Finite Elements in Analysis and Design 215 (2023) 103886

Contents lists available at ScienceDirect

Finite Elements in Analysis & Design

journal homepage: www.elsevier.com/locate/finel

ELSEVIER

t.)

Check for

Finite element numerical investigation of multimode ultrasonic S|
interference and beatlengths in high frequency fiber-optic devices: 3D
design, modeling, and analysis

Ricardo E. da Silva , David J. Webb

Aston Institute of Photonic Technologies, Aston University, Birmingham, B4 7ET, UK

ARTICLE INFO ABSTRACT

Keywords:

Spatial-spectral ultrasound analysis
Complex multimode decomposition
Beatlength numerical characterization
3D design optimization

High frequency acousto-optic modulators
Fiber-optic ultrasonic sensors

A novel numerical study based on the finite element method is developed to demonstrate the beatlengths induced
by high frequency acoustic modes inside an optical fiber for the first time. A practical methodology to model,
compute and analyze the multimode interaction in the fiber is exemplified with a detailed numerical experiment.
The frequency response of 1 mm long standard fiber is evaluated from 30 to 60 MHz, corresponding to the
highest attenuation band of experimental fiber optoacoustic devices. The 3D simulated complex ultrasonic fields
are decomposed and characterized with the averaged peak-to-peak method and 2D Fourier transform. The
resulting dispersion spectra are compared and theoretically validated by the recognized Pochhammer-Chree
solutions. The acoustic parameters required to modulate optical fibers are derived from the simulations and
discussed. A route to overcome the frequency-induced limitations of the current devices is provided, pointing out
new research possibilities for the development of highly efficient and compact all-fiber acousto-optic modulators

and fiber-optic ultrasonic sensors.

1. Introduction

The interaction of sound and light in optical fibers enables important
multiphysics applications, such as, all-fiber acousto-optic devices
(modulators, dynamic couplers, frequency shifters, notch filters, Q-
switched and mode-locked fiber lasers [1-10]) and fiber-optic acoustic
sensors (hydrophones, optoacoustic devices for biomedical applications,
sensors for high-voltage electric machines, aircrafts, civil infrastructure
and vital human signals monitoring [11-18]). In particular, ultrasonic
devices composed of fiber Bragg gratings (FBGs) are promising to
measure simultaneously acoustic vibrations and temperature [17,19].
The acoustic waves modulate the effective indices of the optical modes
and the grating period inducing changes in the Bragg wavelength [20,
21]. In this way, electrically-tunable standing longitudinal acoustic
waves have been successfully employed to mode-lock the output power
of pulsed fiber lasers [9,10,22,23]. The axially symmetric acoustic dis-
placements compress and extend the grating period, inducing reflection
bands on both sides of the Bragg wavelength. The grating reflectivity is
amplitude modulated by the confined acoustic field in the fiber with a
repetition rate at twice the acoustic frequency [24-26]. The modulation
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of optical fibers employing longitudinal acoustic waves is relatively
recent (1997) in comparison with previous studies of cylindrical wave-
guides [26]. The mathematical model governing the operation of the
current acoustic cylinders was first developed independently by Poch-
hammer in 1876 and Chree in 1889 [27,28]. These studies show that the
dispersion phenomenon causes distortion of acoustic waves with
wavelengths shorter or in the order of the cylinder diameter [29].

This beating phenomenon is attributed to the different velocities of
the modes being excited along the guide at the same frequency [30]. In
the last years, significant analytical and semi-analytical models have
been developed to predict, understand and characterize the multimode
wave propagation in semi-infinite and finite cylindrical geometries
based on the Pochhammer-Chree frequency equations [31-33]. The
studies indicate that modes propagating with distinct velocities along a
dispersive medium travel and arrive at different times, broadening and
distorting the shape of acoustic signals [15,32]. The analytical methods
evaluate individually the modes and the dominance of one mode over
the others at specific frequencies. However, these methods consider only
the averaged input and output acoustic fields at the waveguide ends,
neglecting the beatlengths induced by the modal interference over the
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guide cross section. In addition, the radial displacements composing the
acoustic modes are usually disregarded during the modeling because the
insensitivity of the employed transducers to measure radial variations
[32].

Dispersion curves of multiple acoustic modes propagating in an op-
tical fiber have been computed with the Pochhammer-Chree frequency
equation to show the change of the phase velocity with the frequency.
Nevertheless, the study emphasizes only the fundamental acoustic mode
propagating at frequencies lower than 10 MHz [34]. The lack of nu-
merical studies at higher frequencies has limited the current develop-
ment of fiber-based ultrasonic modulators since the induced multimode
interference changes drastically the acousto-optic interaction in the
fiber core. Moreover, modeling of the acoustic wave propagation in
optical fibers is still highly complex employing the traditional
Pochhammer-Chree solutions. The inclusion of boundary conditions to
simulate the acoustic transmitter and receiver at the guide ends
employing the current analytical methods, usually requires the use of an
elaborate mathematical formulism [32,35]. The 2D or 3D evaluation
over the guide cross section is too elaborate or even impossible in some
cases. In addition, the analytical solutions developed for ideal, homo-
geneous and solid cylinders cannot be applied for optical fibers with
complex geometries, such as, microstructured fibers and photonic
crystal fibers [36-38].

Alternatively, semi-analytical finite element method (FEM) can
analyze wave propagation in complex waveguides, where the idea was
widespread by Kausel since the 1980’s with the name of thin layer
method [39]. FEM in combination with the computer-aided design
(CAD) tools is effective for the development of acoustic and photonic
devices [15,36-38,40-44]. In particular, the FEM-based numerical
methods are useful for the design, simulation and fabrication of acoustic
components, such as, piezoelectric transducers [43,45] and acoustic
horns [41,46], allowing multiphysics evaluation of whole acousto-optic
devices [47,48]. The interaction of acoustic modes in optical fibers has
recently been identified by a FEM-based numerical investigation in the
short frequency range from 50 to 56 MHz [49]. The results indicate that
the modal superposition causes high distortion of the acoustic fields,
resulting in complex non-sinusoidal waveforms in the fiber core.

In this paper, we numerically investigate the beatlengths induced by
the complex modal interference with focus on the commonly available
and widely employed single-mode standard optical fiber (SMF). The
dispersion of the acoustic modes is fully characterized along 1 mm fiber
length in the highly dispersive frequency range from 30 to 60 MHz. A
brief introduction about the Pochhammer-Chree theory and the result-
ing frequency equation used to validate the simulations is provided in
Section 2. Important acoustic parameters and beatlengths derived from
the study are also discussed. A methodology for the design, modeling,
and characterization of the 3D fiber geometry by means of the finite
element method is described in Section 3. In Section 4, the acoustic
period of the modes is evaluated from the acoustically induced dis-
placements with the 2D fast Fourier transform (FFT). In Section 5, the
dispersion relation of the wavelength and frequency is analyzed in the
FFT spectrum to identify the individual modes and main beatlengths.
The spectrally derived acoustic parameters are then employed to
analyze the complex modal distribution inside the fiber in Section 6. The
dominance of the acoustic modes and the resonant confinement of en-
ergy in the fiber core are also discussed. A route to evaluate the
modulated optical properties in the SMF and advance the development
of high frequency fiber-optic ultrasonic modulators and sensors based on
the FEM investigation is discussed in Sections 6.2 and 7.

2. Theoretical background

The Pochhammer-Chree theory describes the wave propagation of
acoustic modes in linearly elastic, homogeneous, isotropic and solid
cylinders [27,28]. The three-dimensional equations of motion are solved
into cylindrical coordinates to define the axially symmetric vibration
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modes in an infinitely long circular geometry. In particular, the longi-
tudinal acoustic modes induce axially symmetric radial v and axial w
displacements in a standard single mode optical fiber (SMF), as illus-
trated in the yz fiber cross section in Fig. 1(a)-(c). The displacements
change with the fiber radial distance r from the fiber core center (r = 0)
to the fiber surface (r = 62.5 pm). The displacement vector u is
decomposed into radial (v for the y axis or u for the x axis) and axial w
components defining a set of stress equations [50]. The application of
traction-free boundary conditions at the cylindrical surface results in the
Pochhammer-Chree frequency equation, which is expressed in terms of
the fiber radius a and angular frequency w as [31,51,52],
2 2 2
24(ga) _L(g) N [1 (g) B kz} hipa) o
Ji(ga) 2al\cr 2\cr pJi(pa)

in which, p? = w?cp? - k2, ¢ = w?c;? — k2, ¢p and cy are respectively
the dilatational and transversal acoustic velocities, ® = 2nf = kcp is the
angular frequency, cp is the phase velocity, k = 2z ! is the wavenumber
and, Aq, is the wavelength. Jy and J; are the zero and first order Bessel
functions of the first kind (full derivation of Eq. (1) in Achenbach,
Zemanek or Redwood [30,50,51]). The frequency equation provides the
dispersion relation of the wavenumber k and frequency f for the acoustic
modes of a cylindrical geometry. The spectral response k - f is often
numerically computed for each mode by solving the roots of Eq. (1). The
modal wavenumber or propagation constant k is a real number for the
propagating modes.

Fig. 1(d) shows the dispersion of the fundamental acoustic mode L
(0,1), and of the second and third higher order modes L(0,2) and L(0,3)
in the SMF for a frequency range up to f = 60 MHz. The phase velocities
cp (solid lines) and group velocities ¢ (dashed lines) of the axially
symmetric modes are computed with the wavenumbers k solved from
the roots of Eq. (1), employing the methods and algorithms developed in
Refs. [31-33,35]. The dispersion curves are compared to the dilatational
cp, transversal cy and Rayleigh cg velocities (dotted grey lines). The
velocities are normalized in relation to the extensional velocity cg and
indicated with ¢

The acoustic dispersion is also evaluated in terms of the fiber
diameter 2a considering the dimensionless wavenumber ka [50]. The
phase velocity cp of an acoustic mode approaches the material exten-
sional velocity cg as ka —0. Consequently, the displacements induced by
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Fig. 1. Illustration of the axial w and radial v displacements acoustically
induced in a standard single mode optical fiber (SMF): (a) most of the dis-
placements are axially polarized along the fiber length up to f = 10 MHz. (b)
Increased transversal polarization of radial components v around f = 30 MHz.
(c) Predominant alignment of axial components w in the fiber from f = 40 - 55
MHz. (d) Pochhammer-Chree dispersion curves indicating the phase velocity cp
(solid lines) and group velocity c, (dashed lines) of the fundamental mode L
(0,1) and higher order acoustic modes L(0,2) and L(0,3) in the SMF.
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the fundamental mode L(0,1) are axially distributed over the fiber cross
section for the low dispersive frequency range nearly up to 10 MHz, as
indicated in Fig. 1(a) and (d). In contrast, cp approaches the velocity of
Rayleigh surface waves cg as ka —oo [53]. The kinetic energy density Ex
of a mode depends on the distribution of its radial and axial displace-
ments over the fiber cross section, propagating along the fiber with the
group velocity ¢, [34].

Note in the frequency range around f = 30 MHz in Fig. 1(d), that
modes propagating at lower group velocities induce mostly radial dis-
placements over the fiber cross section, as illustrated in Fig. 1(b). In this
range, the fiber cross section also becomes multimode with acoustic
periods A, comparable to the fiber diameter [54]. Overall, the axial
displacements uniformly distributed along the fiber at low frequencies
are partially replaced by the radial components, tending to concentrate
over the fiber surface with increasing frequency f [34,48,49,55].

The dispersion curves calculated by means of Eq. (1) provide the
parameters individually for each acoustic mode. In fact, the acoustic
modes interact along the waveguide inducing a complex beatlength
pattern [30]. The beatlength or beat wavelength in which the modes
exchange energy along the guide is defined as, Bq = 2n(k; - ki), in
which, k is the wavenumber and i is the mode index [56-58]. For
acoustic modes with wavelengths smaller compared to the guide
thickness, the average of the wavenumbers k; and k;;; approaches the
Rayleigh wavenumber as, kg = Y(k; + ki+1) [57,58]. In this case, the
period of the modes converges to the wavelength of Rayleigh waves as,
Bg = 27kg .

The dispersion of the fundamental mode and the two higher order
acoustic modes supported by a SMF is evaluated in the highly dispersive
frequency range of f = 30 - 60 MHz, corresponding approximately to a
high attenuation band in optoacoustic sensors (indicated with the
dashed vertical green lines in Fig. 1(d)). The wavelengths A, are
computed with the modal wavenumbers k provided in Eq. (1). The pa-
rameters computed by means of the Pochhammer-Chree frequency
equation are named in the next sections as “Theory” to simplify the
comparison with the FEM simulations. The theoretical dispersion curves
are included in the FEM simulated spectra in terms of the wavelengths 1,
and beatlengths B,.

3. Three-dimensional FEM design, modeling, and high-
performance computing (HPC)

We have modeled a standard single mode optical fiber (SMF-28) with
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Fig. 2. Modeling of the standard single mode optical fiber (SMF) by employing
the finite element method (FEM): (a) The 2D SMF geometry is extruded to
generate a (b) 3D solid cylinder. (c) The silica material properties are the
Young’s modulus Y, Poisson ratio v and density p. The fiber is excited at one end
by a sinusoidal force F,. and the other fiber end is fixed. (d) The SMF frequency
response is computed by a high-performance computing cluster (HPC) and (e)
the acoustically induced axial w and radial v displacements are evaluated over
the fiber cross section to calculate the (f) wavelengths of the acoustic modes 1,
and induced beatlengths B,.
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a core diameter of 8.2 pm and a fiber cross section diameter of 125 pm,
as illustrated in Fig. 2(a). The fiber is designed by creating a 3D
component in the Structural Mechanics Module included in the com-
mercial package COMSOL Multiphysics 5.4, based on the finite element
method [59]. An xy work plane (axial coordinate z = 0) is defined in the
software geometry to model the fiber cross section. The resulting 2D
fiber geometry is further extruded along 1 mm length generating a 3D
solid cylinder, as illustrated in Fig. 2(b). The fiber is specified as a linear
elastic isotropic material with the silica parameters: density p = 2200
kg/m>, Young’s modulus Y = 72.5 GPa and Poisson’s ratio v = 0.17 [34,
48].

The SMF cross section at the coordinate z = 1 mm is axially excited
by a sinusoidal force with constant amplitude of F,. = 3 x 1073 N, in the
frequency range from f = 30 - 60 MHz, with steps of 100 kHz. The other
fiber end is fixed at the coordinate z = 0 to provide total reflection of the
applied acoustic waves and create a standing acoustic wave pattern (as
discussed in Section 1, standing acoustic waves have been employed to
modulate the properties of Bragg gratings at twice the acoustic fre-
quency). The remaining fiber surfaces are defined as a free-tension
constraint. The summarized boundary conditions are illustrated in
Fig. 2(c). The 2D design in Fig. 2(a) is meshed with triangular elements
with a maximum element size of 0.3 pm in the fiber core and 10 pm in
the cladding. The elements grow symmetrically from the fiber core to
the surface with the increasing rate of 1.2. The largest element size is
about 6 times smaller than the shortest acoustic wavelength of g = 57
pm in the frequency range. The element-per-wavelength resolution over
the fiber cross section increases with the decreasing radius r approach-
ing to the fiber core. The 2D mesh is further extruded along the fiber
length in steps of 10 pm, generating 200 layers of equivalent cross sec-
tion. It satisfies the mesh element size requirements for accurate FEM
modeling, ensuring high resolutions to evaluate the wavelengths and
beatlengths in the considered frequency range [59].

The mechanical frequency response of the SMF is computed for each
frequency step f by employing the Frequency Domain Study and the
Cluster Sweep function available in the software. In this way, each fre-
quency is configured as a “job” and computed by 17 cluster computer
nodes. Each node is equipped with 28 processor-cores and memory of
128 GB. The whole frequency response is distributed and solved in
parallel by a high-performance computer cluster (HPC), providing a
total of 2000 processor-cores and memory of 9 TB, as illustrated in Fig. 2
(d). Additional details about modeling of 2D and 3D acousto-optic de-
vices are found in Refs. [6,47,48]. The acoustically induced axial w and
radial v displacements are evaluated along the fiber length at the fiber
surface (r = 62.5 pm) and cladding mid radius (r = 31.25 pm), as
indicated in Fig. 2(e). At the fiber core center (r = 0), only the axial
displacements are evaluated since the resulting vector of symmetric
radial components is ideally null at this position [34]. Fig. 2(f) illustrates
the wavelength of an individual acoustic mode 1, or beatlength B,
evaluated from the wave envelope computed at the radial distances
indicated in Fig. 2(e).

Fig. 3(a) shows an example of the 3D FEM simulation of the SMF
excited at the arbitrary frequency of f = 34.2 MHz. The acoustically
induced displacements are normalized to the maximum positive (dark
red color) and negative (dark blue color) amplitudes. A detail of the xy
fiber cross section is seen in Fig. 3(b). Fig. 3(c) shows the standing
acoustic wave over the yz fiber cross section (indicated as a dashed blue
line in Fig. 3(a) and (b)). The displacement modulus |u| decays to null
values at the wave nodes, as indicated by the light green color in Fig. 3
(c). The complex wave pattern of |u| is decomposed into the radial v and
axial w components in Fig. 3(d) and (e), revealing distorted periodic
waves with periods indicated respectively with 1; and 1. The acoustic
modes causing this complex modal superposition are evaluated and
discussed in detail in the next section.

A COMSOL sample file including modeling information employed in
the simulations is added as supplementary material. The fiber’s geo-
metric and material parameters can be easily changed to simulate
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Fig. 3. (a) 3D FEM acoustically induced displacement |u| along the SMF
excited at f = 34.2 MHz with a detail of the (b) xy cross section. (c) |u] is
evaluated over the yz cross section and decomposed into (d) radial v and (e)
axial w displacement components.

different fiber devices. This sample can be adapted to run in a desktop
computer by accordingly increasing the mesh element size in the fiber
cross section mainly in the core region, while considering the mesh re-
quirements detailed in this section.

4. Numerical investigation of the acoustic modal interference in
the optical fiber

The period of the FEM simulated acoustic waves is estimated by
employing the averaged peak-to-peak method (APP), in which the
acoustic wavelength 4, is calculated by averaging a sequence of half-
wavelengths 0.5), of a standing acoustic wave, corresponding to the
distance between the wave nodes [30]. In this study, the APP method
additionally measures the distance between sequential wave peaks
increasing the measurement accuracy. The overall wavelength A, is
computed from the averaged distance between the wave nodes and
peaks along the fiber.

The interaction of the modes L(0,1) and L(0,2) is predicted at f =

peaks 7= 62.5 im =342 MHZ]
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Fig. 4. 1D FEM acoustically induced (a) radial and (c) axial displacements at
the SMF surface excited at f = 34.2 MHz. The wavelength of the fundamental
mode Ay,1) and second higher order mode A2 are respectively estimated
from the displacement modulus (b) |v| and (d) |w| with the averaged peak-to-
peak method (APP).
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34.2 MHz in Fig. 1(d). Fig. 4 shows examples to evaluate the complex
standing wave fields in Fig. 3 with the APP method. The radial v and
axial w displacements are assessed at the fiber surface (r = 62.5 pm) and
normalized to the maximum amplitude. Note in Fig. 4(a) that a periodic
waveform is highly distorted by the modal superposition. Amplitude
modulation is clearly seen in the modulus of the radial component v in
Fig. 4(b). The same procedure is applied to evaluate the axial dis-
placements w in Fig. 4(c) and (d). The decreased amplitude modulation
is followed by a significant period variation A4, (Fig. 4(c)). The period
analysis associated with displacement direction is useful to predict the
polarization of the acoustic modes over the fiber cross section. Thus, the
lower velocity of L(0,1) towards the transversal and Rayleigh velocities,
cr and cg, indicates predominant radial polarization over the SMF cross
section. Similarly, the larger period and velocity of L(0,2) show that the
axial displacements are gradually increasing along the fiber length,
implying dominance of this mode with increasing frequency.

Overall, the APP method is more accurate to measure waves with low
amplitude modulation. The accuracy increases for waves approaching
constant period and amplitude. The simulated wavelengths agree well
with the theoretical references, as shown in the details in Fig. 4(b) and
(d). The modal wavelengths 1, and beatlengths B, are also computed by
means of the fast Fourier transform (FFT) [56,57]. The FFT converts the
acoustic signal in the space domain (displacement amplitude variation
along the fiber length) to the frequency domain (amplitude variation
along the spatial frequency f, = z~1) [57]. The resulting FFT spectrum
provides the direct and simultaneous measure of the acoustic periods
and beatlengths, being useful for the analysis of the polarization, dis-
tribution, dominance, and superposition of the modes over the fiber
cross section.

For example, the distorted wave fields in Figs. 3 and 4 are also
evaluated with the FFT. The modulus of |v| and |w| are sampled along
the fiber z-axis with a spatial resolution of Az = 0.5555 pm, totaling a
samples number of N = 1801. The spatial sampling frequency is calcu-
lated as, F; = Az ~! = 1.8 (um) %, resulting in a spatial frequency res-
olution of Af, =F,N~ 1_-103 (pm)’l, which is written in function of the
spatial resolution as, Af, = (NAZ) ! [60,61]. The number of frequency
points in the FFT spectrum is 0.5N = 900. The spatially dependent
acoustic wavelength A4(2) is calculated from the inverse values of the
spatial frequency components f; as, 1(j) = 25(f,()) "}, fromj = 1toj =
0.5N + 1, where j is the frequency component index. Fig. 5(a) shows the
FFT modulus computed from the radial displacements (hollow red
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Fig. 5. Example of application of the FFT method to evaluate the complex
acoustically induced displacement patterns computed by the FEM. (a) The
wavelengths 1, of the individual acoustic modes and beatlengths B, are
computed from the peaks in the FFT spectrum. (b) FFT of the radial v and axial
w displacements in Fig. 4.
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circles). The spectrum is normalized to the maximum amplitude. The
wavelength 4, and beatlength B, are measured directly in the spectrum
at the peak’s position indicated with vertical dashed lines. The distance
between consecutive wavelength 1, points in the spectrum is written as,
Ada() = Aq(Dj Y, from j = 1 to j = 0.5N + 1. The increasing resolution
approaching shorter wavelengths 4, in Fig. 5(a) is caused by natural
behavior of the harmonic series in 14(j). Increasing samples number N is
therefore suitable to improve both spatial frequency Af, and wavelength
Alq resolution. Alternatively, A4, is significantly improved by fitting the
FFT spectrum with a cubic spline interpolation function, as indicated
with the blue curve in Fig. 5(a) [61]. This fitting function provides a
constant resolution of Al, = 0.1 pm along the full spectral range,
considerably increasing the accuracy to measure the peak’s location at
wavelengths longer than 4, = 100 pm. Fig. 5(b) shows the fitted FFT for
both radial and axial displacements. The periods of the fundamental and
second higher order mode are respectively indicated at the highest
amplitude peaks. The FFT values agree in more than 99% with the
theoretical values.

The beatlength of the two modes Bg(1-2) is defined by the smaller
peaks in Fig. 5(b). It shows that the modes partially interfere the radial
and axial components exchanging energy on the fiber surface [57-59].
In addition, the lower peak at Bg(1-2) indicates that L(0,2) is less dis-
torted by the modal superposition due to its increasing dominance from
f=34.2 MHz. The low amplitude oscillations approaching higher values
of 4, indicate the excitation of higher order harmonic components of 4,
and B, overlapping in the spectrum. Therefore, only the highest reso-
lution peaks with amplitudes higher than 50% in the spectrum are
considered to calculate the modal parameters. The method demon-
strated in this section is applied to calculate the 2D FFT modal dispersion
curves and derive the periods and main beatlengths at the fiber surface,
cladding and core.

5. Dispersion analysis of the acoustic modes and beatlengths in
the optical fiber

The 2D FFT spectra of the FEM simulated radial and axial
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displacements at the SMF surface for the frequency range of f = 30 - 60
MHz are shown respectively in Fig. 6(a) and (b). The normalized FFT
peaks (dark red color) show the period of the acoustic modes A4 in
comparison with the APP method (white solid line). The FFT-APP
spectra in Fig. 6(a) are compared to the Pochhammer-Chree theoret-
ical curves, indicating the period variation of the fundamental acoustic
mode L(0,1) and third higher order mode L(0,3) (solid lines), and
induced beatlengths B, (dashed lines). The beats overlapping as Ray-
leigh waves are indicated as, Br(1-2) and Br(2-3), and the second order
harmonics as, B3(1-2) and By(1-3). A beating combination of the three
modes is indicated as Bgr(1-2-3). The highest FFT peaks are considered
for analysis, as shown with the scattered geometric symbols in Fig. 6(c)
and (d). The FEM simulated curves overlap the theoretical values with
averaged agreement accuracies higher than 99.9% for all curves in the
FFT spectra discussed in this paper.

The overlapping of the FFT-APP curves in Fig. 6(a) indicates high
concentration or dominance of L(0,1), which is exchanged or modulated
by Br(1-2) up to about f = 40 MHz. The increasing superposition of L
(0,1) with the emergent L(0,3) is defined by the beat By(1-3) at higher
frequencies. These modes propagate with close group velocities
considerably lower compared to L(0,2). Similarly, Br(2-3) is more
evident at frequencies higher than f = 50 MHz, with decreasing velocity
of L(0,2) matching in phase with L(0,3). The dominance of L(0,2) is
emphasized by the overlapped FFT-APP curves in Fig. 6(b) and (d). Note
in Fig. 6(b) that L(0,3) is not directly detected in the fiber surface,
indicating low distribution of this mode and influence of By(1-3). The
APP dips are caused by a strong resonant coupling of the modes L(0,1)
and L(0,2) exchanging with Br(1-2).

Fig. 7(a) shows the FFT of the radial displacements at the SMF
cladding (r = 31.25 pm). By(1-3) is weakened in the spectrum, implying
decreased superposition with L(0,3). As a result, the interference of L
(0,1) and L(0,2) is increased by means of Br(1-2) and By(1-2). This
second harmonic contributes to broad and low amplitude oscillations in
the spectrum. The APP peaks indicate increasing resonant exchange of
these modes in this fiber region. In addition, the dominance of L(0,1) in
Fig. 6(c) is highly replaced or exchanged with Bgr(1-2) in Fig. 7(c). Fig. 7
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symbols) are respectively compared to the theoretical values (solid lines).

(b) shows the spectrum of the axial displacements. For frequencies up to
f = 37 MHz, the resulting acoustic waves are mostly defined by reso-
nances exchanging the fundamental mode and the beat Br(1-2).

From f = 37 - 50 MHz, the superposition of L(0,1) and L(0,3) re-
inforces By(1-3). Similarly, overlapping of the higher order modes at
specific resonances is indicated by Bg(2-3). Note that the intersection of
beats, such as, By(1-3) and Bg(2-3) around f = 40 MHz, reinforces the
modal interference. Interactions at higher wavelengths indicate other
unrecognized harmonics between the three modes causing low ampli-
tude oscillations. Overall, the resonant dips in Fig. 6(b) decrease with
the expansion and dominance of L(0,2) over the fiber cross section with
increasing frequency. The high concentration of L(0,2) over the fiber
cladding follows the overlapping of the FFT-APP curves in Fig. 7(d).

The spectrum of the axial displacements at the SMF core center is
shown in Fig. 7(e). Additional harmonics of the beatlengths are included
to provide an intuitive view about the effectiveness of the FEM to
simulate the multimode interactions. The relevant beats are summarized
in Fig. 7(f). L(0,1) is highly concentrated in the fiber core up to f = 35
MHz. At higher frequencies, overlapped beatlengths are seen around f =
40 MHz, mostly governed by Br(2-3) and B2(1-3). The increasing
dominance of L(0,3) with increasing frequency notably reduces the

influence of the beats. Consequently, 1, approaches the period of L(0,3),
as shown by the FFT-APP curves in Fig. 7(f).

In summary, the resonant modal interference and resulting beat-
lengths change the displacement distribution over the SMF cross section.
This frequency-induced modal reallocation is attractive to spatially
switch the acoustic energy between the fiber surface, cladding, and core,
providing possibilities to convert and filter the modes as discussed in the
next section.

6. Analysis of the dominance, spatial redistribution, and energy
exchange between the acoustic modes

6.1. Modal dominance and efficiency of energy confinement in the SMF
core

We have investigated the dominance of the second higher order
mode L(0,2) in the SMF employing the information derived from the FFT
spectra. Fig. 8(a) shows the ratio between the axial displacements w and
the overall displacements integrated over the SMF cross section along
the fiber length (blue curve). The dips in the spectrum correspond to the
frequencies where the radial displacements dominate in the fiber. L(0,2)
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Fig. 8. (a) Normalized axial displacements integrated over the SMF cross section along the fiber length (blue curve) for the frequency range of f = 30 - 60 MHz. The
dominance of the second higher order acoustic mode L(0,2) is defined at frequencies with high concentration of axial displacements along the fiber. The modal
interference causes resonant complex oscillations in the spectrum, being mostly defined by resonances of L(0,1) and the beatlengths between the fundamental and
higher order modes Bg(1-2) and By(1-3). (b) Efficiency of energy confinement E, in the SMF core. The resonant frequencies of maximum energy confined in the core

are mostly defined by the beatlengths Br(1-2) and B5(1-3).

achieves higher group velocities approaching the highest levels of the
axial displacement. The wavelengths of L(0,1) and L(0,2) and the
beatlengths Bg(1-2) and By(1-3) are included for comparison (from FFT-
APP curves in Fig. 6(d)). Note that the peaks’ frequencies highly agree
with the resonant frequencies of L(0,2), weakly interacting with the
other modes at the low dispersive frequency range indicated in Fig. 8(a).
Otherwise, resonant interference is emphasized between the modes
resulting in dips in the spectrum. The smaller dips are caused by the beat
By(1-3), as indicate at the red dashed lines. In contrast, dips with large
depths indicate a strong coupling to L(0,1) and Bg(1-2).

The confinement of acoustic energy inside the SMF core was inves-
tigated. The total energy density Ex confined in the fiber core depends on
the vector sum of the displacements of each mode interacting in this
region. Ey is integrated over the fiber core (E.,) and along the entire fiber
cross section (E). Fig. 8(b) shows the efficiency of energy confinement
or acoustic confinement factor E, = E,,/E for the considered frequency
range (blue curve), denoting the fraction of the overall energy confined
in the fiber core. The beats Br(1-2), Bo(1-3) and B1(2-3) are included
for discussion. The overlapping of L(0,1) and L(0,2) is defined by the
beating resonances of Bg(1-2), as indicated by the lower peaks of E, for
frequencies lower than f = 36.6 MHz. The low and close group velocities
of these radially polarized modes contribute to transfer the energy to the
fiber cladding and surface. This interaction decreases with increasing
difference of their group velocities and the emergence of L(0,3). The
fundamental mode tends to concentrate on the fiber surface while L(0,2)
axially polarizes along the fiber with increasing frequency. From f =
36.6 MHz, E, increases with the emergent L(0,3) highly concentrated in
the core, following approximately the growth rate of B;(2-3). The peak’s
resonances are mostly defined by B(1-3), as shown by the red dashed
lines in Fig. 8(b).

Fig. 9 shows the kinetic energy density Ex over the SMF yz cross
section at the dip and peak resonances indicated with dashed circles in
Fig. 8(b). As discussed, energy is mostly concentrated in the fiber clad-
ding and surface for the resonances in Fig. 9(a) and (b). The beat By(1-3)
contributes to transfer the energy to the fiber core at f = 44.8 MHz in
Fig. 9(c). In contrast, the energy is mostly redistributed over the fiber
cross section at f = 54.4 MHz in Fig. 9(d). The dominant L(0,2) is
polarized along the fiber and highly spread over the fiber cross section,
reducing energy in the core. Overall, the modal superposition transfers
energy between the fiber core and surface at the beating resonances, as
shown in Fig. 9(e) and (f). It is analogous to the beatlength resonances
investigated in ultrasonic plates, in which the modal interference causes
a periodic reflection of energy between the opposite plate surfaces [35,
53,54]. In the SMF, the energy reflects between the fiber surface and
core due to the cylindrical geometry. A maximum confinement factor of
E, = 3.1% is computed at f = 59.2 MHz. The characterization of the
modal dominance and resonances is important to define the frequency
ranges of efficient overlapping of acoustic and optical energy in the fiber
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Fig. 9. FEM simulation of the kinetic energy density Ey over the SMF yz cross
section at the resonances of (a) f = 30.6 MHz, (b) f = 31 MHz, (c) f = 44.8 MHz,
(d) f = 54.4 MHz, (e) f = 56 MHz and (f) f = 57.2 MHz indicated with dashed
circles in Fig. 8(b).

core. The predominant longitudinal polarization of the acoustic fields
and modal dominance of L(0,2) in the fiber explains the reduced sensi-
tivity of fiber optoacoustic sensors to measure ultrasonic waves trans-
versally polarized on the fiber surface in this frequency range. On the
other side, the modal redistribution of the modes over the fiber cross
section reveals promising features for mode and spatial-division mod-
ulation in acousto-optic devices as discussed in the next section.

6.2. Evaluation of the complex modal redistribution and frequency-
tunable beatlengths inside the SMF

The beatlength resonances reinforce or attenuate the energy
confinement in the fiber core. This on-off energy switching is useful for
the frequency-tunable modulation of the optical power, and conse-
quently, the electrical control of acousto-optic devices [4]. Similarly, the
spectral modal redistribution of the modes in the fiber surface, cladding
and core also contributes to increase the detection sensitivity to external
substances interacting with the acoustic waves on the fiber surface [7].
In this section, we investigate the variation of the wavelengths and
beatlengths caused by the rearrangement of the acoustic modes over the
SMF cross section with frequency. Fig. 10 shows an example of wave-
length 1, and beatlength B, modulation at the arbitrary frequencies of f
= 35 MHz, f = 45 MHz and f = 55 MHz. The theoretical curves provide a
continuous reference response. The figure analysis reveals the following
spatial and spectral modulation possibilities for application in
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electrically tunable acousto-optic devices:

a) Frequency-tunable modulation: The variation of acoustic energy
in the fiber core in Fig. 8(b) is followed by significant changes of the
acoustic periods and beats in the range f = 35 - 55 MHz. It induces a
modulation in the spectrum of FBGs, as discussed in Section 1. An
almost linear response of 4, is achieved at specific modal interactions
or beats (e.g., L(0,2) and L(0,3) at f = 45 MHz in Fig. 10(b)) or even
monitoring one mode or beat over the fiber cross section (vertical
dashed lines).

b) Mode conversion: The horizontal dashed lines in Fig. 10 indicate
the exchange of the modes and beatlengths with frequency. For
example, L(0,1) distributed in the mid cladding is partially switched
to L(0,2) with increasing frequency in Fig. 10(a). Note that 1, does
not considerably change in this case. Fig. 10(b) implies that this
modal conversion in the fiber core is suitable to modulate the phase
and power of co-propagating optical modes.

Mode or beatlength spatial switching: The vertical dashed lines in

Fig. 10 also indicate redistribution of the modes and beatlengths over

the fiber cross section with frequency. For example, Br(1-2) is highly

spread over the fiber cross section at f = 35 MHz. This beat is then

concentrated in the fiber cladding (f = 45 MHz) and surface (f = 55

MHz) with increasing frequency. An exception is noted for By(1-3)

keeping almost constant period and distribution on the fiber surface

in the considered frequency range. This feature might be useful to
prevent spectral variations caused by broadband acoustic signals in
applications modulating the acoustic amplitude.

~

C

The 3D FEM simulated displacement patterns in the SMF at the
considered frequencies are shown in Fig. 11, with details in the yz fiber
cross section. The displacements are decomposed into the radial v and
axial w components. The modal wavelengths and beatlengths are eval-
uated by the FFT-APP methods and indicated at the fiber surface,
cladding, and core. It allows the evaluation of the modal spatial distri-
bution in Fig. 10. The color range amplitude is normalized to the
maximum of |u|, allowing the qualitative evaluation of the displacement
magnitude. At f = 35 MHz, L(0,1) and Bgr(1-2) dominate over the fiber
cladding and surface in Fig. 11(c). L(0,1) mostly moves to the fiber core
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Fig. 11. 3D FEM simulated acoustically induced displacement pattern in the
SMF at (a) f = 35 MHz, (e) f = 45 MHz and (i) f = 55 MHz, with details over the
SMF yz cross section in Figs. (b) (f) (j). The displacements are decomposed into
(c) (g) (D) radial v and (d) (h) (m) axial w components. The wavelengths of the
modes and main beatlengths are evaluated by the FFT and APP methods and
indicated at the fiber surface (r = 62.5 pm), cladding (r = 31.25 pm) and core
center (r = 0).

while L(0,2) emerges on the fiber surface in Fig. 11(d). The modes
overlap in the cladding by means of Bg(1-2). These interactions are
however weakened by the emergent L(0,3) at f = 45 MHz (Fig. 11(g)(h)).
The increasing dominance of L(0,2) is seen in Fig. 11(h). Fig. 11(m)
shows that the longitudinal modal polarization induces distinct regions
of tension (dark red color) and compression (dark blue color) along the
fiber. The formation of plane waves over the fiber cross section is ex-
pected at frequencies where the mode’s velocity approaches the exten-
sional velocity cg [33]. Consequently, the displacement magnitude of the
dominant mode achieves the highest values at these frequencies. Over-
all, wave distortion is still observed in the fiber core caused by the high
concentration of L(0,3). The reduced modal overlap decreases the en-
ergy confined in the fiber core, indicating that the beatlengths are
therefore required to maximize the energy at any specific region inside
the fiber. The beats Br(1-2) and By(1-3) are therefore significant to
transfer the energy from the fiber surface and cladding to the fiber core.

7. Results discussion and research outlook for the development
of high frequency fiber-optic ultrasonic devices based on the FEM
simulations

This study provides a detailed methodology to simulate and analyze
complex high frequency ultrasonic fields in optical fibers. Fig. 5 shows
an example of a 1D FFT of the distorted acoustic waveforms evaluated at
one single frequency in Fig. 4. Note that no useful information can be
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directly inferred from Fig. 4; in contrast, the 1D FFT in Fig. 5(b) directly
shows the existence of two modes (highest peaks) and one beatlength
(overlapped central peak) caused by their modal interference. These
modes and beat are uniquely quantified by their periods or wavelengths,
which can be expressed in terms of other important parameters, such as,
wavenumbers, velocities, or impedances, usually required for ultrasonic
applications. Nevertheless, the modes’ number and parameters change
with frequency. Figs. 6 and 7 show therefore these changes for each
frequency in the considered range (the peaks’ maximum amplitude in
Fig. 5 is indicated as the red color in the 2D FFT). The modal properties
are evaluated at the fiber surface, cladding, and core because the dis-
tribution of modes and beats also changes in the fiber cross section.
Fig. 11 shows an example on how the modes and beats spatially relocate
inside the fiber with frequency. The combined spectral and spatial de-
tails allow the characterization of modal interactions inside the fiber ata
single frequency or range. It is useful to increase the modulation effi-
ciency of inscribed devices in the fiber, such as with 7-FBGs employed in
optoacoustic sensors with effective sensing lengths of 270-350 pm [14,
62]. The spatial modal analysis can show the regions of high concen-
tration of displacements, strains, and overall acoustic energy in the fiber
core, indicating the proper position of FBGs to improve the sensor’s
sensitivity. Similarly, the simulations can assist in the location of the
acoustic sources to focus the acoustic waves on the fiber surface.

The demonstrated FEM simulations are promising to assist the
development of passive fiber-optic acoustic sensors, such as, opto-
acoustic devices for biological and medical applications. These sensors
have strong potential for minimally invasive high resolution ultrasound
imaging, microscale real-time monitoring and diagnosis of diseases in
tissues, organs and vessels [13,14,62,63]. In this case, the optical
properties are modulated by ultrasonic waves generated within the tis-
sue due to thermoelastic expansion. The acoustically induced strains
change the fiber length and the refractive index in the fiber cross section,
inducing an optical phase-shift in the propagating optical modes [14,
64]. The sensor response is proportionally strong to the axial compo-
nents because of the high sensitivity to the fiber length variation.
Nevertheless, the sensor’s response is dominated by transversal reso-
nances around 22 - 30 MHz and 70 - 80 MHz [14,62,63]. Consequently,
relevant attenuation of more than 90% of the sensor’s sensitivity is
experimentally observed in the range of f = 40 - 60 MHz. These resonant
features cause image distortions and artifacts, usually requiring addi-
tional and expensive fiber, electronic or acoustic amplifiers to measure
highly attenuated ultrasonic signals. This numerical study is therefore
focused on this attenuation range, providing unprecedented details of its
multimode cause, as well as useful parameters for further improvements
of sensitivity and frequency bandwidth. Other important acoustic pa-
rameters, such as, the strain components required to evaluate optical
parameters are also directly derived from the FEM [48].

We have simulated the first radial resonance observed in practical
optoacoustic sensors to show another example of application of this
study. A 1 cm long SMF is modeled by employing the method, fiber
parameters and excitation force described in Section 3. The fiber is
acoustically excited from f = 20 - 40 MHz (1 MHz step), and the cor-
responding frequency response is computed in terms of the induced
radial strains integrated in the fiber core (y direction). Fig. 12 shows the
resonance spectrum with a maximum at f = 29 MHz. Note that the strain
abruptly attenuates with increasing frequency. The FEM simulated
resonance peak in Fig. 12 agrees closely with the experimental reso-
nance reported in Ref. [62] (Fig. 2(b)). Differences between the simu-
lated and measured peaks and bandwidths are caused by the influence of
distinct boundary conditions and interaction lengths. Overall, the good
agreement between the results clearly indicates that the acoustic reso-
nances inside the SMF strongly depend on the fiber geometry, material,
and its acoustic modes, regardless of the ultrasonic source, surrounding
fiber medium and other components or devices employed in the
experimental setup.

The considered resonance is caused by a strong interaction of the
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Fig. 12. 3D FEM simulation of the acoustically induced radial strain integrated
in the fiber core for the frequency range of f = 20 - 40 MHz indicating the first
radial ultrasonic resonance of the SMF.

acoustic modes L(0,1) and L(0,2) by means of the beats Br(1-2) and
By(1-2). As previously discussed in Fig. 1, these modes have similar, low
group velocities at resonance frequencies, in which the displacement
fields are resonant and radially polarized within the fiber cross section.
For the considered ideal modeled SMF, the strain in the fiber core is
significantly reduced with increasing frequency from f = 30 MHz. We
have shown that the high attenuation band from f = 40 - 60 MHz nearly
coincides with the range of the dominant second higher order mode L
(0,2). The increased axial displacements spread over the fiber cross
section are followed by decreased radial or transversal strains in the
fiber core, consequently reducing the sensor’s sensitivity.

The FEM therefore provides a complete tool to characterize ultra-
sonic fields inside the SMF in comparison with the current analytical or
semi-analytical methods based on the scattering of elastic waves [14,
63]. It is expected that the conversion of the spherical acoustic waves
into only axially symmetric waves will reinforce the axial displacements
in the fiber core. The FEM simulated strain in the core can be used in
combination with analytic methods (e.g., the transfer matrix method) to
model the properties of Bragg gratings, providing the optical spectral
response for the devices [47,48]. Similarly, components surrounding the
fiber, such as, fiber coatings, acoustic sources and sensing substances are
directly modeled employing the method described in Section 3, just by
adding the component geometries, materials and physical domains [6,
47,651]. In this sense, phase and group velocities cp and c,, can be derived
from 4, to calculate acoustic impedances to match with surrounding
components, enabling efficient integration with the acoustic and pho-
tonic devices.

Optical fibers with complex geometries also benefit from these
modeling features [49]. Further numerical research should involve the
simulation of propagating acoustic waves in the SMF and the time rep-
resentation of the dispersed signals at high frequencies, which is ob-
tained with the inverse Fourier transform of the frequency spectra. This
is achieved by employing a time-dependent study in combination with a
perfectly matched layer (PML) as an absorbing boundary condition [59].

Overall, changes in the fiber cross section design, diameter or ma-
terial composition are required to adjust the modal beatlengths,
enabling possibilities to improve the sensor’s sensitivity towards a flat
response over a broadband frequency range. It might be achieved by
improved filtering of acoustic modes employing a permanent periodic
mechanical deformation along the SMF (e.g., inscription of FBGs and
long period gratings (LPGs) by changing periodically the fiber material
or diameter with a CO5 or femtosecond laser [66,67]). In Photonics, the
reflection or transmission properties of these gratings strictly depend on
the fiber’s optical modal properties and spectral response, usually
quantified by the modes’ effective indices. Similarly, the development of
gratings for application as ultrasonic filters relies on previous knowledge
of acoustic modal properties. This study therefore provides significant
modal parameters which can be estimated directly from the FFT
dispersion curves in Figs. 6 and 7 for the considered frequency range.
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The evaluated modal wavelengths 1, can be expressed in terms of
wavenumbers k to assist in design and fabrication of emergent FBGs and
LPGs specifically for ultrasound. Broadband chirped gratings are
promising to equalize the spectrum of resonances and attenuation bands
over a wide frequency range, analogous to their photonic counterparts
[7]. These gratings might be designed and simulated by considering
proper periodic variation of material or diameter along the SMF
modeled in Section 3. The resulting grating spectrum and changes in
modal interaction might be evaluated by means of the FFT spectra or
frequency response of the fiber, e.g., as shown in Fig. 12.

Alternatively, optical fibers with reduced fiber cross section will
contribute to reduce the number of modes and minimize the distortion
caused by dispersion in the range of f = 30-60 MHz (the fiber diameter
should be considerably smaller compared to the acoustic wavelength).
In this way, low dispersive or dispersionless single-mode acoustic de-
vices might be achieved by reduced fiber cross section, employing
cladding etching and tapering techniques employed to fabricate pho-
tonic devices [24,26,68]. The methodology and findings described in
this paper will certainly contribute to evaluate the material and geo-
metric changes along the SMF, allowing the practical modeling and fast
evaluation of all-fiber modulators and sensors.

8. Conclusion

In summary, we have numerically investigated the beatlengths
induced by axially symmetric acoustic modes inside a standard optical
fiber for the first time. A methodology for the design, modeling and
analysis of a 1 mm long device employing the 3D finite element method
(FEM) is demonstrated. The spectral response of the acoustic modes and
beatlengths is computed with the 2D fast Fourier transform (FFT) for the
frequency range of f = 30 - 60 MHz. The induced radial and axial dis-
placements are evaluated at the fiber surface, cladding and core,
allowing the characterization of the fundamental acoustic mode L(0,1)
and the two higher order modes L(0,2) and L(0,3) by means of the
dispersion spectra. The FEM simulated dispersion responses are
compared to the Pochhammer-Chree analytical solutions with accu-
racies higher than 99.9%.

The beatlengths, modal dominance and displacement distribution
are assessed over the 2D fiber cross sections of the simulated device. The
results indicate dominance of L(0,2) with increasing polarization of the
axial components along the fiber. It is followed by a surprising decrease
of acoustic energy in the fiber core, mostly governed by resonant beat-
lengths. Increasing interference of the three modes is therefore suitable
to increase in-core modulation. For frequencies higher than f = 60 MHz,
the dominance of L(0,3) and the occurrence of new higher order modes
is expected. The revealed beatlength-induced acoustic gratings in com-
bination with the frequency-tuning features described in Section 6 are
promising to increase the acousto-optic interaction in the fiber cross
section, enabling highly efficient modulation of higher order optical
modes.

Overall, the FEM provides a graphical and intuitive tool to investi-
gate the dispersion and modal interference inside optical fibers.
Important details for 2D and 3D design, physical modeling, computing
and post-processing required to evaluate experimental devices with high
accuracy and resolution are provided. We expect that the research
findings and guidelines described by this numerical investigation will
contribute for the development and characterization of high frequency
devices based on the commonly used SMFs. These procedures can be
additionally employed to model any cylindrical geometry, as well as
optical fibers with complex designs, such as, microstructured and pho-
tonic crystal fibers, in which the current analytical or semi-analytic
methods are not possible. The simulated acoustic parameters enable
further evaluation of the modulated grating properties in devices
employing FBGs. The numerical investigation points out a way to
overcome the frequency limitation of the current acousto-optic modu-
lators and improve the noise-limited pressure resolution of optoacoustic
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sensors, contributing to compact and efficient all-fiber devices.
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