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Abstract

There exists a rich variety of real-world networks beyond those with un-
weighted and undirected edges. This thesis considers the statistical analysis
of adjacency spectral embedding beyond these standard networks. By em-
bedding the nodes of these networks into low dimensional space in a consis-
tent and meaningful manner, it is possible to make better inferences from
the embedded data. This thesis extends the existing theory for unweighted,
undirected networks with two major contributions.

First, we extend the generalised random dot product graph, a latent po-
sition graph model, to allow for weighted networks and provide new results
regarding the asymptotic distribution of the adjacency spectral embedding of
these networks. This opens up new possibilities as a network can be trans-
formed using a different representation of the edge weights, for example,
embedding an adjacency matrix of p-values or an adjacency matrix of log
p-values. In the case of the weighted stochastic block model, we can com-
pare the quality of the different embeddings using the size-adjusted Chernoff
information and consider the optimal transformation for a network.

Second, we consider dynamic networks where individual nodes, commu-
nities or the entire graph may change over time. We show that unfolded
adjacency spectral embedding produces an embedding for every node at ev-
ery time point in a statistically consistent way. Up to noise, nodes behaving
similarly at a given time are given the same embedding (cross-sectional sta-
bility), as is a single node behaving similarly across different times (longitu-
dinal stability). We show that many common dynamic network embedding

algorithms often lack one, or both, of these desirable properties.

1l



v



Acknowledgments

I would like to thank my supervisor Patrick Rubin-Delanchy for their support
and guidance throughout my PhD. As you said in our first meeting, the aim of
a PhD is to produce a piece of research you are proud of, and I am incredibly
pleased with this work. I would also like to thank my collaborators during
the course of my PhD; Anna Bertiger, Joshua Cape, Andrew Jones, Alex
Modell, Melissa Turcotte and Carey Priebe. I feel privileged to have worked
with you all in such an exciting area of research.

My time in Bristol has introduced me to a wide range of excellent people
and I feel grateful to have met you all. In particular, I am thankful to Jenny
for taking me under her wing when I first arrived into what should have been
the Fry Building. Even today, I turn to you whenever I have a problem and
you are always so happy to help.

I am also grateful for my friends who have supported me in my decision
to return to university. Thank you Katie for giving me the encouragement
to continue my studies, and for being there to celebrate when things go well.
Your kind words and actions keep me going and, hopefully, I will be halfway
to your two doctorates as a result.

Last but not least, thank you to my family for your love and support in
all my endeavours. Your belief in me to succeed in whatever makes me happy

is the reason this thesis is even here at all.



vi



Author’s declaration

I declare that the work in this dissertation was carried out in accordance
with the requirements of the University’s Regulations and Code of Practice
for Research Degree Programmes and that it has not been submitted for any
other academic award. Except where indicated by specific reference in the
text, the work is the candidate’s own work. Work done in collaboration with,
or with the assistance of, others, is indicated as such. Any views expressed

in the dissertation are those of the author.

SIGNED: ..., DATE: ...

vil



viil



Contents

Introduction

Graph embedding

2.1 Graph embedding overview . . . . . .. ... ...
2.2 Adjacency spectral embedding . . . .. .. ..o
2.3 Other spectral embeddings . . . . . . ... .. ... ... ...

Unweighted networks

3.1 Simple graph models . . . . . .. ... ... .. ...
3.1.1 Stochastic block model . . . . . . ... ... ... ...
3.1.2  Mixed membership stochastic block model . . . . . . .
3.1.3 Degree-corrected stochastic block model . . . . . . ..

3.2  Generalised random dot product graph . . . . . .. ... ...
3.2.1 Stochastic block model . . . . . .. ... ... ... ..
3.2.2  Mixed-membership stochastic block model . . . . . ..
3.2.3 Degree-corrected stochastic block model . . . . . . ..

3.3 Asymptoticresults . . . ... ... ... oL
3.3.1 Stochastic block model asymptotic distribution
3.3.2  Mixed membership stochastic block model asymptotic

distribution . . . . .. ... oo

3.3.3 Degree-corrected stochastic block model asymptotic dis-

tribution . . . . . ..

Weighted networks

4.1 Weighted graph models . . . . . . . ... ... ... ... ..
4.1.1 Weighted stochastic block model . . . . .. ... ...
4.1.2  Weighted mixed membership stochastic block model . .

1X



Contents

4.2

4.3

4.1.3  Zero-inflated stochastic block model . . . . . . . . . .. 20
Weighted generalised random dot product graph . . . . . . .. 52
4.2.1 Weighted stochastic block model . . . . .. ... ... 54
4.2.2  Weighted mixed membership stochastic block model . . 55
4.2.3  Zero-inflated stochastic block model . . . . . . . . . .. o7
Asymptotic results . . . . ... Lo 57

4.3.1 Weighted stochastic block model asymptotic distribution 62
4.3.2  Weighted mixed membership and zero-inflated stochas-

tic block model asymptotic distribution . . . . . . . .. 64

5 Embedding comparison 67
5.1 Chernoff information . . . . . ... .. .. ... ... ... .. 69
5.1.1 Stochastic block model Chernoff information . . . . . . 71

5.2 Edge weight representation . . . . . .. . ... 78
5.2.1 Affine transformations . . . . . . .. ... ... ... 83

5.2.2  Optimal transformations . . . . . . .. ... ... ... 85

5.3 Example: Pairwise p-valuedata . . . . .. .. ... ... ... 87

6 Dynamic networks 95
6.1 Unfolded adjacency spectral embedding . . . . . . . .. .. .. 95
6.2 Dynamic latent position model . . . . .. .. ... 0. 98
6.3 Multilayer random dot product graph . . . . . . ... ... .. 102
6.4 Asymptoticresults . . . . .. ... ... L. 105

6.5

6.6

6.4.1 Dynamic stochastic block model asymptotic distribution106
6.4.2 Dynamic stochastic block model Chernoff information . 108

Dynamic embedding stability . . . . .. ... ... ... ... 109
6.5.1 Unfolded adjacency spectral embedding stability . . . . 110
6.5.2 Other dynamic network embedding stability . . . . . . 111
Example: Primary school interactions . . . . . . .. ... ... 115



List of Tables

5.1 The four different representations of the p-values network data
and the corresponding edge weight distributions for the anoma-
lous weighted stochastic block models when both nodes are in

the anomalous community. . . . . . . . . ... ... ... ... 89

6.1 Classes of dynamic network embedding algorithms with their

cross-sectional and longitudinal stability properties. . . . . . . 112

x1



List of Tables

x1i



List of Figures

2.1

3.1

3.2

3.3

3.4

3.5

The embedding X of the Les Misérables co-occurrence network
into d = 2 dimensions. The points are coloured according to

their role in the book. . . . . . . . . ... ... ... 7

The embedding X of a two-community stochastic block model
into d = 2 dimensions. The points are coloured according to

their true community assignment Z;. . . . . .. .. ... ... 16

The embedding X of a three-community mixed membership
stochastic block model. The points are coloured a mixture of
red (triangle), blue (square) and green (circle) according to

their probability distribution F; over the communities. . . . . 19

The embedding X of a two-community degree-corrected stochas-
tic block model into d = 2 dimensions. The points are coloured

according to their true community assignment 2Z;. . . . . . . . 24

The embedding X of a two-community stochastic block model
into d = 2 dimensions. The points are coloured according to
their true community assignment Z;. The ellipses show the

95% contours of the asymptotic Gaussian components. . . . . 38

The embedding X of a three-community mixed membership
stochastic block model. The points are coloured a mixture of
red (triangle), blue (square) and green (circle) according to
their probability distribution F; over the communities. The
lines show the transformed simplex X and the ellipses show
the 95% contours of the asymptotic Gaussian components at

the corners of the simplex. . . . . . . . . ... ... .. .... 41



List of Figures

3.6 Theembedding X of a two-community degree-corrected stochas-
tic block model into d = 2 dimensions. The points are coloured
according to their true community assignment Z;. The lines
show the transformed rays of X and the ellipses show the 95%
contours of the asymptotic Gaussian components for latent

positions corresponding tow =0.5andw=1. . . . .. .. .. 44

4.1 The embedding X of a two-community weighted stochastic
block model into d = 2 dimensions. The points are coloured

according to their true community assignment Z;. . . . . . . . 48

4.2 The embedding X of a two-community weighted stochastic
block model into d = 1 dimensions. The violin plot show the
empirical distribution of the points separated by their true
community assignment Z;. A sample of 200 jittered points are

shown coloured according to their true community assignment

4.3 The embedding X of a two-community weighted stochastic
block model into d = 2 dimensions. The points are coloured

according to their true community assignment Z;. . . . . . . . 53

4.4 The embedding X of a two-community weighted stochastic
block model into d = 2 dimensions. The points are coloured
according to their true community assignment Z;. The ellipses

show the 95% contours of the asymptotic Gaussian components. 64

4.5 The embedding X of a two-community weighted zero-inflated
stochastic block model into d = 2 dimensions. The points
are coloured according to their true community assignment Z;.
The lines show the transformed rays of X and the ellipses show
the 95% contours of the asymptotic Gaussian components for

latent positions corresponding to w = 0.5 and w=1. . . . .. 65

Xiv



List of Figures

5.1

5.2

2.3

0.4

2.5

2.6

The embedding X of a two-community stochastic block model
into d = 2 dimensions, a) unaltered and b) transformed by
Q € O(p,q). The points are coloured according to their k-
means cluster assignment. The ellipses show the 95% contours
of the asymptotic Gaussian components. . . . . . . . .. ...
The embedding X of a two-community weighted stochastic
block model into d = 2 dimensions for a) adjacency spectral
embedding and b) Laplacian spectral embedding. The points
are coloured according to their true community assignment
Z;. The ellipses show the 95% contours of the asymptotic
Gaussian components. . . . . . .. ...
The embedding X of a two-community weighted stochastic
block model into d = 2 dimensions. The points are coloured

according to their true community assignment Z;. The ellipses

show the 95% contours of the asymptotic Gaussian components. 80

Chernoff ratio comparing the embedding of a two-community
Poisson distribution stochastic block model A and the entry-
wise transformed Bernoulli distribution stochastic block model
A’ = I(A > 0). The solid black line shows the boundary
Cp=CB. .
The embedding X of a two-community entry-wise transformed
stochastic block model into d = 2 dimensions. The points
are coloured according to their true community assignment
Z;. The ellipses show the 95% contours of the asymptotic
Gaussian components. . . . . . .. ...
Number line showing eigenvalues of mean block matrices close
to the origin. White nodes represent eigenvalues of B with full
rank d and signature (p, q), black nodes represent eigenvalues
of B' = aB + b11" with signature (p+1,¢q—1). . . . . . ...

XV



List of Figures

5.7 The embeddings X of the two-community entry-wise trans-
formed stochastic block model into d = 2 dimensions of a)
the p-values matrix A, b) the 1—p-values matrix AY, ¢) the
log p-values matrix A and d) the threshold p-value matrix
A™T. The points are coloured according to their true commu-
nity assignment Z;. The ellipses show the 95% contours of the

asymptotic Gaussian components. . . . . . . ... ... L. 91

5.8 Detection of an anomalous network cluster. The parameter
p € (0,1) controls the zero-inflation of the network (low is
sparse), and « € (0,1) controls the strength of the signal in
the p-values (low is strong). In the white region, embedding
log p-values is preferred, while in the coloured region, embed-
ding threshold p-values is preferred, where the colour indicates
the threshold 7 achieving maximal size-adjusted Chernoff in-

formation. . . . . . . . . 93

6.1 The individual adjacency spectral embeddings X of the two-
community dynamic stochastic block model into d = 2 di-
mensions for a) ¢ = 1 and b) ¢t = 2. The points are coloured
according to their true community assignment Z;. The ellipses

show the 95% contours of the asymptotic Gaussian components. 97

6.2 The right unfolded adjacency spectral embeddings Y ® of the
two-community dynamic stochastic block model into d = 2
dimensions for a) t = 1 and b) ¢t = 2. The points are coloured
according to their true community assignment Z;. The ellipses

show the 95% contours of the asymptotic Gaussian components. 98

Xvi



List of Figures

6.3

6.4

6.5

6.6

The right unfolded adjacency spectral embeddings Y ® of the
two-community dynamic stochastic block model into d = 2
dimensions for a) t = 1 and b) t = 2. The points are coloured
according to their true community assignment Z;, where nodes
that change community between time periods are less opaque.
The ellipses show the 95% contours of the asymptotic Gaussian
components. . . . ... Lo
The first two dimensions of the right unfolded adjacency spec-
tral embeddings of the Lyon primary school data set YO,

The first two dimensions of the right unfolded adjacency spec-
tral embedding of the Lyon primary school data set projected
into spherical coordinates 8. . . . . ... ...
Bar chart showing the Gaussian cluster assignment of each
school class over time. The height of each coloured bar rep-
resents the proportion of students, in that class and at that

time, assigned to the corresponding Gaussian cluster. . . . . .

XVil



List of Figures

XViil



Chapter 1

Introduction

A wide variety of data sets can be interpreted as networks. Nodes repre-
senting entities are connected by a possibly weighted or temporal edge repre-
senting some interaction between those entities. It includes social networks,
either face-to-face human interaction or collaboration, or online communica-
tion via email or an online social network. It includes computer networks
where interaction between computers is a mixture of automated activity and
those initiated by people. It includes biological networks such as neuron com-
munication within the brain and protein-protein interaction. Many physical
infrastructures can be interpreted as a network, such as the road network,
the power grid or flights between airports. Our thoughts and opinions on
products and media can be converted into bipartite networks. The list goes

on and on.

One approach to analysing these networks is to convert the graph into a
low dimensional space representing the nodes that captures their structure
in the network. By mapping the nodes into a low dimensional space, the
embedding can be used as input for other techniques, such as node clustering
[23] and edge weight prediction [7].

The rest of the thesis is structured as follows. In Chapter 2 we introduce
the concept of graph embedding as a whole, highlighting the advantages
of these approaches as a method of reducing the dimensionality of a net-
work while maintaining some of its structural properties. We then gradually
narrow our attention by looking at graph embeddings based on matrix fac-

torisation, moving to those based on spectral decomposition before finally
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focusing on adjacency spectral embedding.

In Chapter 3 we describe some simple unweighted graph models such
as the stochastic block model and show how adjacency spectral embedding
can recover the underlying structure of these models. Based on this, we
cover the existing theory of the generalised random dot product model and
the asymptotic behaviours under adjacency spectral embedding [61]. This

theory is the basis of the rest of the research in this thesis.

In Chapter 4 we extend the theory of the generalised random dot product
model to allow for weighted networks. This requires a new way of thinking as
the latent position now encapsulates information about a family of distribu-
tions rather than edge probabilities. This adds an extra layer of abstraction
between the latent positions of a weighted generalised random dot prod-
uct graph and the resulting adjacency spectral embedding. We provide new
results regarding the asymptotic behaviour of this extended model under

adjacency spectral embedding [21].

In Chapter 5 we discuss how to compare the quality of different spectral
embeddings, in particular measuring the community separation in a stochas-
tic block model using size-adjusted Chernoff information. By extending the
theory to weighted networks in the previous chapter, we are able to transform
a weighted network by an entry-wise transformation of every edge. This can
result in some representations having better community separation as shown
by our synthetic example of pairwise p-value data first shown in Gallagher

et al. [21].

In Chapter 6 we study dynamic networks in which nodes can change
behaviour over time, forming new connections accordingly. The goal is to
create an extension of adjacency spectral embedding for every node at every
time point in a statistically consistent way. We propose two desirable prop-
erties for such an embedding; cross-sectional stability where nodes behaving

similarly at a particular time have comparable embeddings, and longitudinal



stability where a node behaving similarly at different time points have com-
parable embeddings. We show that an existing technique called unfolded
adjacency spectral embedding has both of these stability properties while
many existing algorithms have neither. This research was first published in
Gallagher et al. [22].
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Chapter 2

Graph embedding

2.1 Graph embedding overview

There are numerous approaches to convert a graph into a low dimensional
embedding. For example, the surveys [9, 24| bring together different tech-
niques focusing on unweighted, undirected networks. Matrix factorisation
based embeddings compute decompositions of some matrix of node proxim-
ity in a network, for example, the adjacency matrix directly or the symmetric
Laplacian matrix defined in Section 2.3. Spectral embedding [72] refers to a
subset of these algorithms that uses a spectral decomposition to perform the
matrix factorisation.

Algorithms inspired by deep learning techniques have been adjusted to
create graph embedding by the computer science community, such as Deep-
Walk [55] and node2vec [25]. These algorithms provide useful embeddings
for large real-world networks, but often lack the statistical rigour explaining
why these are sensible approaches. For example, many deep learning ap-
proaches apply ideas from natural language processing to random walks in
the network and it was only until later that a link to matrix factorisation
was discovered [43] and proof that they produce consistent embeddings for
simple graph models [78].

A major advantage of spectral embedding algorithms is that these ap-
proaches can be given the necessary statistical rigour to show that they
perform in a sensible and consistent way. In Chapter 3 we introduce the

generalised random dot product graph [61], whose approach to analysing the

5



Chapter 2. Graph embedding

adjacency spectral embedding algorithm (given in Definition 1 below) is a

key inspiration for the new extensions given in the rest of this thesis.

2.2 Adjacency spectral embedding

Definition 1 (Adjacency spectral embedding). Given a d-truncated singular

value decomposition of an adjacency matrix A € R™*",
A=UpS V) +Ux Za 1 Va L,

where Ua, Vi € O(n xd) = {Q € R™?: Q'Q =1} and Xp € R™ s
the diagonal matrix comprising the d largest singular values of A arranged

in decreasing order denote by X € R the adjacency spectral embedding
X = U=y’ e R

We divide the adjacency spectral embedding into rows to represent the
spectral embedding for each node in the graph. By writing X = (Xl |-
Xn)T, X, is the spectral embedding representation for node i. Occasionally
it will be useful to construct the adjacency spectral embedding for some-
thing other than an adjacency matrix. Given a d-truncated singular value
decomposition of an arbitrary matrix M, we denote the adjacency spectral
embedding as Xy = UMEllv/f.

In this thesis, we do not concern ourselves with how the embedding di-
mension d is chosen, instead assuming that it has been given to us by an
oracle. The dimension d can be estimated based on the spectral decomposi-
tion of the adjacency matrix A [80, 12]. In Section 3.2 we show for simple
graph models how to compute the correct embedding dimension and how
it relates to the observed adjacency matrix. In these cases, we know which
singular values of A can be discarded as they are close to zero and essentially
noise. We will not treat estimation of d in any further detail, and assume it

is known.



2.2. Adjacency spectral embedding

Example 1 (Les Misérables co-occurrence network). To give an example of
adjacency spectral embedding, consider the weighted graph of co-occurrences
between characters in the novel Les Misérables [33]. A node represents one
of the 77 characters in the book and the edge weight counts the number of

times the characters appeared in the same chapter [40].

Figure 2.1 shows the adjacency spectral embedding of the network into
d = 2 dimensions chosen using the singular values of A [80]. The embedding
approximately creates two rays of points emanating from the origin. One
of these rays contains some of the major characters in the novel with a few
examples shown as red triangles with the protagonist Jean Valjean located
at the end. We shall see in Section 3.1.3 that this is common feature of a

degree-corrected stochastic block model.

Les Miserables co-occurrence network
adjacency spectral embedding
JValjean

,Cosette

14 Marius

L ] .'.
_2 - ®
° °
[ ]
-3 -2 -1 0
s+ Major characters = Other characters

o Friends of the ABC

Figure 2.1: The embedding X of the Les Misérables co-occurrence network
into d = 2 dimensions. The points are coloured according to their role in the
book.
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The other ray shows members of the Friends of the ABC, a revolutionary
club of students, shown as green circles. One point along this ray is different
but corresponds to the street urchin Gavroche who is linked to the revolu-
tionary group. The adjacency spectral embedding is able to capture some of
the character interactions from the network and reduces the information to

a more manageable dimension where further analysis can be performed. <

In previous work [60, 21] the adjacency spectral embedding was defined
in terms of the eigendecomposition of the adjacency matrix A. However,
for generalisation, it is convenient to define adjacency spectral embedding
using singular value decomposition. For example, the rectangular unfolded
adjacency matrix [36] cannot be analysed at all using an eigendecomposition.

Given the eigendecomposition of an adjacency matrix A € R™*"™
A=USU'"+U,S,U],

where U € O(n x d) and S € R is the diagonal matrix comprising the d
largest eigenvalues of A arranged in decreasing order of magnitude, the ad-
jacency spectral embedding X € R™*4 can also be defined using the absolute

value of the eigenvalues,

X = U|S|"/2.

It is important the singular value decomposition is using the d largest
eigenvalues of A in magnitude. A large collection of exemplary work on ad-
jacency spectral embedding initially used the d largest positive eigenvalues of
A reviewed by Athreya et al. [6]. By only considering the largest eigenvalues
it is only possible to correctly analyse networks with positive definite adja-
cency matrices. However, in a bipartite network, for every positive eigenvalue
there exists a negative one with the same magnitude and it is incorrect to say
that one of these is more important to understanding the network structure
than the other. This is just one example and we will see many more in this

thesis where both the positive and negative eigenvalues are key.



2.2. Adjacency spectral embedding

To show that the two versions of the adjacency spectral embedding algo-

rithm are the same, we introduce the indefinite orthogonal group.

Definition 2 (Indefinite orthogonal group). Given p > 0, ¢ > 0 and d =
p+q, the indefinite orthogonal group is defined as the set of matrices in R%*¢
such that

O(p,q) ={Q € R4 QTIp,qQ =Lq}

where
I, =diag(l,...,1,—1,...,—1).
length p length ¢

When p = d and ¢ = 0 this reduces to the standard group of orthogonal
matrices O(d) = {Q € R™?: Q"Q = I}. A matrix M has signature (p, q)
if it has p positive and ¢ negative eigenvalues. In both case, the adjacency

spectral embedding satisfies
M = XpmI, Xy

However, given an adjacency spectral embedding, we can provide another
valid embedding Xy Q' for any Q € Q(p, q). This non-uniqueness is a key
feature of the adjacency spectral embedding algorithm and results regarding
its behaviour, such as Theorem 1 and 2, have to account for these transfor-
mations.

Given an eigendecomposition adjacency spectral embedding, one can al-
ways construct one using the singular value decomposition by setting Uy =
U, ¥ = |S| and Viy = UL, ,. However, some care must be taken when
considering the reverse statement. Using a singular value decomposition
can lead to non-uniqueness issues. For example, bipartite graphs have re-
peated singular values and hence can have different basis for the singular
vectors compared to the eigenvectors. However, it is always possible to find
a transformation Q € O(p, q) that converts the singular value decomposition

embedding into one obtained by an eigendecomposition.
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For the remainder of the thesis, we will use adjacency spectral embedding

to refer to the singular value decomposition version.

2.3 Other spectral embeddings

Adjacency spectral embedding is not the only way to use spectral techniques
to embed a network into lower dimensions. Rather than analysing the graph
adjacency matrix, different representations of the network can be used. For
example, Laplacian spectral embedding is the same as adjacency spectral
embedding in Definition 1 except the unweighted adjacency matrix is replaced

with the symmetric normalised Laplacian matrix,
Loym — D71/2AD71/2’

where D € R™*" is the diagonal matrix of node degrees with diagonal entries
D;=>" ; A;;. Another embedding technique instead uses the random walk
Laplacian matrix [50],

LY =D 'A.

Using different matrix regularisation techniques for the adjacency ma-
trix can result in different types of structure being detected by the spectral
embedding [63, 68, 10]. For example, in brain connectivity networks, clus-
tering using the Laplacian spectral embedding separates the left and right
hemispheres of the brain, while adjacency spectral embedding distinguishes
between white and grey matter [57]. Using the random walk embedding to
analyse a social network captures a person’s friend preferences separately
from how popular or active they may be in that social network [50].

Moving from unweighted to weighted networks, for Laplacian-based spec-
tral embedding techniques one needs to be aware what the degree of a node
actually means for a weighted network. In many situations defining the de-

gree as the sum of weighted edges, D; = > i A;;, makes sense. For example,

10
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in computer networks where edge weights represent the number of bytes be-
ing transferred between computer nodes and the degree represents the total
amount of data leaving or arriving at a computer. Although, things may not

always be so clear.

Example 2 (Network of pairwise p-values). Suppose we have a weighted
network where edge weights represent the observed p-value between a pair
of nodes quantifying our surprise in their level of activity. The degree of a
node is the sum of p-values and, while there are approaches based on adding
p-values [18], probably the most common method for combining p-values

P1,- -, Pn is Fisher’s method [20] using the test statistic,

—2 i log p;.
i=1

This suggests using the log p-values as an alternative edge weight in this
network as the node degree is now proportional to this test statistic.
Alternatively, one can convert the matrix of p-values into a binary graph
where edges represent p-values below a particular threshold that is deemed
to be of interest. After this transformation, the degree is the number of
interesting p-values involving a particular node. This network is discussed in

much more detail in Section 5.3. <

It is often assumed that all of the weights in a network are positive,
however, there is nothing preventing negative edge weights in the network,
perhaps to denote disassociation between nodes. This can lead to problems
if some nodes in the network have negative degrees as spectral embedding
using the symmetric normalised Laplacian L™ cannot be computed without
resorting to complex numbers, although the random walk Laplacian L™ can
still be used.

To avoid the issues around node degree in weighted networks, this thesis

will focus solely on adjacency spectral embedding. There is plenty of scope

11
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for future research to extend Laplacian-based spectral embedding techniques

to weighted networks and dynamic networks in a meaningful and consistent

way.
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Chapter 3

Unweighted networks

In this chapter we give a review of research related to the adjacency spectral
embedding algorithm for unweighted networks. We describe a few basic un-
weighted graph models before introducing the generalised random dot prod-
uct graph [60]. This will provide an important starting point for the rest of

the thesis which introduces two new extensions to this model.

3.1 Simple graph models

This section introduces three graph models as motivation for the use of ad-
jacency spectral embedding to recover the structure of these models. Sec-
tion 3.3 gives the asymptotic distribution for adjacency spectral embedding
in general, justifying the algorithms for recovering the graph model parame-

ters discussed here.

3.1.1 Stochastic block model

Suppose we have a network of university staff where links represent com-
munication between two faculty members. In this network, the probability
of an edge between two members of staff will depend on their departments
within the university. People within the same department are much more
likely to communicate, but other pairs of departments may also be likely to
communicate, for example, mathematics and computer science compared to

biology and history. The departments divide the university in communities

13
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and one basic network model assumes that the probability two members of
staff communicate depends only on the departments they belong.

The stochastic block model is a graph generative model that creates net-
works with this community structure [31]. Nodes in a graph are assigned
to one of K possible communities using a latent variable Z; represents the
community assignment of node i. The probability of an edge between two

nodes ¢ and j depends only on their community assignments Z; and Z;.

Definition 3 (Stochastic block model). Let Z = {1,..., K} be a sample
space with probability distribution F. A symmetric matrix A € R™*" is

distributed as a stochastic block model, if Zy, ..., Z, iSla and, for ¢ < 7,

Ayl Zi, 2, ind Bernoulli(Bz,z,),

where B € [0, 1]5*¥ is the mean block matriz, a matrix of inter-community

edge probabilities.

Given Z ~ F, we define w = (m,...,7x) where m, = P(Z = k) is the
probability a node is assigned to community k.

To see why this is known as a block model, imagine that the rows and
columns of the adjacency matrix A are arranged according to their com-
munity assignment Z;. The adjacency matrix can be rewritten as a block

matrix,

AL . ALK)

AED . AKK)

where A* represents the adjacency matrix where one node is in community
k, and the other is in community ¢. In each of these blocks, the edge density

is fixed since

AZ(W) nd Bernoulli(By),

J

14



3.1. Simple graph models

for all nodes i, j such that Z; = k and Z; = £. The entry By, is the Bernoulli
parameter for the adjacency block A®% the mean of the Bernoulli distribu-
tion. The importance of the block mean matrix will become more apparent

when extending the stochastic block model to weighted graphs.

Example 3 (Erdds-Rényi model). In the G(n, p) version of the Erdés-Rényi
random graph model [19], a graph is constructed on n nodes where every
possible edge is included with probability p, independently from all other
edges. This can be thought of as a stochastic block model with a single
community (Z; = 1 for all nodes) and block mean matrix B = (p). The
stochastic block model is an extension of the Erdés-Rényi random graph

model to include community structure. <

Example 4 (Two-community stochastic block model). Consider a stochastic

block model with two communities with block mean matrix
B ( 0.10 0.20 ) |
0.20 0.05
with signature (1,1), and a distribution F' that assigns equal probability to
the two communities; m; = 1/2 and mp = 1/2.

Using this model, we generate a stochastic block model with n = 1000
nodes and perform adjacency spectral embedding into d = 2 dimensions.
The number of embedding dimensions is chosen to be the rank of the block
mean matrix B, which in this case is the number of communities in the
stochastic block model. The reasoning behind this choice is explained in
Section 3.2.1. The leading two singular values of the resulting adjacency
matrix A correspond to one positive and one negative eigenvalue matching
the signature of the block mean matrix B. Figure 3.1 shows the embedding

X of the stochastic block model. Points are coloured according to their

community assignment Z; and form two clusters.

15
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Two-community stochastic block model
embedding
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Figure 3.1: The embedding X of a two-community stochastic block model

into d = 2 dimensions.

community assignment Z;.

The points are coloured according to their true

Suppose we did not know the true community assignment of the nodes

within the graph. By performing the adjacency spectral embedding and fit-

ting a Gaussian mixture model with two components, we can recover the

community labels of the nodes, up to community relabeling. As shown in

Figure 3.1, the cluster covariances can be unequal and non-spherical, which

is justified by the asympt

otic distribution of the embedding given in Sec-

tion 3.3.1. Therefore, the chosen clustering algorithm should account for

that possibility meaning an algorithm like k-means may not be appropriate,

as seen in Example 20.

N
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3.1. Simple graph models

3.1.2 Mixed membership stochastic block model

While the stochastic block model is a straightforward way to generate ran-
dom graphs with community structure, it is perhaps unrealistic to assume
that a node in the network belongs to a single community. For example,
returning to the university communications network in the previous section,
a data scientist may be employed by the mathematics department, but also
be considered part of the biology and social science departments.

The mixed membership stochastic block model extends the stochastic
block model and allows nodes within the graph to belong to multiple com-
munities [3]. Every node is assigned a probability distribution over the K
communities, which dictates how they behave for a possible connection in
the graph.

To model this, node ¢ generates a random variable Z;_,; ~ F; repre-
senting the community role node 7 adopts when communicating with node j.
Returning to our data scientist, suppose they have the majority of their prob-
ability mass assigned to the mathematics department, with smaller amounts
assigned to the biology and social science departments and the remaining
departments within the university have probability mass zero. This defines
their distribution F;. Most of the time they will behave like a mathematician
when interacting with other staff members, but occasionally behave like a
biologist or social scientist.

To see if there is a link between the two nodes, node j generates a ran-
dom variable Z;_,; ~ F} represents the community role node j adopts when
communicating with node i. The probability of an edge between two nodes
¢ and j depends only on their community assignments Z;_,; and Z;_,;. Once
the community assignments Z;_,; and Z;_,; have been selected, the model

works in the same way as the stochastic block model.
Definition 4 (Mixed membership stochastic block model). Let Z2 = {1,..., K}

17



Chapter 3. Unweighted networks

be a sample space where each node has a probability distribution F;. A sym-

metric matrix A € R™ " is distributed as a mized membership stochastic
block model, it Z;_,; nd Fi, Z;; nd Fj;, and, for 7 < j,

Aij ‘ Zi*)j’ Zj*)i ifli(/i Bernoulli(BZ

i%ijai)7
where B € [0, 1]5*¥ is the matrix of inter-community edge probabilities.

Given Z; ~ F;, we define m; = (my,...,mk), where my = P(Z; = k) is
the probability a node is assigned to community k.

The stochastic block model is a special case of the mixed membership
stochastic block model where the distributions F; places all of its probability
mass on the community Z;. In this case Z;_,; = Z;, Z;_,; = Z; and the model

reduces to Definition 3.

Example 5 (Three-community mixed membership stochastic block model).
Consider a three-community mixed membership stochastic block model with

block mean matrix

0.10 0.20 0.22
B=1] 020 0.05 0.16
0.22 0.16 0.26

The block mean matrix is not full rank and has signature (1,1). Each node
generates a probability distribution F; over the three communities indepen-
dently using a Dirichlet distribution with parameter e = (0.2,0.2,0.2) so
each community is given equal preference. Since ap < 1 in each compo-
nent, F; is likely to be unbalanced meaning a large amount of probability is
assigned to a single community.

We generate a mixed membership stochastic block model with n = 1000
nodes and perform adjacency spectral embedding into d = 2 dimensions, the
rank of the block mean matrix B, in this case, smaller than the number of

communities.

18



3.1. Simple graph models

Figure 3.2 shows the embedding X of the mixed membership stochastic
block model. Points are coloured a mixture of red, blue and green according
to their probability distribution F; over the communities. Nodes that are
more likely to behave like a single community, 7, = P(Z,—; = k) > 0.9 for
some community k, are shown as larger points; m;; > 0.9 as red triangles,

o > 0.9 as blue squares, and m;3 > 0.9 as green circles.

Three-community mixed membership
stochastic block model embedding

0.4

0.2 1

0.0 A

—-0.2 1

-0.4

-0.55 -0.50 -0.45 -0.40 -0.35 -0.30 -0.25

s+ Community 1 = Community 2
« Community 3

Figure 3.2: The embedding X of a three-community mixed membership
stochastic block model. The points are coloured a mixture of red (triangle),
blue (square) and green (circle) according to their probability distribution F;

over the communities.

The node embedding X forms a noisy triangle, a two-dimensional sim-
plex, where the corners represent the three communities. Points near the
corners have the majority of their probability mass in F; assigned to a sin-
gle community, a red triangle, blue square or green circle depending on the

dominant community. The remaining points approximately lie within this
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Chapter 3. Unweighted networks

simplex where their position represents the community probabilities m;; in
F;.

Suppose we did not know the the community distributions F; for the nodes
that we wish to recover. Rubin-Delanchy et al. [61] describes an algorithm
that gives consistent estimation of the parameters for a K-community mixed
membership stochastic block model, although for this example, the method
for recovering the distributions F; is sufficient. In this example, their ap-
proach finds the smallest area triangle enclosing the embedding. The point
X; in the embedding can be expressed as a convex combination of the corners
giving an estimator of the community distribution F;. The reason why this

approach gives a consistent estimator for F; is discussed in Section 3.3.2. <

3.1.3 Degree-corrected stochastic block model

Another potential downside of the stochastic model block is that nodes within
a community approximately have the same amount of activity in the network.
To demonstrate this, we compute the expected degree of a node in a stochas-
tic block model,
E(D:;) =) E(A;)=> Bzz,.
J#1 J#1

The expected degree of a node depends only on its community, therefore,
two nodes in the same community have the same expected degree.

While a network may have groups of similarly behaving nodes, it may
be desirable to allow nodes within a community to display different levels of
activity. Returning again to the university communications network, different
members of a department may be more active. For example, a professor may
communicate more and have a higher degree compared to a new PhD student,
even though they both communicate to similar types of people.

The degree-corrected stochastic block model extends the stochastic block

model by introducing a node-specific weight parameter w; € (0,1] which
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3.1. Simple graph models

represents their activity [37]. The probability of an edge between two nodes
¢ and j still depends on their community assignments Z; and Z;, but also the
weights w; and w;. In the university communication network example, the
professor above may have weight close to one, while the new PhD student

may have weight closer to zero.

Definition 5 (Degree-corrected stochastic block model). Let Z2 = {1,..., K}
be a sample space with probability distribution F', and let Gy, k € Z be a
collection of probability distributions on the interval (0,1]. A symmetric ma-
trix A € R™*" is distributed as a degree-corrected stochastic block model, if

Zl,...,Zniri\(JiFand,fori<j,

ind .
Aij | wi, wy, Z;, Z; ~ Bernoulli(wsw;Bz,z,),

where B € [0, 1]5*X is the matrix of inter-community edge probabilities and

ind . . .
w; | Z; ~ Gz is a node-specific weight parameter.

Similarly to the stochastic block model, we define w = (7, ..., 7k ), where
7, = P(Z = k) is the probability a node is assigned to community k.

In this model, the weight parameter w; for a node can be distributed
differently depending on the community assignment Z;. Perhaps one com-
munity contains more active nodes with larger weight parameters on average
than another community.

To demonstrate why this model is known as the degree-corrected stochas-
tic block model, given the weight parameters w;, the expected degree of any
given node is

E(D;) =Y E(Aj)=w Yy wBzz.
J# J#
Unlike the stochastic block model, the expected degree of a node increases
with the weight parameter w;. For two nodes ¢ and j in the same community

(Z; = Z;), the node with the larger weight parameter has the larger expected
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Chapter 3. Unweighted networks

degree, for w; > wj,
E(D;) —E(D;) = w; Z wpBz,z, — w, Z wyBz,z,
ki k]
= (w; — w,) Z wpBz,z, > 0.
ki, j

Note that for nodes in different communities (Z; # Z;) this may not be
the case but, in the university communication network example, the profes-
sor would have a larger expected degree than a PhD student in the same
department.

The stochastic block model is a special case of the degree-corrected stochas-
tic model where w; = 1 for all nodes. More interestingly, the degree-
corrected stochastic block model can also be interpreted as a mixed mem-

bership stochastic block model.

Example 6 (Degree-corrected to mixed membership stochastic block model).
Consider a K-community degree-corrected stochastic block model with block
mean matrix B and weight parameters w;. This can be written as a (K +1)-
community mixed membership stochastic block model by introducing a new
community that generates no edges in the network. Define a new mean block
matrix B’ € [0, 1]E+Dx(E+1) guch that nodes assigned to community K 4 1

have probability zero of forming an edge,

B;; it1<i4,j <K,

ro_

0 otherwise.

The community assignment distribution F; is defined such that, for Z;_,; ~
F;, the probability a node is assigned to a community £ in the mixed mem-

bership stochastic block model is given by
T =P(Zi;=k)=q1—w, ifk=K+1

0 otherwise.
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3.1. Simple graph models

Each node can be considered as a mixture of its true community and the new
null community where the probability a node is assigned to its true commu-
nity Z; is equal to w;, and the probability it is assigned to the null community
K +1is 1 —w;. By summing over the possible community assignments in
this new mixed membership stochastic block model, the probability of an

edge between nodes ¢ and j is given by

K+1
P(AU =1 | Zl‘, Zj) = Z WiijEB;gz = wiijZiZj.
k=1
Therefore, the probability of an edge between two nodes in the (K + 1)-
community mixed membership stochastic block model is identical to the K-

community degree-corrected stochastic block model. <

Example 7 (Two-community degree-corrected stochastic block model). Con-
sider a two-community degree-corrected stochastic block model with the same
block mean matrix as the stochastic block model in Example 4, and a dis-
tribution F' that assigns equal probability to the two communities; m = 1/2
and m, = 1/2. Each node is independently assigned a weight parameter
w; £y Beta(2,2). Note that in this case, the distribution is the same for both
communities, but in general that does not need to be the case. We generate
a degree-corrected stochastic block model with n = 1000 nodes and perform
adjacency spectral embedding into d = 2 dimensions, chosen to be equal to
the number of communities.

Figure 3.3 shows the embedding X of the degree-corrected stochastic
block model. Points are coloured according to their community assignment
Z; and form two rays starting from the origin. Points near the origin corre-
spond to a weight parameter w; ~ 0, while points near the ends of the rays
correspond to a weight parameter w; ~ 1.

Suppose that we did not know the community assignments or the weight

parameters for each node. There are other spectral embedding techniques
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Two-community degree-corrected
stochastic block model embedding
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Figure 3.3: The embedding X of a two-community degree-corrected stochas-
tic block model into d = 2 dimensions. The points are coloured according to

their true community assignment Z;.

designed for degree-corrected stochastic block models [34, 50], however we
can recover the communities by projecting the adjacency spectral embedding
on to the unit sphere [53| or a hyperplane [50] then clustering the projected
points. A line can be fitted to each ray of points using linear regression
and the weight w; can be estimated by the distance from the origin, the

justification for this technique given in Section 3.3.3. <

3.2 Generalised random dot product graph

This section introduces the generalised random dot product graph [60]. It
is an extension of the random dot product graph where the probability of

an edge is the inner product of the corresponding latent positions [77, 51].
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3.2. Generalised random dot product graph

Under this model the resulting adjacency matrix A will very likely be positive
definite. In general, the random dot product graph cannot model graphs
that are not positive definite, like the examples given so far in this chapter.
Constructing a spectral embedding of an adjacency matrix by only using the
largest positive eigenvalues necessarily fails to capture some of the underlying
structure of the network [6]. By allowing the probability of an edge to be the
indefinite inner product of the corresponding latent positions, the generalised

random dot product graph models a wider variety of network.

Definition 6 (Generalised random dot product graph). Let X be a subset
of R? such that {1, 2y € [0,1] for all zy,2o € X, with Fy a probability
distribution over X. A symmetric matrix A € R™" is distributed as a
generalised random dot product graph with signature (p,q), if Xi,..., X, S
Fy and, for ¢ < j,

A | Xi, X; ™ Bernoulli( X I, X;).

As with the adjacency spectral embedding, it is convenient to call X =
(X1 | -+ | X»)" € R™4, the latent positions of the generalised random
dot product graph. In this section we show how the latent positions of the
generalised random dot product graph X relate to the adjacency spectral
embedding X. Note that the conditional distribution of A is unchanged if
the latent positions X; are replaced by QJX; for any indefinite orthogonal
matrix Q € O(p, q), so the connection between the two will need to account
for this unidentifiability.

The standard definition of the generalised random dot product allow for
sparse networks by introducing a parameter p, that prevents the average
degree of a node growing linearly as the number of nodes n increases. This
is done by scaling the latent positions p}/ *X; so that the probability of an

edge between two nodes is distributed as
Ay | X5, X; % Bernoulli(p, X, L, . X;).
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Chapter 3. Unweighted networks

In this setting, the expected degree of a node grows as np, so by having
pn — 0, the model can produce sparse networks. In this thesis, we will focus
on the dense setting where p,, = 1 as this is our setting for making extensions

for weighted networks in Chapter 4 and dynamic networks in Chapter 6.

Example 8 (Multipartite networks). To show the flexibility of the gener-
alised random dot product graph, consider a subset X that is union of K

isotropic subspaces,
K
X =],
k=1

meaning, for all z1,29 € Xy, 21, ,29 = 0. One example of isotropic sub-
spaces is given by the latent positions in two dimensions X; = {(z,z) : € R}
and Xy = {(x, —x) : € R} with signature (1, 1). For two nodes represented
by latent positions in the subspace X}, there is zero probability of an edge

between them, generating a K-partite graph [49]. <

The three versions of the stochastic block model defined in Section 3.1 are
examples of the generalised random dot product graph. Each example uses
the adjacency spectral embedding of the block mean matrix B € [0, 1]5*X,
If B has signature (p,q), then the embedding dimension is given by d =
p + ¢ = rank(B) < K resulting in the adjacency spectral embedding Xg =
U]3,2113/2 € RE*4 Ag shown in Section 2.2, the adjacency spectral embedding
satisfies

B = XgI, , X5.

This resembles the Bernoulli probability X,'I, ,X; given in Definition 6.
Let (M), denote row k of a matrix M. The rows of the adjacency spectral
embedding (XB)lT ey (XB)IT( provide a good starting point for constructing
latent positions for generalised random dot product graphs for these simple
graph models. The statistical theory in this section requires that the embed-

ding dimension for the adjacency spectral embedding is equal to the rank
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3.2. Generalised random dot product graph

of the block mean matrix B. The next three sections show how the differ-
ent stochastic block models in Section 3.1 can be expressed as a generalised

random dot product graph [60].

3.2.1 Stochastic block model

Lemma 1. The stochastic block model is an instance of the generalised

random dot product graph.

Proof. Recall Definition 3 for a stochastic block model. Given a sample space
Z ={1,..., K} with probability distribution F', then, for Z;,..., 2, iid F, a

symmetric matrix A € R"*" satisfies, for ¢ < j,
Aij | Zi, Z; w Bernoulli(Bz,z,),

where B € [0, 1]5*¥ is the matrix of inter-community edge probabilities.
To construct the equivalent generalised random dot product graph, map
the latent position Z; to the corresponding row of the adjacency spectral
embedding Xpg,
X; = (Xs)y, .

The latent space X consists of the K points (XB)lT e (XB)IT( with distri-

bution Fly inherited from the stochastic block model, for X ~ Fly,
T
i, = P(X = (Xg),, )
By the construction of the adjacency spectral embedding Xg,
XiTIP»qu = BZiZj’

therefore, the probability of an edge A;; is identical under the stochastic
block model and generalised random dot product graph. ]
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From this construction, there are K possible latent positions X; in the
generalised random dot product graph assigned depending on the latent po-
sitions Z; in the stochastic block model. There is evidence of this behaviour
in Figure 3.1 from Example 4. For this particular two-community stochas-
tic block model, there are two clusters of points in the adjacency spectral
embedding. We show in Section 3.3.1 how the centres of these clusters are
related to the latent positions (XB)lT e (XB)[T(.

For sensibly defined stochastic block models, there is a separate latent
position for each community in the network, regardless of the dimension of
the adjacency spectral embedding. Suppose that two distinct communities
were assigned the same latent positions; (Xg)! = (Xg), for some k # /.
Since B = XgI,, X3, this implies that the corresponding rows of B must
be equal. Therefore, we could have defined the stochastic block model more
efficiently by combining communities k£ and ¢ into a single community with
assignment probability 7, 4+ m,. In general, it is assumed that the stochastic
block models are defined using as few communities as necessary.

There is no issue if the mean block matrix B is rank-deficient and the
embedding dimension d is strictly smaller than the number of communities
K in the stochastic block model. It is possible for the K communities to

coexist in R? and still be distinguishable.

3.2.2 Mixed-membership stochastic block model

Lemma 2. The mixed membership stochastic block model is an instance of

the generalised random dot product graph.

Proof. Recall Definition 4 for a mixed membership stochastic block model.
Given a sample space Z = {1,..., K} where each node has a probability

. . . ind ind . .
distribution F; over Z, then, for Z;_,; ~ F;, Z;_,; ~ Fj, a symmetric matrix
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3.2. Generalised random dot product graph

A € R™" satisfies, for ¢ < 7,
ind .
Az] | ZZ‘U’ ZJ*M 1’24 Bernoulh(BZHij%),

where B € [0, 1]5*¥ is the matrix of inter-community edge probabilities.
To construct the generalised random dot product graph, we define X
as the simplex with corners given by the rows of the adjacency spectral
embedding (Xg), ,...,(Xg) . The latent position X; of a node is defined
as a convex combination of these corners weighted by the probability a node

is assigned to the k£ communities, 7, = P(Z,,; = k) given by Fj,

K
k=1

The embedding X; is a point within the simplex (K — 1)-dimensional X
with barycentric coordinates determined by the distribution F;. The exact
form of the distribution Fy will depend on the how the distributions F; are
assigned to each node in the mixed membership stochastic block model. The

indefinite inner product of these latent positions is given by

K T K
T T
Xz‘TIp,qu = {Zﬂzk (XB)y, } Lg {Zﬁjk (XB)y }
k=1 k=1

K

= Z TirTje (XB)y Ipg (XB);r
k=
K

—

= TikTjeBre
o f=1

Therefore, the probability of an edge A;; is identical under the mixed mem-
bership stochastic block model and generalised random dot product graph.
O
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In the above construction of the generalised random dot product graph,
the corner (XB);r corresponds to a node that has all the probability in the
distribution F; assigned to community k; 7 = 1, mp = 0 for all k # £.

In Example 5, the adjacency spectral embedding of the three-community
mixed membership stochastic block model form a noisy triangle, a two-
dimensional simplex. In Section 3.1.2, we show how the noisy simplex formed
by the embedding X relates to the simplex with corners given by the latent
positions (Xg){ ;. .., (Xs) .

The mean block matrix B being rank-deficient has an interesting effect
on the embedding of the mixed membership stochastic block model. When
the embedding dimension d is equal to K — 1, it is still possible to place a
(K — 1)-dimensional simplex in R? as seen in Example 5. However, when
d < K — 1, the embedding X; can no longer be uniquely written as a convex

combination of the simplex corners.

3.2.3 Degree-corrected stochastic block model

Lemma 3. The degree-corrected stochastic block model is an instance of

the generalised random dot product graph.

Proof. Recall Definition 5 for a degree-corrected stochastic block model.
Given a sample space Z = {1,..., K} with probability distribution F', and
a collection of probability distributions Gy on the interval (0, 1] then, for

iid . . . .
Zy,...,Z, ~ F, a symmetric matrix A € R™*" satisfies, for i < j,
ind .
Ay | wi, wj, Z;, Z; ~ Bernoulli(w;w;Bg,z, ),

where B € [0, 1]5*¥ is the matrix of inter-community edge probabilities, and
w; | Z; nd Gz, is a node-specific weight parameter.
To construct the equivalent generalised random dot product graph, map

the latent position Z; to the corresponding row of the adjacency spectral
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embedding Xpg,

The latent space X consists of the K rays starting at the origin going to the
endpoints (XB)lT e (XB)[T(. For a particular node, the latent variable Z;
says which ray the embedded point lines on, and the weight parameter w;
says how far the point lies along the ray. The distribution Fy is defined such

that, for X ~ Fly,
X =Wz (Xs)y,

for Z ~ F and W}, ~ Gy, using uppercase to distinguish a weight drawn for
a particular community, rather than a node-specific weight parameter.

By the construction of the adjacency spectral embedding Xg,
Xi' T, X; = wiw;Bz,z,,

therefore, the probability of an edge A;; is identical under the degree-corrected

stochastic block model and generalised random dot product graph. ]

For a sensibly defined K-community degree-corrected stochastic block
model, there are K rays of latent positions in the generalised random dot
product graph. If two rays of points overlapped, that would imply that, for
some k # {, the endpoint (Xg), is positioned somewhere along the ray with
endpoint (Xg), , meaning that (Xg)} = ¢(Xg), for some ¢ < 1. Therefore,
any node in community & could instead be described as a node in community
¢ with new weight parameter cw;. It is assumed that the degree-corrected
stochastic block model uses as few communities as necessary.

Figure 3.3 shows an example adjacency spectral embedding of a two-
community degree-corrected stochastic block model forming two noisy rays
of points starting from the origin and ending at the points giving by the
points (Xg){ , ..., (Xs) k.
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Example 6 showed that the degree-corrected stochastic block model can
be considered as a special case of the mixed membership stochastic block
model. However, as with the stochastic block model, if the mean block
matrix B is rank-deficient, it is possible for the K rays of points to coexist
in R? and still be distinguishable.

3.3 Asymptotic results

This section describes how the adjacency spectral embedding for each node
X, converges to the latent position of the generalised random dot product
graph X;. Recall that the latent positions of the generalised random dot
product graph X; can all be replaced by QX for any indefinite orthogonal
matrix Q € O(p, q) to create an equivalent parameterisation of the model.
Therefore, the adjacency spectral embedding X, can only hope to estimate
the latent position X; up to some transformation by Q. This needs to be
taken into account when describing the asymptotic theory.

There exists an indefinite orthogonal matrix Q € O(p, ¢) such that the
adjacency spectral embedding is uniform consistent meaning that even the
largest difference between X; and its estimate Q)A(Z across all nodes tends
to zero with high probability. This is known as the two-to-infinity norm,
the maximal Euclidean distance between X; and QX; [11]. Furthermore, a
central limit theorem shows that this convergence is with an asymptotically
Gaussian error that we can quantify.

In order to obtain these convergence results, we must first make an as-
sumption that the generalised random dot product graph is somehow sensibly
defined. This is done via the second moment matrix A = E(XX ) € R¥x4
where X ~ Fly. This matrix plays a key role in the asymptotic distribution

of the adjacency spectral embedding.
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3.3. Asymptotic results

Assumption 1 (Minimal dimensionality). For X ~ Flx, the second moment
matrix A = E(XX ") has full rank d.

Assumption 1 is not a real constraint on the generalised random dot
product graph, existing to ensure that the latent positions X; € R? have
been defined economically. If A is not full rank d, then it is possible to
define new latent positions X/ € R? with smaller dimension d’ < d such that
the resulting second moment matrix A’ € R¥*? is full rank.

For Theorem 1 below, we say that a sequence of random variables X,
converges in probability to the random variable X, denoted by X, X , if
for all € > 0,

P(|X, — X| >¢€) =0,

as n — 00. For Theorem 2, let ®(z,3) denote the cumulative distribution
function of a multivariate Gaussian random variable with mean 0 and co-
variance X. For Z ~ Normal(0, ), ®(z, X) is the probability that Z is less
than or equal to z for all components, ®(z, ¥) = P(Z < z).

The following two theorems were first stated and proved in Rubin-Delanchy
et al. [60]. We provide a sketch proof highlighting the main ideas of the re-

sults.

Theorem 1 (Adjacency spectral embedding uniform consistency). Let A be
an instance of a generalised random dot product graph satisfying Assump-
tion 1. There exists a sequence of matrices Q,, € O(p, q) such that

P
max — 0.

i€{1,...,n}

Theorem 2 (Adjacency spectral embedding central limit theorem). Let A
be an instance of a generalised random dot product graph satisfying Assump-

tion 1. Given x € X', define the covariance-valued function
Y(z) =L, ATE[(2'L,,X)(1-2"L,,X)XX '] A™'L,,
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Chapter 3. Unweighted networks

where X ~ Fy. Then, there exists a sequence of matrices Q,, € Q(p, q) such
that, for all z € R?,

P (nl/2 (Qan — XZ-) <z|X; = .:1:) — & (z,3(2)).

The original paper gives the convergence rate for uniform consistency [60],
but for the results in this thesis we are only concerned that the limit tends
to zero. The result was later strengthen by explaining how the sequence of
matrices Q,, converge up to some other transformation [2]. We shall see this
in the equivalent central limit theorem for dynamic networks in Chapter 6,

which was developed once this discovery was made.

Sketch proof. This proof outline brings together ideas from similar arguments
from several papers involving some form of the generalised random dot prod-
uct graph [60, 21, 36, 22]. Theorem 1 and 2 are proved simultaneously by
breaking down the connection between the spectral embedding X and the
latent positions X as a series of matrix perturbations. Here we describe how
the sequence of matrices Q,, are constructed.

For a fixed n, let P € [0,1]"™ be the matrix of probabilities that two

nodes in the network form an edge,
P =E(Aj) = X;'L,,X;.

The adjacency matrix A can be thought of as a noisy observation of the
probability matrix P.

The aim is to construct Q,, in two steps by aligning the adjacency spectral
embedding X to the adjacency spectral embedding of the matrix P given by
Xp, before aligning Xp to the latent positions X. The first step is to find
W such that XWT ~ Xp. This is done by solving a one-mode orthogonal
Procrustes problem [69] to find an orthogonal matrix Q that best aligns the
left and right singular vectors of the matrices A and P,

W =argmin {|U - UpQlfz + ||V = VpQll7 },
Qe0(d)
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3.3. Asymptotic results

where || - |3 represents the Frobenius norm. The solution is given by W =

W, W, constructed using the singular value decomposition
UpU + VLV =W, IW, ,

when it can also be shown that W € O(p, q).

For the second step, note that XpI, ,Xp =P = XI, , X" meaning there
exists Qx € O(p, ¢) such that Xp = XQx. Together with the first step, this
gives XVVTQ;(1 ~ X which gives the matrix Q, = WTQ;(1 in Theorem 1
and 2.

The bulk of the two proofs revolves around quantifying the expression
XQn ~ X more precisely. After some matrix perturbation decompositions,

we arrive at the expression
n'3(XQ, — X) = n'?(A - P)X(X"X)7'I,, + n'/*RQ,,

where R € R™¢ is some residual matrix whose behaviour can be well-
controlled. Theorem 1 is obtained by bounding the two-to-infinity norm
of the right hand side [11], while Theorem 2 is obtained by applying the stan-
dard central limit theorem on each row of the matrix n'/2(A—P)X(X X)L,
More details can be found in the Appendix of Rubin-Delanchy et al. [60]. [

3.3.1 Stochastic block model asymptotic distribution

When showing that the stochastic block model is an instance of the gen-
eralised random dot product graph in Lemma 1, we considered the latent
positions

X; = (Xs)y, -

Under this construction, there are only K possible latent positions a node can
take. Theorem 1 and 2 show that the adjacency spectral embedding X; con-

verges to these K latent positions consistently with asymptotically Gaussian
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Chapter 3. Unweighted networks

error up to an indefinite orthogonal transformation Q. The covariance-valued
function ¥ (x) only needs to be computed for the K latent positions in X,

where we denote

¥ = 3((Xg), )

to be the covariance corresponding to community k.

From Theorem 1 and 2, the points QnXi have an approximate Gaus-
sian mixture model distribution with components Normal((Xg ), 3 /n) with
components probability 7. Since Q,, is a linear transformation, this implies
that the adjacency spectral embedding X also has an approximate Gaussian
mixture model distribution, which can be seen in Figure 3.1. This motivates
the choice of using a Gaussian mixture model to cluster points in an adjacency
spectral embedding to find community structure compared to an algorithm

that does not account for unequal and non-spherical cluster covariances.

In the remainder of this section, we show how the parameters of the
approximate Gaussian mixture model are computed for a stochastic block

model. For X ~ Fly, the second moment matrix is given by

=> ™ (Xs), (Xn),

k=1
= XLIIXp,

where IT = diag(mw) € RE*X is the diagonal matrix consisting of the commu-

nity assignment probabilities. To compute the covariance ¥ corresponding
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3.3. Asymptotic results

to latent position z = (XB)g, we need to compute the following expectation,
E[(z'LX)(1-2"L,,X)XX']

3. (X8 Lo (Xp)]) (1= (X)L (Xn)] ) (Xi)/ (Xn),

K

= Z T Bpre (1 — Bre) (XB)Z (XB),
=1

= XgIIA; X3,

where Ay, = diag(Bgi1(1—Byg1), ..., Brx (1 —Brk)) € REXK Recall that By,
is the mean of an edge between communities k& and ¢, meaning By,(1 — Byy)
is the corresponding variance term. Therefore, Ay is the diagonal matrix
with entries equal to the variances for edges involving community k. Piecing

these terms together gives the covariance matrix
¥ =1,,A7 (XA XE) A7, .

Example 9 (Two-community stochastic block model continued). We com-
pute the asymptotic Gaussian mixture model for the adjacency spectral em-
bedding of the two-community stochastic block model described in Exam-
ple 4. Firstly, the asymptotic distribution for the points Q,.X; is constructed
by computing the Gaussian components Normal((Xg ), £ /n) for each com-
munity. In this case Q, can be constructed since we know the matrix of
probabilities P used to generate the adjacency matrix A. Transformation by

Q., provides a Gaussian mixture model for the adjacency spectral embedding

A~

X.

Figure 3.4 shows the asymptotic distribution for the embedding X of the
stochastic block model. Points are coloured according to their community as-
signment Z;. The ellipses show the 95% contours of the asymptotic Gaussian

components, which fit the adjacency spectral embedding points well. <
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Two-community stochastic block model

embedding
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Figure 3.4: The embedding X of a two-community stochastic block model
into d = 2 dimensions. The points are coloured according to their true com-
munity assignment Z;. The ellipses show the 95% contours of the asymptotic

Gaussian components.

3.3.2 Mixed membership stochastic block model asymp-

totic distribution

When showing that the mixed membership stochastic block model is an in-
stance of the generalised random dot product graph in Lemma 2, we consid-

ered the latent positions

K
X; = Z Tik (XB);—
k=1

There are now infinitely many latent positions to consider within X, the
simplex with corners given by the latent positions (XB)1 ,...,(XB)[T(. To

describe the asymptotic distribution of the adjacency spectral embedding,
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3.3. Asymptotic results

we need to be able to compute the covariance structure for any point in the
simplex.

To do this, we need to know how nodes are assigned their probability
distribution F; over the K possible communities. In Definition 4 for the
mixed membership stochastic block model, no assumption was made about
these distributions. Often the probability masses for the distributions F; are
sampled from a Dirichlet distribution with parameter a, part of the original

definition of a mixed membership stochastic block model [3],
7 = (T, o, TiK) £y Dirichlet(ax).

The distribution Fly over the simplex X is defined inheriting this distribution;
if 7v ~ Dirichlet(ex), then X = S m (Xg), ~ Fx.

For p = (p1...,pr) € RE in the standard simplex where p, > 0 and
SF k=1, we compute the covariance X(z) for z = Sr | p (Xg), € X.
This is more involved than the corresponding calculation for the stochastic
block model as it requires the moments of the Dirichlet distribution. For

B = (01,...,0K), these can be neatly expressed using the gamma function,

o) - DO ) Dlent B
’ (lcll ' > TS e+ Be) : i Dlaw)

Using these moments, the second moment matrix is given by

A=FEXXT")
K

- Z E(myme) (XB), (Xa),

- (Z ar(ar +1) (Xp), (Xp), + Y arar (X)), (XB)e)

ap(ag + 1) oy
1

_ T (3 T
= alon T 1)XB (diag(a) + a'a) Xp
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Chapter 3. Unweighted networks

For X = Y 7 (Xg), € &, the indefinite inner product is given by

K

xTIpqu = Z PEme (XB) Ipg (XB);r
k=1

K
= Z PreTeBie.

k=1

Finally, using this, the expectation in the covariance term is given by

E [(xTIp,qX> (1 - ITIp,qX) XXT}

(Z PkWBke> (1 - Z PkWBke> (Z TETe (XB); (XB)5>]

k,t=1 k=1 k=1

=K

There is not much insight to be gained by continuing this calculation; it is a
complicated expression involving the third and fourth moments of the Dirich-
let distribution. However, it gives some indication about how the calculation
of 3(z) can be performed on a computer, combining this equation with the

second moment matrix A, as shown in the following example.

Example 10 (Three-community mixed membership stochastic block model
continued). We compute the asymptotic distribution for the adjacency spec-
tral embedding of the three-community mixed membership stochastic block
model described in Example 5. To visualise this, we aim to find the asymp-
totic distribution for the points at the corners of the simplex, which corre-
spond to a node where all the probability mass in F; is assigned to a single
community. These are constructed using the equations above then trans-
formed using the Q,, from Theorem 1 and 2 to get the asymptotic distribution
for the adjacency spectral embedding X at those positions.

Figure 3.5 shows the embedding X of the mixed membership stochastic
block model. Points are coloured a mixture of red, blue and green according

to their probability distribution F; over the communities. The solid black
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3.3. Asymptotic results

triangle represents the simplex X after transformation by Q! corresponding
to the points p = (1,0,0), (0,1,0) and (0,0, 1) in the standard simplex. The
ellipses show the 95% contours of the asymptotic Gaussian distribution at

the corners of this transformed simplex.

Three-community mixed membership
stochastic block model embedding

0.4

0.2 A

0.0 A

—-0.2 1

-0.4

-0.55 -0.50 —-0.45 -0.40 -0.35 -0.30 -0.25

s+ Community 1 = Community 2
« Community 3

Figure 3.5: The embedding X of a three-community mixed membership
stochastic block model. The points are coloured a mixture of red (triangle),
blue (square) and green (circle) according to their probability distribution F;
over the communities. The lines show the transformed simplex X and the
ellipses show the 95% contours of the asymptotic Gaussian components at

the corners of the simplex.

Given the choice of Dirichlet distribution parameter o = (0.2,0.2,0.2),
many points in the embedding, shown by red triangles, blue squares and
green circles, are very close to the simplex corners. These points fit the

asymptotic distributions particularly well. <
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Chapter 3. Unweighted networks

3.3.3 Degree-corrected stochastic block model asymp-

totic distribution

When showing that the degree-corrected stochastic block model is an instance
of the generalised random dot product graph in Lemma 2, we considered the
latent positions

X;=w; (Xs)y, .
Recall that the distribution Fy is defined such that, for X ~ Fly,

X =Wy (Xg),,

where Z ~ F and Wy, ~ Gy for k =1,..., K. Using E¢(-) to denote expecta-
tion with respect to the distribution GGy, we can compute the second moment

matrix,

= _mE(W}) (Xs); (Xs),

= XL Xp,

where T' = diag(E,(W3),...,Ex(W%)) € REXE is the diagonal matrix of
second moments for the weight parameter for each community. To compute
the covariance X(z) for z = w (XB)g € X, we need to compute the following
expectation,

E (21 X) (1 - 21, X) XX]

K

Z [ngBke(l — wW,;Br)WE (Xs), (XB)Z}

K
Z [WE(W¢)Bre — w’E(W)BE ] (Xa), (Xn),

=1

XgHAk( )Xg,
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3.3. Asymptotic results

where Ay (w) € RE*K is the diagonal matrix where (Ay(w))e = wE (W) Byo—
w?Ey(W})B2,. The asymptotic covariance () can be calculated by com-

bining this equation with the second moment matrix A.

Example 11 (Two-community degree-corrected stochastic block model con-
tinued). We compute the asymptotic distribution for the adjacency spectral
embedding of the two-community degree-corrected stochastic block model
described in Example 7. These are constructed using the equations above
then transformed using the Q,, from Theorem 1 and 2 to get the asymptotic
distribution for the adjacency spectral embedding X at those positions.
Figure 3.6 shows the embedding X of the stochastic block model. Points
are coloured according to their community assignment Z;. The solid black
lines represent the rays of latent positions X after transformation by Q.
The ellipses show the 95% contours of the asymptotic Gaussian distribu-
tion for two points along each ray for the two communities, z = w(Xg), for
w = 0.5 and w = 1. Given the form of Ag(w), the covariance ¥(z) tends to
get smaller as w gets closer to zero. This can be seen in Figure 3.6 where

points have smaller error closer to the origin. <
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Two-community degree-corrected
stochastic block model embedding
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Figure 3.6: The embedding X of a two-community degree-corrected stochas-
tic block model into d = 2 dimensions. The points are coloured according to
their true community assignment Z;. The lines show the transformed rays
of X and the ellipses show the 95% contours of the asymptotic Gaussian

components for latent positions corresponding to w = 0.5 and w = 1.
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Chapter 4

Weighted networks

In this chapter, we extend the generalised random dot product model to al-
low for weighted networks. This requires a new way of thinking as the latent
position now must encapsulate information about a family of distributions
rather than edge probabilities. This adds an extra layer of abstraction be-
tween the latent positions and an instance of a weighted generalised random
dot product graph, which must be included when linking this model to adja-
cency spectral embedding. The work was first published in Gallagher et al.
[21].

4.1 Weighted graph models

In order to model weighted networks, we need a collection of distributions

that can be used to generate the edge weights.

Definition 7 (Symmetric family of distributions). For a set Z, {H (21, 22) :
21,20 € Z} is a symmetric family of real-valued distributions, if H(zy, z3) is

a distribution on R for all 21, 29 € Z such that H(z1, 20) = H(29, 21).

The distributions in {H (21, 22) : 21,22 € Z} do not need to be from the
same parameter family of distributions, for example, it could contain both
discrete and continuous distributions. This allows for a lot of flexibility for
the weighted graph models introduced in the remainder of the chapter.

The adjacency spectral embedding of a weighted graph is encapsulated by

the mean and variance of the distributions in the family {H (21, 29) : 21, 22 €
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Chapter 4. Weighted networks

Z}, similar to how Theorem 1 and 2 rely on the mean and variance of the
Bernoulli distributions in the generalised random dot product graph. The
following example shows how the unweighted setting can be written using

this new notation.

Example 12 (Symmetric family of Bernoulli distributions). The family of
distributions used for the stochastic block model in Definition 3 is a symmet-

ric family of distributions over Z = {1,..., K}. For all 2,29 € Z,
H(z1, z2) = Bernoulli(B,,,,). <

In this section, the three versions of the stochastic block model described
in Section 3.1 are updated to allow for weighted edges. In each case, the
symmetric family of distributions are initially defined over a finite number
of latent positions Z = {1,..., K} and the mean and variance of the distri-
butions in the family {H(z1, 22) : 21,22 € Z} can be written in a convenient

manner.

Definition 8 (Block mean and variance matrices). For Z = {1,..., K} and a
symmetric family of distributions { H(z1, 20) : 21,22 € £}, denote B € RE*K
and C € ]Rf “K respectively as the block mean matriz and block variance
matriz, where, for X ~ H(k,(), By, = E(X) and Cy, = var(X), if those

moments exist.

4.1.1 Weighted stochastic block model

We define the most general version of the weighted stochastic block model.
Previous work has focused on weighted homogeneous stochastic block models
where there is a fixed behaviour for within community edges and between

community edges [35, 76] and labelled stochastic block models [29, 41].

Definition 9 (Weighted stochastic block model). Let Z = {1,..., K} be a
sample space with probability distribution F and { H(z1, 23) : 21,20 € Z} be a
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4.1. Weighted graph models

symmetric family of real-valued distributions. A symmetric matrix A € R™*"
is distributed as a weighted stochastic block model, it Z1, ..., Z, KF and, for
1< 7,

Ay | 7, 7, % H(Z:, Z)).

Unsurprisingly, given Example 12, the standard stochastic block model
from Definition 3 is also a weighted stochastic block model. In the same way
as before, given Z ~ F', we define w = (my,...,mg) where m, = P(Z = k) is
the probability a node is assigned to community k.

The sample space for this model is Z = {1,..., K} so we can compute
the block mean and variance matrices B and C using Definition 8. In the
standard stochastic block model, this definition returns the same mean block
matrix B previously defined as part of Definition 3. The success probability
p of a Bernoulli distribution is also the mean. We have also seen the variance
block matrix C previously appear when discussing the standard stochastic
block model. In Section 3.3.1, when calculating the asymptotic distribution
of the adjacency spectral embedding, the covariance term Xj involved the

variance of the Bernoulli distribution, Cgy = Bys(1 — Byy).

Example 13 (Two-community Poisson distribution stochastic block model).
Consider a weighted stochastic block model with two communities where ma-
trix entries are Poisson random variables. The symmetric family of distribu-

tions {H(z1, 22) : 21,22 € Z} is given by

Poisson(A;) if 21 = 2o,

Poisson(Ag) if 21 # 2o,

H(Zl, 2’2) =

where A\; # As.
We generate a weighted stochastic block model with n = 1000 nodes,

A1 = 0.5, A2 = 0.6 and a community assignment distribution F' such that

47



Chapter 4. Weighted networks

m = 1/2 and my = 1/2. The block mean and variance matrices are given by

g_ [ M M C= A Ae )
A2 A1 A2 A\

Figure 4.1 shows the embedding X of the weighted stochastic block model in
d = 2 dimensions. The points form two clusters based on their community

assignment Z;. <

Two-community Poisson stochastic
block model embedding
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Figure 4.1: The embedding X of a two-community weighted stochastic block
model into d = 2 dimensions. The points are coloured according to their true

community assignment Z;.

Example 14 (Two-community Gaussian distribution stochastic block model
with equal means). Consider a weighted stochastic block model with two
communities where matrix entries are Gaussian random variables with sym-

metric family of distributions {H (21, 22) : 21, 22 € £}, where

H(z1, 22) = Normal(1, o

zlzz)
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The mean of the distributions are the same regardless of the community
assignments, only the variance changes. In this example, B is equal to the
all-one matrix and rank(B) = 1.

We generate a weighted stochastic block model with n = 1000 nodes,
02, =2if k=1,£=1, and 0}, = 1 otherwise, with community assignment
distribution F' such that m; = 1/2 and m = 1/2. Figure 4.2 shows the
embedding X of the weighted stochastic block model in d = 1 dimensions,
the rank of the block mean matrix. The empirical distributions for the two
communities are approximately centred around -1.0 but the variances are
different; the embedding for nodes with Z; = 1 having a larger variance

compared to the embedding for nodes with Z; = 2.

Two-community Gaussian stochastic
block model embedding

N
L

‘4“' ad
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A a
?AA‘

Community assignment, Z;
-

-1.10 -1.05 -1.00 -0.95 -0.90

Figure 4.2: The embedding X of a two-community weighted stochastic block
model into d = 1 dimensions. The violin plot show the empirical distribution
of the points separated by their true community assignment Z;. A sample
of 200 jittered points are shown coloured according to their true community

assignment Z;.
Suppose we did not know the true community assignment of the nodes
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within the graph. While it is not possible to separate the nodes into two
clusters, fitting a Gaussian mixture model would identify the embedding as
a mixture of two components. Points in the tail of the distribution are more
likely to correspond to one community than the other, one can at least achieve

better-than-random community recovery. <

4.1.2 Weighted mixed membership stochastic block model

Creating a weighted version of the mixed membership stochastic block model
follows the same procedure as creating a weighted version of the stochastic
block model.

Definition 10 (Weighted mixed membership stochastic block model). Let
Z = {1,...,K} be a sample space with probability distribution F and
{H(z1, 22) : 21, 22 € Z} be a symmetric family of real-valued distributions. A
symmetric matrix A € R™" is distributed as a weighted mixed membership

stochastic block model, if Z;_,; nd F; and, for i < j,

ind
Aij | Zissj, Zjsi ~ H(Zisj, Zjsi)-
As with the standard mixed membership stochastic block model, given
Z; ~ F;, we define m; = (m,...,mk), where my, = P(Z; = k) is the proba-

bility a node is assigned to community k.

4.1.3 Zero-inflated stochastic block model

The degree-corrected stochastic block model extends the stochastic block
model by introducing a node-specific weight parameter w; which represents
their activity. With probability w;w;, both nodes are willing to form an edge,
in which case, an edge is sampled using the stochastic block model.

The zero-inflated stochastic block model applies this interpretation to

the weighted stochastic block model. Rather than the weight parameter w;
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adjusting the parameters within the distribution, it models the probability
that an edge is made. If both endpoints are willing to form an edge, one
is sampled using the distribution in the weighted stochastic block model,
otherwise the edge weight is zero representing no connection.

Given a distribution F' and probability 7, the zero-inflated distribution

is defined as the following mixture distribution,
(1 —m)dy + F,

where dq is the delta distribution that places all its probability mass at zero.
If X is a random variable with this zero-inflated distribution, then with
probability 7, X is sampled from F', and with probability 1 —m, X is sampled
from 6y and X = 0. Note that this is not saying that P(X =0) =1 — 7 as

there is a chance that the distribution F' could also set X to zero.

Definition 11 (Zero-inflated stochastic block model). Let Z = {1,..., K}
be a sample space with probability distribution F, and let G, k € Z be
a collection of probability distributions on the interval (0, 1]. A symmetric
matrix A € R™" is distributed as a weighted zero-inflated stochastic block

model, if Z1,...,7Z, N E and, for i < 7,

Ay | wi,wy, Ziy Z; % (1 — wiwy)o + wiw; H(Zi, Z),

ind . . .
where w; | Z; ~ Gz, is a node-specific weight parameter.

Given Z ~ F| we define w = (m,...,7x) where my = P(Z = k) is the

probability a node is assigned to community k.

Example 15 (Zero-inflated Bernoulli distribution stochastic block model).
In this example, we show that the zero-inflated stochastic block model is an
extension of the standard degree-corrected stochastic block model. Consider

a zero-inflated stochastic block model where matrix entries are Bernoulli
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random variables with the symmetric family of distributions {H (z1, 2z2) :
21,29 € Z}, where

H(z1, 2z2) = Bernoulli(B,, ,,).
In this case, the probability of an edge between nodes 7 and j in the zero-

inflated stochastic block model is given by
This is the probability of an edge in the degree-corrected stochastic block
model with the same weights meaning the two models are identical. <

Example 16 (Two-community zero-inflated Poisson distribution stochastic
block model). Consider a zero-inflated stochastic block model with two com-
munities where matrix entries are Poisson random variables. The symmetric

family of distributions {H (21, 22) : 21, 22 € £} is given by

Poisson(A) if 23 = 29,

Poisson(Ag) if 21 # 29,

H(Zl, ZQ) =

where A\ # Ao.

We generate a zero-inflated stochastic block model with n = 1000 nodes,
A1 = 0.5, A = 1.0 and a community assignment distribution F' such that
m = 1/2 and m, = 1/2. Each node is independently assigned a weight
parameter w; £ Beta(2,2). Figure 4.3 shows the embedding X of the zero-
inflated stochastic block model in d = 2 dimensions. The points form two

rays starting from the origin based on their community assignment Z;. <

4.2 Weighted generalised random dot prod-
uct graph

First, we make an assumption about the means of the symmetric family
of distributions {H (21, 22) : 21,22 € Z}, akin to the form of the Bernoulli
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Two-community Poisson zero-inflated
stochastic block model embedding
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Figure 4.3: The embedding X of a two-community weighted stochastic block
model into d = 2 dimensions. The points are coloured according to their true

community assignment Z;.

probability given in Definition 6 for the generalised random dot product

graph.

Assumption 2 (Low-rank expectation). Given a symmetric family of real-
valued distributions {H (21, z3) : 21, 20 € Z}, there exists a map ¢ : Z — R?
such that, for all 21,20 € Z,if X ~ H(z1, 22), then

E(X) = ¢(21)T1p,q¢(22)-

This low-rank assumption is not a major constraint on our graph model
as, from a practical view point, many real-world networks are observed to
have low rank [71]. A generalised version of Mercer’s theorem [48] shows that
it is always possible to at least construct a possibly infinite-dimensional map

¢. In the case where ¢ is infinite-dimensional, it can be shown for unweighted
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Chapter 4. Weighted networks

networks that the latent positions ¢(Z) often live in a low-dimensional man-
ifold in infinite-dimensional space [59]. For weighted networks different rep-
resentations of the edge weights (introduced in Section 5.2) can produce
embeddings into a different number of dimensions, potentially converting a
network into one where Assumption 2 is satisfied.

Note that the map ¢ is not unique. Given a valid map, it is possible to
create a new map ¢'(z) = Qo¢(z) for Q € O(p,q) such that Assumption 2

remains satisfied.

Definition 12 (Weighted generalised random dot product graph). Let Z be
a sample space with probability distribution F' and { H(z1, z3) : 21,20 € Z} be
a symmetric family of real-valued distributions satisfying Assumption 2. A
symmetric matrix A € R"*" is distributed as a weighted generalised random
dot product graph with signature (p,q), if Z1,..., 2, SF and, for i < j,

ind

The map ¢ in Assumption 2 is key to understanding the adjacency spec-
tral embedding of a weighted generalised random dot product graph. In
Section 4.3, we show that the adjacency spectral embedding X; only allows
inference about the value ¢(Z;) rather than the latent position Z; directly.

The three versions of the weighted stochastic block model defined in Sec-
tion 4.1 are examples of the weighted generalised random dot product graph.
As with the generalised random dot product graph, each example uses the
adjacency spectral embedding of the block mean matrix B € RE*X. If B
has signature (p, ), then the embedding dimension is given by the rank of

the block mean matrix rank(B) = p + ¢ = d.

4.2.1 Weighted stochastic block model

Lemma 4. The weighted stochastic block model is an instance of the weighted

generalised random dot product graph.
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4.2. Weighted generalised random dot product graph

Proof. Since the conditional distribution of A;; under the weighted stochastic
block model is already of the right form, all that is required is to show that
Assumption 2 is satisfied. Define the map ¢ : Z — R¢ using the rows of the
adjacency spectral embedding Xg,

$(Z) = (Xs)z,
Using the signature (p, ¢) of the block mean matrix B,

¢(Zi)TIp7q¢(Zj) = (XB)ZiIILQ(XB);j

= Byz,z

Therefore, Assumption 2 is satisfied. ]

Note that, unlike for the standard stochastic block model, it is possible for
two distinct communities to have the same latent positions, ¢(Z;) = ¢(Z;) for
Z; # Z;. Two communities can have the same rows in the block mean matrix

B but have different distribution, something we observe in Example 14.

4.2.2 Weighted mixed membership stochastic block model

Lemma 5. The weighted mixed membership stochastic block model is an

instance of the weighted generalised random dot product graph.

Proof. This proof finds a new sample space Z’ and a family of real-valued dis-
tributions {H'(z1, 22) : 21, 20 € Z} satisfying the conditions in Definition 12.
Let Z’ be the standard (K — 1)-dimensional simplex,

K
Z’:{z:(zl,...,zK)ERK:szzl;szO},

k=1
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Chapter 4. Weighted networks

and let {H'(z1, 22) : 21, 22 € Z'} be the symmetric family of mixture distribu-
tions using the distributions from the weighted mixed membership stochastic

block model,
K

H'(z1,22) = Z zipzocH (K, 0).
k=1

This converts the weighted mixed membership stochastic block model into
the form of the weighted generalised random dot product graph. Finally, to
show Assumption 2 is satisfied, define the map ¢ : Z' — R?,

K
=Y zl(Xs)l
k=1

Using the adjacency spectral embedding and signature (p,q) of the block

mean matrix B,

MN

X

=
H,_/

'GH B

Q
—

(]~

2

B
——

0(Z) ' 1,40(Z;) {

k=1 =1
K
Z ZikZjeBre
Z:
— (A, | 2, 7). 0

This proof differs from the corresponding proof for the standard mixed
membership stochastic block model by constructing a new sample space
Z" and symmetric family of distribution {H'(z1,22) : 21,29 € Z'} for the
weighted generalised random dot product graph. Naturally, this approach
can also be used to prove Lemma 2, but for Bernoulli distributions it is easy
to show the edge probabilities are identical under both models. By construct-
ing the necessary sample space Z’ for the weighted generalised random dot
product graph, we explicitly describe the simplex of latent positions we see

in the adjacency spectral embedding.
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4.3. Asymptotic results

4.2.3 Zero-inflated stochastic block model

Lemma 6. The zero-inflated stochastic block model is an instance of the

weighted generalised random dot product graph.

Proof. Define a new latent space 2’ = (0,1] x Z where z, = (w;, z;), with
probability distribution F” constructed using the distribution F' for the orig-
inal latent space Z and the distributions Gy for the weight parameters in
each community. Let {H'(z1,2}) : 21,25 € Z'} be the symmetric family of

real-valued distributions such that
H'(21,25) = (1 — wywg)dg + wiwe H (21, 22).
To show Assumption 2 is satisfied, define the map ¢ : Z’ — R,
#(Z)) = wi(Xg)g,-
Using the signature (p, q) of the block mean matrix B,
NT / T T T
O(Z) 1,06(2) = {wi (X, } T {w; (Xp)}, |

= ’IUZ"LUjBM

—E(Ay | Z,.2). =

As with the weighted mixed membership stochastic block model, by con-
structing the sample space Z’ we explicitly describe the rays of latent posi-

tions we see in the adjacency spectral embedding.

4.3 Asymptotic results

This section describes how the adjacency spectral embedding for each node

X; is connected to the latent position of the generalised random dot product
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Chapter 4. Weighted networks

graph Z;. As hinted to previously, the embedding X; can only hope to esti-
mate ¢(Z;) rather than the latent position Z; directly, and this statement is
formalised here. Once again, the adjacency spectral embedding X, this time
can only estimate the latent position ¢(Z;) up to some unknown transfor-
mation by Q € O(p, ¢), which needs to be incorporated into the asymptotic
theory. As with the generalised random dot product graph, there are two
types of statistical results here. The first is that the adjacency spectral em-
bedding is uniform consistent meaning that the largest difference between
¢(Z;) and its estimate QX for all nodes tends to zero with high probability.
The second is a central limit theorem that shows this convergence is with an
asymptotically Gaussian error.

In order to obtain these convergence results, we need to make an assump-
tion that the weighted generalised random dot product graph is sensibly
defined.

Assumption 3 (Minimal dimensionality). For Z ~ F, the second moment
matrix A = E [¢(Z)$(Z) "] has full rank d.

This is playing the same role as Assumption 1 for the generalised random
dot product graph. Rather than assuming that the latent positions Z; are
sensibly chosen, instead the responsibility is being placed on the choice of
map ¢ : Z — R? Assumption 3 ensures that the dimension d for the map
has been defined economically. If A is not full rank d, then it is possible
to find a new map ¢ : Z — R¥ also satisfying Assumption 2 with smaller
dimension d' < d such that the resulting second moment matrix A’ € R¥*?
is full rank.

The following two assumptions are related to the distributions in the sym-
metric family of distributions {H (21, 22) : 21, 22 € Z}. This ensures the edge

weights in the network are suitably well-behaved to allow for convergence.
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4.3. Asymptotic results

Assumption 4 (Bounded expectation). There exists universal constants
a,b € R such that, for all 21,2, € Z, if X ~ H(z, 29) then

E(X) = ¢(21)T1p,q¢(22) S [av b]'

Assumption 5 (Exponential tails). There exists universal constants o > 0
and 3, > 0 for each p € R, such that, for all 21,20 € Z, if X ~ H(z1,22)
then

P(|X| > B,1log™t) <t”.

Of the two, Assumption 5 is the more restrictive insisting that the tails
of the distributions are not too large. This trivially holds for bounded dis-
tributions like the Bernoulli and beta distribution. Many other commonly
used distributions satisfy this condition such as the Gaussian and Poisson
distributions. For example, for the exponential distribution X ~ Exp(\),
P(X > x) = e for z > 0. Therefore,

P(X > glogt) —

meaning the exponential distribution with parameter A\ satisfies Assump-
tion 5 with « =1 and 8, = p/A\.

The following two theorems were first stated and proved in my paper
Gallagher et al. [21]. We provide a sketch proof highlighting the main ideas

of the results.

Theorem 3 (Weighted adjacency spectral embedding uniform consistency).
Let A be an instance of a weighted generalised random dot product graph.
There exists a sequence of matrices Q,, € O(p, ¢) such that

P
max — 0.

ie{l,...,n}

QK — 0(2)
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Chapter 4. Weighted networks

Theorem 4 (Weighted adjacency spectral embedding central limit theorem).
Let A be an instance of a weighted generalised random dot product graph.

Given z € Z, define the covariance-valued function
$(z) =L, ATE [v(z, 2)¢(2)¢(2) '] AT,

where v(z1, 29) is the variance of the distribution H(z1, 25) and Z ~ F. Then,

there exists a sequence of matrices Q,, € O(p, ¢) such that, for all x € R?,
P (/2 (QuXi— 6(2)) <x| Zi=2) > & (x,2(2)).

The proofs also provide the convergence rate for the uniform consistency,
which are also a function of the constant o in Assumption 5 [21]. These
two results are very similar in nature to Theorem 1 and 2 for the generalised
random dot product graph. In the weighted versions of these theorems,
the quantity ¢(Z;) is now playing the role of X;. The adjacency spectral
embedding X, estimates ¢(Z;) rather than the latent position Z; directly, and
only up to an indefinite orthogonal transformation Q,. In the unweighted
case, the latent positions X; in the generalised random dot product graph
are purposely chosen so there is no need to include a map ¢ : X — R%.

To show that the asymptotic theorems for the generalised random dot
product graph are a special case of these given in Theorem 3 and 4, we need
to show that all the necessary assumptions hold for the symmetric family of
distributions {H (z1,x2) : x1, 12 € X'},

H(zq,x9) = Bernoulli(B,, 4, )-

Assumption 2 about the low-rank expectation is built into the generalised
random dot product graph as the mean of a Bernoulli distribution for A;;
was explicitly written as X, I, ,X;. This also explains why there is no map ¢

present in those results; it is equal to the identity map and we can equate X;
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4.3. Asymptotic results

and ¢(Z;) in these equations. Knowing that ¢ is the identity map, Assump-
tion 3 about minimal dimensionality is precisely the same as Assumption 1
required for the unweighted results. Assumptions 4 and 5 trivially hold as a
Bernoulli random variable is bounded by [0, 1].

Finally, given the symmetric family of Bernoulli distributions and the
low-rank expectation assumption, the variance function for xy,2, € X is
given by

v(z1,@2) = (21 Lygwa) (1 — {1, 472) .

Therefore, the variance term in Theorem 2 is equal to the weighted version
in Theorem 4.

The proofs of Theorem 3 and 4 are largely identical to those for the
generalised random dot product model but we include a sketch proof to

highlight the key areas where extra work is required.

Sketch proof. For a fixed n, let P € [a, b]"*" be the matrix of expected edge
weights in the network using Assumption 4 to bound the entries of this

matrix. By Assumption 3 the entries can be written as
Pz’j = E(Al]) = ¢(Zi)TIp,q¢(Zj>a

and the weighted adjacency matrix A can be thought of as a noisy observation
of the matrix P.

The matrix Q,, is then constructed in exactly the same way as before. An
orthogonal Procrustes problem is solved to align the adjacency spectral em-
bedding X and Xp, so XW ' ~ Xp for some W € O(p, q). The embedding
Xp is then aligned to the matrix consisting of the latent positions ¢(Z;),

X = (¢(Z)) |+ | 6(Z,))" € R,

so that Xp = XQx for some Qx € O(p,q). This results in the expression
XWTQx! = X when Q, = W'Qx! in Theorem 3 and 4.
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Again the main part of the proof resolves around the matrix perturbation
n'2(XQ, — X) = n**(A - P)X(X" X)L, + n'/*RQ,,

for some residual matrix R € R™ . This time controlling the behaviour of
the right hand side is more involved as the difference A — P now depends
on the edge weight distributions, which is where Assumption 4 and 5 are
required. More details can be found in the Appendix of Gallagher et al.
[21]. O

4.3.1 Weighted stochastic block model asymptotic dis-

tribution

To show that the weighted stochastic block model is an instance of the
weighted generalised random dot product graph in Lemma 4, we considered

the latent position map
#(Zi) = (Xg) g,

Due to the similarity of these positions to the unweighted stochastic block
model much of the asymptotic distribution calculations remain unchanged.
The function ¥(z) needs to be evaluated for the K latent positions in Z,
3 = X(p(k)). For Z ~ F, the second moment matrix is given by

where IT = diag(mw) € RE*K is the diagonal matrix consisting of the com-

munity assignment probabilities. The covariance for community & is given
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S =L, ATE [v(k, 2)6(Z)6(2) ] AT,

K
= IJMA_1 {Z T Cre (XB)ZT (XB)Z} A_llp,q

/=1
=1, A" XETIA XgA 'L,

where A, = diag((C);) € RE*EK is the diagonal matrix consisting of the row

of the block variance matrix corresponding to community k.

Example 17 (Two-community Poisson distribution stochastic block model
continued). Figure 4.4 shows the asymptotic distribution for the embedding
X of the Poisson distribution stochastic block model from Example 13. Q,,
can be constructed since we know the matrix of expected values P for the
distributions used to generate the adjacency matrix A. The asymptotic
distribution is constructed using the equations above then transformed using
Q,, from Theorem 3 and 4 to get the asymptotic distribution for the adjacency
spectral embedding X at those positions. Points are coloured according to
their community assignment Z;. The ellipses show the 95% contours of the

asymptotic Gaussian components. d

Example 18 (Two-community Gaussian distribution stochastic block model
with equal means continued). We compute the asymptotic distribution for
the embedding X of the Gaussian distribution stochastic block model from
Example 14. Computing the adjacency spectral embedding of the block
mean matrix B gives ¢(Z;) = 1 for both Z; = 1 and Z; = 2. The asymptotic
distributions differ in the variance terms; 3; = 1.5 and 35 = 1.0, which

match the observed variances when normalised by n = 1000. <
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Two-community Poisson stochastic
block model embedding
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Figure 4.4: The embedding X of a two-community weighted stochastic block
model into d = 2 dimensions. The points are coloured according to their
true community assignment Z;. The ellipses show the 95% contours of the

asymptotic Gaussian components.

4.3.2 Weighted mixed membership and zero-inflated

stochastic block model asymptotic distribution

Section 4.3.1 showed how the asymptotic distribution calculation changed
when going from the generalised stochastic block model to the weighted
version. Similarly, the calculations for the mixed membership and degree-
corrected stochastic block model in Sections 3.3.2 and 3.3.3 do not change
meaningfully when converted to their weighted versions so we conclude with

an example.

Example 19 (Two-community zero-inflated Poisson distribution stochastic

block model continued). Figure 4.5 shows the embedding X of the zero-
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inflated stochastic block model from Example 16. Points are coloured ac-
cording to their community assignment Z;. The solid black lines represent
the rays of latent positions X after transformation using Q,, and the ellipses
show the 95% contours of the asymptotic Gaussian components for latent

positions corresponding to w = 0.5 and w = 1. <

Two-community Poisson zero-inflated
stochastic block model embedding

0.8

0.6

0.4 1

0.2 4

0.0 A

-0.2 1

—0.4 4

—0.6 1
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Figure 4.5: The embedding X of a two-community weighted zero-inflated
stochastic block model into d = 2 dimensions. The points are coloured
according to their true community assignment Z;. The lines show the trans-
formed rays of X and the ellipses show the 95% contours of the asymptotic
Gaussian components for latent positions corresponding to w = 0.5 and

w=1.
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Chapter 5

Embedding comparison

In this chapter we discuss how to compare different spectral embeddings.
For example, in a stochastic block model, we may wish for the embedding
to create the best separation of the different communities in the network.
We begin by motivating the use of Chernoff information commonly used as a
method for comparing embeddings [68, 10, 57]. We show how this metric can
be used to compare different embeddings of a weighted network where the
entries in the adjacency matrix have been transformed by some entry-wise
function and explain what benefits this may have. The latter part of this
work was first published in Gallagher et al. [21].

The following example shows the danger of using standard clustering

algorithms to evaluate the quality of a spectral embedding.

Example 20 (Stochastic block model community recovery). Consider a

stochastic block model with two communities with block mean matrix

0.10 0.12

B = ,

0.12 0.05
and a distribution F' that assigns equal probability to the two communities;
m = 1/2 and m = 1/2. We generate a stochastic block model with n = 1000
nodes and perform adjacency spectral embedding into d = 2 dimensions.

Suppose we did not know the community assignment of the nodes within

the graph. Knowing the asymptotic distribution of the embedding from The-

orem 2, we fit a Gaussian mixture model using the sklearn machine learning

package for Python with two communities and unequal, non-spherical co-
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variance matrices. This correctly classifies all but two of the data points, an
accuracy of 99.8%.

Alternatively, we can use another clustering algorithm such as k-means
also available in the sklearn package. Figure 5.1a shows the embedding X of
the stochastic block model where points are now coloured according to their
k-means cluster assignment, while the ellipses show the 95% contours of
the asymptotic Gaussian components. Using k-means performs only slightly
worse correctly classifying all but six of the data points, an accuracy of 99.4%,
which is comparable to the Gaussian mixture model although there are a few

noticeable misclassifications.

a) Two-community stochastic block model b) Two-community stochastic block model

embedding embedding transformed
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Figure 5.1: The embedding X of a two-community stochastic block model
into d = 2 dimensions, a) unaltered and b) transformed by Q € O(p,q).
The points are coloured according to their k-means cluster assignment. The

ellipses show the 95% contours of the asymptotic Gaussian components.

However, since the signature of the block mean matrix B is (1,1), any

transformation of the embedding by Q € O(1,1) is also a valid embedding
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of the network. Figure 5.1b shows the embedding X after transformation by
one such matrix Q chosen to elongate the two clusters. This has no effect
on fitting a Gaussian mixture model with unequal, non-spherical covariance
matrices; the accuracy remains at 99.8%. However, the transformation does
have an effect on the k-means output, which misclassifies 38 of the data
points, an accuracy of only 96.2%. This highlights the issue that any metric
chosen to evaluate the quality of an adjacency spectral embedding will need

to be invariant under transformation by Q € O(p, q). <

Even in this example there is another issue with using classification ac-
curacy as a measure of the quality of a spectral embedding. As the number
of nodes tends to infinity, the community clusters will separate more due to
the smaller covariance in the central limit theorems, Theorem 2 and Theo-
rem 4. A worse representation of the data will eventually be just as good at

separating points as the number of nodes increase.

5.1 Chernoff information

In this section, we introduce Chernoff information, a commonly used method

for evaluating the spectral embedding of a stochastic block model [68, 10, 57].

Definition 13 (Chernoff information). Let F; and F be continuous mul-
tivariate distributions on R¢ with density functions f; and f, respectively.
The Chernoff information [14] is defined by

Cri, 1) = suwp {~tog [ At @) as).
te(0,1)
When given three or more distributions, one reports the Chernoff information

of the critical pair, ming, C(F}, Fy).

To understand why we use Chernoff information, we follow Nielsen [52].

Consider a classification task between two classes C; and C5 with density
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functions f; and f5 respectively where an observation x is drawn from the
mixture distribution f(x) = P(C})fi(z) + P(Cy) f2(x). The probability of

that observation being from either class is given by Bayes’ theorem,

P(Cy) fi
p(C | 2y — POLG)
/()
The Bayes decision rule under a 0-1 loss function assigns the observation x
to its most likely class, that is, x is assigned to class C; if P(Cy)fi(x) >
P(Cs) fo(z) and to class Cy otherwise. The Bayes decision rule minimises the

average probability of a misclassification,

_ / min{P(Cy | 2),P(Cy | 2)}f(z) da

the probability that an observation from C} is assigned as Csy and wice versa.
Given a set of observations, this is the limit of the observed average mis-
classification error. To create an upper bound for the error, observe that
min(a,b) < a'b'~ for all ¢t € (0,1), so

E< inf P C’l Cg /f1 x)dzrdz

te(0,1)

— P(Cl) (02)1 t* C(F1,F») ’

where t* € (0,1) is the value that gives the smallest upper bound. In sum-
mary, the Chernoff information is the exponential rate of an upper bound for
the average misclassification error.

The Chernoff information is invariant up to invertible transformations
[16]. In particular, it is invariant to indefinite orthogonal transformations
Q € O(p, ¢) meaning that it is suitable to use for adjacency spectral embed-
dings.

Example 21 (Chernoff information of Gaussian distributions). Consider

the multivariate Gaussian distributions F; = Normal(p,3;) and Fy, =
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Normal(ps, 39) with probability density functions,

| 1 T 1
fi(x) = mexp {—§(X — i) Bi( Hz)} :

The integral in the Chernoff information can be evaluated by rewriting it as
the probability density function of another multivariate Gaussian distribu-
tion. The Chernoff information C(Fy, F3) is given by [52]

t(1—1) T . 1 det(X(1))
- 3(t — po)=1
t:gl?l) B (1 — p2) X(t) (1 I~L2)2 og det(1)1—t det () |
where 3(t) = (1 — )X + t3s. <

5.1.1 Stochastic block model Chernoff information

The larger the Chernoff information, the easier it is to distinguish the two dis-
tributions. For both the standard and weighted stochastic block model, The-
orem 3 and 4 state that the asymptotic distribution for the adjacency spec-
tral embedding for community & is Normal((Xg)g, £x/n). In Section 4.3.1

we derived the following expression for the asymptotic covariance,
¥ =L, A XEIIA XA, ,

where A = XLIIXp € R¥? is the second moment matrix, IT = diag(m) €
RE*K g the diagonal matrix consisting of the community assignment proba-
bilities, and A, = diag(C;,) € RE*K is the diagonal matrix consisting of the
row of the block variance matrix corresponding to community k.

The covariance term is getting smaller as the number of nodes n tends
to infinity making separating any pair of communities easier, so we want
to know how the Chernoff information improves with n. For communities
k and ¢, the first term in the supremum of the Chernoff information from
Example 21 is given by

nt(1 —t)

5 {(Xe)r — (XB)e} Sue(®) " {(Xp)r — (X)),
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where Xg(t) = (1 — ¢)3) + tX,. This term is linear in n, while the second

term

L det(S(1)
27 det(Z)) 1t det ()t

is independent of n as contributions from the top and bottom of the fraction

cancel. This motivates the following definition for the size-adjusted Chernoff
information that explains how the Chernoff information in a stochastic block

model grows as n tends to infinity.

Definition 14 (Size-adjusted Chernoff information). The size-adjusted Cher-
noff information for the adjacency spectral embedding of a stochastic block

model is

C = min sup =1 {(XB)r — (XB)Z}T See(t) " {(XB)k — (XB)e} | |

k#L te(0,1) 2
where X (t) = (1 — )2 + tX,.

This definition of size-adjusted Chernoff information is related to the idea
of Chernoff information ratios [56]. In this work, the authors compare the
ratio of two Chernoff information terms as n tends to infinite. By focusing on
the contribution of the term linear in n, the size-adjusted Chernoff informa-
tion captures the most relevant part for a single embedding without having
to immediately compare it against another embedding.

The following lemma shows how the expression can be simplified for the
stochastic block model. This is a new contribution to be included in a revision
for Gallagher et al. [21].

Lemma 7. For a K-community stochastic block model with full rank mean

block matrix, rank(B) = K, the size-adjusted Chernoff information is

t(l—t
C = min sup ( )
K20 4e(0,1) 2

{(ek — eg)TBHAkg(t)ilB(ek — eg>} s

where e, € RX is the standard basis vector with one in position k, and zero
elsewhere, and Age(t) = (1 — t)Ay + tA,.
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This is a vast simplification when B is full rank. Rather than having to
compute the spectral embedding Xg and the second moment matrix A, the
size-adjusted Chernoff information can be expressed directly in terms of the
block mean and variance matrices B and C. This makes the optimisation

steps in the calculation much more manageable.

Proof. If D € RE*K ig full rank, then for Y € RE*4  the following matrix
inequality holds [46],

Y (Y DY) YT <D,

where M > 0 means that M is a positive semi-definite matrix. However, in
the case where D and X € RX*K are full rank, then the two sides of this
inequality are equal,

X (X'DX)'XT=D".

If the block mean matrix B is full rank, this implies that the adjacency
spectral embedding Xp is also full rank. Since B = Xgl, ,Xg, this means
rank(B) < rank(Xg) implying rank(Xp) = K when rank(B) = K.
Using this matrix equality and the expression for A, we have
_ _ _ ~1
See(t) ! = (L AT XEIMA (1) X AL, )
-1
=1, XpIIXp (XgHA(t)Xs)  XpIIXgL,,
=1L, XA (t) ' XgL,,
Substituting this expression into the objective function in the size-adjusted

Chernoff information gives

{(Xe)r — (X)e} Sue(t) ™ {(Xe)r — (X)e}
= (er —ey) XL, XgITA (1) ' XL, Xg(er — e)
= (ek — eg)TBHAkg(t)_lB(ek — eg),

using the expressions (Xg); — (Xg)r = Xg(ex —e/) and B = XgI, , X§. O
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Chapter 5. Embedding comparison

If the block mean matrix B is not full rank, then the matrix inequality

effectively passes through the whole argument in the above proof,
Sre(t) ' 2L XgIIAg(t) ' XgL,,

which becomes a regular inequality when we compute the quadratic form.
We get that, for rank(B) < K,

t(1—t
C < min sup ( )
k#L e(0,1) 2

{(ek — eg)TBHAkg(t)_lB(ek — eg)}

with equality when B is full rank.

Example 22 (Adjacency versus Laplacian spectral embedding). In this ex-
ample we use size-adjusted Chernoff information to compare the adjacency
spectral embedding and Laplacian spectral embedding of a two-community
stochastic block model. Both approaches have their advantages [57] and
depending on the model parameters one embedding may separate the two
communities better than the other [68, 10].

Consider a stochastic block model with two communities with block mean

0.20 0.05
B= ,
< 0.05 0.05 )

and a distribution F' that assigns equal probability to the two communities;

matrix

m = 1/2 and my = 1/2. This is called a core-periphery network where
the nodes in community 1 form the core of the network and the nodes in
community 2 the periphery.

We generate a stochastic block model with n = 1000 nodes and Figure 5.2
shows the adjacency spectral embedding and Laplacian spectral embedding
both into d = 2 dimensions. Points are coloured according to their commu-
nity assignment Z;. The ellipses show the 95% contours of the asymptotic
Gaussian components using the asymptotic results by Rubin-Delanchy et al.

[60] for Laplacian spectral embedding.
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a) Two-community stochastic block model b) Two-community stochastic block model
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Figure 5.2: The embedding X of a two-community weighted stochastic block
model into d = 2 dimensions for a) adjacency spectral embedding and b)
Laplacian spectral embedding. The points are coloured according to their
true community assignment Z;. The ellipses show the 95% contours of the

asymptotic Gaussian components.

In this example Laplacian spectral embedding performs slightly better
with size-adjusted Chernoff information C' = 1.63 x 1072 compared to ad-
jacency spectral embedding with size-adjusted Chernoff information C' =
1.47 x 1072, A deeper analysis showing when the adjacency spectral embed-
ding or Laplacian spectral embedding is preferred for core-periphery networks

is perform in Tang and Priebe [68]. <

In the following two examples we consider two types of stochastic block
models with extra structure where it is possible to calculate the size-adjusted
Chernoft information analytically. These calculations will be useful when
we consider models motivated by real-world networks in Example 26 and
Section 5.3.
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Chapter 5. Embedding comparison

Example 23 (Homogeneous weighted stochastic block model). Consider
a K-community weighted stochastic block model where matrix entries are
distributed according to the symmetric family of distributions {H (21, 22) :

21,29 € Z} given by

F1 if 21 = Z9,

F2 if Z1 7é212.

H(Zl, 22) =

An edge weight is distributed as Fj if both endpoints are in the same commu-
nity, and as F5 if the endpoints are in different communities. Further, assume
that the community assignment distribution F'is such that a node is equally
likely to be assigned to any of the K communities, 7 = 1/K. This is known
as a homogeneous stochastic block model [35], although it is also known as a
symmetric stochastic block model in other circles [1]. All the nodes behave
in the same way regarding links between and within community, one such ex-
ample being the two-community Poisson distribution stochastic block model
in Example 13.

Since every community behaves the same way, we only need to consider
one pair of communities for the size-adjusted Chernoff information; without
loss of generality, let k = 1,/ = 2. Denote the entries in the block mean
and variance matrices B and C as, for X ~ F;, b; = E(X) and ¢; = var(X),

leading to the expressions

B(e; — ;) = (by — by, by — 1,0,...,0)7,
Alg(t) = dlag[(l — t)Cl + tCQ, tCl + (1 — t)CQ, 1, ceey 1]

Substituting these into the formula for the size-adjusted Chernoff informa-

tion, after some matrix manipulation, gives

C— sup [(bl—b2)2{( t(1—t) N t(1—t) H

te(0,1) 2K 1— t)Cl + tco ter + (1 — t)CQ
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5.1. Chernoff information

It can be shown that for ¢;, ¢y > 0, for all ¢t € (0,1),

tH1—1) -1 _ 1
(]_ — t)Cl + tCQ tCl + (1 — t)CQ - c] + 627

where equality is achieved when ¢t = 1/2. Therefore, the size-adjusted Cher-
noff information is given by
_ (b —by)?
2K (c1 + co)
In the Poisson distribution stochastic block model in Example 13 where b, =

c1 = 0.5 and by = 3 = 0.6, the size-adjusted Chernoff information is equal
to C'=2.27 x 1073. <

Example 24 (Anomalous two-community weighted stochastic block model).
Consider a two-community weighted stochastic block model where matrix
entries are distributed according to the symmetric family of distributions
{H (71, 22) : 21,22 € Z} given by

Foifk=10=1,
H(k, () =

F, otherwise.

An edge weight is distributed as F7 if both endpoints are in the community 1,
and Fy otherwise. We think of community 1 as an anomalous community in
the network. Let 7 be the probability a node is an anomaly corresponding to
community 1, and m, the probability it is behaving normally corresponding
to community 2.

This time there are only two communities to consider in the Chernoff
information calculation, so let £ = 1 and ¢ = 2. Denote the entries in the
block mean and variance matrices B and C as, for X ~ F;, b; = E(X) and

¢; = var(X), leading to the expressions

B(61 — 82) = (bl — bg,O)T,
Ap(t) = diag[(1 — t)cr + teg, ca.

7



Chapter 5. Embedding comparison

Substituting these into the formula for the size-adjusted Chernoff informa-

tion, after some matrix manipulation, gives

C= sup [m(bl — by)? {( t(1—1t) H ‘

t€(0,1) 2 1 —t)ey + tey

In this case, we can find the optimal t* € (0, 1) by differentiating the function
in the curly brackets with respect to t, although it is easier to minimise the

reciprocal of this quantity rather than maximise the quantity directly. The

optimum is achieved by t* = ﬁfi/@ and the Chernoff information is given
by
by — by)?
C — 1 (b1 2) . 4
20 /ar + V)

5.2 Edge weight representation

Definition 15 (Entry-wise transformation). Given a weighted adjacency
matrix A € R™*" and a real-valued function g, the entry-wise transformation

of A is the weighted adjacency matrix A’ € R™" with entries Aj; = g(Aj;).

An entry-wise transformation of a weighted generalised random dot prod-
uct graph changes the symmetric family of distributions {H (21, 29) : 21, 22 €
Z}, but not the latent positions Z;. Therefore, a weighted stochastic block
model will remain a weighted stochastic block model after an entry-wise
transformation, and likewise for the weighted mixed membership stochastic
block model and zero-inflated stochastic block model if ¢(0) = 0.

When the weighted adjacency matrix A has block mean and variance
matrices B and C respectively, we use B’ and C’ to represent the block
mean and variance matrices of the entry-wise transformation A’. Be aware
that the matrices B’ and C’ are not the entry-wise transformations of B and
C, in general B, # ¢(Bx) and C}, # g(Chge).
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5.2. Edge weight representation

Example 25 (Two-community Gaussian distribution stochastic block model
with equal means continued). In Example 18 we computed the asymptotic
distribution for the embedding X of a Gaussian distribution stochastic block
model with equal means for all pairs of communities. In this example, we
showed that both communities have the same latent position, for example,
(Xg); = (Xg)g =1, leading to a size-adjusted Chernoff information equal
to zero. In this case, there is no longer a linear term in n in the Chernoff
information so it does not increase as the number of nodes in the network
tends to infinite.

By performing an entry-wise transformation of the adjacency matrix, it
is possible to distinguish the two communities. We create a new stochastic
block model A’ using the entry-wise transformation Aj; = A?; resulting in
edge weights with noncentral x? distributions. Figure 5.3 shows the asymp-
totic distribution for the resulting embedding X of the transformed network
into d = 2 dimensions. Points are coloured according to their community as-
signment Z;. The ellipses show the 95% contours of the asymptotic Gaussian
components. It is now possible to distinguish between the two communities
with size-adjusted Chernoff information C' = 6.01 x 1073, <

Example 26 (Two-community Poisson versus Bernoulli distribution stochas-
tic block model). Recall the two-community Poisson distribution stochastic
block model first introduced in Example 13 where the symmetric family of

distributions {H(z1, 23) : 21,20 € Z} is given by

Poisson(A1) if 21 = 29,

Poisson(Ag) if 21 # 2o,

H(Zl, ZQ) ==

where \; # Ay and a community assignment distribution F' such that m =
1/2 and m = 1/2. This is an example of a homogeneous stochastic block
model introduced in Example 23 and using the size-adjusted Chernoff in-

formation calculated in that example, this stochastic block model has size-
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Two-community noncentral x? stochastic
block model embedding
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Figure 5.3: The embedding X of a two-community weighted stochastic block
model into d = 2 dimensions. The points are coloured according to their
true community assignment Z;. The ellipses show the 95% contours of the

asymptotic Gaussian components.

adjusted Chernoff information given by

Cp = Q=X
4(M + A2)

However, rather than using a Poisson edge weight to model the number
of events occurring between two nodes, we could instead track whether any
event happened between those two nodes. We create a new stochastic block
model A’ using the entry-wise transformation A}, = I(A;; > 0). If the counts
are distributed by X ~ Poisson()\), then a presence event is distributed as
I(X > 0) ~ Bernoulli(1 — e™). This creates a symmetric Bernoulli distri-

bution stochastic block model which has size-adjusted Chernoff information
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5.2. Edge weight representation

given by
(e—/\l _ 6_)\2)2
Ta{eM(I—e M) feR(l—e)}

Depending on the values Ay, Ay, either the Poisson or Bernoulli representa-

Cy

tion may result in a better size-adjusted Chernoff information and, hence, a
better separation of the two communities in the adjacency spectral embed-
ding. Figure 5.4 compares the two size-adjusted Chernoff information values

by showing a heat map of the ratio Cp/Cp for A\, s € (0,2]. For most

Poisson versus Bernoulli stochastic
block model Chernoff information ratio
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Figure 5.4: Chernoff ratio comparing the embedding of a two-community
Poisson distribution stochastic block model A and the entry-wise trans-
formed Bernoulli distribution stochastic block model A" = I(A > 0). The
solid black line shows the boundary Cp = Cg.

pairs of Poisson distribution parameters, it is better to embed the network of
count values A rather than just the network of presence events A’. However,
when A is small and A, is relatively large (or vice versa), then we get better
community separation by ignoring the count values in the matrix A losing

information about the network.
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Returning to Example 13 where A\; = 0.5 and A\ = 0.6, Figure 5.5 shows
the embedding X for the entry-wise transformed stochastic block model A’.
Points are coloured according to their community assignment Z;. The ellipses
show the 95% contours of the asymptotic Gaussian components computed
using Theorem 3 and 4 to get the asymptotic distribution for the adjacency
spectral embedding.

Two-community Bernoulli stochastic
block model embedding
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Figure 5.5: The embedding X of a two-community entry-wise transformed
stochastic block model into d = 2 dimensions. The points are coloured
according to their true community assignment Z;. The ellipses show the 95%

contours of the asymptotic Gaussian components.

Compared to the embedding of Poisson distribution stochastic block model
in Figure 4.4, the two communities appear more mixed together and harder
to distinguish. The two ellipses showing the 95% contours of the asymptotic
Gaussian components overlap more for the Bernoulli distribution stochastic
block model. This is confirmed by the corresponding size-adjusted Cher-

noff information values; for the Bernoulli presence event embedding we have
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Cp = 1.71 x 1073 compared to the Poisson counts embedding having Cp =
2.27 x 1073 computed at the end of Example 23. <

5.2.1 Affine transformations

The following lemma is a key result from Gallagher et al. [21] showing that
an affine entry-wise transformation of a weighted adjacency matrix does not

effect the size-adjusted Chernoff information.

Lemma 8. Let A be a weighted stochastic block model with full rank block
mean matrix B and size-adjusted Chernoff information C. For the affine
entry-wise transformation Aj; = aA;; +0, if the block mean matrix B’ is full

rank, then A’ has size-adjusted Chernoff information C'.

Proof. By assumption A and A’ have full rank block mean matrices, there-
fore, by Lemma 7, both stochastic block models have the same Chernoff

information if they have the same value for
(ek - eg)TBHAkg(t)ilB(ek — eg).

For an affine entry-wise transformation, the entries of the block mean and

variance matrices are given by B}, = aBy, + b and Cj}, = a>Cj,. Therefore,

B'(ek — eg) = aB(ek — eg),
() = Ag(t)

where A},(t)~" is the equivalent version of Ay (t)™" in the entry-wise trans-
formed stochastic block model. The contribution from a cancel and there
is no contribution from b, meaning the size-adjusted Chernoff information is

unaffected by affine transformation. [

Insisting that the block mean matrix B’ is full rank prevents the degen-

erate case a = 0 and all the matrix entries are the same. If a # 0, then
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it is highly likely that the block mean matrix B’ is full rank if B is itself
full rank. Without loss of generality, consider an affine transformation with
a > 0,b > 0 on a block mean matrix B with signature (p,q). Analysis for
other affine transformations leads to slight variations of the following results.

Suppose that the ordered eigenvalues of the block mean matrix B are
given by A\ (B) < ... < Ag(B) where the first ¢ eigenvalues are less than
zero and the last p eigenvalues are greater than zero in order to have signature
(p,q). The block mean matrix for the affine transformation is given by B’ =
aB+b11T where 1 € R¥ is the all-one vector. This is a rank-one perturbation
of the scaled matrix aB, therefore, by Horn and Johnson [32], Corollary 4.3.9,

the eigenvalues of B’ interweave with those of B,
Ae(B) < Ae(B') < Ay (B) < Aya (BY).

Figure 5.6 shows an example of this eigenvalue behaviour. The only
eigenvalue that can change sign after affine transformation is A,(B’). In the
example shown, \,(B’) > 0, meaning the signature of the stochastic block
model after affine transformation is (p 4+ 1,¢ — 1). While the Chernoff infor-
mation remains unchanged for full-rank affine transformations, the signature
of the stochastic block model can be altered. However, if \;(B’) < 0, then

the signature would have remained (p, q).

A1 (B) MB)  Ana(B)  Ae(B)
- o > o >0 o—>-o o >0 -
)‘qfl(B) Aq(B) 0 >‘q+1 (B) )‘q+2(B)
q negative eigenvalues of B p positive eigenvalues of B

Figure 5.6: Number line showing eigenvalues of mean block matrices close
to the origin. White nodes represent eigenvalues of B with full rank d and
signature (p, ), black nodes represent eigenvalues of B’ = aB + b11" with
signature (p+1,¢ — 1).
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The only remaining possibility is that \,(B’) = 0, meaning that B’ is not
full rank. In this case, the affine transformation stochastic block model would
instead need to be embedded into a lower dimension and the conditions of
Lemma 8 do not hold. Since B’ is rank-deficient, the size-adjusted Chernoff
information of the affine transformation stochastic block model is less than
or equal to that of the original stochastic block model due to the comment
made after the proof of Lemma 7.

Lemma 8 has some interesting consequences for common data transfor-
mations. For example, given an unweighted stochastic block model, any
two distinct values could be used to represent edges and non-edges. In par-
ticular, a stochastic block model graph and its complement have the same
size-adjusted Chernoff information.

Another consequence regards the edge-wise regularisation of the adja-
cency matrix where a small value is added to every edge to aid clustering [4].
Usually the extra weight is scaled by the number of nodes n in the network

to create the regularised adjacency matrix,
T
Al=A+-11".
n

This is an affine transformation with a =1 and b = 7/n, so Lemma 8 states
that applying this transformation to a stochastic block model does not change
the size-adjusted Chernoff information. Therefore, for a stochastic block
model, there is no reason to use the regularised adjacency matrix according

to the size-adjusted Chernoff information.

5.2.2 Optimal transformations

Since different entry-wise transformations of stochastic block models lead to
better community separation than others this raises the question: What is
the optimal transformation of an adjacency matrix? Given the stochastic

block model structure and the edge weight distributions, it is possible to find
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the function g that maximises the size-adjusted Chernoff information. While
it may be unrealistic to assume that we know the details of a stochastic block
model before analysing it, knowing the forms of some optimal transformations

gives insight into what data transformations may be useful.

Example 27 (Homogeneous weighted stochastic block model continued).
Consider the homogeneous weighted stochastic block model described in Ex-
ample 23. Using the size-adjusted Chernoff information, the aim is to find
the function g that maximises

Clgl = {E(9(X1)) - E(9(X2)}*
2K {var(g(X1)) + var(g(X2))}

where X; ~ Fj.

Without loss of generality, we can choose a transformation such that
E(g(X;)) = E(X;). We can take an affine transformation of the function g to
map the means to any value, since by Lemma 8 this does not affect the size-
adjusted Chernoff information. Therefore, maximising C|g] is equivalent to
minimising the sum of the variances subject to the means being unchanged.

This optimisation task can be expressed using Lagrange multipliers,
var(g(X1)) + var(g(X2)) + M{E(X1) — E(g(X1))} + AA{E(X2) — E(g(X2))}

- / (0@ {f1(2) + Fo@)} + M {z — g(@)}alx) + ofz — g(@)} fole)] da
= /L(:L‘,g(x)) dz.

This can be minimised over g using the Euler-Lagrange equation of the cal-
culus of variations, although things are simpler as the function L does not

depend on the derivative ¢’(x). Solving ‘g—g’ = 0 gives the solution

g(x) _ Alfl(‘r) + )\2f2<l‘)
2(fi(z) + falx))
where A1, A2 are chosen so that the conditions E(g(X;)) = E(X;) are satisfied.

However, once again the same argument about affine transformations can be
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used and the same size-adjusted Chernoff information is achieved by the
entry-wise transformation
ha) = 2D

fi(x) + fa(x)
removing the need to compute the terms A\; and A\s. The transformation h is
a sigmoid function which depends on the ratio of the two probability density
functions. h(z) — 1 as fi(z)/f2(x) — oo meaning it is getting more likely
that the observation x comes from the distribution Fj. Conversely, h(x) — 0
as fi(z)/fe(x) — 0 meaning it is getting more likely that the observation x
comes from the distribution F5.

In Example 26 with Poisson distribution edge weights, converting edge
weights using the function I(A;; > 0) can be seen as an approximation
of the optimal function A that does not require knowledge of the Poisson

distribution parameters. N

5.3 Example: Pairwise p-value data

In this example, we describe a synthetic example designed to show the im-
portance of data representation for analysing a computer network. This work
was first published in Gallagher et al. [21].

Consider a computer network where packets are sent along connections
between computers and suppose we have a test statistic ¢t for the traffic
between a pair of computers in the network. For any edge, the p-value is
the probability of obtaining a test statistic more extreme than the observed

statistic under some model,
A;; = P(T > t(traffic between computers ¢ and j)).

A low p-value may occur if the amount of traffic between a pair of computers
differs wildly compared to historic behaviour [28], occur over an unusual port

[26], or happens at an unusual time of day [56].
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The p-values are modelled using an anomalous two-community weighted
stochastic block model introduced in Example 24. A proportion 7; of com-
puters are considered to be acting anomalously and are assigned to com-
munity 1. Interactions between those computers tend to generate smaller
p-values modelled by a Beta(a, 1) distribution with a@ < 1. The remaining
proportion m, of computers are considered to be acting normally and are
assigned to community 2. For any interaction involving one of these normal
computers, the p-value is modelled by a uniform distribution (equivalently,
a Beta(1,1) distribution) corresponding to no anomalous activity.

In a practical application, not every edge in the network can be assigned
a p-value. For example, there may not be any observed traffic between two
computers, or an initial triage may suggest it is not worth running a full
test for anomalous behaviour. To model this behaviour, we assume there
is a probability p that any edge in the network will be present and treat
missing edges as having a p-value equal to one. All together this gives a
two-community weighted stochastic block model A of p-values where matrix
entries are distributed according to the symmetric family of distributions

{H (21, 22) : 21,22 € Z} given by

1—p)o; + pBeta(a,1) ifk=1,0=1,
Hk.0) = (1= p)dr + pBeta(a, 1)
(1 —p)dy + pBeta(1,1) otherwise,

where ¢; is the delta distribution that places all its probability mass at one.

In this example, we discuss three different representations of this network
of p-values. The first is the affine entry-wise transformation Afj =1—-A;.
By Lemma 8, this transformation does not affect the size-adjusted Chernoff
information. It has the practical advantage of assigning the missing edges
in the network to zero, which makes it easier to use sparse versions of the
singular value decomposition algorithm for the adjacency spectral embedding

calculation. Entries in AZP]- follow a zero-inflated beta distribution since, if
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X ~ Beta(q, §), then 1 — X ~ Beta(f, «).

Alternatively, based on Fisher’s method for combining p-values [20], one
could consider embedding the matrix of log p-values A%j = —log(A;;). This
is the uniformly most powerful method of combining the p-values if they
have a Beta(a, 1) distribution with o < 1 under the alternative hypothesis
27]. Entries in A}; follow a zero-inflated exponential distribution since, if
X ~ Beta(a, 1), then —log X ~ Exp(«).

Finally, one could decide to only consider interesting p-values less than
a chosen threshold 7 € (0,1) [28]. This corresponds to the matrix with
entries Al; = I(A;; < 7). Entries in AJ; follow a Bernoulli distribution since,
if X ~ Beta(a, 1), then I(X < 7) ~ Bernoulli(7®), and the zero-inflation
parameter p can be incorporated into the Bernoulli distribution.

Table 5.1 gives a summary of the original p-values data and the three
transformations outlined above. The edge weight distributions for the anoma-
lous weighted stochastic block models when both nodes are in the anomalous
community is shown in the right-most column. The edge weight distributions

when at least one node is behaving normally can be found be setting o = 1.

Data representation Matrix entries Anomalous distribution (a < 1)

(1 —p)d1 + pBeta(a, 1)
1—p-values Al =1-A (1 — p)do + pBeta(l, «)
log p-values Al = —log(Ay) (1 —p)do+ pExp(a)
Threshold p-values Al =I(A;; <7) Bernoulli(pr®)

p-values A

Table 5.1: The four different representations of the p-values network data
and the corresponding edge weight distributions for the anomalous weighted

stochastic block models when both nodes are in the anomalous community.

To show the different embeddings, we generate a weighted stochastic block
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model with n = 1000 nodes with beta distribution parameter a = 0.25,
zero-inflation probability p = 0.25, probability a node exhibits anomalous
behaviour m; = 0.25, and interesting p-value threshold 7 = 0.1. Figure 5.7

shows the asymptotic distribution for the four different embeddings X of the

P
K

and the threshold p-value matrix A;E Points are coloured according to their

p-values matrix A, the 1—p-values matrix A;., the log p-values matrix A{Hj
community assignment Z; with the anomalous nodes being represented by
red triangles.

In Figures 5.7a and 5.7b the embeddings for the p-values matrix and the
1—p-values matrix appear very similar, almost mirror images of each other. It
is not surprising they have a similar overlap between the two communities as
they must have the same size-adjusted Chernoff information. Both stochastic
block models have size-adjusted Chernoff information C' = 1.76 x 1073.

In Figures 5.7c and 5.7d the embeddings for the log p-values matrix and
the threshold p-values matrix visually have better separation of the two com-
munities compared to the p-values and the 1—p-values matrices. The log
p-values and threshold p-values stochastic block models have size-adjusted
Chernoff information C' = 6.43 x 1072 and C' = 6.58 x 1072 respectively, so
the threshold p-values is only slightly preferable in this example.

This example raises the question as to whether embedding the log p-
values or threshold p-values will always give better community separation
than embedding the p-values, for any choice of w1, o, p and 7. Each of the
transformations results in an anomalous two-community weighted stochastic
block model meaning we can use the formula for the size-adjusted Chernoff

information from Example 24,
_ Wl(bl - 52)2
2/ + a)
where, for X ~ F;, b; = E(X) and ¢; = var(X).

The size-adjusted Chernoff information is a scalar multiple of m; so this
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5.3. Example: Pairwise p-value data

a) p-values embedding b) 1 — p-values embedding
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Figure 5.7: The embeddings X of the two-community entry-wise transformed
stochastic block model into d = 2 dimensions of a) the p-values matrix A,
b) the 1—p-values matrix AY, ¢) the log p-values matrix A" and d) the
threshold p-value matrix AT. The points are coloured according to their
true community assignment Z;. The ellipses show the 95% contours of the

asymptotic Gaussian components.
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Chapter 5. Embedding comparison

parameter does not effect which entry-wise transformation gives the best size-
adjusted Chernoff information. There are no parameter choices where em-
bedding the p-values is preferable to both log p-values and threshold p-values
embedding according to the size-adjusted Chernoff information; Figure 5.7
shows that it is often noticeably worse.

Having dismissed embedding p-values directly, Figure 5.8 divides the pa-
rameter space o € (0,1), p € (0,1) into two regions showing whether using
log p-values or threshold p-values is the better approach. In the white region,
embedding log p-values gives larger size-adjusted Chernoff information than
embedding the matrix of threshold p-values for any choice of threshold .
This includes many difficult cases where the beta distribution parameter a
is close to one and it is hard to distinguish anomalous p-values from those
drawn from the uniform distribution.

In the coloured region, embedding threshold p-values achieves a higher
size-adjusted Chernoff information, and the colour indicates the optimal
threshold 7. Using threshold p-values is preferable when the zero-inflation
parameter for the network p is close to zero, although the optimal threshold
could be as high as 7 = 0.15 depending on the beta distribution parameter
a.

In conclusion, neither matrix representation completely dominates in this
example, but rather they complement each other in the two cases where it
is most difficult to find the anomalous nodes in the network. When it is
hard to distinguish anomalous edges from those with no signal, log p-values
should be used, and if the zero-inflation parameter for the network is small,

threshold p-values should be used.
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5.3. Example: Pairwise p-value data

Preferred p-value representation
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Figure 5.8: Detection of an anomalous network cluster. The parameter p €
(0,1) controls the zero-inflation of the network (low is sparse), and a € (0, 1)
controls the strength of the signal in the p-values (low is strong). In the white
region, embedding log p-values is preferred, while in the coloured region,
embedding threshold p-values is preferred, where the colour indicates the

threshold 7 achieving maximal size-adjusted Chernoff information.
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Chapter 6

Dynamic networks

In this chapter, rather than embedding a single network, suppose instead
we have a time series of adjacency matrices. The goal is to create an em-
bedding for every node at every time point in a statistically consistent way.
We propose two desirable properties for such an embedding; cross-sectional
stability where nodes behaving similarly at a particular time have compara-
ble embeddings, and longitudinal stability where a node behaving similarly
at different time points have comparable embeddings. We show that an ex-
isting technique called unfolded adjacency spectral embedding has both of
these stability properties. The work was first published in Gallagher et al.
[22].

6.1 Unfolded adjacency spectral embedding

Definition 16 (Unfolded adjacency spectral embedding). Given a sequence
of T adjacency matrices A ... AT ¢ R™" compute the d-truncated

singular value decomposition of the unfolded adjacency matriz,
A=AV |AD) = UsSA VL +Ux 184 1 VA,

where Up € O(n x d), Va € O(nT x d) and X5 € R is the diagonal
matrix comprising the d largest singular values of A. Denote the left unfolded

adjacency spectral embedding of A,
X = UaXy? e R,
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Chapter 6. Dynamic networks

and the right unfolded adjacency spectral embedding of A,
Y= (YO | YD) = Vs e R

We divide the left adjacency spectral embedding into rows to represent the
global spectral embedding for each node. By writing X = (Xl |- Xn)T,
X, is the global spectral embedding representation for node ¢ across all the
graphs. We divide the right unfolded adjacency spectral embedding into rows
to represent the local spectral embedding for each node for each time period.
By writing

v _ (f/l(ﬂ ] Argt))T,
ffi(t) € R? is the unfolded adjacency spectral embedding of node i at time ¢.

We denote the two unfolded adjacency spectral embeddings of an arbi-

trary matrix M as Xy = Ul\/[Ellv/I2 and Yy = VI\/[Ell\//I2 employing notation

consistent with Definition 16.

Example 28 (Dynamic two-community stochastic block model). Consider a
two-community dynamic stochastic block model over two time periods where
nodes have a fixed community assignment Z; for t = 1 and ¢t = 2. For the

two stochastic block models, the block mean matrices are given by

B _ ( 0.10 0.20 ) Bo_ ( 0.25 0.20 > |
0.20 0.05 0.20 0.05

The difference between the two block mean matrices is that the probability
of an edge between two nodes assigned to community 1 increases for the
second stochastic block model. The nodes assigned to community 2 behave
the same in both time periods.

We generate a dynamic stochastic block model with n = 500 nodes with
community assignment m; = 1/2 and m = 1/2 and perform adjacency spec-

tral embedding on the individual adjacency matrices A®) and A®). Fig-

ure 6.1 shows the two adjacency spectral embeddings into d = 2 dimensions.
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6.1. Unfolded adjacency spectral embedding

Points are coloured according to their community assignment Z;. The el-
lipses show the 95% contours of the asymptotic Gaussian components. In
both plots, the two communities can are easily distinguished, but it is not
obvious that nodes in community 2 are behaving the same way for t = 1 and
t=2.

a) Two-community dynamic stochastic b) Two-community dynamic stochastic
block model embedding, t=1 block model embedding, t=2
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‘;’-I - .‘\:* A ,"11‘§I‘PQ a
A
. \'.‘-' % . a ,‘ ‘k‘; tll‘ \\‘
e il S s Apaiie s
021 = :':5'} B A,A.“’fts-‘.““ ot
ToeTees N ‘?:1;"1 k‘: i
14 & A
. 5‘ se 3‘ t.i AII a
0.01 ) N ‘u"‘; ‘:/‘
a ~ s A
| e r : T -«1?"'1‘; :
N ’f‘ ’.3‘5: S aa . i u
02+ Kudbigals b4 ] ) - x L
. 4 7 t““i ‘t“" ,f' II- :II.
.l A‘ A 'a * .,3"‘ II'//I
A ab LLaabh N 4 J‘-/
IS ¥ 33 L T
N 4 a N
lr‘ﬁ"‘( . T,
—-0.4 4 . : ="
-0.6 -0.5 -0.4 -0.3 -0.2 -0.6 -0.5 -0.4 -0.3 -0.2
s+ Community 1 = Community 2

Figure 6.1: The individual adjacency spectral embeddings X of the two-
community dynamic stochastic block model into d = 2 dimensions for a)
t =1 and b) t = 2. The points are coloured according to their true commu-
nity assignment Z;. The ellipses show the 95% contours of the asymptotic

Gaussian components.

Figure 6.2 shows the unfolded adjacency spectral embeddings into d = 2
dimensions, where points are coloured according to their community assign-
ment Z;. The ellipses show the 95% contours of the asymptotic Gaussian
components derived in Section 6.4.1. The two communities are distinguish-
able in both time periods, but now the embedding for community 2 has the

same distribution for both t = 1 and ¢ = 2. This is an example of longitudinal
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stability, which is described in Section 6.5. <
a) Two-community dynamic stochastic b) Two-community dynamic stochastic
block model embedding, t=1 block model embedding, t=2
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Figure 6.2: The right unfolded adjacency spectral embeddings Y® of the
two-community dynamic stochastic block model into d = 2 dimensions for a)
t =1 and b) t = 2. The points are coloured according to their true commu-
nity assignment Z;. The ellipses show the 95% contours of the asymptotic

Gaussian components.

6.2 Dynamic latent position model

We introduce the following model as a way to generate dynamic networks.

Definition 17 (Dynamic latent position model). Let Z be a sample space

and define the trajectory of a node as a sequence of latent positions,
z=(2",....20) e 2"

with distribution F'. Given a symmetric family of distributions {H(z1, z3) =
Bernoulli(f(z1,22)) : 21,22 € 2} with function f : Z x Z — [0,1], the
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6.2. Dynamic latent position model

symmetric matrices AM ..., A7) € R"*" are distributed as a dynamic latent
position model, if Z1,..., 7, i and, for 7 < 7,

A 2,2, 1z, Z)).

We restrict ourselves to Bernoulli random variables so that the output is a
sequence of unweighted graphs, but the model obviously extends to weighted
graphs for more general families of distributions.

The dynamic latent position model covers a wide range of models many
of them covered in recent reviews [39, 70]. For example, it includes dynamic
versions of the stochastic block model [75, 74, 47, 54, 38|, the mixed mem-
bership stochastic block model [73, 30] and the degree-corrected stochastic
block model [45].

It appears the dynamic latent position model could be made more general
by allowing the probability function f to also depend on the time t. Given a
set of symmetric families of distributions { H;(21, 22) = Bernoulli( f;(z1, 22)) :

21,7 € Z}, the symmetric matrices AM, ... AT € R"*™ are distributed as

AY | 7, 7 % H (2O, 77,

7

However, Definition 17 already includes this possibility. The different func-
tions f; can be combined into a single f by creating a new sample space Z’
where the latent positions for each t are distinct and the function f is equal
to f; in the corresponding regions of Z’.

An important feature of the dynamic latent position model is that the
latent positions Z; € ZT are independent. The latent positions ZZ»(t) e 7
that make up the entries of Z; are allowed to depend on each other. In fact,
a common model for dynamic networks assumes a Markov process for the
dynamics of ZZ-(t) [64, 66]. The assumption that the latent positions Z; are
independent says that a node cannot change its behaviour based on another

node, which may be unrealistic for real-world networks. For example, in a
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computer network a virus may infect new computers by sending malware
across the network. The unfolded adjacency spectral embedding can be used
to test this independence assumption by finding causal links between the

embeddings }Afi(t) and Yj(t) over time.

Example 29 (Two-community dynamic latent position model). Consider a
dynamic latent position model consisting of two stochastic block models each

with two-communities and mean block matrices,

0.10 0.20 0.20 0.05
BO — ., B@ = ,

0.20 0.05 0.05 0.10
Unlike Example 28, nodes are allowed to change community assignment over
time according to a Markov model. At time t = 1, nodes are randomly
assigned to the two communities with probabilities P(Z(!) = 1) = 2/3 and
P(ZM) = 2) = 1/3. At time t = 2, a node in community 1 with equal
probability stays in the same community or switches to community 2, while

a node in community 2 does not change community,

IP’(Z(Q) =1| 7

)=1/2, P(z®=1|2zV=2)=0,
P(Z® =2| zW 2) =1

N=1/2, P(zP =220 =2)=

The adjacency matrices A and A® are generated using this dynamic
latent position model with n = 500 nodes. Figure 6.3 shows the unfolded ad-
jacency spectral embeddings into d = 2 dimensions, where points are coloured
according to their community assignment Zi(t). The ellipses show the 95%
contours of the asymptotic Gaussian components derived in Section 6.4.1.

The faint red triangles in Figure 6.3a and faint blue squares in Figure 6.3b
correspond to the nodes that change community over time, Zi(l) = 1 and
7% = 2. These nodes have the same asymptotic distribution as the other

)

nodes in that community at that time rather than appearing as a third cluster
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6.2. Dynamic latent position model

a) Two-community dynamic stochastic
block model embedding, t=1

b) Two-community dynamic stochastic
block model embedding, t=2
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Figure 6.3: The right unfolded adjacency spectral embeddings Y® of the
two-community dynamic stochastic block model into d = 2 dimensions for
a) t = 1 and b) ¢ = 2. The points are coloured according to their true
community assignment Z;, where nodes that change community between
time periods are less opaque. The ellipses show the 95% contours of the

asymptotic Gaussian components.

in the embedding. This is an example of cross-sectional stability, which is
described in Section 6.5.

It is possible to rewrite this network model as a dynamic stochastic block
model with three communities that are fixed over both time periods by adding
a third community for nodes that switch between communities 1 and 2 in

the original model.

1 ifzZMW =123 =1,
Z'=492 ifzW =2 23 =2
3 ifZ2MW =123 =2,
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Chapter 6. Dynamic networks

with community assignment probability P(Z’ = k) = 1/3 for each of the three
communities. These new communities correspond to the possible trajectories

through the space of latent positions Z7 with mean block matrices,

0.10 0.20 0.10 0.20 0.05 0.05
B®W=1 020 005 020 |, B®=1] 005 0.10 0.10 |. <
0.10 0.20 0.10 0.05 0.10 0.10

6.3 Multilayer random dot product graph

In this section we introduce the multilayer random dot product graph [36].
This extends the generalised random dot product graph to analyse multiple
graphs as long as they share a common set of nodes. This allows for the joint
analysis of different types of graphs together, such as directed and undirected
graphs, or the rectangular adjacency matrices of bipartite graphs.

In this work, we are interested in the simplest possible scenario where
all the graphs are undirected resulting in symmetric adjacency matrices. In
this case the definition of a multilayer random dot product graph can be

simplified.

Definition 18 (Multilayer random dot product graph). Given a set of ma-
trices A® € R4t et X be a subset of R? and ), be a subset of R% such
that 2T A®y, € [0,1] for all x € X,y, € ), with probability distribution F
over X X Yy X - -+ X Yp. The symmetric matrices AW e R™™ are distributed
as a multilayer random dot product graph, if <Xl-,Yi(1), . ,Y;(T)> S F for

i:l,...,n and, fOI‘Z'<j7
AZ(;-) | X, Yj(t) ind BernOUHi(XiTA(t)Y}(t))'

We refer to X = (X, | --- | X,,)T € R™*¢ as the global latent positions of
the multilayer random dot product graph, and similarly, Y® = (v, | ... |
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6.3. Multilayer random dot product graph

Yn(t))T € R™ the local latent positions at time ¢. The choice of notation
here intentionally mirrors that used for the unfolded adjacency spectral em-
bedding. The latent positions X and Y® are related to the left and right
unfolded adjacency spectral embedding X and Y® where Jones and Rubin-
Delanchy [36] proves the asymptotic behaviour of both embeddings. For
dynamic networks we are primarily interested in how the right embedding
Y ® changes over time.

To be able to use the accompanying asymptotic theory, we must show
that the dynamic latent position model in Definition 17 is an example of the
multilayer random dot product graph. In order for this to be the case, we

have to make some assumptions about the function f.

Assumption 6 (Finite eigendecomposition). The function f has finite eigen-

decomposition
D
f(x,y) = Z Aiui (@) ui(y),
i=1
with non-zero eigenvalues \; and corresponding eigenfunctions u;.

The assumption that D < oo is essentially stating that the adjacency
matrix A has low rank even as the number of nodes in the network tends
to infinity, a phenomenon often seen in real-world data [71]. The dynamic
versions of the stochastic block model, mixed membership stochastic block

model and degree-corrected stochastic block model all satisfy Assumption 6.

Lemma 9. The dynamic latent position model satisfying Assumption 6 is

an instance of the multilayer random dot product graph.

Sketch proof. The aim is to find maps ¢ : ZT — R? and ¢, : Z — R%

for some d and d; such that, for the sequence of latent positions Z; =
(20,27 ) e 2"

F(20,29) = (Z)TADp (27,
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for A® € R¥% then setting X; = (Z;) and Yj(t) = Q/Jt(Zj(-t)) in Definition 18
for the multilayer random dot product graph.
Given Assumption 6, define the map ¢ : Z — R” component-wise using

the eigendecomposition of the function f for all z € Z,

o(z) = (\)\1\1/2u1(z), e |/\D|1/2uD(z)) :

so that for 21,20 € Z, f(21,22) = ¢(21) '1,46(22), where I,, € RP*P is the
diagonal matrix consisting of the signs of the eigenvalues.

This would be enough to complete the proof except, for the random vari-
able Z = (ZzW,..., ZM) ~ F, the support of (¢(ZWV),...,¢(Z")) will be
a d-dimensional subspace of RPT and the support of ¢(Z®) a d;-dimensional
subspace of R”. The asymptotic results regarding the multilayer random
dot product model require a minimal dimensionality assumption similar to
Assumptions 1 and 3 so some redundancy needs to be removed.

There exists a linear map L : RTP — R? such that, for z = (2, ..., 2(7)) €
ZT the map ¥ : ZT — R? defined by

U(z) = LH{p(z") | -+ | o(z)})

is full rank. Similarly, there exists linear maps L; : RT — R% such that the
maps ¥, : Z — R% defined by

wt(z(t)) = Lt(¢(z(t)))

are also full rank. Using these linear maps and the eigendecomposition of

the function f, we can construct A® € R¥% such that
f(Zi(t)7 Z](-t)) _ Qﬂ(Zi)TA(t)l/ft(Zj(t))-
More details can be found in the Appendix of Gallagher et al. [22]. O
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6.4 Asymptotic results

Since the dynamic latent position network model can be written as a multi-
layer random dot product graph, Theorems 2 and 3 from Jones and Rubin-
Delanchy [36] can be applied to the dynamic latent position model to create
versions of uniform consistency and a central limit theorem for the unfolded
adjacency spectral embedding.

These theorems differ slightly in flavour to Theorem 1 and 2 for the
generalised random dot product graph. Rather than relating Y and Y di-
rectly, the comparison is made through an intermediate embedding. Let
P = (PW[...|PD) € [0,1]""*" be the unfolded matrix of probabilities

that two nodes in the network form an edge at different times,

) _ Oy _ ) ()
P = E(AY) = f(219, 7).

% i g
The unfolded adjacency matrix A is a noisy observation of the unfolded
probability matrix P.

)

We denote the noise-free embedding f/i(t € R? for each node and every

time period using the right unfolded spectral embedding of P,
N S oNT
Y = (50170

The noise-free embeddings Y/i(t) are a linear transformation of the latent po-
sitions of the multilayer random dot product graph latent positions Y;(t) =
wt(Zi(t)) defined using the latent positions of the dynamic latent position
model in the proof of Lemma 9 [22].

The following uniform consistency and central limit theorem connects the

) )

spectral embedding }Afi(t to the noise-free embedding f/i(t :

Theorem 5 (Unfolded adjacency spectral embedding uniform consistency).
Let AW, . A be an instance of a dynamic latent position model satis-

fying Assumption 6. There exists a sequence of matrices W,, € O(d) such
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that

P
max — 0.

i€{1,...,n}

‘Wny(t) _y®

Note that the sequence W, is the same for each embedding. This high-
lights that the connection between the embeddings for the different time pe-
riods, an idea first discovered for the generalised random dot product graph
[2]. After applying a second orthogonal transformation, the error converges

in distribution to a fixed Gaussian distribution.

Theorem 6 (Unfolded adjacency spectral embedding central limit theorem).
Let AW ... A® be an instance of a dynamic latent position model satis-

fying Assumption 6. Given z € Z, define the covariance-valued function

SO(2) = E (2, 29)(1 = f(2, Z2))u(2)0(2)]

where Z = (Z(l), ceey Z(T)) ~ F'. Then, there exists a deterministic matrix
R € R%? and a sequence of matrices W,,, W,, € Q(d) such that, for all
y € RY,

B (2 W, (W50 - 70) <y | 20 =) » & (y.REV(2)R).

In Theorem 2 for the generalised random dot product graph, the covari-
ance function depended on the second moment matrix A = E(y(2)y(2)7).
In this version of the central limit theorem, the corresponding second moment

matrix is being absorbed into the deterministic matrix R.

6.4.1 Dynamic stochastic block model asymptotic dis-

tribution

To give one application of the asymptotic theory, we consider a dynamic
K-community stochastic block model where nodes are assigned to one com-

munity for all time periods with probability 7, = P(Z = k) but with dynamic
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block mean matrices B (and dynamic block variance matrices C®) that
change over time. One such example was outlined in Example 28, and in
Example 29 we showed a dynamic stochastic block model where the commu-
nity assignments changing over time can be redefined to fit this description.
In general, to do this one needs K7 new communities for every possible la-
tent position sequence Z = (Z O/ (T)) but it is unlikely every possible
sequence would be present.

Using the unfolded block mean matrix B = (BY | ... | B(M) ¢ [0, 1J}*KT,
we construct latent positions for the multilayer random dot product graph
using its unfolded adjacency spectral similar to the method in Section 3.2.1

for a single stochastic block model,

X; =¥(Z) = (Xs)y,,
Y = (Z) = (YR)},.

)

In this case, the matrices A® from the multilayer random dot product graph
are equal to the identity matrix for all ¢ since B®) = XBYS)T. Under
this construction, there are only K possible values for the covariance-valued
function Z®(2) corresponding to the local latent positions z = (Yg)); which
we denote Eg). For random variable Z = (Z(l)7 e Z(T)) ~ F

=Y = 5O((YR)h)
=E [f(k, Z9)1 = f(k, Z)p(2)0(2)"]
K
=3 Bl (1-BY) (Xs)/ (Xs),
/=1
— X]T3HA§:)XB7

where TT = diag(m) € RE*K is the diagonal matrix consisting of the com-
munity assignment probabilities and A\ = diag((C®);) € RE*X is the
diagonal matrix consisting of the row of the block variance matrix corre-

sponding to community k at time ¢. The second moment matrix, which is
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part of the R term in Theorem 6, is given by

Writing things similarly to Section 3.3.1, there exists a sequence of ma-
trices Q,, € O(d) such that the points anfi(t) have an approximate Gaussian
mixture model distribution with components Normal((YY), A=15 A~1/n)
with components probability 7. Since Q,, is a linear transformation, the un-
folded adjacency spectral embedding Y ® also has an approximate Gaussian
mixture model distribution. This is how the asymptotic distributions shown

in Figure 6.2 and 6.3 are calculated.

6.4.2 Dynamic stochastic block model Chernoff infor-

mation

Given the asymptotic distribution for a dynamic stochastic block model de-
rived in the previous section, we can calculate the size-adjusted Chernoff
information for each time period. We now denote the time period by s to
distinguish from the variable ¢ € (0,1) in the size-adjusted Chernoff infor-

mation

C®) = min sup

k#L 1e(0,1)

[t(12— )

-
(v - v} s {ovie- (v}
() ) — (1 — () ()
where X,/ (t) = (1 — )X +tX,”.
For simplicity, assume that the right embedding Xg is full rank, although

a similar calculation can be done when it is not. Substituting the mean and

covariances from the approximate Gaussian mixture model distribution into
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6.5. Dynamic embedding stability

the objective function in the size-adjusted Chernoff information gives

[ — (v§)e} 00 o) — (v}

= (ex — ) Y (XETIXp)(XFTTAY) (1) Xp) " (XETTXB) Y (ef — ef)
— (e — e¢) ' BOTIXp(XEIIAY) (1) Xp) ' XLIIBY) (e), — )

= (e — er) TBOTIAL (1) 1B (e} — ey),

where A,(:K) (t) =(1— t)Agf) + tAéS) and using the first matrix equality from
the proof of Lemma 7 to make the simplification in the final equation.
Comparing this expression to Lemma 7, this is the same as the size-
adjusted Chernoff information of the standard stochastic block model A(®).
There is no benefit to analysing the dynamic stochastic block model adja-
cency matrices separately in terms of the individual size-adjusted Chernoff
information. Essentially, the unfolded adjacency spectral embedding is align-
ing the separate embeddings so they are consistent over time, as shown in
Example 28 and 29, which does not affect the size-adjusted Chernoff infor-

mation.

6.5 Dynamic embedding stability

We now provide a formal definition for two desirable properties of a dynamic
embedding. Recall that f(z1,29),21,22 € Z denotes the edge probability

used in the dynamic latent position model given by Definition 17.

Definition 19 (Dynamic embedding stability). Given a dynamic latent po-
sition model, let the output of a generic dynamic network embedding be
denoted as Zi(t). For Z = (ZW,...,ZM) ~ F, define the following stability

properties:
1. Cross-sectional stability: For z,2' € Z, if f(z,Z®W) = f(2',ZV) with
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probability one, then ZAZ@ and Z ](-t) are asymptotically equal, with iden-

tical error distribution, conditional on Zl-(t) = z and ZJ(.t) =2z

2. Longitudinal stability: For z € Z, if f(2,Z®) = f(z, Z")) with prob-
ability one, then ZAZ-(t) and thl) are asymptotically equal, with identical

error distribution, conditional on Zi(t) =z and thl) = z.

Example 28 demonstrates an example of longitudinal stability. The prob-
ability a node in community 2 forms an edge with the other communities is
the same for both time points since the bottom rows of B and B® are
identical. The asymptotic distribution of community 2 appear the same in
Figure 6.2.

Example 29 shows an example of cross-sectional stability. The nodes
with new community labels 7’ = 1 and Z’ = 3 have the same asymptotic
distribution in Figure 6.3 at time ¢ = 1 as both correspond to community
label Z(U = 1. The fact that they have different behaviour at time ¢t = 2

does not alter their distribution for time ¢t = 1.

6.5.1 Unfolded adjacency spectral embedding stability

The following lemma is from Gallagher et al. [22] showing that unfolded
adjacency spectral embedding has both desirable stability properties.

Lemma 10. Unfolded adjacency spectral embedding demonstrates both

cross-sectional and longitudinal stability.

Proof. Since P®) = Xng)T, we have the following expression for the noise-
free embedding,

~ ~1

V9 = (XpX3) Xp(PY),.

For Z = (ZW,...,Z™) ~ F, suppose that f(z,Z") = f(z',Z")) with
probability one for Zi(t) =z and Zj(t/) = 2/. This implies that (P®); = (P"));
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and, hence, the means of the two asymptotic distributions are equal, ffi(t) =

Yj(t/). From the covariance function from Theorem 6, we have X (z) =
X () (). Since the matrices W,, W,, and R are independent of ¢, the co-
variances of the two asymptotic distributions are also equal. Therefore, the
unfolded adjacency spectral embeddings }Afi(t) and }A/j(t/) are asymptotically
equal, with identical error distribution.

Cross-sectional stability corresponds to the case t = ¢/, longitudinal sta-

bility to the case ¢ = j. ]

6.5.2 Other dynamic network embedding stability

In this section we investigate the stability properties of other dynamic net-
work embedding algorithms. For the alternatives to unfolded adjacency spec-
tral embedding, we analyse the stability of the embeddings of the probability
matrices P, ... P, A method found to be unstable in a noise-free con-
dition is not expected to be stable when analysing the adjacency matrices
AW AT This argument says if an embedding algorithm is unstable
but without knowing the asymptotic distribution for an embedding, it is not
possible to say whether it is cross-sectional or longitudinal stable.

Table 6.1 gives an overview of the stability of a number of classes of
dynamic network embedding algorithms by saying where those algorithm
are provably unstable. The following subsections go through all the new
algorithms in turn, but the unfolded adjacency spectral embedding is the
only dynamic network embedding technique that we are aware of with both

cross-sectional and longitudinal stability.

Independent adjacency spectral embedding

Independent adjacency spectral embedding computes the spectral embed-

dings of the matrices A® separately. Embedding the individual adjacency
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Embedding method Description Instability
Unfolded adjacency Embed A = (AW]...|AD) None
Independent adjacency Embed A® Longitudinal
Omnibus Embed A; A,; = (A® + A®)/2  Cross-sectional
Separate embedding Embed A® = 3, w, At Both

Joint embedding See main text Both

Table 6.1: Classes of dynamic network embedding algorithms with their

cross-sectional and longitudinal stability properties.

matrices A®) are subject to different indefinite orthogonal transformations
QW ¢ O(p,q). Therefore, independent adjacency spectral embedding does
not have longitudinal stability, which can be seen in Figure 6.2 from Exam-
ple 28. However, the algorithm does exhibit cross-sectional stability. If the
rows (P®); and (P®); are equal, then they will be affected by Q) in the
same way.

The independent adjacency spectral embeddings can be combined over
time, for example, using a singular value decomposition of the combined em-
beddings [5]. However, these approaches produce a single embedding for each
node representing its global behaviour similar to the left unfolded adjacency

spectral embedding X rather than a set of local embeddings.

Omnibus spectral embedding

The omnibus method [42] computes the spectral embedding of the matrix
A € {0,1/2,1}"T*"T where the blocks of the omnibus matrix are given by

-1
A, = 5(A<S> + AW) e R,

The algorithm was designed to test if multiple graphs are identically dis-

tributed rather than producing a dynamic embedding, but it has interesting
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properties making it worthy of inclusion.

Let P € [0,1]"™*"T be the noise-free version of A with corresponding
blocks Py,. If a node has the same probability of forming edges at times ¢
and ¢, then the rows (P®); and (P®)); are equal. This means that the rows
of (f’st)i and (f’st/)i are also the same for all s, which means the two rows of
P corresponding to this node at times ¢ and ¢’ are the same. Therefore, the
noise-free omnibus embedding for the node are the same demonstrating lon-
gitudinal stability, but we cannot say with certainty that the noisy omnibus
embedding has longitudinal stability.

However, if two nodes have the same probability of forming edges at time
t, meaning the rows (P®); and (P®); are equal, this does not imply that

the rows of (Py,); and (P); are also the same for all s. Therefore, omnibus

embedding does not exhibit cross-sectional stability.

Separate spectral embedding

Separate embedding covers a collection of embedding techniques separately
applied to time-averaged matrices, A® = >~ w, A where wj, are non-
negative weights. This covers a wide range of possibilities; average adjacency
matrices wy, = 1/t [65, 8], exponential forgetting factors wy = (1—\)* [17, 38],
and more complex time series models [62].

Let P® = 3", w,P!~% be the noise-free version of the the time-averaged
adjacency matrices A®. If two nodes are behaving identically at time ¢ then
(PW); = (PW); but, in general, (P®); # (P®); as they depend on the past
behaviour of the two nodes which are likely different. Therefore, the methods
do not have cross-sectional stability. One counterexample is the trivial case
with wg = 1 and wy = 0 elsewhere, reducing to the independent adjacency
spectral embedding algorithm.

Embedding the time-averaged adjacency matrices separately runs into

the same problem as independent adjacency spectral embedding. Alignment
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issues between the different time periods means that the techniques also do

not have longitudinal stability.

Joint spectral embedding

Joint embedding covers another collection of techniques where the aim is
to find an embedding that fits the observed adjacency matrices A®, but
also has smoothly transitioning embeddings between time steps. Let A® pe
the estimated adjacency matrix from a generic dynamic embedding 71, for
example, using the dynamic latent position model, AS) =f (th), th)). The
goal is to minimise the regularised objective function balancing these two

costs for some a € [0, 1],

T T-1
arg min {a Z IA®D — AD)2 (1 —a) Z |2 — Z(t)”%} ;
=1

z,..2(M t=1

subject to a low rank constraint on the embeddings Z(, ..., Z(™. Many
algorithms take this kind of approach for fitting models to dynamic networks
albeit with different versions of the two cost functions [15, 79, 13, 44].

Under this model, changing the behaviour of just a node at one time
point changes the embedding of that node for all other time points, which in
turn affects the embedding of all the other nodes. The smoothing over time
prevents a dynamic embedding fitted to this type of objective function from
having cross-sectional or longitudinal stability. The exception again being
the trivial case with a = 1, which reduces to the independent adjacency
spectral embedding algorithm.

All the techniques described above focus on embedding the adjacency
matrix but they can be extended to work on other representations of the
network, such as the symmetric Laplacian matrix. For example, we could
have performed independent Laplacian spectral embedding, which would also

result in cross-sectional stability for the same reason as independent adja-
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cency spectral embedding. The time-averaged adjacency matrices from sep-
arate spectral embedding can be replaced with the time-averaged symmetric
Laplacian matrices [38] and the objective function in joint spectral embed-
ding can try the model the symmetric Laplacian matrices [44].

It is currently further work to create versions of unfolded spectral embed-
ding algorithms for other matrices such as the symmetric Laplacian matrix

that have both cross-sectional and longitudinal stability.

6.6 Example: Primary school interactions

The Lyon primary school data set shows the social interactions at a French
primary school over two days in October 2009 [67]. The school consisted of
10 teachers and 232 participating students from five school years, each year
divided into two classes. Face-to-face interactions were detected when radio-
frequency identification devices worn by participants were in close proximity
over an interval of 20 seconds and recorded as a pair of anonymous identifiers
together with a timestamp. The data is available for download from the
Network Repository website! [58].

A time series of networks was created by dividing the data into ten hour-
long windows on the two days. If at least one interaction was observed
between two people in a particular time window, an edge was created con-
necting the two nodes in the corresponding network. This results in a time
series of graphs AM, ... A®9 each with n = 242 nodes.

Figure 6.4 shows the first two dimensions of the unfolded adjacency spec-
tral embedding Y@, ..., Y2 embedded into d = 10 dimensions obtained
using profile likelihood [80]. This feels reasonable as there are ten classes in
the school.

For time windows corresponding to classroom time, such as 09:00-10:00

'https://networkrepository.com
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and 15:00-16:00, the embedding forms rays of points each corresponding to
a single class. For those time periods the network follows a degree-corrected
stochastic block model with approximately the same structure for those class-
room periods, evidence of longitudinal stability. However, not all time win-
dows exhibit this structure, for instance, the different classes mix more during
lunchtimes between 12:00-14:00.

Following recommendations regarding community detection under a degree-
corrected stochastic block model [53], the unfolded adjacency spectral em-
bedding Y® is converted into spherical coordinates 8® by projecting the
points onto the unit sphere. Figure 6.5 shows the first two dimensions of
this projection, where we can see the rays for each class being projected into

clusters of similar points.

To analyse this output, we combine the embeddings from each time period
into a single point cloud and fit a Gaussian mixture model. Since unfolded
adjacency spectral embedding has cross-sectional and longitudinal stability,
this will detect people returning to a previous behaviour in the dynamic
network. We fit a Gaussian mixture model with unequal and non-spherical
covariances for 30 clusters chosen using the Bayesian Information Criterion
and assign each student in each time period to its maximum a posteriori
cluster. Figure 6.6 shows how students in the ten different classes move

between these clusters over time.

Each class has one or two clusters unique to it, for example, the majority
of students in class 1A spend their classroom time assigned to cluster 15
or cluster 20. This highlights the importance of longitudinal stability in
unfolded adjacency spectral embedding, as we are detecting points in the
embedding returning to the same part of latent space over time. The two

clusters could represent two different styles of teaching in those time periods.

There are also instances of multiple school classes being assigned the

same cluster at the same time period, for example, on the morning of day 1,
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coordinates ).

118



6.6. Example: Primary school interactions

Day 1

a <|T [ - [
B 45 15 9 . 15 15 15
O 9 =

| e

12 12 12 12

12

Figure 6.6: Bar chart showing the Gaussian cluster assignment of each school
class over time. The height of each coloured bar represents the proportion

of students, in that class and at that time, assigned to the corresponding

Gaussian cluster.
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classes 5A and 5B are mainly assigned to cluster 26, perhaps suggesting some
form of joint lesson. This shows the importance of cross-sectional stability
in unfolded adjacency spectral embedding. It allows the detection of nodes
behaving similarly in a specific time window, irrespective of their behaviour

across the other time periods.
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