Ricerche mat. (2014) 63 (Suppl 1):S19-S24
DOI 10.1007/s11587-014-0191-y

A representation of the dual of the Steenrod algebra
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Abstract In this paper we show how to embed A, the dual of the mod 2 Steenrod
algebra, into a certain inverse limit of algebras of invariants of the general linear group.
The prime 2 is fixed throughout the paper.
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1 Background on the Steenrod algebra

The Steenrod algebra A is obtained from the free algebra 7 on generators
1,54, Sq', Sq*, ... (of dimension 0, 1, 2, ... respectively) by imposing the Adem
relations

b—1—j —_
Sq°Sq" =Z( eaj )Sq““’"Sqf (a < 2b)
J
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and the extra relation
Sq¢° =1
which makes A non-homogeneous. There is a coproduct
viA— AQA

defined, on generators, by setting
¥(Sqg*) =D Sq! ® 54"/ .
J

Such a coproduct makes A into a Hopf algebra. Its dual A, is a polynomial algebra

A, =61, 6,...]

on the indeterminates &1, &, . . ., where each &; is assigned degree 1 — 2/ The powers
512’ are dual to the operations S¢2 and each indeterminate & is dual to the monomial

S q2k71 S q2k72 Sq', with respect to the basis of admissible monomials. The coproduct
W+ in Ay, dual to the product in A, is given, on the generators, by

w&) = > & @ &

For more details, see, for instance, [5]. We will employ the following filtration
of A,.

Definition 1 For each non-negative integer k, set

Dy =Fl&, ..., &].

For k = 0 we mean Dy = IF,. Clearly, Dy, is a Hopf sub-algebra of A,, for each k.

2 Background on invariant theory

For each s € N, we consider the polynomial ring Py = Fj[zq, ..., t;] on the inde-
terminates t1, .. ., t;, which are assigned degree 1. Py can be regarded as the mod 2
cohomology ring of the s-fold cartesian power of the real projective plane. The general
linear group GLy = GL(IF2) acts on P in a natural manner. We let & = P [e;l],
the localization of P obtained by formally inverting the Euler class ey, i. €. the product
of all the elements of degree 1 in Ps. G L acts on ®;. Such action extends the action
of GL; on P, and commutes with the action of the mod 2 Steenrod algebra A. Let
T be the Borel sub-group of G L consisting of all the non singular upper triangular
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matrices. The rings of invariants of ®; under the G L, and T actions are well known.
We have

dDST‘ =A; =1 [vfﬂ, el U§H]
where each v; has degree 1, and

where Qy ; has degree 2° — 27, and in fact Q5.0 = ep. For more details, and in
particular for the formulas which provide an expression of Q; ; and v; in terms of the
indeterminates #;, see [3]. We point out explicitly that, by convention, Qs ; = 0 when
s < j,s <0orj <0and Q, = 1 for each nonnegative s. As an example, we have
Ar=T1 = Fz[tlil], as Q1,0 =v; = t1. We set

A=A T=EPr,
s>0 s>0

where, by convention Ay = I'g = F,. We remark that in the above direct sums we
disregard the internal multiplication. We define, instead, a graded multiplication

m:AQA — A

by setting

1 in J1 Je\ il in_ J1 Jk
m(v1 S Uy Qv ...v )—vl VR U Ve

A comultiplication v : A — A ® A is also defined as follows. For each 4, k, s such
that h 4+ k = s, we define an isomorphism ¥y, x : Ay — Aj ® Ay by setting

Ji Ji J1 Jh Jh+1 Ji
Yy . 05" ) =) o) @uT Ly
and

Ji Ji J1 Ji
v(vp .vyt) = Z Yy .. v5).

h+k=s

Hence A has both an algebra and a coalgebra structure. It is not difficult to check that
v restricts to a comultiplication I' — I" ® I'. In more details, we have

k__~i i
Uk (Qs) =D, 040" O ;i ® Ori €T @ Ty

i<j

So I' is a subcoalgebra too. The graded objects {Ag, s > 0}, {I's, s > 0} have been
considered in [2] as examples of coalgebras with products, as defined in [4].
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We are particularly interested in the case when 2 = s — 1 and k = 1. We have
VUs—11: s — Dsm11 @ Ay
Vs—1.1(0s.) = Q5-1,00s5-1,j @ v1 + Qf_l,j—l ® v}
For each s € N, we have a pairing (of degree —s)
d* Ay @ Ay — Ty
defined by setting
ds(v'i1 L v{l ol = it —ji—1 e Sis—ji—1

where, conventionally, we set dY = idp,. Therefore A; embeds into AT

3 The representation
For each s, k, with k < s, we define
Dy Dy — T
by setting Py (&¢) = Q;é Qs.¢. We look at the case s = 2k. The following diagram

commutes.

Py 2k
Dy ————— Iy

I Uik

Prk @ Pr i

Dy ® Dy, Iy @Iy,

This is a consequence of a more general result. Namely

Theorem 1 The following diagram commutes, for each s > k and for each N such
that N — s > k.

N

Dy, > I'y

M d)s,N—S

¢k ® @k N—
Dk®Dk _ms TR I's @ I'n_g
Proof Just notice that

Ven-s(QyOn) = D 0750 ® 03", 0On-s) -

0=j=t
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The statement easily follows.

We now extend @y ; to a map
O, A — T
with
§k > Q;(l) Os k-

®d; is, in fact, the map wy introduced in [1]. In order to get the announced representation,
we want to study a certain inverse limit. For each s, we define B : Ay — Ay as the
(vector space) homomorphism which takes the monomial v}' ... vy to v’ ... v !

Vo g-
s+1
We observe that A} = Fg[[u]il, e u,jf]]]. Under this isomorphism, (vi'...v5)*
corresponds to u "' - u,;'kfl. Hence we have an obvious map

ot Ay — AY [[uﬂl]]

Proposition 1 The following diagram commutes

5: : A§+1

A% [[uEl])

Here coeff (u®, )" ... ubsutY isu'l ... u's when isy1 = 0, and vanishes other-
s+ sUgp] 1 s +

wise.
Proof This is straightforward. Just use the pairing on Aj.

Composing the inclusion I'y < Ay and the embedding of Ay into A}, we get a
map

'y — Ay — AZ.
Proposition 2 8 maps T's41 into Ty.
Proof A typical element in 'y is a sum of products of elements

2 0 +1
Qs+1,j = Qs,OQs,jvs+l + Qs,j—lvs+l € FS [[Us+1]] :

Hence B} (Qs41,j) = Qf,’j,l-

For short, we will write R* to indicate the restriction of 8 to ;1.
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Proposition 3 For each s, the following diagram commutes

Proof For each k, we have

-1
Ds11(5k) = O 11,09s+1,k
2 -1 2 0
= (Qs,ovs+1) (Q5,005,kVs41 + Qs,k—lvs+l)
_ -1 0 -2 2 -1
= 0 09skVsy1 + Q5 005 k1Y 41

So R*®y1(&) = (&) = Q;(l) Q; k. In particular, notice that R* is multiplicative
onim ®gy.

We can now produce the announced representation of A..

Theorem 2 The homomorphisms ®; induce a map
DA, — A

Proof As a consequence of the above proposition, the sequence {®,} induces a map
from A, to inv1lim{I"s, R*}. Moreover

invlim{Ty, R*} C HI‘S C HAS C HAj = (@ A" = A%
s N N N
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