 +  4202? +  4212? -22 +  <\23z \ z 2 +  4 3 3 * 1 4  +  444*1^2

or

24



T ( z 1, z2)
P  02-̂ 2 +  P l l zl z2 +  P  12^1^2 +  P  20-Zj 4~ P  21zl z2 +  P  23̂ 1^2 +  P  32̂ 1̂ 2 

— z\ — 2z\Z2 — 2z\z\ — z\  +  z\z2 — z\ z \  — z\z \  +  z\z \

Where,

or

P  02 =  

P 12 =  

P 21 -

P.32 —

-3  0

0 3 

-9  0

1 2

, P n  =  

P 20 =

, P 23 =

-7  -2  

-4 -2  

3 1

T ( z i ,2 2)
Oil | Oi2

— z \  -  2Z\Z2 -  2 z \ z \  — z \  +  z \ z 2  — z \ z \  -  z \ z \  +  z \ z \
(38)

Where,

ol\ — — 3^ 2  — 72:1^2 — 4  z \  — 9z^Z2 +  3  z \ z \  +  z \ z \

0L2 — —2 z\Z2 4” 3ziZ2 — 2z\ 4" zfz2 4- 2z^Z2

Figures 6 and 7 show the mesh, contour, surface and z plots of the above 2D transfer 

function (38). The M A T  L A B ™  code is given in the Appendix B.

The correctness of the above result (38 can easily be verified using (11) with k — n — 2,

T(zij z2) = C [Izfz$ -  A qZiz2 -  Ai^i -  A 2z2]~l ■ {B\Z\ +  B 2z2)

3.4.3 M ultiple—Input M ultiple—Output

Consider the following multivariable (two-input two-output) 2DSO system:

x(ii +  2, ¿2 +  2) =  A jx(n  +  1,22 4- 1) + A.ix(ii +  l,z2) +  A 2x ( i i , i2 +  1)

25



Mesh Plot ot Magnitude Contour Plot of Magnitude

Figure 6: Example 3.4.2 - First Input
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Mesh Plot of Magnitude Contour Plot of Magnitude

Figure 7: Example 3.4.2 - Second Input
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+ 1, ¿2) + B 2w(?i , ¿2 + 1)

2) =  c  x(zi, z2) (39)

where,

1

1
C

O -1 1

1
0 1

II0<

0_____1

-----1
0 > II

0 1
5 A 2 —

1 1

Bi -
1 2

-3  0
B,

3 1 

0 1

C -
0 1 

2 1

Since 7  =  2 , the r = n x 7  =  4. Therefore i? =  ( r +  l )2 =  25. The direct application of

the proposed algorithm yields:

The coefficients (29) V ¿1U2 — 0, ...,4 are the same as in the single-input single

output Example 3.4.1.

Using (33), the T^ 2 coefficients are,

F qo =

F qi =

F 02 —

F 03 =

F 04 =

1.0000 4.0000 

-37.0000 8.0000

-1.7639 -  3.8042? 0.1180 -  2.2654«

-21.2705 +  32.5074? -14.8262 -  3.1634?

-6.2361 -  2.3511? -2.1180 -  2.7144j 

12.2705 + 6.9474,? 0.8262 + 7.2452j

-6.2361+ 2.3511j 

12.2705 -  6.9474,7

-1.7639 + 3.8042.? 

-21 .2705- 32.5074.?

-2.1180 + 2.7144.? 

0.8262 -  7.2452.?

0.1180 +  2.2654.7 

-14.8262 +  3.1634.?
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Fio =

F u  -

F 12 =

F 13 =

F 14 —

F20 =

F21 =

F22 =

F23 =

F24 ■ =

F30 =

31

F32

5.7361 -  2.7144? 

9.9721 + 23.5317.7

-6.2361 +  1.1756.? 

38.9787 +  7.0534j

5.8992 +  9.8208.7 

9.8090- 14.1801j

5.7361 -  2.9919.7 

-9.5000 -  9.7023.7

1.0000 +  3.5267.7 

-4.7639 +  25.6255.7

1.2639+ 2.2654j 

1.0279- 10.4289,7

1.2639 -  5.7921.7 

-9.5000 -  20.4540j

— 1.7639 — 1.9021J 

—7.9787 — 11.4127.7

1.0000 -  5.7063.7 

-9.2361 + 5.3228j

-6.3992-3.1307 j  

8.6910- 15.3354j

1.2639- 2.2654J 

1.0279+ 10.4289J

-6.3992 +  3.1307.7 

8.6910+ 15.3354.7

1.0000+  5.7063J 

-9.2361 -  5.3228j

0.8090 -  2.4899j  

-0 .1910- 0.8653.?

-1.4271-2.9389.? 

6.1910+ 5.2901?

-3.9271 + 3.3022j  

3.6910 + 2.1266j

2.3541 + 1.5388.7

1.3541 -  1.5388.?

2.1910 + 0.5878.7 

5.1353+ 6.7432.?

-0.3090 -  0.2245J 

-1 .3090- 7.1064j

—4.3541 -  0.3633J 

-5.3541 + 0.3633.?

1.9271 +  4.7553.? 

7.3090 -  8.5595j

3.3090-0.9511? 

— 11.6353 — 2.4041?

-0.5729 -  3.2164.?

4.8090 -  1.3143.7

-0.3090 +  0.2245.? 

-1.3090+ 7.1064.?

—0.5729 + 3.2164.7

4.8090 +  1.3143.?

3.3090 +  0.9511? 

-11.6353 + 2.4041.7
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F 33

F34 =

F 40

F 4i =

F42 -

F43 =

F44 =

-1.7639+ 1.9021j 

-7.9787+ 11.4127.7

1.2639+ 5.7921j 

-9.5000 + 20.4540.7

5.7361 + 2.7144J 

9.9721 -  23.5317.)

1.0000-3.5267.) 

-4.7639 -  25.6255j

5.7361 + 2.9919j  

-9.5000 +  9.7023j

5.8992 -  9.8208.) 

9.8090 +  14.1801)

-6.2361 -  1.1756.) 

38.9787- 7.0534.)

Using (30), the denominator coefficients are,

1.9271 -  4.7553.) 

7.3090 +  8.5595j

—4.3541 +  0.3633.7 

-5.3541 -  0.3633.7

0.8090 + 2.4899.7 

—0.1910 + 0.8653j

2.1910- 0.5878j 

5.1353 — 6.7432.7

2.3541 -  1.5388.7

1.3541 + 1.5388j

—3.9271 -  3.3022j  

3.6910- 2.1266j

-1.4271 + 2.9389.7

6.1910- 5.2901j

<?00 <701 902 903 904 0 0 -1 0 0

QlO Qll 912 913 914 0 -2 -2 0 0

Q20 021 922 923 924 — -1 1 0 -1 0

Q30 031 932 933 934 0 0 0 -1 0

Q40 941 942 943 944 _ 0 0 0 0 1

Using (34), the numerator matrix polynomials are,

Poo P01 P 0 2 P03 U )4

P10 P 1 1 P 1 2 P l3 P l 4

P 2 0 P 2 1 P22 P 2 3 P 24

P30 P31 P 3 2 ^33 ^34

P40 P 4 1 P 4 2 P 43 P 4 4
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where the matrices Pqq, •••, P44 are,

0

1 3

-13 -1

3 1 

- 3  1 

0 -1  

0 5

1---oco1
1__

3 0 0 1
0

-11 -4 -15  0 6 3

-3  0 

-1  4 

0

0

0

0

0

0

Once the denominator and the adjoint matrix coefficients have been computed the trans-

fer function, T ( z i , z2),  of the two-input two-output 2D20 system (39), becomes

T ( z 1, z2) =
P 02-2-2 + Pll^l-^2 + Pl2^1^2 +  P 20̂ i + P21 ĵ^2 +  P23 î 2̂ +  P 32^2

902-̂ 2 + QUZ1Z2 +  Ql2zl z2 +  q2QZi +  921^1^2 + <?23^2 + Q33zi z2 +  944*1«2

or

T ( z 1, z2)
P 02^2 +  P  11*1*2 +  P  12*1*2 +  P 20*1 +  P 21*1*2 +  P 23*1*2 +  P 32*1*2 

—z\ — 2z\z2 — 22i ^2 — z \  + z \z 2 — z \ z \  — z \ z \  + z\z \

Where,

3 1 1 3 0 -1
P  02 =

- 3 1
, P n  =

-13 -1
, Pl2 =

0 5

- 3 0 3 0
P 20 =

-11 - 4
, P 2i =

-15 0

l
O 1 - 3

1-----O

P 23 — to
______1

co

, P 32 =
- 1

” ------1
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oil | 012

T ( z1, z2)
012, I O4

— z \  — 2zi Z2 — 2ziZ% — z \  +  z \ z 2 — z \ z \  — zfz$ + z \ z \
(40)

Where,

ct i — 3z\ 4“ 2122 — 3z“i 3z2Z2 — 3zfz^

Oi2 = ¿2 +  3^12:2 -  212:2 +  z\z\

a3 =  - 3 z\ -  13z\Z2 — I I 2? -  Voz\z2 +  <oz\z\ -  z\z\

a4 — z\ — Z\Z2 +  3z\z^ -  4z\  + 32:̂ 2  ̂+  42^2:f

Figures 8, 9, 10 and 11 show the mesh, contour, surface and z plots of the above 2D transfer 

function (40). The M A T  L A B ™  code is given in the Appendix B.

The correctness of the above result (40) can easily be verified using (11), with k — n =  2,

r ( 21? 22) =  C [Izfz2 -  A 02122 -  M z i  -  A 222]—1 • (B 1z1 +  B222)•

N ote—1: It is noted that the structure of the model and the DFT-based, model-to-transfer 

function, algorithm was illustrated by low order and dimension examples due to simplicity 

and space requirements.

N ote-2: The commas in the subscripts of a, F, q, P , were ommited from the examples for 

clarification purposes.

3.5  C om plex ity  o f  the A lgorith m

The proposed algorithm has two parts. In the first part the matrices F q ^  and the scalars 

¿2 are evaluated with a cost of pm,RX3 operations. In the second part the coefficients of 

P a1.a2 and Q\i ,x2 are evaluated using the DFT with a cost of pmR 2 +  R 2 operations. For 

more efficient computation, especially for high order systems, fast Fourier methods can be 

used to implement the DFT [31].
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Mesh Plot of Magnitude Contour Plot of Magnitude

Figure 8: Example 3.4.3 - First Input - First Output
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Mesh Plot of Magnitude
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Contour Plot of Magnitude

Surf Plot of Magnitude
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Figure 9: Example 3.4.3 - First Input - Second Output
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Mesh Plot of Magnitude Contour Plot of Magnitude

Figure 10: Example 3.4.3 - Second Input - First Output
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Mesh Plot of Magnitude Contour Plot of Magnitude

Figure 11: Example 3.4.3 - Second Input - Second Output
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Due to the inherent modularity and the algorithmic structure of the presented method 

high parallelism is permitted. In this case the computation of each determinant a ^ ,

(29), and each matrix product F ^ ,  (33), can be distributed over a number of processing 

elements, considerably reducing the computation time of the algorithm.
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C H A PT E R  4

GENERALIZED SE C O N D -O R D E R  TW O -DIM ENSIO NAL

SYSTEM

A generalized second-order two-dimensional (G202D) system has the following structure

[3]:

Ex(ii  +  2 , i2 +  2) =  Aoa:(ii +  1,^2 +  1 ) +  Aia:(ii +  1 ,«2) +  A 2x(zi,«2 + 1 )

+Bix(zi +  M 2) +  B2a;(ii,i2+ 1) (41)

y(h,h) =  C®(ii , i2)

where, x(zi,«2) € 7*b\ w(«i,«2) £ 7£m, 2/(*i, ¿2) € 7?.p; A&, for k — 1,2 and E, B i, B2, C, 

are real matrices of appropriate dimensions. Matrix E may be singular.

It is noted that this particular S202D system (41) is an extension of the 2D Fornasini- 

Marchesini model [12] to cover systems of second-order. For more 2D second-order struc

tures the reader can refer to [3]. F.L Lewis has given a survey on 1-D and a review on 2-D 

generalized or singular or implicit systems [23], [24].

Applying the 2D ¿ — 1,2, transform to system (41), with zero initial conditions, the 

transfer function is found to be:

T(zi, z2) = C [Ez\z\  -  Ao^iz2 -  A 1Z1 -  A 2Z2]- 1  • (Bi^i +  B 2z2) (42)

In the following section an interpolative approach is developed for determining the transfer 

function T(zi , z2), given the matrices A&, k — 1, 2 and B i, B2, C using the 2D DFT. For 

the sake of completeness a brief description of the 2D DFT follows.
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4-1 2D  D iscre te  F ourier T ransform

Consider the finite sequences X(Aq,fc2) and X ( r i ,r2), ki,Vi — 0, V i — 1,2. In

order for the sequences X{k\,  A;2) and X{r\,  r 2), to constitute a 2D DFT pair the following 

relations should hold [10]:

X (r i , r 2) =
M1 M2
Y  Y  x(kltk2w îkinw2-km

ki=0 /c2=0
(43)

X ( h  , k 2 =
Mi M2

^ E E X ^ r i W ^ W ^
H n= 0r2=0

(44)

where,

R  =  (Mi +  1)(M2 +  1) (45)

Wi = e(2"J)/(Mi+1), 2 — 1,2 (46)

X, X  are discrete argument matrix valued functions, with dimensions p x m.

In the following section an interpolative approach is developed for determining the trans

fer function T(s), given the matrices A ,̂ 2 =  1,2, E, B i, B2, C, using the 2D DFT.

4-2 D F T -B ased  A lgorithm

The transfer function of the S202D system (41) is,

T ( zi , z2)
N (z i, Z2

d(zi,z2)

where,

N (^ i, z2) — C  ad j [Ez\z \  -  A qZ\Z2 -  A \ Z \  -  A 2z2]

x \B\Z\ +  B2Z2]

d{z\, z2) — det [Ezfz$ -  A qZ\Z2 -  A\Z\  -  A 2z2]

Equations (48) and (49) can be written in polynomial form as follows:

(47)

(48)

(49)
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(50)
m a x  m a x

N(*1,*2)= £  E  P Ai,A2̂ Al4 2
Ai=0 A2=0

with, n ^ ax m a x ( 2A). The numerator coefficients P ai,A2 are matrices with dimensions

(p x m).

rffQ 77̂, lm a x  m a x

d(z1 , z2) =  E  E  (si)
Ai=0 A2=0

where, n ^ aa, m a x ( 2\ ) .  The denominator coefficients q x x , X 2 are scalars.

The numerator polynomial matrix N(^i ,^2) and the denominator polynomial d(zi,z2) 

can be numerically computed at R — (r +  l)2, points, equally spaced on the unit 2D disc. 

The R  points are chosen as (zi, z2) — [v(ii), v(i2)], ¿1 , ¿2 — 0, • • •, r, with r =  2A, according 

to dehnition as:

v i(*) =  v2(i) =  W ~ \  V i =  0 , . . . , r .  (52)

where,

W, -  e(27rJ')/(r+1), ¿ =  1,2 (53)

The values of the transfer function (47) at the R  points are the corresponding 2D DFT 

coefficients.

4.2.1 Denominator Polynomial

To evaluate the denominator coefficients qxltx2, define,

ail>i2 = det [Evl(ii)v2{i2) ~  A 0vi(¿i)v2(i2) -  ~ A 2u2(i2)] (54)

Therefore using equations (51) and (54), dilti2 can be defined as,

ah,i2 = d[vi{ii),v2(i2)\ (55)

Provided that at least one of ailti2 7  ̂0.

Equations (51), (52) and (55) yield
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ai\,l2 (56)E  E  9A1,A2M/_(ilA l+i2A 2)
Ai=0 A2=0

In the above equation (56) it is obvious that [aq,z2] and [<?Ai ,a2] form a 2D DFT pair. 

Therefore the coefficients [<7Ai ,A2] can be computed using the inverse 2D DFT, as follows:

9A2,A2 = 4  E  E  a,u,2w ^ + ^  (57)
n  ¿1=0 ¿2=0

4.2.2 Numerator Polynomial

To evaluate the numerator matrix polynomial P ai,A2? define

F il>ia =  C  a d j [E n f(z i)n |(?2) -  -  A in i(z i)  -  A 2n2(«2 )]

x [BiVi (zi) + B 2n2(z2)] (58)

Using equations (50) and (58), F q ^  can be defined as,

Fq,i2 -  N[m(zi), v2{i2)\ (59)

Equations (50), (52) and (59) yield

r illi2 = E  E  p A1,A2w 2_(ilAl+i2A2) (60)
Ai=0 A2=0

In the above equation (60), [Fq^2], [P a i,a2] form a 2D DFT pair. Therefore the coeffi

cients P ai,a2 can be computed, using the inverse 2D DFT, as follows:

P a„a2 =  ^  E  E  F il,i2lp (‘lA»+i2A2) (61)
K q=oz2=o

Finally, the transfer function sought is,

T ( Z ! , Z 2)
N (s i,32)
d(z1 , z2)

(62)

where,
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(63)N (Z 1 ,Z 2) =  £  £  P  
Ai=0 A2=0

d(zllZ2) =  £  £  9Ai ,aA ' #  (64)
Ai=0 A2=0

A salient example, simple yet illustrative of the theoretical concepts presented in this 

work, follow below:

4 .3  Exam ple: G 2 0 2 D , tw o-in pu ts tw o-ou tpu ts, sy s tem

Consider the following generalized second-order 2D system with two-inputs and two- 

outputs:

Ex(ii  +  2, ¿2 +  2) =  A 0a:(*i +  1,^2 +  1) +  A ix(ii +  1 , 22) +  A 2aj(*i,*2 + 1)

+ 1, ¿2) -t" ^ 2^(21, ¿2 +  1) (65)

y ( h , i  2) =  C r (ii ,i2)

where,

1 0 1 3 -1 1 0 1
E -

0 0
? A q =

0 0
, A i =

0 1
, A 2 =

1 1

Bi =
1 2

-3  0
B 2

3 1

0 1

c  =
0 1 

2 1

Since A = 2, the r = 2 x A = 4. Therefore R — (r +  l)2 = 25. The direct application of the 

proposed algorithm yields:
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û-oo Û-01 ^ 02 OQ3 a o 4

O lO a n 0-12 0 1 3 0 1 4

Û20 Ö21 0 2 2 0 2 3 0 2 4

Û30 Û31 0 3 2 O 33 O 34

Ö40 Ö41 0 4 2 O 43 O44

-7.000 + O.OOO7 2.736 + 2.7147 -1.736 -  2.2657 -1.736 - 2.2657 2.736- 2.7147

- 0 . + 3.8047 2.045+ 1.7637 2.045 -  0.5877 1.882 + O.8I27 -1 .309- 2.8537

1.618 + 2.3517 4.118-3.4417 -3.545 -  2.8537 -0.191 - 1.7637 -3.545 + O.9517

1.618 - 2.3517 -3.545 -  O.9517 -0.191 + 1.7637 -3.545 + O.9517 4.118 + 3.4417

-0.618 — 3.8047 -1.309 + 2.85327 1.882 -  O.8I27 2.045 + 0.5877 2.045 - 1.7637

Foo 

Foi 

F  02 

F q3

1.000 4.000 

-45.000 2.000

-1.763 -  3.8047 

—14.798 +  30.1567

-6.236 -  2.351J

9.798 + 10.7517

-6.236 + 2.3517

9.798 -  10.7517

0.118 -  2.265J

-9.972 -  1.987;?

-2 .1 1 8 - 2.7147

-1.027 + 5.3437

-2.118 + 2.7147

-1 .0 2 7 - 5.3437

F q4
-1.763 +  3.8047 0.118 + 2.265j

—14.798 -  30.156j -9.972 + 1.987.7

Fio =
5.736 -  2.714.7 

16.444+ 25.882J

0.809 -  2.4897 

4.663 -  2.040j

F n
-6.236 + 1.1757 -1.427 -2.9387 

30.978 + 7.053.7 0.191 + 5.2907
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F 12 =

F 13 =

F 14 =

F20 =

F21 =

F22 =

F23 =

F24 =

F30 =

F31 =

F32 =

F33 =

F 3 4  =

5.899 + 9.820j 

16.281 -  16.531?

5.736 — 2.9919J 

-1 1 .972 - 5.898.7

1.000 + 3.526j  

-7.236 + 21.821^

1.263 + 2 .265j 

-1.444 -  14.233J

1.263- 5.792j 

-3 .0 2 7 -  18.102j

-1 .7 6 3 -  1.902j 

-1 5 .978 - 11.412.7

1.000 -  5.706Ì 

—2.763 +  2.971? -

—6.399 — 3.130,? - 

6 .218- 11.531?

1.263- 2.265.? 

-1.444+14.233.7

—6.399 +  3.1307.? 

6.218+ 11.531?

1.000+ 5.706j  

-2.763 -  2.971.7 -

— 1.763 + I .9027 

-15.978+ 11.412.?

1.263 + 5.792.? 

-3.027 +  18.102.?

—3.927 +  3.302j 

8.545 + 3.302.7

2.354+ 1.538.? 

-0.500 -  3.441?

2.191 +  0.587.? 

3.281 +  8.645.?

-0.309 -  0.224.7 

—3.163- 5.204.?

-4.354 -  0.363.? 

-0.500 -  0.812.?

1.927 +  4.755.7

1.309 -  8.559.?

3.309-0.951? 

—6.781 — 1.228.?

-0.572 -  3.216j 

2.954 -  3.216j

-0.309 + 0.224,?' 

—3.163 + 5.204j

—0.572 + 3.216.? 

2.954 + 3.216

3.309 + 0.951? 

-6.781 + 1.228j

1.927-4.755j

1.309 + 8.559.?

-4.354 +  0.363.? 

—0.500 + 0.812.7
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f 40

F 4i

F 42

F 43

5.736 + 2. l U j  

16.444 -  25.882j

1.000- 3.526.? 

-7 .2 3 6 -  21.821j

5.736 + 2.991j 

-11.972 + 5.898j

5.899 -  9.820J 

16.281 +  16.531j

0.809 +  2.489j 

4.663+ 2.040j

2.191 -0 .587j 

3.281 -  8.645./

2.354- 1.538j 

-0.500 + 3.441j

-3 .927-  3.302j 

8.545 -  3.302j

F 44 —
-6 .2 3 6 -  1.175.7 -1.427 +  2.938j 

30.978- 7.053.7 0.191 -  5.290j

Using (57), the denominator coefficients are,

90 0 Q01 902 903 904 0 0 - 1 0 0

9io Q1 1 912 913 914 0 - 2 - 2 0 0

920 Q2 1 922 923 924 = - 1 1 0 - 1 0

Q30 931 932 933 934 0 0 - 1 0 0

_ Q40 941 942 943 944 _ 0 0 0 0 0

Using (61), the numerator matrix polynomials are,

-Poo Phi 0 to P03 P04

P10 Pll P12 -P13 P14

U to 0 P21 -P22 P 23 P24

-P30 Phi P32 P*33 P34

P40 P41 P42 P43 P44

where the matrices Poo, • • •, P44 are,
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0 0
3 1 

- 3  1
0 0

0

1-----C
O

r—
i

1 ___ 0 - 1

-1 3  -1 0 5
0 0

i—oco1
i__

3 0 0 1
0

-11  - 4 -1 5  0 0 1

0 0
- 3  0 

- 3  0
0 0

0 0 0 0 0

Once the denominator and the adjoint matrix coefficients have been computed, equation

(62) can be utilized to obtain the transfer function T(z\,  z2)- Therefore, we have

r £ ( z  z  ) —  ^ ^  +  P  12^ 1^ 2 P 20-^1 +  P 2 \ z \ z 2  +  P 2 3 z l z 2 +  P 3 2 ^ 1 ^ 2

902-^2 +  4 l l 2 l 2 2 +  4 1 2 2 1 2 2  +  420  2^  +  q 2 i z j z 2  +  q 2 3 z j z %  +  q?>2 z \ z \

or

T ( zu z2)

•3 1 

-3 1
+

1 3 0 -1
2l£2 +

-13 -1 0 5
21 z\

+
- 3 0 ~2Z\ +

3 0
zj  22 +

0 1
2?2|

-11 - 4 -15 0 0 1

+
-3 0 

-3 0
3~2Z-\ Z<1*2

— z\ — 1Z\Z2 — ‘Izxz^ — z\  +  z\z2 — z\z \  — z\z\
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or

« 11  a\2 

«21 «22
T(^1 , Z2) — Z2 -  2ziZ2 -  2z\Z2 -  z \  +  z\z2 -  z\ z \  -  z\z \   ̂ ^

where,

a n  — 3z$ +  Z1Z2 — 3z2 +  3z\z2 -  3z\z^

«12 =  z\  + 3̂ 12:2 -  Z\z\ +  z\z\

a 2i =  -32:| -  13z\Z2 — 11 z\ — 15zfz2 -  3zfz2

«22 = z\ -  Z\Z2 + 52:i 2:| -  4z\ +  z\z\

The correctness of the above result (66) can easily be verified using (42).

4-4 C om plex ity  o f  the A lgorithm

The proposed algorithm has two parts. In the first part the matrices and the scalars

dilyi2 are evaluated with a cost of pmRX3 operations. In the second part the coefficients of 

P a1,a2 a«d Qxi ,a2 are evaluated using the DFT with a cost of pmR2 + R 2 operations. For 

more efficient computation, especially for high order systems, fast Fourier methods can be 

used to implement the DFT [31].

Due to the inherent modularity and the algorithmic structure of the presented method 

high parallelism is permitted. In this case the computation of each determinant a * ^ , 

(56), and each matrix product Fìuì2ì (60), can be distributed over a number of processing 

elements, considerably reducing the computation time of the algorithm.
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C H A PT E R  5

A -O R D E R  TV-DIMENSIONAL SYSTEM

A multi-dimensional (nD) and multi-order k -Order, (nDkO), system is described by the 

following set of equations:

x(ii +  fc, ¿2 +  k, ¿3 +  k , . . . ,  in + k)

2, ¿3, •••,*«)

fc-1
=  ^  A qìc(?i +  A, ¿2 +  A, ¿3 +  A,. . . ,  in +  A)

A=1

+  V  +  V\,i2 +  ^2, h  +  n3, . . . An +  Z'n)
_  ̂ ""'V* y

M r 1 for n = j
vi=\

{ 0 for y  ^  j

+ £ b ,  u(i\ + V1 , ¿2 +  ^2? 3̂ A 3̂} •••And" Vn)
M=1 -  • '

1 for ti = j
uj=\

[ 0 f o r / i ^ j

(67)

— Cx(i].5 2̂} 3̂, • • • 5 n̂)

where, x{i\, i2, • ■ ■, ¿n) £ «(¿i A2> • • • An) £ 7£m, 2/(®i* *2> • • • > ®n) £ A q, A = 1 , . . . ,  k—

1, A m, B /i5 /i — 1 , . . . ,  n, C, are real matrices of appropriate dimensions.

It is noted that the nDkO system (67) is an extension of the 2D model ([4],[9]) to nD 

and k-Order.

Applying the nD Zi, (i — 1,2, . . . ,n )  transform to the system (67), with zero initial 

conditions, the corresponding transfer function becomes:

T{zi, Z2, . . ., Zn) — C [Iz^Z^ ' ' ‘ zn /A  ^-0^1 Z2 ■ ' ' zn ^  (^8)
A=1 M=1 M=1

In the following section an interpolative approach is developed for determining the trans

fer function T(zi, z2, . . . ,  zn), given the matrices, A^ for A = 1, . . . ,  k — 1, A M, for
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H=  1 , . . . ,  n and C, using the DFT. For the sake of completeness a brief description of the 

DFT follows.

5.1 nD D F T

Consider the finite sequences X{k\ ,  &2, • • • , kn) and X{r\,  r2, . . . ,  rn), ki,r{ =  0, • • •, Mi, 

V i =  1 ,2 , . . . ,« .  In order for the sequences X{k\,  k2, • • • , kn) and X ( r i , r 2, . . . , r n), to 

constitute a nD DFT pair the following relations should hold [10]:

X ( n , r 2, . . . ,rn)

X(ki ,  k2, ■ ■ rn) =

M l M2 Mn

E E •" E
fcl=0fc2=0 kn= 0
x W { kiriWrTk2r2 • • • W ~knrn

Mi M2 Mtj

ff E E •" E
ri=0r2=0 rn=0

x w , ,rin f 2'" ■ ■ ■ w'‘"r”

(69)

(70)

where,

n
R = U ( M i +  l)

i—1
(71)

W, =  e<2’r7)/(Mi+1)< Vi = l , 2 , . . . , n  (72)

X ,  X  are discrete argument matrix valued functions, with dimensions p x m.

In the following sections an interpolative approach is developed for determining the 

transfer function T(zi,  Z2, ■ • ■, zn), given the matrices A q for A =  1 , . . . ,  k — 1, AM, for 

p = 1 , . . . ,  n and C, using the DFT.

5.2  A lgorith m

The transfer function of the nDkO system (67) has the structure,

where,

T (z1 , z 2, . . . , z n)
N(z 1 , z2, . . . , z n)
d(Z!, Z2, ■ . ■ , Zn)

(73)

49



fc- 1

N(^1, Z2 , . . . ,  Zn) =  C  adj [Iz \ z \  • • • Zkn -  A 0 Z 1 Z2 • • • z n ~  Y ,  A M*7
A=1 M=1

E b
M=1

fc-1
d(^l,^2, . . . ,« n )  =  det S  A 0^i^2 • • • 4  -  a /^ a

A=1 M=1

Equations (74) and (75) can be written in polynomial form as follows:

(74)

(75)

(P) (P)
T 'm ax H m a x

(P)^max
N(2i,22,-. . ,2n) =  J ]  •*' S  P Ai,A2,...,An ' ^ i^ 2 2

Al=0 A2=0 An—0
s----------V--------- "

E L I  Aj>2n—2

with, rimax := max{n— l)(k — 1), (n — 1). The numerator coefficient matrices, P ai,a2,A3 

have dimensions (px m).

q q qT̂max Umax ^max
d { z i ,  Z2, ■ . • ,  Zn) =  Y  ' 5 Z  9 A i ,A 2 ,. . . ,A n  • Z11 z 22 ’ ’ ’ z n"

Al=0 A2=0 An=0s--------- ---------- '

(76)

.....A,

(77)

with, rimL := max(n(k — l),n).  The denominator coefficients q \1,\2,...,\n are scalars.

The numerator polynomial matrix N(zi, Z2, ■ ■ ■, zn) and the denominator polynomial 

d(zi, Z2, . . . ,  zn) can be numerically computed at R — n E i ( r  + 1) =  {r +  l)n points equally 

spaced on the unit nD hypersphere, with r — n x 7 . The R  points are chosen as

v \ { i )  =  V2 («) =  ••• =  v n ( i)  

= W ~ \  V i  = 0 , . . . , r (78)

where,

Wi = W  = e(2nj)/(r+1\  V i = 1 ,2, . . . ,  r  (79)

The values of the transfer function at the R  points are the corresponding nD DFT coeffi

cients.
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5.2.1 D e n o m in a to r  Po lynom ia l

To evaluate the denominator coefficients (<7Ai,A2l...,An)> define,

k- 1
=  det [M (h )v 2  (¿2) • • -Vn{in) ~  J 2  A 0'V1 (¿l)v2 (*2) X V^(in) -  A mD*(v )] (80)

A=1 M=1

Therefore using equations (77) and (80), yields

, , i =  d[0 l(*l),«2(*2)i ' ' ', U„(t„)] (81)

Provided that at least one of 7̂  0.

Equations (77), (78) and (81) yield

=  E E • • • E « ^ . A , ..... An ■ ^ - ( ' l A l - H 2A2 + ...+ i „A„) ( 8 2 )

Ai=0 A2=0 An=0

In the above equation (82) and [<?Ai ,a2,...,aJ  form a DFT pair. Therefore the

coefficients [<ZAi ,a2,...,aJ  can be computed using the inverse nD DFT, as follows:

ÇAi ,À2v**î̂ n jr̂
-1 r r  r

E E - E n i , î 2, . . . , ïn
pp'fh Ai +Z2A2-1-----HnAn) (83)

¿1=0 Z2—0 in= 0

5.2.2 N u m er a to r  P o lynom ia l

To evaluate the numerator matrix polynomial PAi,A2,...,An? define,

k- 1
F =  C adj [Ivf(¿i)vj(22) • • -v£(in) -  A o ^ i (n )v2 (^) • • '^(¿n)

A=1

a m u m ( v ) ]  ■ t y z
¿i=l ¿¿=1

Therefore using equations (76) and (84), yields

(84)

2-1 )î2r,i^ =  N [üi(îi), n2(?2), • • •, Un(*n)] (85)

Equations (76), (78) and (85) yield
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\y~  (fiAi+Z2A24---Hn A; (86)
r—1 r—1 r—1

PAi ,A2,..,A„
Ai = 0A2=0 An=0

In the above equation (86) it is obvious that [ F a n d  [Pai,a2,...,a»] f°rm a 

DFT pair. Therefore the coefficients PA1,A2,...,An can be computed, using the inverse nD 

DFT, as follows:

P a, , a2.....An = 4  E  E  ' ‘ ' E  F n ,« .....• WH M H -^2+-+i..A„) (8 7 )
U=0 ¿2=0 in—0

Finally, the transfer function sought is,

where,

T(2i ,22, . . . , z n)
N ( z 1,Z 2 , . . . , z n) 

d ( z i ,  Z2 , • • • ,  z n)
(88)

n ( z ! ,  2 2 , ,  zn) =  y ;  y y  • ■ y ;  p A i ,a 2 ....... a „  • ^ 4 ” • • • d "  ( 89)

Ài =0 A2=0 An=0

r r r

d{zi , z2ì . . . , z n) =  Y  Y  "  ' 9Ai ,A2j...,A n • ¿ i 1^ 2 • • • (90)
Ai=0 A2—0 An—0

In the next section three illustrative examples are given. The mathematical software 

package Matlab™  was used for the implementation of the algorithm.

5.3  C om plex ity  o f  the A lgorith m

The proposed algorithm has two parts -In the first part the matrices F a n d  the 

scalars are evaluated with a cost of pmRn3 operations. In the second part the

coefficients of PAi,A2,A3,...,An and <ZAi,A2,A3,...,An are evaluated using the DFT with a cost of 

pmR2 + R 2 operations. For more efficient computation, especially for high order systems, 

fast Fourier methods can be used to implement the DFT [31].

Due to the inherent modularity and the algorithmic structure of the presented method 

high parallelism is permitted. In this case the computation of each determinant cq, (82), 

and each matrix product ifi, (86), can be distributed over a number of processing elements, 

considerably reducing the computation time of the algorithm.
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C H A PT E R  6

GENERALIZED A -O R D E R  A-DIM ENSIO NAL SYSTEM

A Generalized (singular) fc-Order n-Dimensional (SkOnD) model is described by the fol

lowing set of equations:

fc-i
E t (?i +  k, ¿2 +  k, *3 +  k , . . . ,  in +  k) — +  ^  A qt:(zi +  A, ¿2 +  A, ¿3 +  A,. . . ,  in +  A)

A—1

+ ^ P x (h  + Fb ¿2 +  V2, h  +  ^3, • • • 5 + Vn)
M=1 ' V '

1 for /i — j
IA=<

0 for j

+  V  B ß u ( h  +  v\  , i 2 +  V2 , i 3 + v3, . . . , i n + un)

ß=i ---------------------- -------------------------------------------- -I 1 for n = j
v3 = \

( 0  for ¡ i f - j

(91)

y{h, ¿2 , ¿3, • • • 5 *n) C t:(?1j ^2; ¿3? • • • ì ®n)

where, ar(«i, ¿2, *3> • • •, in) G 7£7, w(ii, i2, ¿3, • • •, in) € 7^m, 3/(21, ¿2, ¿3» • • • j ¿n) £ A fc, k = 

1 , . . . ,  n, E, B, C, are real matrices of appropriate dimensions, matrix E may be singular 

with rank e.

It is noted that the SkOnD  state space model (91) is an extension of the 2D Fornasini- 

Marchesini model [3] to n-Dimensions and fc-Order. For more 2D second-order model struc

tures the reader can refer to [10].

Applying the nD (i — 1, 2, 3,..  .n) transform to the system (91), with zero initial 

conditions, the transfer function of (91) becomes:

T\{z\,Z2, zz, . . . , z n) C  [ E z\4z ì  • • • ä E A ÌZ Ì4-- -Z*
\= 1

n

Y  1
p= 1
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(92)X [ £ I V J  
M=1

In the following section an interpolative approach is developed for determining the trans

fer function T(zi, Z2, 23, ,  zn), given the matrices A*, for k = 1 , . . . ,  n and E, B, C, using 

the DFT. For the sake of completeness a brief description of the DFT follows.

6.1 nD D F T

Consider the finite sequences X(k\ ,  k2, k3, . . . ,  kn) and X(ri,  7*2, r3, . . . ,  rn), fcj, Vi — 0, • • •, Mi 

V i = 1 ,2,3 , . . . ,  n. In order for the sequences X(fci, k2, k3i . . /cn) and X (t*i , 7*2, 7-3, . . . ,  rn), 

to constitute a nD DFT pair the following relations should hold [10]:

M l M 2 M 3 Mn
À ( t*i , r 2, t’3, . . . ,  r n) -  £  £ £ • • • £  X ( k i , k 2, k 3 , •••,&„)

fci=0 fc2=0 £3=0 kn= 0

x VFffciri IF“*27,2W'a“*3’’3 • • • W'~fc"r" (93)

 ̂ M i  M 2 M 3 M n
X ( k 1 , k2, k3,. . . , r n) = p E  E  E ' - ' E Ì r i F 2 F 3 , - " F „ )

i*i =0 r2 =0 r3=0 rn =0

xW f17-1 W^27'2 • • • W^nrn (94)

where,

n

fl-n("*+D <95)z=l

Wi — e(27rj)/(Mi+1), Vi =  1,2,3, . . . ,  n (96)

X, X are discrete argument matrix valued functions, with dimensions p x m.

In the following section an interpolative approach is developed for determining the trans

fer function T(zi, z2, z3, . . . ,  zn), given the matrices A*, i = 1 , . . . ,  n, E, B and C, using the 

DFT.

6.2 A lgorith m

The transfer function of the SkOnD state space model (91) has the structure,
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where,

T(zi,Z2,Z3,...,Zn) i V ( * l , * 2 , * 3 ,  . . . , Z n )  

d ( z i , Z 2,Z 3 , . . . , Z n )
(97)

k- 1

N ( z 1, z2, Z3 , . . . , z n) = C a d j •••*£-Z A o * i4  •••*£-Z A m**
A=1 M=1

£ b
M=1

MM (98)

fc-i
<¿(*1, 22, 23, • • - , 2n) =  det [ 1 ^ 4 4  * ’ ' 4  “  Z  A 0* i*2 ‘ ~  Z  A M*m1 ( " )

A=1 M=1

It is noted that the (partial) degrees of the denominator are equal to the degree of the 

system.

Equations (98) and (99) can be written in polynomial form as follows:

N (zi,Z 2,Z3, . . . , Z n ) =  £  £  £  • • ' £  PA1,A2,A3,....A ^i1^22d 3 " - 4 " (100)
Ai = 0A2=0A3=0 An—0

d(zi,z2,Z3, . . . , zn) = Y  Y  Z  Z  dXiMM.-MZi1 Z2 2Z ^  • • -z^n (101)
Ai=0 A2=0 A3=0 An=0

P A iJA2)A3)...!An are matrices with dimensions (p x  m), while <7Ai,A2,A3,...,An are scalars.

The numerator polynomial matrix N(^i, z2, Z3, . . . ,  zn) and the denominator polynomial
n

d{z\, z2, Z3 , . . . , zn) can be numerically computed at R — J J ( r  +1) =  (r +  l)n points equally
i— 1

spaced on the unit nD hypersphere, with r =  n x  7 . The R  points are chosen as

vi(i) = vi (i) = v3(i) = --- = vn(i) = W - i , V i  =  0 , . . , r  (102)

where,

Wi = W  = e(27rj)/(r+1\  V i  = 1 ,2 ,3 , . . . , r (103)

The values of the transfer function (97) at the R  points are the corresponding nD DFT 

coefficients.
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6.2.1 Denominator Polynomial

To evaluate the denominator coefficients define,

^,<2,<3,-,<« =  det [E nf(z i)^(z2)n|(z3) - - - ^ ( z n)
k—1

-  22 A 0Vl (*l)u2 (*2>3 (¿3) • • • ««(*») (104)
A=1

n
-  J2  AMUM(2M)]

M=1

Therefore using equations (101) and (104) yields

O ti.ta ,»3 , ." , in =  d [ u i ( z i ) ,  V2 ( i 2 ) ,  ^ 3 (^ 3 ) ,  • • •, ^ n ( b i ) ]  ( 1 0 5 )

Provided that at least one of o>iu i2,i3,...,in ^  0.

Equations (101), (102) and (105) yield

... ¡n = E  E  E  E  1MM.X   Â -(«^+«^+> 3A 3 + -+i„An) (106)
Ai—0 A2=0 A3=0 An—0

In the above equation (106) [«¿^,¿3,....¿n] and [<7Ai,A2,A3!...,An] form a DFT pair. Therefore 

the coefficients [<ZAi,A2,A3,...,An] can be computed using the inverse n D  DFT, as follows:

t o i M M ....... A „  = 4  E E E • "  E <An,i2,i3,...,.„̂ <<lAl+i2"2+i3"3+'”+‘"A”) (107)
¿1=0 ¿2=0 ¿3=0 in=0

6.2.2 Numerator Polynomial

To evaluate the numerator matrix polynomial PA1)A2,A3)...,An5 define,

V h , i2 , i3 , . . , in  =  C  adj  [Ev ï ( i i ) v $ ( i 2) v $ ( i 3 ) - ’ - v * ( i n )
k—1

-  A 0^1 (h)V2 {h) v s  (¿3) • • • v£(in)  (108)
A=1

n n

-  2 2  A mv» M \  x [2 2  b mvm(v )]
H=1 fJL=l
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Therefore using equations (100) and (108), yields

Fh,i2,i3,.,in = N[ui(zi), u2(z2), V3(i3), • • •, vn{in)\ (109)

Equations (100), (102) and (109) yield

=  E  E  E  • • ■ E  PA1,A2,A3,...,A„w-(iiAi+’2̂ +<3As+'"+i"A”) (n o )
Ai=0 A2=0 A3=0 An=0

In the above equation (110) it is obvious that [ F a n d  [FAi,A2,A3,...,An] form a 

nD  DFT pair. Therefore the coefficients P A 1,A2,A3,...,An can be computed, using the inverse 

nD  DFT, as follows:

P a1,A2 ,A3 An =  -5E E E • • ' E F u , i 2A ,...,in W /<ilA l+i2A 2+i3A 3 +  ' " + ' " A" ) ( H I )
n =0 ¿2=0 *3=0 in= o

Finally, the transfer function sought is,

where,

T{zi, z2, z3, . . . ,  zn)
N(Zh Z2, z3, . . . , Zn) 
d{zi,z2, Z3 , . . . , Z n)

(112)

N ( z 1 , z 2 , z 3 , . . . , z n ) =  S  P ai >A2,A3,.. ., \nz l l z 2 2 z 3 3 ■ ■ ' z n n (1 13 )
Ai=0 A2=0 A3=0 An=0

d ( z i ,  Z2, Z3, . . ., Zn) = • "  Q\iM M ,. .M z1 1z2 2z33 * ’ ' zn" (114)
Ai=0 A2=0 A3=0 X n —0

6.3  C om plex ity  o f  the A lgorithm

The proposed algorithm has two parts. In the first part the matrices Fq,i2,...,in and the 

scalars aq,i2,...,in are evaluated with a cost of pm Rns operations. In the second part the 

coefficients of P A 1,A2,A3,...,An and QAi,A2,A3,...,An are evaluated using the DFT with a cost of 

pm R 2 +  R? operations. For more efficient computation, especially for high order systems, 

fast Fourier methods can be used to implement the DFT [31].
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Due to the inherent modularity and the algorithmic structure of the presented method 

high parallelism is permitted. In this case the computation of each determinant a*, (104), 

and each matrix product Fi, (108), can be distributed over a number of processing elements, 

considerably reducing the computation time of the algorithm.
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C H A PT E R  7

CONCLUSIO N

In this thesis the DFT was used for computing the transfer functions for the following 

systems /  models:

• Second-order 2D system

• Generalized second-order 2D system

• fc-order n-dimensional system

• Generalized fc-order n-dimensional system

The algorithms were implemented with the software package M atlab™ . To further 

improve the computational speed of the algorithm, fast Fourier techniques and computer 

systems with multiple central processing units can be used.

Moreover, two second-order 2D models were extended to n-dimensional fc-order (multi

dimensional multi-order) for regular and generalized systems.

As it can be seen from the 2D second-order examples the presented models can realize 

2D transfer functions in a more compact form having lower matrix-dimensions, (2 x 2 ) , 

than the classical 2D models that require (4 x 4) matrices. This is also the case for higher 

dimension-order systems.
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C H A PTER  8

FU T U R E  W ORK

Using the regular or generalized 2(k)-order 2(n)-D models the following problems can be 

considered.

• Stability,

• Solvability and properties,

• Reachability and observability,

• Model equivalence,

• Regularity,

• Geometric theory,

• Minimum energy control,

• More (faster) techniques for transfer function computation,

• State-space and circuit realization etc.,

• Positive k-order nD system-based problems

• VHDL/FPGA implementations

• Applications to filtering
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A P P E N D IX  A

M A T L A B ™  CODE-1

MATLAB™ code for computing the transfer function coeffients using the 2D DFT.

E = [1 0; 0 1]

AO = [1 3; 0 0]

A1 = [ - 1  1 ;  0 1]

A2 = [0 1 ;  1 1]

B1 = [1 ; 0]

B2 = [0 ; 1]

C = [0 1]

D = 0

I  = s q r t ( - l)

N = 2;

Wtemp = e x p (2 * p i* I/5 ) ; 

c le a r  Z

Z ( l , l )  = l ;

Z ( 1 ,2) = Wtemp~( - 1 ) ;  

Z ( l ,3 )  = Wtemp~(-2);

61



Z ( l,4 )  = Wtemp~(-3);

Z ( 1 ,5) = Wtemp"( -4 ) ;  

W ( l, l)  = Z ( 1 , 1 ) ;

W (1,2) = Z ( 1 ,2 ) ;

W(1,3) = Z ( 1 ,3);

W(1,4) = Z ( 1 ,4 ) ;

W (1,5) = Z ( 1 ,5 ) ;

•/.*/.-------------------------------------------------------------------------------------------------------------n

11 C a lc u la t io n  of 11

11 E*Z(I)*W (J) + A1 A2 -  A1 Z (I)  -  A2 W(J) 11

11 For a l l  ( I , J )  <= (2 ,2 )  11

fo r i = l : 5

fo r j = l : 5

K { i,j}= E * Z ( i)* Z ( i)* W (j)* W (j) -A 0 * Z (i)* W (j) -A l* Z ( i) -A 2 * W (j) ;

end

end

fo r i = l : 5

fo r j  = 1 :5
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s t r = s t r c a t ( 5K ( J ,n u m 2str(i—1 ) , 5, ’ , n u m 2 s t r (j - 1 ) , 0 = 5) ; 

d is p (s t r)

d is p ( K { i, j> )  '/D isp lay  K

end

end

7.7. -------------------------------------

7.7. C a lc u la t io n  of

7.7. A (I J)

7.7. -------------------------------------

fo r i = l : 5

fo r j =1 :5

A ( i, j) = d e t ( K { i , j> )

•7,7.

7,7.

7.7.

■7.7.

end

end

7.G A=num2 c e 1 1  ( A )

7.7.- -7.7.

7.7. C a lc u la t io n  of 7.7,

7.7. F ( I  J) 7.7.

7.7.- -7.7.

fo r i = l : 5

fo r j = l : 5

F ( i , j ) = C * in v ( K { i , j} ) * A ( i, j) * ( B l* Z ( i) + B 2 * W ( j) ) ;

end
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end

7.7. --------------------------

7o7o C a lc u la t io n  of

7.7. P ( I J )

7.7. ---------------------------

•7.7.

7.7.

7.7.

■7.7.

P = z e ro s (5 ,5 ); 

fo r lam b d al= l:5

fo r lam bda2=l:5

fo r i = l : 5

fo r j = l : 5

P(lam bdal,lam bda2)= P(lam bdal, lam bda2). . .  ;

.+ F(i,j)*W tem p~( ( i - 1 ) * ( la m b d a l- l) + ( j- l) * (la m b d a 2-l)) ;

end

end

P (lam bdal, lambda2)=round(P(lambdal, lambda2)) /2 5  ;

end

end

7.7. ---------------------------------------------------------------------------------------------------------------------------------------------7.7.

7.7. C a lc u la t io n  of 7.7.

7.7. Q ( I J )  7.7.

7.7. ---------------------------------------------------------------------------------------------------------------------------------------------7.7.
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Q =ze ro s(5 ,5 ); 

fo r lam b d al= l:5

fo r lam bda2=l:5

fo r i = l : 5

fo r j = l : 5

QCLambdal ,lambda2)= Q (lam bdal, lambda2) . . . ;

.+ A ( i, j) * W t e m p ~ ( ( i- l) * ( la m b d a l- l) + ( j- l) * ( la m b d a 2 -l) )

end

end

Q(lambdal, lambda2)=round(Q(lambdal, lambda2)) / 2 5 ;

end

end

A % D isp lay  A 

F °/0D isp la y  F

P “/»Display Numerator Polynom ial 

Q “/»Display Denominator Polynom ial
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n -------------------------------------------------------------------------------------------------------------n

11 C a lc u la t in g  the T ran sfer Function using form ula: 11

11 T ( z l,z 2 ) = C * ( ( I* ( z l~ 2 ) * (z 2 ~ 2 )-A 0 * z l* z 2 -A l* z l-A 2 * z 2 )~ -l)  11

11 *(B l*zl+B 2*z2) 11

n  n

fo r z l= l :5

fo r z 2 = l:5

T ra n s fe r( z l,z 2 )= C * ( ( I* ( z l~ 2 ) * (z 2 ~ 2 ) -A 0 * z l* z 2 -A l* z l-A 2 * z 2 )~ -l) . . . ;  

.* (B l* z l+ B 2 * z 2);

end

end

T ra n sfe r “/.D isp lay T ran sfer fu nctio n

11-------------------------------------

11 Graphing the A m atrice 

11-------------------------------------

11

11

■11

wwl = -6.8; 
ww2 = 6.8;
step = 0 .1 ;

[wl,w2]=meshgrid(wwl:step:ww2, wwl: ste p :ww2);

p lo t ( r e a l( A ) , imag(A))

su b p lo t( 2 ,2 ,1 )

meshc(A)

a x is  square

shading in te rp
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t i t l e  ( ’ F ig  X.XX tra n s fe r  fu n ctio n  mesh p lo t with contours’ )

su b p lo t( 2 ,2 ,2 )

contour(A)

a x is  square

shading in te rp

t i t l e  ( ’ F ig  X.XX tra n s fe r  fu n ctio n  contour p lo t ’ )

su b p lo t( 2 ,2 ,3 )

surf(A )

a x is  square

shading in te rp

t i t l e  ( ’ F ig  X.XX tra n s fe r  fu n ctio n  su rf p lo t ’ ) 

su b p lo t(2 ,2 ,4 )  

co n to u rf(A ,30) 

a x is  square

t i t l e  ( ’ F ig  X.XX tra n s fe r  fu nctio n  contour p lo t of peaks’ ) 

pause(4)

11----------------------------------

I  Graphing the F m atrice

I I  ---------------------------

■7.7.

7.7.

■7.7.

wwl = -6 .8 ; 

ww2 = 6.8;

step = 0 .1 ;

[w l, w2]=meshgrid(wwl: ste p :ww2, 

p lo t ( r e a l( F ) , imag(F)) 

su b p lo t( 2 ,2 ,1 )  

meshc(F) 

a x is  square

wwl: step:ww2);
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shading in te rp

t i t l e  ( ’ F ig  X.XX tra n s fe r  fu nctio n  mesh p lo t with contours’ )

su b p lo t( 2 ,2 ,2 )

contour(F)

a x is  square

shading in te rp

t i t l e  ( ’ F ig  X.XX tra n s fe r  fu n ctio n  contour p lo t ’ )

su b p lo t( 2 ,2 ,3 )  

s u rf(F ) 

a x is  square 

shading in te rp

t i t l e  ( ’ F ig  X.XX tra n s fe r  fu n ctio n  su rf p lo t ’ ) 

su b p lo t(2 ,2 ,4 )  

contourf(F,30) 

a x is  square

t i t l e  ( ’ F ig  X.XX tra n s fe r  fu n ctio n  contour p lo t of peaks’ )

7.7.- -7.7.

7.7.- -7.7.
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A P P E N D IX  B

M A T L A B ™  CODE-2

MATLAB™ code for the figures in the thesis.

c le a r ;

pack;

c lg ;

wwl = -4 .8 ; 

ww2 = 4 .8 ;

step = 0 .1 ;

[wl,w2]=meshgrid(wwl:step:ww2, wwl: step:ww2); 

j = s q r t ( - 1 ) ;  

z l= e x p ( j* w l) ; 

z2=exp(j*w 2);

%z_A= ( z l . *z2+2*z2). . . ;

% . / ( z l . * z l . * z l . * z l . * z2. * z2. * z2. *z2 + 3 * z l.* z l.* z 2  + 6 * z l.* z 2 ) ;

O f  O f  O f  O f  O f  O f  O f  O f  O f  O f  O f  O f  O f  O f  O f  0 / 0 / 0 / 0 / 0/ 0/ 0/ 0/ 0/ 0 / 0/ 0 / 0 / 0 / 0 / 0 / 0 / 0/ 0/ 0/ 0/ 0/ 0/ 0/ 0/ 0/ 0/ 0/ 0/ 0/ 0/ 0/ 0/ 0 / 0 / 0 / 0 / 0/ 0/ 0/ 0/ 0/ 0/ 0 / 0 / 0 / 0 / 0 / 0/ 0/ 0/ 0/ 0/ 0/ 0 /  0 /  0/ 0 / 0 / O f  /o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/^

% Example-1 data with 1 input and 1 output

% 7o7o% % % % % % % % yo% 7oyoy.y.y.7.y.yoyoyoyoyoyo% 7o% 7o% yoyoyo% % % y.y.yoyo7o% % % yo7oo/o7o% 7o7oo/ . o/ . o/ . o/o 7 ,o/o7o7oo/o o/o o/o7o7oo/o7oo/o o/o o/»7oo/o7oo/ , o/o

z_A= ( z l . * z l . * z2. * z 2 . *z2 -  z l.* z 2 .* z 2  + 2 * z l . * z 2 ) . . . ;

. / ( z l . * z l . * z l . * z l . * z 2 . * z2. * z2. *z2 -  z l . * z l . * z l . * z 2 . * z2. *z2

-  z l . * z l . * z 2 . * z 2 . *z2 + z l .* z l .* z 2  -  z l . * z l  -  2 * z l . * z 2 . *z2

-  2 * z l.* z 2  -  z 2 . * z 2 ) ;
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O f  O f  O f  O f  0/  O f  0/  0/ 0/  0/ O f  0/ 0/  0/  0/  O f  0/ 0/ 0/ 0 / O f  0/  0 / 0/  0 / O f  0/ 0/ 0/ 0/ O f  0/ 0/ 0/ 0/ 0/  0/ 0/ 0/ 0/ O f  O f  O f  O f  O f  O f  O f  O f  O f  O f  O f  O f  O f  O f  O f  O f  O f  O f  O f  O f  O f  O f  O f  O f  O f  O f  O f  O f  O f  O f  O f  O f  O f  O f  O f/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/^

7. Example-2 data w ith 2 input and 1 output

0/  0/  0/  0/  0/  0/  0/  0/ 0/ 0/  0/  0/  0/  0/  0/  0/  0/  O f  O f  O f  O f  O f  O f  O f  O f  O f  O f  O f  O f  O f  O f  O f  O f  O f  O f  O f  O f  O f  O f  O f  O f  O f  O f  O f  O f  O f  O f  O f  O f  O f  O f  O f  O f  O f  O f  O f  O f  O f  O f  O f  O f  O f  O f  O f  O f  O f  O f  O f  O f  O f  O f  O f  O f  O f  O f/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/^

z_B_inputl= ( z l . * z l . * z l . * z2. *z2 + 3 * z l . * z l . * z 2 . * z2. *z2 -  9 * z l.* z l.* z 2

-  4 * z l.* z l -  7 * z l.* z 2  -  3*z2. * z 2 ) . . . ;

. / ( z l . * z l . * z l . * z l . * z 2 . * z2. * z2. *z2 -  z l . * z l . * z l . * z2. * z2. *z2

-  z l . * z l . * z 2 . * z 2 . *z2 + z l .* z l .* z 2  -  z l . * z l  -  2 * z l.* z 2 .* z 2

-  2 * z l.* z 2  -  z 2 .* z 2 ) ;

z_B_input2= ( 2 * z l. * z l . * z l . * z2. *z2 + z l . * z l . * z 2 . * z2. *z2 -  2 * z l.* z l 

+ 3 * z l.* z 2 .* z 2  -  2 * z l . * z 2 ) . . . ;

. / ( z l .* z l .* z l.* z l.* z 2 .* z 2 .* z 2 .* z 2  -  z l . * z l . * z l . * z 2 . * z2. *z2

-  z l . * z l . * z 2 . * z 2 . *z2 + z l .* z l .* z 2  -  z l . * z l  -  2 * z l.* z 2 .* z 2

-  2 * z l.* z 2  -  z 2 .* z 2 ) ;

0 /  0/  0/  O f  0 /  0 /  O f  O f  O f  O f  O f  O f  O f  O f  O f  O f  O f  O f  O f  O f  O f  O f  O f  O f  O f  O f  O f  O f  O f  O f  O f  O f  O f  O f  O f  O f  O f  O f  O f  O f  O f  O f  O f  O f  O f  O f  O f  O f  O f  O f  O f  O f  O f  O f  O f  O f  O f  O f  O f  O f  O f  O f  O f  O f  O f  O f  O f  O f  O f  O f  O f  O f  O f  O f  O f  /o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o

'/. Example-3 data w ith 2 input and 2 output

O f  O f  O f  0 /  0 /  O f  O f  O f  O f  O f  O f  O f  O f  O f  O f  O f  O f  O f  O f  O f  O f  O f  O f  O f  O f  O f  O f  O f  O f  O f  O f  O f  O f  O f  O f  O f  O f  O f  O f  O f  O f  O f  O f  O f  O f  O f  O f  O f  O f  O f  O f  O f  O f  O f  O f  O f  O f  O f  O f  O f  O f  O f  O f  O f  O f  O f  O f  O f  O f  O f  O f  O f  O f  O f  O f/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o

z_C_inputl_output1= (3*z2.*z2 + z l.* z 2  -  3 * z l.* z l + 3 * z l.* z l.* z 2

-  3 * z l . * z l . * z l . * z 2 . * z 2 ) . . .  ;

. / ( z l . * z l . * z l . * z l . * z 2 . * z2. * z2. *z2 -  z l . * z l . * z l . * z2. * z 2 . *z2

-  z l . * z l . * z 2 . * z 2 . *z2 + z l .* z l .* z 2  -  z l . * z l  -  2 * z l.* z 2 .* z 2

-  2 * z l.* z 2  -  z 2 .* z 2 ) ;

z_C_inputl_output2= (z2.*z2 + 3 * z l.* z 2  -  z l . * z 2 . * z 2  

+ z l . * z l . * z 2 . * z2. * z 2 ) . . .  ;

. / ( z l . * z l . * z l . * z l . * z 2 . * z2. * z2. *z2 -  z l . * z l . * z l . * z 2 . * z 2 . *z2

-  z l . * z l . * z 2 . * z 2 . *z2 + z l . * z l . * z 2  -  z l . * z l  -  2 * z l.* z 2 .* z 2

-  2 * z l.* z 2  -  z 2 .* z 2 ) ;

z_C_input2_outputl= (-3 * z 2 .* z 2  -  13 * z l.* z 2  -  l l * z l . * z l  -  1 5 . * z l . * z l . *z2 

+ 6 * z l. * z l . * z 2 . * z 2 . *z2 -  z l . * z l . * z l . * z 2 . * z 2 ) . . . ;

. / ( z l . * z l . * z l . * z l . * z 2 . * z2. * z2. *z2 -  z l . * z l . * z l . * z2. * z 2 . *z2
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-  z l . * z l . * z 2 . * z 2 . *z2 + z l .* z l .* z 2  -  z l . * z l  -  2 * z l.* z 2 .* z 2

-  2 * z l.* z 2  -  z 2 .* z 2 ) ;

z_C_input2_output2= (z 2 . * z 2 - z l . *z2 + 5 * z l.* z 2 .* z 2  -  4 * z l.* z l

+ 3 * z l . * z l . * z2. * z 2 . *z2 + 4 * z l. * z l . * z l . * z 2 . * z 2 ) . . . ;

. / ( z l . * z l . * z l . * z l . * z 2 . * z2. * z2. *z2 -  z l . * z l . * z l . * z2. * z2. *z2

-  z l . * z l . * z 2 . * z2. *z2 + z l .* z l .* z 2  -  z l . * z l  -  2 * z l.* z 2 .* z 2

-  2 * z l.* z 2  -  z 2 .* z 2 ) ;

0/ 0/ 0/ 0/ 0/ 0/ 0/ 0/ 0/ 0/ 0/ 0/

°/0 P lo tt in g  the tra n s fe r  fu nctio n  of the S in g le -In p u t Single-O utput example0/«

0/ 0/ 0/ 0/ 0/ 0/ 0/ 0/ 0/

su b p lo t( 2 , 2 , 1 ) ,  m eshc(abs(z_A)); 

g r id  on;

t i t l e ( ’ ex. A O r ig in a l magnitude ’ ) ;

su b p lo t( 2 , 2 , 2 ) , contour(abs(z_A)) ;  

g r id  on;

t i t l e ( ’ ex. A Contour of o r ig in a l mag.’ ) ;

su b p lo t( 2 , 2 , 3 ) , su rf(a b s(z _ A ), ’ fa c e c o lo r’ , ’b la c k ’ , ’ edgecolor’ , ’ y e llo w ’ ) ; 

g r id  on; 

colormap hsv 

shading in te rp

t i t l e ( ’ ex. A surface of o r ig in a l mag.’ ) ;

su b p lo t( 2 ,2 ,4 ) ,  p lo t( r e a l(z _ A ) , im ag(z_A), ’ o ’ ) ; 

g r id  on;

t i t l e ( ’ ex. A z p lo t of o r ig in a l mag.’ ) ;
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% p lo t ( r e a l( z l ) , im a g (z l) , ’ > ’ , r e a l( z 2 ’ ) ,im a g (z 2 ’ ) , ’ + ’ ) 

pause(4)

0/ 0/  0/  0/  0/  0/ 0/  0/  0/  0/ 0/ 0/  0/  0/  0/  0/  0/  0/ 0/  0/  0/  0/  0 / 0/  0 / 0 / 0/ 0/  0/ 0/ 0/ 0/ 0/ 0/ 0/ 0/ 0/ 0/ 0/ 0/ 0/ 0 / 0 / 0 / 0 / 0/ 0/ 0/ 0/ 0/ 0/ 0/ 0/ 0 / 0 / 0/ 0/ 0/ 0/ 0/ 0/ 0/ 0/ 0/ 0/ 0 / 0 / 0 / 0 / 0 / 0/ 0/ 0/ 0/ /o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/^

% P lo tt in g  the tra n s fe r  fu n ctio n  of the tw o-input Single-O utput example % 

% P lo tt in g : Input 1 7»

0/ 0/ 0/ 0/ 0/

su b p lo t(2 ,2 ,1 ) , m eshc(abs(z_B_inputl)) ;

g r id  on;

t i t l e ( 5ex. B Input 1 -  O r ig in a l magnitude ’ ) ;

su b p lo t( 2 , 2 , 2 ) , contour(abs(z_B_input1 ) ) ;  

g r id  on;

t i t l e ( 5ex. B Input 1 -  Contour of o r ig in a l mag.’ ) ;

su b p lo t( 2 , 2 , 3 ) ,su rf(ab s(z_ B _ in p u t1 ) , 5fa c e c o lo r’ , ’b la c k ’ , ’ edgecolor’ , . . . ;

’ ye llo w ’ ) ; 

g r id  on; 

colormap hsv 

shading in te rp

t i t l e ( ’ ex. B Input 1 -  surface of o r ig in a l mag.’ ) ;

su b p lo t( 2 ,2 ,4 ) ,  p lo t( r e a l(z _ B _ in p u t l) , imag(z_B_input1 ) ,  ’ o ’ ) ; 

g r id  on;

t i t l e ( ’ ex. B Input 1 -  z p lo t of o r ig in a l mag.’ ) ; 

pause(4)
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0/ 0/ 0/ 0/ 0/ 0/ 0/ 0/ 0/ 0/ 0/ 0

% P lo tt in g  the tra n s fe r  fu n ctio n  of the tw o-input Single-O utput example %

% P lo tt in g : Input2 7.
0/  0/  0/  0/  0/  0/  0/  0/ 0/  0/  0/  0/  0/  0/  0/  0/  0/  0/  0/  0/ 0/ 0/  0/  0/ 0/  0/  0/  0/ 0/ 0/ 0/ 0/ 0 / O f  0/ 0/ 0/ 0/ O f  0/ 0/ 0 / 0 / O f  0 / 0 / 0 / 0 / O f  0/ 0/ 0/ 0/ O f  0/ 0/ 0/ 0/ O f  0/ 0/ 0/ 0/ O f  0/ 0/ 0/ 0/ O f O f  O f  O f  O f  O f/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o

su b p lo t( 2 , 2 , 1 ) ,  m eshc(abs(z_B_input2)) ; 

g r id  on;

t i t l e ( ’ ex. B Input 2 -  O r ig in a l magnitude ’ ) ;

su b p lo t( 2 , 2 , 2 ) , contour(abs(z_B_input2)) ;  

g r id  on;

t i t l e ( ’ ex. B Input 2 -  Contour of o r ig in a l mag.’ ) ;

su b p lo t( 2 ,2 ,3 ) ,  su rf(a b s(z_ B _ in p u t2), ’ fa c e c o lo r’ , ’b la c k ’ , ’ edgecolor’ , . . . ;

. ’ ye llo w ’ ) ;

g r id  on; 

colormap hsv 

shading in te rp

t i t l e ( ’ ex. B Input 2 -  surface of o r ig in a l mag.’ ) ;

su b p lo t( 2 ,2 ,4 ) ,  p lo t(re a l(z _ B _ in p u t2 ), im ag(z_B_input2), ’ o ’ ) ; 

g r id  on;

t i t l e ( ’ ex. B Input 2 -  z p lo t of o r ig in a l mag.’ ) ; 

pause(4)

0/ 0/ 0/ 0/ 0/ 0/ 0/ 0/ 0/ 0/ 0/

70 P lo tt in g  the tra n s fe r  fu n ctio n  of the Two-Input Two-Output example 7»

7o P lo tt in g : Input 1 -  Outputl

su b p lo t( 2 , 2 , 1 ) ,  m eshc(abs(z_C_inputl_outputl)) ; 

g r id  on;
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t i t l e ( ’ ex. C Input 1 -  Output 1 -  O r ig in a l magnitude ’ ) ;

su b p lo t( 2 , 2 , 2 ) , contour(abs(z_C_inputl_output1 ) ) ;  

g r id  on;

t i t l e ( ’ ex. C Input 1 -  Output 1 -  Contour of o r ig in a l mag.’ ) ;

su b p lo t(2 ,2 ,3 ) , su rf(a b s(z _ C _ in p u tl_ o u tp u tl), ’ fa c e c o lo r’ , ’ b la c k ’ , . . . ; 

. ’ edgecolor’ , ’ y e llo w ’ ) ;

g r id  on; 

colormap hsv 

shading in te rp

t i t l e ( ’ ex. C Input 1 -  Output 1 -  surface of o r ig in a l mag.’ ) ;

su b p lo t( 2 ,2 ,4 ) ,p lo t(re a l(z_ C _ in p u tl_ o u tp u t1 ) , imag(z_C_input1_ output1 ) , ’ o ’ ) 

g r id  on;

t i t l e ( ’ ex. C Input 1 -  Output 1 -  z p lo t of o r ig in a l mag.’ ) ; 

pause(4)

%7.%%y.y.7.%7.%7.yoy.7.%%%%%%%y.%%%7.7.y.y.%7.%%%%%%y.%7.y.%%%%%%0/.0/.7.7.0/.0/.7.7.0/.0/.0/.%7.7.0/.7 .0/.7.7.7.,/.4/.7 .#/.%7.0/.

7o P lo tt in g  the tra n s fe r  fu n ctio n  of the Two-Input Two-Output example 7» 

7, P lo tt in g : Input 1 -  0utput2 7»

0/ 0/ 0/ 0 / 0/ 0/ 0/ 0/ 0/ 0 / 0 / 0/ 0/ 0/ 0/ 0/ 0/ 0/ 0 / 0/ 0/ 0/ 0/ 0 / 0/ 0/ 0 / 0 / 0/ 0/ 0/ 0 / 0/ 0 / 0 / 0 / 0 / 0 / 0 / 0/ 0/ 0 / 0 / 0 / 0 / 0 / 0 / 0/ 0 / 0 / 0 / 0 / 0 / 0 / 0 / 0/ 0/ 0/ 0 / 0 / 0 / 0 / 0 / 0 / 0/ 0 / 0 / 0 / 0 / 0 / 0 / 0 / 0 / 0 / /o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/^

su b p lo t( 2 , 2 , 1 ) ,  m eshc(abs(z_C_inputl_output2)) ; 

g r id  on;

t i t l e ( ’ ex. C Input 1 -  Output 2 -  O r ig in a l magnitude ’ ) ;

su b p lo t( 2 , 2 , 2 ) , contour(abs(z_C_inputl_output2)) ; 

g r id  on;

t i t l e ( ’ ex. C Input 1 -  Output 2 -  Contour of o r ig in a l mag.’ ) ;
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su b p lo t( 2 ,2 ,3 ) ,  su rf(a b s(z_ C _ in p u tl_ o u tp u t2), ’ fa c e c o lo r’ , ’b la c k ’ , . . . ;

. ’ edgecolor’ , ’ ye llo w ’ ) ;

g r id  on; 

colormap hsv 

shading in te rp

t i t l e ( ’ ex. C Input 1 -  Output 2 -  surface of o r ig in a l mag.’ ) ;

su b p lo t( 2 ,2 ,4 ) ,p lo t(re a l(z _ C _ in p u tl_ o u tp u t2 ), im ag(z_C_inputl_output2), ’ o ’ ) ; 

g r id  on;

t i t l e ( ’ ex. C Input 1 -  Output 2 -  z p lo t of o r ig in a l mag.’ ) ; 

pause(4)

o /o /o /o /o /o /o /o /o /o /o /o /o /o /o /o /o /o /o /o /o /o /o /o /o/o /o /o /o /o0/ 0/ 0/ 0/ 0/ 0/ 0/ 0/ 0/ 0/ 0/  0/ 0/ 0/ 0/ 0/ 0/

% P lo tt in g  the tra n s fe r  fu n ctio n  of the Two-Input Two-Output example %

°/0 P lo tt in g : Input2 -  Output 1 %

/O/O/O/O /o/o /o/o

su b p lo t( 2 , 2 , 1 ) ,  m eshc(abs(z_C_input2_outputl)); 

g r id  on;

t i t l e ( ’ ex. C Input 2 -  Output 1 -  O r ig in a l magnitude ’ ) ;

su b p lo t( 2 , 2 , 2 ) , contour(abs(z_C_input2_output1 ) ) ;  

g r id  on;

t i t l e ( ’ ex. C Input 2 -  Output 1 -  Contour of o r ig in a l mag.’ ) ;

su b p lo t( 2 ,2 ,3 ) ,  su rf(a b s(z_ C _ in p u t2_ o u tp u tl), ’ fa c e c o lo r’ , ’b la c k ’ , . . . ;

. ’ edgecolor’ , ’ ye llo w ’ ) ;

g r id  on; 

colormap hsv 

shading in te rp

t i t l e ( ’ ex. C Input 2 -  Output 1 -  surface of o r ig in a l mag.’ ) ;
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su b p lo t( 2 ,2 ,4 ) ,p lo t(re al(z_C _in p u t2_o u tp u t1 ) , im ag(z_C_input2_outputl), 5 o ’ ) ; 

g r id  on;

t i t l e ( ’ ex. C Input 2 -  Output 1 -  z p lo t of o r ig in a l mag. ’ ) ;  

pause(4)

0/ 0/ 0/ 0/ 0/ 0/ 0/

7, Plotting the transfer function of the Two-Input Two-Output example 7»

7« P lo tt in g : Input2 -  0utput2 7.
0/ 0/ 0/  0/ 0/  0 / 0/  0/  0/  0 / 0/  0/  0/ 0/  0/  0/  0/  0/  0/  0/  0/ 0/  0/  0/ 0/  0/  0/  0/  0/  0/  0/  0/  O f  0 / 0 / 0/  0 / O f  0 / 0 / 0 / 0/ O f  0/ 0/ 0/ 0/ O f  0/ 0/ 0/ 0/ O f  0/ 0/ 0 / 0 / O f  0/ 0/ 0/ 0/ O f  0/ 0/ 0 / 0 / O f  0 / 0 / 0 / 0/ O f  O f  O f
to  to  to  to  /o  /o  to  /o /o /o /o /o /o /o /o /o /o /o /o /o /o /O ¡0  /0 lo  /O ¡0  /o  /0 /0 /o /o  /o  /o  /o  /o  to  /o  /o /o /o /o /o /o /o /o /o /o /o /o /o /o /o /o /o /o /o /o /o /o /o /o /o /o /o /o /o /o /o /o /o /o /o /o /o

su b p lo t( 2 , 2 , 1 ) ,  m eshc(abs(z_C_input2_output2)) ; 

g r id  on;

t i t l e ( 5ex. C Input 2 -  Output 2 -  O r ig in a l magnitude ’ ) ;

su b p lo t( 2 , 2 , 2 ) , contour(abs(z_C_input2_output2)) ; 

g r id  on;

t i t l e ( ’ ex. B Input 2 -  Output 2 -  Contour of o r ig in a l mag. ’ ) ;

su b p lo t( 2 ,2 ,3 ) ,  su rf(ab s(z_C _inp ut2_ou tp ut2), ’ fa c e c o lo r’ , ’b l a c k ’ , . . . ;

. ’ edgecolor’ , ’ ye llo w ’ ) ;

g r id  on; 

colormap hsv 

shading in te rp

t i t l e ( ’ ex. B Input 2 -  Output 2 -  surface of o r ig in a l mag. ’ );

su b p lo t( 2 ,2 ,4 ) ,p lo t(re a l(z_ C _ in p u t2_ o u tp u t2), im ag(z_C_input2_output2), ’ o ’ ) ; 

g r id  on;

t i t l e ( ’ ex. B Input 2 -  Output 2 -  z p lo t of o r ig in a l mag.’ );
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