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L®-ESTIMATES IN OPTIMAL TRANSPORT FOR NON QUADRATIC COSTS
October 20, 2021

CRISTIAN E. GUTIERREZ AND ANNAMARIA MONTANARI

AsstrACT. For cost functions c(x, y) = h(x — y) with 1 € C> homogeneous of degree p > 2,
we show L®-estimates of Tx — x on balls, where T is an i-monotone map. Estimates for the

interpolating mappings T; = (T —I) + I are deduced from this.

CONTENTS

1. Introduction

2. L%-estimates

3. Estimates for the displacement interpolating map
3.1. L*-estimates of the interpolating map

3.2. L*-estimates of densities

3.3.  Connection with fluids

4. Differentiability of Monotone maps

5. Appendix

References

1. INTRODUCTION

12
14
16
17
18
23
24

This note originates looking into the recent and very interesting paper by M. Goldman

and F. Otto [GOdf] containing a new proof of the regularity of optimal maps for the

Monge problem when the cost is quadratic. Our intention has been to investigate the

validity of similar results for powers costs |[x — y|’ with p > 2, and in that endeavor we

came up with local L*-estimates for monotone and interpolating maps relative to that

cost, inequalities (2.5) and (3.7), respectively; these extend [GOdf, Lemma 3.1]. More

generally, our estimates hold when the cost is given by a C? function that is homogeneous
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of degree p. Since we believe that these estimates may be useful to obtain regularity
results for optimal transport when p # 2, and may have independent interest, it is our
purpose to present them here. Moreover, we are able to show that these estimates suffice
to prove, with modifications, several important steps in parallel with those carried out in
[GOdf] toward the super-linear growth as in Prop. 3.3, eq. (3.15) of that paper; we will
not provide these details in this note. However, a missing part is a replacement for p # 2
of the so called quasi-orthogonality property proved in [GOdf, Step 3, proof of Prop. 3.3].
Recent regularity results for general cost functions are considered in [OPRdf] but they
do not include the case of non quadratic power costs, see Remark 3.1. We mention that
global L™ estimates for optimal maps in terms of the p-Wasserstein distance are proved
in [BJM].

The note is organized as follows. Section 2 contains a detailed proof of the L*-estimate
(2.5) on general balls. In Section 3, we introduce a notion of monotonicity (3.1) that is
equivalent to (2.2) and used it to prove in Section 3.1 the estimate (3.7) for interpolating
maps. Section 3.2 shows, as a consequence, L*-estimates for the densities of the transport
problem. Section 3.3 shows that the quantity on the right hand side of the L*-estimate
(2.5) is comparable to an integral of a fluid flow. Section 4 is self-contained and shows
an L*-estimate for monotone maps minus an arbitrary affine function, Lemma 4.1, which
implies point-wise differentiability of locally integrable monotone maps, see Theorem 4.4
and Remark 4.8. Finally and for convenience, we include an appendix with the known
formula (5.1) which is the starting point to prove the main estimate in Section 2.

Acknowledgements. We would like to thank Craig Evans for useful comments and
for pointing out Krylov’s work [Kry83]; see Remark 4.6. And we like to thank also Luigi
Ambrosio for pointing out the connection between monotone maps and maps of bounded
deformation, Remark 4.8, and useful comments. C.E.G was partially supported by NSF
grant DMS-1600578, and A.M. was partially supported by a grant from GNAMPA of
INdAM.

2. L®-ESTIMATES

If c(x,y) : D x D* — [0,+o) is a general cost function, then from optimal transport

theory, the optimal map for the Monge problem is givenby T = N, where ¢ is c-concave
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and
Neo(x) = {m e D" : p(x) + ¢°(m) = c(x, m)}
with ¢°(m) = infyep (c(x, m) — qb(x)), see for example [GHO09, Sect. 3.2]. This implies that

(2.1) c(x, Tx)+c(y, Ty) <c(x,Ty) +c(y, Tx)

assuming Tx is single valued for a.e. x € D. In our analysis below we will only use that T
satisfies (2.1); and that T is optimal will not be used.

We assume that the cost ¢ has the form c(x, y) = h(x — y) where h > 0 is a C? convex
function in R". What we have in mind is to obtain L*-estimates for u(x) = Tx — x, as in
the paper by Goldman and Otto [GOdf, Lemma 3.1], but when h is positively homogenous
of degree p for some 1 < p < oco. For this ¢, (2.1) obviously reads

(2.2) hx—=Tx)+h(y—Ty) <h(x-Ty)+h(y—Tx),
that is, T is h-monotone, or equivalently
(2.3) i (=u() + h(-u(y) < h(x =y —u@y) + 7y - x - u@).
Defining

G(a,b) = h(a — b) — h(a) — h(b),
and assuming that & is even, the inequality (2.3) reads
(2.4) -G(x—y,u(y) <G(y—xux))+2h(x —y).

Our purpose is then to prove the following local L*-estimate.

Theorem 2.1. Suppose h € C*(R") is nonnegative, even, convex, positively homogeneous of
degree p, for some p > 2, and min g1 h(x) = m > 0. If T is a map satisfying the monotonicity

condition (2.2) for a.e. x,y € R" and u(x) = Tx — x, then

(2.5)
m+p) 1-g\"" (-1
/(n+p) 1
sup |u(y)l < S (J%R(x") el dx) e JCBR(XO) @l dx S( 2 (n+1)Cray
yeBﬁRI()xo) Y= L (R . 1/(p-1) 1 . 1 _ﬁ n+p (p _ 1) C,
2 ( J%R(XO) ol x) fw J%R(xo) )l dx 2 2 (n+1)Cra,’

foreach R > 0, xo € R", and 0 < B < 1 with positive constants C1,C, depending only on p,n
and h, with w, = |B1|; and with L, depending only on p, n and h, and L, depending only on p,n, h
and p.
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Proof. Our goal is to estimate the supremum of |u| over a ball by the L’-norm of u over
a slightly larger ball. To do this, the idea is to use (5.1) and estimate the integrals by

integrating (2.4) in x.
u(y)

|u(y)l
the identity (5.1) with v(x) ~ —G(x — y, u(y)) and the ball B,(y) ~ B,(y + r w) yields

In fact, let us set w = and r = 0 |u(y)|, with 6 > 0 to be chosen; u(y) # 0. Applying

oy +rw) = -G(rw,u(y))

. —f G (x -y, u(y)) dx
By (y+r w)

N f (T — v - @) = T(0)) Ax (=G (x — v, (1)) dxdp
0 [x—y—rw|<p

r?’l

2.6) =A+B.

We first estimate the left hand side of (2.6) from below. Write

- G(rw,u(y))

= =G(u(y), u(y)) = hO u(y)) + h(u(y)) - h (6 u(y) — u(y))

h@MWD+hWWD—h®MW%—va
0 0

=0 ho g(y)) + hzuy) —h ES(S uy) - u(y))) since & is even
=95 h(® Z(y)) + Vi (&) '6_5 u(y)) , with £ an intermediate point between —u(y) and ou(y) — u(y).
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Since h is smooth and homogenous of degreep > 1,i.e., h(Ax) = AP h(x) for A > 0, it follows
that Vi(Ax) = AP~ Vi(x) and so

h(ég(y)) L Vi) '6—5“@) - ( " : ﬁ) — Vh(&) - u(y)
= ()l h IZg;I —Vh(lélé) u(y)
= & Myl ﬁﬁ - PV (15) - )
=" fu(y)P |Z$;I = ()l (%) (%)

B
V(&) D= o) 6, )
A )

W\ (& V"
()l ( ”(| <y>|) (Iu(y)l)

If 6 - 0" we get £ = —u(y) and

o u(y))_( |5|)
f@y) =& h(lu(y)l lu(y)|

Since h is convex, then for each xp and x we have h(x) > h(xg) + Vh(xo) - (x — x0). Applying

p-1
&N 1y o (ZHW)) | uy)
Vh(lél) )l Vh(lu(y)l) lu(y)l’

u(y) .
and x = 0 yields
u(y)| Y

l(y) —u(y) . ”(y)
h(0) = h( ()| ) * Vh( [u(y)l ) u(y)l

this inequality with xp =

and since h(0) = 0,

A A A C))
" ( ()] ) < Vh( w(y)] ) ol

If h is strictly positive in the unit sphere, then

0 <m = min h(x) <M = max h(x)
xesn-1 xeSn-1

by continuity. Therefore we get the inequality

ax |Vh(x)|.

0<m<-Vh
( Iu(y)l xeS”‘

—u(y)) uy) _
lu(y)|
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N —u(y))  uy) L 0* uni .
We next show that f(6, y) Vh(lu (y)l) (W) as 6 — 07 uniformly in y # 0. In fact,
—u)) #y) _ (u(y))
s+ () i = i
(e VT (8 M) (—u(y)), uy) _
(Iu(y)l) v(ia1) o * " o) Tn =2+ O

We have D; < M &1, and from the homogeneity of Vh

__ &\ u) —u(y))  uy)
D2 = Vh(w(yn) Iu(y)|+Vh(lu(y)|) ()

& o (uy)
Dl < ‘w(lu )l )| .

Since ¢ is an intermediate point between —u(y) and du(y)—u(y), & = —u(y)+t 6 u(y) for some
& —uy)
u@l |yl

S""! the uniform convergence of f follows.

SO

0<t<1,so

< 0. Since Vh is uniformly continuous in a neighborhood of

Therefore, we get the following lower bound for the left hand side of (2.6): there exists
0o > 0 depending only on & and independent of y such that

2.7) ~ G(ra, u(y) > %5 (),  for0 <5< d,

with w = u(y)/|lu(y)l and r = 6 [u(y)|, for each y with u(y) # 0. On the other hand, if 6 > 0y,
then W > 0p, implying obviously that |u(y)| < 51, and obtaining the bound |u(y)| < g

0 0
forO0<r<a.

We now turn to estimate the right hand side of (2.6). Let us first calculate A,G(z, v):

A,G(z,v) = Ah(z — v) — Ah(z).

Hence
Ax (=G (x -y, u(y))) = —~(A:G)(x — y, u(y)) = Ah(x — y) — Ah(x — y — u(y)),
and so
n ’ n—1
B = P P f (T(x —y —rw) = T(p)) (Ah(x — y) — Ah(x — vy — u(y))) dxdp.
0 [x—y—rw|<p

Let us analyze the inner integral

Hpm,y) = f| Ty o) ~T() (A ) ~ 8y~ uty)
x—y—rw|<p
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Making the change of variables z = x — y — r w yields

I(p,1,y) = [l (T(z) -T(p)) (Ah(z + rw) — Ah(z + rw — u(y))) dz.
z|<p

We have that Al is homogenous of degree p — 2 so

Z+Trw
|z + rw|

Ah(z + rw) = Ah(|z+ra)|

): i+ rwp? Ah(ﬂ).

|z + rw|
Write, with e; a fixed unit vector in "1,

(T'(z) - T(p)) Ah(z + rw)dz

lzI<p

_ _ p—-2 zZ+rw )
- (T@) ~T(p)) |z + r ol Ah(lz o)

T T
= f (T(@) —T(p)) |Tv + 1 Tey P> Ah (M) dv, with T rotation around 0 with Te; = @
lol<p [Tv + rTeq|

_ To+rTe;
= I'(v)-T v+ref zAh(—) do.
S @@ -Ten o rertan(G

Similarly,

(T(z) —T(p)) Ah(z+rw —u(y)) dz

lzI<p

- - —uy)p? w)
IZISp(F(Z) I'(p) Iz +rw —u(y) Ah(|z+rcu—u(y)| dz

= f (T() = T(p)) |Tv + r Tey — u(y)l 2 Ah( Tot+rTe - uy) ) dv, with T rotation around 0 with Te; = w
bl<p p ! Y |Tv + rTey — u(y)| ! !

. Tv+rTey — |lu(y)|Te;
= — — p-2
j|;<p (T(w) =T(p)) ITv +rTer — lu(y)|Teal"~= Ah ( o+ rTer — lu(y)Ter d

_ L {To+ (= lu(y))Te
- f| CO-TE) e e an (m; = Iu(y)I)Tell) o,

since w = u(y)/lu(y)l. Then

B o) To+rTe; ) To + (r — [u(y)))Tey
1(p,7,y) = L<p (T(0) - T(p)) (Iv Frel Ah(m) — o+ (= lu(y)h erl” Ah(m] e |u(y)|)Te1|)) do.

We then get

7

1
B= % 0" 1(p,1,y)dp=n f ' (rt,r, y) dt.
0 0
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Now making the change of variables v = rC in the integral I yields

I(rt, 1, y)

T(rQ)+rTe
|T(rC) +rTe|
T(0) + Tey
IT(C) + Teal

= Q) -T(rt)) (IrC +ref? Ah(

) ) SO =l el Ah( Trb)+ - ylTe: )) 7
(<t

IT(r Q) + (r — lu(y))Tei
T(© + (A = |u(y)l/r)Tey )) p
IT(C) + (1 = lu(y)l/r)Terl

=r T© -T®) (IC +e Ah(

Cl<t

) — [T+ A= lul/n el Ah(

and now letting r = 6 |u(y)| as before yields

1
B = nlu(y)l o fo -1 fu; UCET

[T+ Ter
('C”l'p Al (IT(C)+T61|

) S+ (1= (/) er? Ah( T(Q) + (1 = (1/0)Tey )) Jcdt

IT(C) + (1 = (1/0)Tenl
T(C) + Tey

1
_ n-1 _ -2 —=
_nm(y)lpépfot fmg(w I(1) IC+erl? Ah(IT(C)+T€1|

)dCdt

STQ) + (6 - 1)Te;
16 T(C) + (6 —1)Tey|

1
nlu(y)P & fo o1 fm -1 |5c+<6—1>e1|P-2Ah( )dCdt

= nlu(y)l 6 F(0),

where

1
F(6) = o' fo ¢ fc . (C(Q) = T(®) [C+ ey 2 Ah( T0) + Tex ) dcdt

IT(C) + Ty

! _ _ 61(C)+(6—1)1€1)
— n-1 — — p—2
6£ t jl;lst (F(C) I"(t)) |6C+(6 1)€1| Ah(lé T(C) (6 1)T€1| dCdt.

Since Al is continuous, it is bounded in $"~! and so F(6) — 0 uniformly in y as 6 — 0F

when p > 2. Therefore there exists 6; > 0 such that F(6) < % for 0 < 6 <67 and so
B < 2 ju(y)l o
4
for 0 < 6 < 61. Combining this with (2.7) and (2.6) yields the inequality
m _
(2.8) 7 lu(y)lP 6 <A, for0<o6<0

with 6 = min{6y, 61} independent of y -depending only on 1, p and k- and with r = 6 [u(y)|.
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We next estimate A from above. To do this will use (2.4). From (2.6)

A=-— G(x—v, dx < Gly—x, b )
Jgr(yww) Gy u) x<J€;r(y+rm)( (y —x,u(x)) + 2h(x — y)) dx

:J[ G(y—x,u(x))dx+2f h(x — y)dx
B (y+r w) Bi(y+r w)

= JC (h(y — x — u(x)) — h(y — x) — h(u(x))) dx + 2 JC h(x — y) dx
B (y+r w) B

(Y47 )

= JC h(y — x — u(x))dx — JC h(u(x)) dx + JC h(x — y)dx, since his even
By (y+r w) By (y+r w) By (y+r w)

< JC h(y — x — u(x))dx + JC h(x —y)dx, sinceh>0
B (y+r w) By (y+r w)

= A1 + A,

Let us estimate A;:

_ Cx— ) LT
A= Jgr(y+rm)h(|y % - ulx) |y —X- M(X)|) o

= o — u(x)P L_”(x))
Jgr(y+rm)|y ' u(x)l h(|y—X—”(x)| ax

< max h(x) ly — x — u(x)l dx
xesn-1 B, (y+7 )
<M 2P (ly = PP + [u(x)F) dx
B (y+r w)
=21 M ly — x|V dx + 21 M [u(x)P dx;
B (y+r w) Bi(y+r w)

n-1 h(|x—y|";)dx:f |x—ylph(ﬂ)dng b = yP .
Bi(y+r w) |x — yl By (y+r w) |x - yl Bi(y+rw)

We then obtain

A<M lu(x)lP dx + (2?’—1 + 1)M f lx — ylP dx,
Bi(y+r w) B (y+r w)
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with M = max,cg:-1 h(x). We have

1
Ix —yPdx = Ix — ylP dx
Jir(yw w) 4 |B-(0)] [x—y—rw|<r /

1
1B O)| Jpz<1

=7 JC |z + wlf dz < 2P 1.
B1(0)

[r(z + W) " dz withrz=x-vy-rw

Let us now fix a ball Br(xg), and suppose y € Bgr(xp) with 0 < g < 1, R > 0. Then

1—
B.(y + rw) C Br(xp) forr < TﬁR and so

1
JC [u(x)) dx < [u(x)]P dx.
By (y+r w) |BV(O)| Br(xo)

Combining these estimates with the lower bound (2.8) and the upper bound for A we

obtain

n [u(y)lf 6 < Aé f [u(x)lF dx + My r?, for0<d6 <6
4 r Br(xo)

with 6 structural constant independent of y and with r = 6|u(y)|, for y € Bggr(xo) and
r<(1-pR/2; My = 2 "M/w,, My = 2°(2"~1 + 1)M. Therefore, if y € Bgr(xp), 0 <7 <

(1-p)R/2,and 6 = Wryﬂ < 6, then we obtain the bound

(Pt < <L fB e Cor = HO)
R(X0

rn+1
2p+1
with C; constants depending only on p,n, and M/m; C; = - (M/m), Cy = 2P*2(2r~1 +
n
1)(M/m). On the other hand, if y € Bgr(xg), 0 <7 < (1 - f)R/2,and 6 = |M(ry)| > 6, then
r 1-p
< =< ——R.
<5 <753

So for any y € Bgr(xp) and any 0 < r < (1 — )R/2 we obtain
|u(y)l < max {H(r)l/@—l), %} .

Since the constant C; in the definition of H(r) can be enlarged with the last estimate

remaining to hold, we can take C; so that C; > 1/ &1 and in this way H (r)/P-1) > %, and

SO max {H (r)V/r-1), %} = H(r)!/#=1_ Therefore we obtain the estimate

2.9 sup lu(y)l< min HEYPD,
29) yGBﬁRI:()xO) W 0<r<(1-B)R/2 ™
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Set

A= f )P dx,
Br(xo)

so H(r) = C1 Ar~*D 4 C, P!, The minimum of H over (0, o) is attained at

ro =

7

((n +1)C A)“ (n+p)
r-1C

H is decreasing in (0, 7p) and increasing in (o, o), and

~(r+1)/(n+p) (r-1)/(n+p)
min H(r) = H(ro) = (” A 1) 4 (”_”) (Cy AYP-DInp) ClmDlsp)
[0,00) p—1 p—1

If ro < (1 — B)R/2, then ming<,<1-p)r/2 H(r) = H(rp). On the other hand, if 7y > (1 — f)R/2,

-B N7 (-G
2 R) (7’1+1)C1

1
thatis, A > ( := Ay, then we have

n HO=H(ZPR)=c A 1_ﬁR_(n+1)+C 1_ﬁRp_1
o<r<r(r11£rﬁ1)R/z ()= 2 -1 2 2\

1— ﬁ —(n+1) 1 ({1- ﬁ p-1
—ClA(TR) +C2AZ (TR

—(n+1) —(n+1)
1-8 n+1 1-8
< _— p—
_ClA( 2 R) +p_1C1A( 2 R)

+ 1— —(n+1)
= Cy ’;_'I (—2 ﬁR) A=Ky RTD A

We then obtain the following estimate valid forall 0 < < 1

Ky AP-D/+p) - 3f A < A

(2.10) sup u(y)P! <
yeBpr(xo) Ko R-MD A if A > A,
—(n+1)/(n+p) (p=1)/(n+p) —(n+1)

) n+1 n+1 -1 1 +n [1-

withK; = ( - s W) s e ¢ PF 1 ( zﬁ ,
p p

and A= fo o [u(F dx.

This completes the proof of the theorem. m]

R—0+ RP
[u(x)lP. Then (2.5) implies that u(x) is Lipschitz at xo. In fact, first notice that since x is

1
Remark 2.2. Suppose xp € R?, lim — JC [u(x)lP dx = 0 and x is a Lebesgue point of
Br(xo
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a Lebesgue point, the condition on the limit implies u(xg) = 0. Now, pick for example

p = 1/2. Then there exists Ry > 0 such that

1
Rp Br(xo)

1

[u(x)P dx < (Z)

n+p (P _ 1) Cz

A B R<R
m+DCao, ©r0<R<K

and so SUPR, , (xo) [u(x)] < CoR from (2.5) for 0 < R < Ry, with Cy a positive con-
stant depending only on n,p and h. If y € Bg,;2(x9) and R = 2|y — xp|, then [u(y)| <
SUPg, . (x) [u(x)] < 2Coly — xol. In particular, this implies |Ty — Txo| < Cly — x| for

Y € Bry/2(x0).

3. ESTIMATES FOR THE DISPLACEMENT INTERPOLATING MAP

In order to prove the desired estimates we first give a condition equivalent to (2.2)

resembling the classical notion of monotone map. In fact, from (2.2) we can write
0 < h(y — Tx) — h(y — Ty) — (h(x — Tx) — h(x — Ty))
1 1
= f (Dh(y — Ty +s(Ty — Tx)), Ty — Tx)ds — f (Dh(x =Ty +s(Ty — Tx)), Ty — Tx)ds
0 0
1
= f (Dh(y — Ty + s(Ty — Tx)) — Dh((x — Ty + s(Ty — Tx)), Ty — Tx)ds
0
1l
=— f f (D?h(x — Ty +s(Ty — Tx) + t(x — y))(y — x),(Ty — Tx))dt ds
0 Jo

1 1
= —f f (Dzh(y —Ty+s(Ty—Tx) +tx —y))(x —vy),(Ty — Tx))dtds
0o Jo
= (A, y)(x —y), Tx = Ty).

Therefore (2.2) is equivalent to

(3.1) A, y)(x—-y),Tx-Ty) 20
with
1 1
(3.2) Alx,y) = f f D?h(y — Ty + s(Ty — Tx) + t(x — y))dt ds.
0 0

Let us analyze the matrix A(x, y). A(x, v)is clearly symmetric, and satisfies A(x, y) = A(y, x)
by changing variables in the integral. If /i is homogenous of degree p with p > 2, then

D?h(z) is homogeneous of degree p—2,i.e., D*h(u z) = uP~2D?h(z) for all u > 0. In addition,
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if h is strictly convex, then D?h(x) is positive definite for each x € S"1 je, thereis a constant

A > 0 such that
(D*n(x) &, &) > AP

for all x € S" ! and all & € R". Since h is C?, then there is also a positive constant A such

that
(3.3) MEP < (D?h(E, &) < AEP,  Yx e EeR"
We then have
1 pl
- _ _ w2y [ Y- Ty +5(Ty — Tx) + Hx — y)
Ax,y) j(; j; ly—=Ty+s(Ty—Tx)+t(x—y)P D h(ly Ty + STy = T0) + Hx = 1) dtds
and
(3.4) AD(x, y) € < (A(x, 1) &, &) < AD(x, y) |EF V& e R,
with
1 Al
(3.5) D(x,y) = f f ly — Ty +s(Ty — Tx) + t(x — y)|P~2dt ds.
0 Jo

We also have that ®(x, y) = Oifand only if y—Ty+s(Ty—Tx)+t(x—y) = Oforalls, t € [0,1].
Thatis, ®(x,y) = Oifand only if y—Ty = 0, Ty—Tx = 0 and x—y = 0. Therefore ®(x, y) > 0
if and only if Ty # y or Ty # Tx or x # .

Remark 3.1. If c(x, y) = |x—ylP, then Vyc(x, y) = —p lx—yP =2 (Id +@-2) (|§ : ; ® |j§ : ;))

and from the Sherman-Morrison formula it follows that det V., c(x, y) = (p—1) (—p |x — ylp‘z)n.
So condition [OPRdf, (C4)] does not hold for p # 2.

Remark 3.2. To illustrate the notion of i-monotonicity, suppose T satisfies (3.1) and is C'.

Then writing y = x + 6 @ with |w| = 1 yields
A(x, x+0w) = ff D*h(x+6w—T(x +dw) +s(T(x + dw) — Tx) + =0 w)) dtds — D?h (x — Tx)
[01]2

as 6 — 0 and

(A(x,x + bw)(-0w), Tx — T(x + dw)) > 0.

Dividing the last expression by 6 and letting 6 — 0 we obtain

<D2h (x—Tx)w, 3—Z(x)a)> >0,
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dT
where — is the Jacobian matrix of T evaluated at x. Since h is C?, the matrix D?h is

ox

symmetric and we get

<a), D?h (x — Tx) a—T(x)a)> >0

ox
. P 1 R JaT
for each unit vector w. Therefore, if T is h-monotone and C*, the matrix D“h (x — Tx) > (x)
aT
is positive semidefinite for each x; notice that ——(x) is not necessarily symmetric. In

ox

particular, when n = 1, T is h-monotone if and only if T is non decreasing.

3.1. L*-estimates of the interpolating map. Let T be a h-monotone map, i.e., satisfies

(2.2), and consider the interpolating map defined by
(3.6) Tix=tTx+(1-t)x, 0<t<1.

Theorem 3.3. Suppose the assumptions of Theorem 2.1 hold and assume in addition that h is
strictly convex. If the integral & = fB1 0) |Tx — x|P dx is sufficiently small, then given 0 < f <1
there exists 0 < B < B < 1 depending only on B and the ellipticity constants A, A in (3.3) such
that

(3.7) T;" (By(0)) € Bg(0) forall 0<t<1,
that is, Uy T; (Bp(0)) < By(0).

Proof. The inclusion is obviousif t = 0. Letx € T;! (Bﬁ(O)). If [x| < B, then we are done. Let
B < Po <1, consider the ball B (0), and suppose that [x| > fo. From (2.5) applied in B1(0),
we will show that is not possible if & is sufficiently small, i.e., smaller than % (Bo—p). We
have y = Tyx € Bg(0), and B,(y) C Bg,(0) with r = Bo — . Let [y, x] be the straight segment
between y and x, and let z € dB,(y) N [y,x]. So |z —y| = r, and |z| < fo. Applying (3.1) at

x,z yields
0 < (A(x, 2)(Tz - Tx), 2 — x) = (A(x, 2)(Tz — 2), 2 — x) + (A(x,2) (z = Tx), 2 — )
= (A, 2)(Tz - 2),z - x) + <A(x,z)(% G-+ (1- %) (-9),z-x) sinceTx = %y+(
= (A 2)(Tz=2),2 -0+ 3 (A2 - y),2 -0+ (1- 1) A -2,z - )

=A.

1
1=-2

)
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Since x # z, it follows from (3.5) that ®(x,z) > 0. Also notice that (A(z—x),z—y) is
bounded above by a negative quantity, where we have set A = A(x,z). In fact, since z is
on the segment [y, x], the vectors z — x and z — y have opposite directions. That is, there

isu<Osuchthatz—y=pu(z-x)andso |z —y| = —u|z — x|. Then
(Alz=x),z=y) = p Az~ x), 2= x)
SAud(x,z)|z - x> = A d(x, 2) plz—xllz—x|, from (3.4)

=-ADx,2)|lz-yllz—x| = -AD(x,2) r|z — x].
1
If0<t<1,thenl - 7S 0 and and once again from (3.4)
1 1 ’
0<A<SADKX2)|Tz—z||z— x| - n AO(x,z)7r|z — x| + (1 - ?) AD(x,z) |z — x|*.
Dividing this inequality by A ®(x, z) we obtain

1A 1\ A
<AL|Tz- — x| - == —xl+l1=2) =z = 2
0<A<L|Tz—2z||z — x| " r|z — x| ( t) |z — x|

1A 1\ A
= |z — x| (|TZ—Z|—?X7’+(1—?)K|Z—JC|)

t

<|z—x|(—1ir+(1—1)1|z—x|) if€<ir(<ir)
- t2A t] A T2A T t2A

1 1
<z« (e—?—r+(1——) %lz—xl) if [Tz — 2| < € from (2.5) for & small

1 A 1
Slz—xl(—?ﬂr) sincel—?SO.
Hence |z — x| = 0, and therefore z = x obtaining |x| < B, a contradiction. m|

We now use this to obtain an estimate for T~'x — x, when T is the optimal map for the

cost c(x,y) = h(x — y). We have from the theory of optimal transport that T~!(Tx) = x for

a.e. x € R". Then given 0 < § < 1 we obtain

sup [T'y—yl= sup |x—Tx
y€Bs(0) T-1(Bg(0))

<sup |x—Tx| from (3.7)witht=1
B3(0))

1/(n+p)
<C (f |Tx — x| dx) from (2.5)
B1(0)

for & sufficiently small and with C a constant depending only on p,n and the structural

constants of h.
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3.2. L*-estimates of densities. We recall that the function F(A) = log (detA) is concave

over the set of matrices A that are positive definite, i.e.,
F(1-t)A+tB)>(1-t)F(A)+tF(B), 0<t<1.

Exponentiating this yields

(3.8) det((1-f)A+tB) > (detA)' " (detB)', 0<t<1.

Let T be a measure preserving map (po, p1), and let Ty = ¢t T + (1 — t) Id be the interpolating

map. Assuming the Jacobian matrix VT is positive definite', we get from (3.8) that
(3.9) det (VTy) (x) > (det VT (x))" .

Let p; be the measure defined by p; = (T})4 po, that is, p:(E) = f(Tt)'l ©) po(x)dx. Assuming
invertibility of the matrices involved, changing variables yields

1
po(x)dx = fpo (Tt)_1 z — dz.
f(m‘l(E) E ( ) det ((VTy) ((T) ™" 2))

That is, the measure p; has density

1
det ((VT) ((T) ™" 2))
1
(det((v) (1) 2)))

from (3.9). On the other hand, since T is measure preserving

(3.10) plt,2) = po ((T)) ' 2)

< po ((Tt)_l Z)

po(x) = det (VT(x)) p1(T)

which combined with the previous inequality yields

P1 (T ()" Z) t
Po ((Tt)_l Z) J

= po ((Tt)_l Z)l_t P1 (T (Tt z)t )

From (2.5), T(B,,(0)) C B,,(0) for0 <r; <r, <1, when & = fBl 0 |Tx — x| dx is sufficiently
small. And, from (3.7), Tt‘1 (Bﬁ(O)) C B3(0) for some 0 < B < B < 1 uniform for 0 < ¢ < 1.

p(t,2) < po (T ™" 2) [

A proof of this may be given along the lines of [Agu02, Section 5.2, Theorem 5.2.1] and [GvNO07, Remark
2.9], see also [San15, Theorem 7.28, pp. 272-273] when the differentiability of c,c" at zero is not assumed.
Notice also that if /1 is homogenous of degree p, then Ii* is homogenous of degree g with 1/p +1/9 = 1.
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Hence T(T;)™" (Bﬁ(O)) C By (0) for some 0 < p < < p” < 1. Therefore, assuming that

po(0) = p1(0) = 1 and po, p1 are Holder continuous of order a, we obtain

po((TD™2) =1+ po (T ™" 2) =1 <1+ [polas

and
pr(T(T) " 2)=1+p1 (T(T) " 2) -1 <1+ [p1lag

for all z € Bg(0). Consequently

sup p(t,2) < (1+[polat)' ™ (1+ [p1lan)’;
z€Bg(0)

lpi(x) — pi(y)l
v —ylv

3.3. Connection with fluids. The connection between the Monge problem and fluid flows

where [pil,1 = SUPy yeB, (0),x#y

was discovered in [BB0O] for quadratic costs. It can be seen that it holds also for general
cost functions h(x — y) as above. Suppose p;, i = 1,2 are given, v : R" X [0,1] —» R" is a

smooth field, and let p(x, t) be a smooth solution of the continuity equation
dip +divy (pv) =0 for (x,t) € R" x [0,1] with p(x, i) = pi(x),i =0, 1.

Let T be the optimal map of the Monge problem with cost /. Given the interpolating map
Tix=tTx+ (1 -1t)x,0 <t <1, consider the field

o(x, t) = (T - 1d) (T 'x),
and let p(x, t) be solution to the continuity equation above with this v. Define
(3.11) jx,t) = plx, ) (T = Id) (T x).

Then

fpr( tp1|](xtll’dxdt ff|T Id)T x)| p(x, ) daxdt
B

:f f Tz — zI p(Tiz,t)| det VT,z| dzdt
71(Bp)

1
:ff Tz -z po(z)dzdt from (3.10)
0 JT(By)

1
< f f Tz —zP po(z)dzdt from (3.7)forp<p <1
0 By
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assuming & = fB1 © |Tx — x|P dx is sufficiently small. Here we have assumed that pg(1) = 1
and pg ~ 1in B;.

On the other hand, if p” < g it follows from (2.5) that

sup |Tix| < B + sup |Tx — x| < g/ + EPOVer0 < g,
|X|Sﬁ” |xlsﬁ//

for & sufficiently small and therefore

1 1 1
1
[Tz — zP po(z) dzdt sf f ———j(x, H)F dxdt sf [Tz — z|P po(z) dzdt,
f(; fB,, po(@) o Ja, plx, typ? J 0 JBy po(@)

for jin (3.11).

4. DIFFERENTIABILITY OF MONOTONE MAPS

When T is monotone in the standard sense, the idea used in the proof of Theorem 2.1
can be implemented in a simpler way to obtain the following estimates for T minus a

general affine function.

Lemma 4.1. Let A € R™", b € R", T a monotone operator, 0 < f < 1, and u(x) = Tx — Ax — b.

Then there are positive constants Cy, C, depending only on the dimension n such that

(@) for A # 0 we have

1/(n+1)
sup |u(y)l < C (JJA|R)™ D (f |u(x>|dx)
Br(xo)

YEBgr(x0)
if
1 JC 1— ﬁ n+1
= [u(x)|dx < Cy ||All (—) ;
R Jp(xo) ’ 2
and
2 n
sup |u(y) < C ((1—) J[ [u(x)|dx + (1 —p’)RllAll)
yeBgr(xo) —B) IBrxo)
if

! f ()l dx > C ||A||(1_ﬁ)n+1
— u(x)|dx > Cs — )
R JBrxo) 2

(b) if A =0, then

2 n
sup |u(y)l < Cq (1—) JC |u(x)| dx.
Y€Bgr(x0) - Br(xo)
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Proof. By monotonicity of T,
(4.12) () - u() - (- y) > ~A@x - y),x—y), forae. xy,
which implies

f@)=uy) - (x—y) <u@)-(x-y) +{Ax-y),x -y

Let r > 0 and z, € R" both to be determined, and consider the ball B,(z,). The function f
is harmonic in all space so integrating the last inequality for x over B,(z,) and applying

the mean value theorem yields

u(y) - (zr — y) SJi(z)u(x)-(x—y)dx+Ji(z)<A(x—y),x—y)dx

< J[ )| |x — yldx + [|All JC lx — yI* dx
By (zr) By (zr)

=B+C.
. . 3 u(y)
Fix xo, R > 0, and pick r > 0, z, = y +r )] such that B,(z;) C Br(xo); u(y) # 0. If
Yy € Bgr(x0), then the inclusion holds if r < (1 — ) R/2. Also, if x € B(z,), then |x — y| < 2r.
Hence
B< 2L f u@)ldx,  C<4|Al?,
Wn 1™ JBr(xo)

and consequently

lu(y)l < fB o lu()ldx +4[|Allr:= F(r) Yy € Bgr(xo); r<(1-p)R/2.

wy 1"
We then obtain
sup |u(y)l <min{F(r):0<r<(1-pB)R/2} :=m.
YEBgR(x0)
2 1 o
Suppose A # 0. Set A = o fBR(xo) |u(x)|dx, so F(r) = r_”A + 4||Al|r. We have F'(r) =

A )l/(n+1)
4|All

—nr DA 4 4)|A| =0 forr =g := (

min{F(r) : 0 < r < +o0} = F(rp)

(4||A“ ))’l/(l’l+1)

n A V@)
nA )

A+ 4Al| (—
4[]

1/(n+1)
= C, JlA| D ( f |u<x>|dx)
Br(xo)
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Ifrg < %ﬁ R, then m < F(rg) and we obtain

1/(n+1)
(4.13) sup |u(y)l < C, (JA|IR)" "D (f |u<x>|dx)
yeBﬁR(X[)) Br(xo)

n+1
when C,, u(x)|dx < (T) ; in such a case we get

||A||R Truteo

sup |u(y)l < C, (1 -Pp)IAlIR.
Y€BgR(x0)

On the other hand, 1f

ﬁ’ 1-p
R<ry, thenm=F TR and we get
2 n
sup |u(y)l < Cy ( ﬁ) Jg ( )IM(X)IdX+ Cn (1 =B)RIAI
R(X0

y€BgR(x0)
1
_ﬁ n+
> — .
u(x)| dx ( >

If A=0,then F(r) = rl” A is decreasing and so

sup u(y)l < m =C, ( 2 ) f i
yeBgr(xo) -p Br(x0)

when C,, ||A||R fB (x)

O

Using part (b) of this lemma we will show strong differentiability of monotone maps.
Following Calderén and Zygmund [CZ61], see also [Zi89, Sect. 3.5], we recall the notion

of differentiability in LF-sense.

Definition 4.2. Let 1 < p < oo, k is a positive integer and f € LP(Q), with (O C R" open,
and let xo € Q. We say that f € T (xo) ( fethr (xo)) if there exists a polynomial Py, of degree
<k —1(Py, of degree < k) such that

1/p
(JC If(x) = Py, ()P dx) =0/ asr—0
By (x0)

1/p
(( [f(x) = Py, (x)PP dx) =o(*) asr—0|;
B,(xo)
when p = oo the averages are replaced by ess sup,p . \|f(x) = Px,(X)] = |lf = PxyllL=(B,(xy))-

We mention the following landmark result of Calderén and Zygmund [CZ61, Thm. 5],
see also [Zi89, Thm. 3.8.1] or [St70, Chap. VIII, Sect. 6.1]:
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Theorem 4.3. If 1 < p < oo and f € T (xo) for all xy € E with E C R" measurable, then

f € t(xo) for almost all xg € E; emphasizing that the orders of magnitude are not necessarily

uniform in xo>.

The case when p = oo is a famous theorem of Stepanov which combined with Lemma

4.1(b) yields immediately the following point-wise differentiability of monotone maps.
Theorem 4.4. Let T be a monotone map that is locally in L' (R") ® satisfying

(4.14) JC [Tx —bldx=0(R) asR—0
Br(xo)

for some vector b = by,, i.e, Tx € T} (xo) for all xo in a measurable set E. Then
ITx = A(x = x0) = Txoll=(Br(xg)) = 0 (R) asR — 0
for almost all xg € E, i.e., Tx € t¥*(xg) for a.e. xo € E.
Proof. For each x( € E there exist constants M(xg) > 0, Rg > 0 and b € R” such that
JC |Tx — bldx < M(xp) R
Br(xo)
forall 0 < R < Ry, i.e., Tx € T'!(xp). Since T is monotone, from Lemma 4.1(b)
sup |[Tx —b| < C(n,p) J[ |Tx — bldx < C(n, ) M(x0) R
Br(xo)

Bgr(xo)

for 0 < R < Ryp. This means SUPR, (xo) [Tx — b = O(R) as R — 0 for all xg € E, i.e.,
Tx € TV®(xp). By Stepanov’s theorem [St70, Chap. VIII, Thm. 3, p. 250] this implies that

Tx is differentiable for a.e. xy € E, i.e., Tx € tV*°(xg) for a.e. xq € E.

2Whether this result holds when p = 1 does not seem available in the literature.

3In general, T is a multivalued map. However, the monotonicity implies that Tx is a singleton for a.e.
x € R". Denote dom T = {x € R" : Tx # 0}. From [RW98, Corollary 12.38], a maximal monotone mapping T
is locally bounded at ¥ if and only if X is not a boundary point of dom T. Also from [RWO98, Thm. 12.63],if T
is maximal monotone, then T is continuous at ¥ if and only if T is single valued at %, in which case necessarily
% € int (dom T). For a clear and in depth presentation of the properties of monotone maps we recommend

the comprehensive book [RW98].



22 C. E. GUTIERREZ AND A. MONTANARI

Remark 4.5. Notice that J%R(xo) ITx — Ax — bldx = 0(R) (or Tx € t'!(x)) implies (4.14)

because if xq is a Lebesgue point, then b = Txy — Axg and

JC ITx—cldx:JC [Tx —Ax—b+ Ax+b—c|ldx
Br(xo) Br(xo)

SJC |Tx—Ax—b|dx+JC |Ax + b — c|dx
Br(xo) Br(x0)
=0o(R) + JC |A(x — xo)ldx, ifc=Txg
Br(xo)
< o(R) + ||Al|R = O(R).

Remark 4.6. When T is a monotone map that is maximal, the differentiability of T a.e. was
proved by Mignot [Mig76, Thm. 3.1] using Sard’s Theorem; see also the more recent and
perhaps simpler proof of Alberti and Ambrosio [AA99, Thm. 3.2]. When T is monotone
and bounded the differentiability is proved in [Kry83, Thm. 2.2].

Remark 4.7. If ¢ is a convex function in R", then from [EG92, Thm. 3, p. 240] V¢ €
BV1oc(R"). Therefore, from [EG92, Thm. 1, p. 228] V¢ is LM =1)_differentiable a.e., that is
Vo € /=1 (x) a.e., and since V¢ is monotone, it follows from Remark 4.5 and Theorem

4.4 that Vo € t1°(x) a.e.

Remark 4.8. Following [ACDMY97], a locally integrable mapping u : R” — R" is of
bounded deformation (# € BD) if the symmetrized gradient in the sense of distributions
Vu + (Vu)! is a Radon measure. If T = (Ty,- - - , Ty;) is a monotone map in Llloc(lR”), it then
follows from the definitions of monotonicity and distributional derivative that T € BD.

d
Because all distributional derivatives a—xl are non negative and therefore they are Radon
]
measures. From [ACDM97, Theorem 7.4], if T € BD, then T € t"'!(xo) for a.e. xg € R".
Therefore from Remark 4.5, condition (4.14) holds for any locally integrable monotone

map.

Remark 4.9. For completeness we also prove the following known fact: if f € Lfoc(lR”),

with p > 1, then

1/p
lim (J[ |f(x) = f(xo)lP dx) =0 fora.e. xo.
r—0 Br(x[))

Define

1/p
Af(xo) = limsup (Jg( )If(x) — f(xo)lP dx) .

r—0
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We have 0 < Af(x) < limsup,_,, (J%r(xo) |f (x)IP dx)l/p +f o)l < (M) o)) P + 1 £ (xo)l
with M the Hardy-Littlewood maximal function. Since f € Lfoc(]R”), the right hand side
of the last inequality is finite for a.e. xp and so Af(xo) is finite for a.e. x¢. In addition, A
is sub-linear: A(f + g)(x0) < Af(xo) + Ag(xp) and Ag(xp) = 0 for each g continuous at xj.
By localizing f with a compact support function we may assume f € LP(IR"). Given ¢ > 0

there exists ¢ € C(R") such that ||f — gl|, < ¢. For each a > 0 we then have
X Af(x)>a) Ci{x: A(f —9)(x) > a/2} U {x: Ag(x) > a} = {x : A(f — 9)(x) > a/2}
C{x: (M(f - gl”)(x))l/’7 > a/4} U fx :|f(x) — gx)| > a/4}

and so

lfe s Af(x) > al < H{x: M(If = gP)(x) > (@/4)P} + [{x : | f(x) — g(x)| > ar/4)]
< gl + - gl < o e
Since ¢ is arbitrary, we obtain Af(x) = 0 for a.e. x.

5. APPENDIX

Recall that I'(x) = mlxlz‘”, with n > 2 where w,, is the volume of the unit ball
(2 —

in R", and the Green’s representation formula

d d
o) = [ (o0 0= -1 520 ot + [ 106 ) oty

1

n

where v is the outer unit normal and y € Q. If Q = B,(y), then g—l;(x -y = " Ix — ylt™"

and so the representation formula reads
Jdv
= do(x) =T —(x)d I'(x — y) Av(x)d
=1 oot [ Tt [ty aceas
= JC v(x) do(x) +f (T'(x —y) —T(p)) Av(x)dx
x=yl=p lx=yl<p

from the divergence theorem. Multiplying the last identity by p"~! and integrating over
0 < p <ryields

6.1 oy = ch e o(x) dx +% fo p! fl e (I'(x = y) = L(p)) Av(x)dxdp.
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