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Abrupt changes in aperture (sudden expansion and contraction) are commonly seen in naturally occurred or artificial single
fractures. The relevant research mainly focuses on the changes in fluid properties caused by the sudden expansion of the
aperture in smooth parallel fractures. To investigate the effects of roughness on the nonlinear flow properties in a single rough
fracture with abruptly aperture change (SF-AC), the flow characteristics of the fractures under different Reynolds numbers Re
(50~2000) are simulated by the turbulence k‐ε steady-state modulus with the Naiver-Stokes equation. The results show that, in
a rough SF-AC, the growth of the eddy and the flow path deflection of the mainstream zone are more obvious than those in a
smooth SF-AC, and the discrepancies between the rough and smooth SF-ACs become even more obvious when the relative
roughness and/or Re values become greater. The increase of the fracture roughness leads to the generation of more local eddies
on the rough SF-ACs and enhances the flow path deflection in the sudden expansion fracture. The number of eddies increases
with Re, and the size of eddy area increases linearly with Re at first. When Re reaches a value of 300-500, the growth rate of the
eddy size slows down and then stabilizes. Groundwater flow in a rough SF-AC follows a clearly visible nonlinear (or non-
Darcy) flow law other than the linear Darcy’s law. The Forchheimer equation fits the hydraulic gradient-velocity (J‐v) better
than the linear Darcy’s law. The corresponding critical Re value at which the nonlinear flow starts to dominate in a rough
SF-AC is around 300~500.

1. Introduction

Flow in a single fracture (SF) is an important issue in many
fields, including structural geology, hydrogeology, environ-
mental, and geotechnical engineering, and petroleum engi-
neering [1–7]. Previous studies have shown that fracture
aperture changes (expansion or contraction), fracture sur-
face contact, and fracture roughness have played major roles
of affecting fluid flow in a SF [8–10]. The variation of frac-
ture apertures causes fluctuation of streamlines when the
Reynolds number (Re) is relatively small and generates cha-
otic or turbulent flow when Re is relatively large [11–14].
When the Re becomes sufficiently large, velocity contrasts
between middle of the fracture and near the fracture walls
become so large that dispersive transport becomes increas-
ingly non-Fickian (or abnormal), meaning that the dispersive

mass flux is no longer proportional to the concentration gra-
dient [15]. The contact of the fracture surface leads to the
development of preferential flow, which aggravates the situa-
tion, leading to further non-Fickian transport phenomenon
[8, 16]. The presence of fracture roughness further exacer-
bates the situation, increasing the nonlinearity of water flow
and the non-Fickian phenomenon of solute or heat transport
[7, 17, 18].

An important question that has not yet been satisfacto-
rily answered is how to relate fluid flow with the geometry
and roughness of the fracture, especially when the apertures
of the fracture change abruptly [19, 20]. In recent decades,
great efforts have been made to study fluid flow through
abruptly expanding pipes, plates, or fractures [21–26]. A
SF with an abruptly changing aperture (denoted as SF-AC)
often has eddies/recirculation areas that result in extended
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residence time for water flow and solute transport. The recir-
culation areas can also become habitats for microbial growth
which may enhance the degradation of some organic con-
taminants. Both experimental and theoretical studies have
shown that the size of eddies is mainly determined by the
expansion ratio (E), defined as the ratio of larger to smaller
apertures (D/d), and the Re [27–30]. The fluctuation of
streamlines and the growth of the characteristic eddy length
(l), defined in this study as the length from the left edge to
the right edge of the eddy along the flow direction, are two
primary issues related to the flow in a SF-AC.

Experimental and numerical studies have shown that the
l – Re relationship in a symmetric and abruptly expanding
channel (similar to a smooth surface single fracture) starts
to bifurcate at a critical Reynolds number (Rec) [24, 28,
31]. The value of Rec is closely related to the geometric
parameters of the abruptly expanding channel or fracture.
Qian et al. [32] summarized the relationship between Rec
and E and found the Rec values ranging from 40.45 to 500
(based on the upstream channel height and the average
velocity) with an expansion ratio E of 3. Battaglia et al.
[33] numerically studied bifurcation of low-Re flow in sym-
metric channels and found that the critical values decreased
when E increased (e.g., Rec = 446 at E = 1:5 and Rec = 43 at
E = 5). With regard to quantification of l, an approximately
linear relationship existed between E and l when Re was less
than 210 [33]. However, Milos et al. [34] and Makino et al.
[35] found that l increased linearly with Re until it reached
400 and then decreased with Re; it became nearly constant
when Re was greater than 1000.

Besides the influence of E and Re on flow and transport
in a single fracture, many studies have been presented to
describe experimentally and numerically the effect of rough-
ness on flow through a single rough fracture as well [14,
36–38]. When surface fluctuations (or deviations from a flat
or smooth surface) are large compared to the average aper-
ture, the flow was forced to move along sinuous pathways
(when flow was still in the laminar flow regime) that create
additional viscous friction [36, 39]. At low Re, when the iner-
tial effect on flow can be neglected, the relationship between
the flow rate through the fracture and the pressure gradient
driving the flow is linear or Darcy. The local cubic law
(LCL), based on Darcy’s law, was established by Lomize
[40] to describe fluid flow through a SF idealized as a series
of parallel plates.

Q = −
ρgb3

12μ
dh
dx

,

v = −
ρgb2

12μ J ,
ð1Þ

where Q is the volumetric discharge rate (m3/s), ρ is water
density (kg/m3), g is the gravitational acceleration (m/s2), b
is the fracture aperture, μ is kinematic viscosity (Pa·s), h is
water head (m), v is flow velocity (m/s) and it equals the
Darcy velocity or specific discharge because the fracture is
open with a porosity of unity, and J = dh/dx is hydraulic gra-

dient (dimensionless) along the average flow direction which
is the x axis.

The LCL is valid when the flow is linear and the Re value
is sufficiently small, but it is usually not suitable for describ-
ing the flow in a rough and unparalleled fracture at labora-
tory and field scales even when the Re value is relatively
small [37, 38, 41–45]. Forchheimer [46] proposed an empir-
ical quadratic relationship to describe the pressure gradient
as a function of flow rate in porous media when the inertial
effect became nonnegligible [36, 47]. This relationship
(namely the Forchheimer equation) has been used in
numerous studies to describe flow in SF and is usually writ-
ten as follows:

J = − Av + Bv2
� �

= −
μ

Kρg
v + β

g
v2

� �
, ð2Þ

where A (s/m) and B (s2/m2) are the linear and inertial coef-
ficients, respectively; K is the hydraulic conductivity (m/s);
and β (m-1) is the Forchheimer coefficient, which, in princi-
ple, depends only on the geometry of the fracture and not on
the flow conditions or fluid properties [38]. The Forchhei-
mer number (Fo) is defined as the ratio between the qua-
dratic and linear terms, which can be interpreted as the
ratio of the nonlinear inertial contributions to the pressure
drop to the linear term that accounts for viscous resistance
[48–53].

Fo =
Bv2

Av
= Bv

A
: ð3Þ

The Fo indicates the magnitude of relative deviation
from the linear regime and it is possible to use it to define
the onset of nonlinear flow [50]. In addition, Zeng and Grigg
[52] suggested that a nonlinear coefficient α could be defined
as follows:

α = Bv2

Av + Bv2
= Fo

1 + Fo
: ð4Þ

Another dimensionless parameter for analyzing inertial
forces versus viscous forces is Re, which is defined as follows
for flow in a SF:

Re =
2vb
ν

, ð5Þ

where ν is the dynamic viscosity of water (m2/s), equal to
1:007 × 10−6m2/s at temperature 20°C.

Previous researches concerning flow and transport in a
SF have mainly focused on the changes in fluid properties
caused by the sudden expansion of the aperture in smooth,
parallel fractures. The purpose of this investigation is to
study the effects of roughness on the nonlinear flow proper-
ties in a single rough fracture with abrupt aperture, and
proper SF models containing the sudden expansion and con-
traction of the aperture were first formed. Then, we can sim-
ulate the flow characteristics under different Re (50~2000) by

2 Lithosphere

Downloaded from http://pubs.geoscienceworld.org/gsa/lithosphere/article-pdf/doi/10.2113/2022/5775275/5639967/5775275.pdf
by guest
on 16 December 2022



coupling the turbulence k‐ε (k is the kinetic energy of the
turbulent pulsation; the larger the k, the larger the length
and time scale of the turbulent pulsation; ε is the dissipation
rate of the turbulent pulsation momentum; the larger the ε
is, the smaller the length and time scale of the turbulent pul-
sation are) steady-state modulus with the Naiver-Stokes
equation. The changes in streamline formations and laminar
flow regimes, the changes in the number and length of
eddies, and the l – Re relationship were studied and com-
pared with those with smooth surfaces in a SF.

2. Conceptual Model and Simulations

Since the focus of this study is on the effect of aperture
change (sudden expansion and contraction) and roughness
on the flow through a single fracture, an asymmetric smooth
SF-AC (see Figure 1) and rough SF-AC are constructed. The
model consists of three sections connected in series with
apertures of 12mm (the 1st section), 4mm (the 2nd section),
and 8mm (the 3rd section), respectively, divided into two
parts: a sudden contraction part (L1 ⟶ L2) when the aper-
ture changes from 12mm to 4mm, and a sudden expansion
part (L2 ⟶ L3) when the aperture changes from 4mm to
8mm. The lengths of sections with apertures of 12mm,
4mm, and 8mm are identical (20mm). According to our
numerical exercises, eddies may be formed in four places
in Figure 1, the first eddy (E1) is near the lower corner when
the aperture changes from 12mm to 4mm, the second eddy
(E2) is at the lower beginning portion of the narrowest frac-
ture section (with a 4mm aperture), the third eddy (E3) is
near the lower corner after the fracture aperture is expanded
from 4mm to 8mm, and the fourth eddy (E4) is at the upper
corner of the fracture section (with a 8mm aperture) near
the exit plane. l1, l2, l3, and l4 represent the lengths of the
first, second, third, and fourth eddies, respectively. The SF
is expected to extend to infinity along the direction perpen-
dicular to the cross-sectional area shown in Figure 1; thus,

the simulation will be conducted in a cross-sectional plane
(or the xz plane) where the positive x axis is pointing to
the right horizontally, and the z axis is upward vertical.
The origin of the Cartesian coordinate system is at the inter-
section of the left (vertical) boundary and section L1. The
fracture opening is so small that the gravity effect is irrele-
vant during the entire simulation. The fluid is assumed to
be incompressible and Newtonian and isothermal as well.
The fracture walls are impermeable to flow. A point to note
is that the eddies may not be formed at the same time, and
depending on the flow conditions, some eddies may not be
formed at all during the entire simulation time.

The rough SF-ACs were constructed by replacing the
smooth upper and lower walls of the fractures in Figure 1
with rough fracture walls. Many studies [54, 55] reported
that the geometry of natural fracture walls generally has
self-affine properties and the exponent H is a measure of
fracture roughness, defined as the Hurst exponent with a
range from 0 to 1. In this study, we used the successive ran-
dom addition technique [56–58] to generate the self-affine
fracture wall with an H value of 0.5. The roughness height
(or fracture asperity) (Δ) of the generated self-affine fracture
wall ranging from -0.0008 to 0.62mm with an average
roughness height of 0.024mm and a standard deviation of
0.155mm, where the value of Δ is measured against a uni-
form horizontal base. The rough SF-ACs were constructed
by replacing each fracture walls (20mm long) in Figure 1
with a generated self-affine fracture wall with H = 0:5
(Figure 2).

The original roughness height of the generated self-affine
fracture wall in Figure 2 is denoted as a reference roughness
height Δ0, and this reference roughness height is subse-
quently increased by factors of 2.5, 3, 3.5, and 4 to obtain
four more groups of rough fractures. The relative roughness
(ω) is defined as the ratio between the average roughness
height and the apertures of the corresponding (smooth) sec-
tions of the fracture (before the addition of fracture

Sudden contraction Sudden expansion

E = 3 E = 2

b1 = 12 mm

b2 = 4 mm

b3 = 8 mm

L1
20 mm

l4

E1

L2
20 mm

L3
20 mm

E2

E3

E4Flow in
Flow out

l1

l2

l3

Figure 1: Diagram of a smooth single fracture with abrupt aperture change. The model consists of three sections connected in series with
apertures of 12mm, 4mm, and 8mm, respectively, divided into two parts: a sudden contraction part (L1 ⟶ L2), and a sudden expansion
part (L2 ⟶ L3). Eddies (E1, E2, E3, and E4) may be formed in four places, and l1, l2, l3, and l4 represent the lengths of the eddies,
respectively.
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roughness). A total of five groups of SF-ACs were generated
and the characteristic parameters can be seen in Table 1.

The Navier-Stokes equation is used to describe incom-
pressible fluid flow in both smooth and rough factures and
is as follows:

∂u
∂t

+ u · ∇u = −
∇P
ρ

+ ν∇2u, ð6Þ

where P is fluid pressure (Pa), t is time (s), u is the fluid
velocity vector (dimensionless), and ∇2 is the Laplacian
operator.

In this study, the standard k – εmodel in COMSOL Mul-
tiphysics is used to calculate the flow field. The k – εmodel is
a two-equation model consisting of the turbulent kinetic
energy k and the turbulent dissipation rate ε [59]. The flow
model is solved based on the finite-element method imple-
mented in COMSOL Multiphysics. In this study, we have
used standard water properties at 20°C (e.g., ρ = 998:2 kg/
m3 and μ = 1:010 × 10−3 Pa·s). The fracture walls were con-
sidered nonslip boundaries. A constant discharge rate is set

at the entrance of the fracture, and the outlet pressure is
set to zero by default. Quadrilateral dense meshing is per-
formed near the rough fracture wall, and regular free trian-
gular meshing is performed for the rest region of the
model to accurately describe the flow at the fracture wall
and in the region of sudden aperture change without sub-
stantially increasing the computational expense. Flow condi-
tions with a Re of 50~2000 and a relative roughness (ω) of
4.5%~ 17.9% are simulated. There are approximately
56,433 triangular elements, 9697 quadrilateral elements,
and 39,377 nodes in the discretized fracture domain
(ω = 13:5%). Mesh independence analysis is performed to
ensure the numerical stability and accuracy. The grid of
model is illustrated in Figure 3 (for an example of the grid
at ω = 4:5% and 17.9%).

3. Results and Discussion

3.1. Flow Characteristics in Smooth SF-AC. First, we examine
the flow characteristics in smooth SF-AC. As can be seen
from the streamline diagram (Figure 4), the streamline is
laminar and the flow velocity almost does not change in
most parts of section L1. When approaching the sudden con-
traction regime from L1 to L2, the flow velocity increases
rapidly and reaches the maximum flow velocity shortly after
reaching the L2 section. In most of the L2 section, the
streamlines are still laminar and the eddy forms in the lower
left corner of the L2 section (the l2 area) when Re is greater
than 350, as shown in Figure 4(b). The fluid reaches the L3
section after experiencing the sudden expansion. In this frac-
ture section, the fluid has two distinctive characteristics in
the main flow region (with relatively high velocity) and the
quasistagnant region (with relatively low velocity). Flow
lines in the main flow region are mostly laminar. Flow lines
in the quasistagnant region are also laminar but with an
eddy formed in area l3 in Figure 4. With the increase of Re,
the size of the eddy starts to increase as well. This is similar
to the experimental results of symmetric aperture expansion
in SF-AC, as investigated by Qian et al. [20]. In the smooth
SF-AC, the eddy E2 and E3 appear and the eddy E2 is smaller
than that of E3. Furthermore, l2 changes only mildly after Re
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Figure 2: The generated self-affine fracture wall with H = 0:5. The
roughness height (Δ) of the generated self-affine fracture wall
ranging from -0.0008 to 0.62mm with an average roughness
height of 0.024mm and a standard deviation of 0.155mm, where
the value of Δ is measured against a uniform horizontal base.

Table 1: Characteristic parameters of roughness and aperture in
SF-ACs.

Roughness
height

Average Δ
(mm)

ω
b = 4
mm

b = 8
mm

b = 12
mm

Average
ω

Δ0 0.34 8.5% 4.3% 0.7% 4.5%

2:5Δ0 0.85 21.3% 10.6% 1.8% 11.2%

3Δ0 1.02 25.5% 12.8% 2.1% 13.5%

3:5Δ0 1.19 29.8% 14.9% 2.5% 15.7%

4Δ0 1.36 34.0% 17.0% 2.8% 17.9%

𝜔 = 4.5%

𝜔 = 17.9%

Figure 3: Grid of the rough fracture model. Quadrilateral dense
meshing is performed near the rough fracture wall and regular
free triangular meshing is performed for the rest region of the
model to accurately describe the flow at the fracture wall and in
the region of sudden aperture change without substantially
increasing the computational expense.
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becomes greater than 350. Conversely, the l3 increases rap-
idly first when Re becomes greater than 50, from 13mm to
about 18mm. However, when Re becomes greater than
600, the rate of increase for the l3 slows down substantially
and tends to be insensitive to further increase of Re.

3.2. Flow Characteristics and Impact Factors in Rough
SF-AC. The flow characteristics in the rough SF-AC are sim-
ulated, and the result can be seen in Figure 5.

We have shown the flow characteristics in the rough
SF-AC under different Re (100~2000) with ω = 17:9% in
Figures 5(a)–5(d), and different relative roughness
(4.5%~ 17.9%) with Re at 1000 in Figures 5(c), 5(e)–5(h).
The major difference of flow characteristics of the rough
SF-AC from that of the smooth SF-AC is that the distinction
of the main flow region and the quasi-stagnant region
becomes more obvious in the rough SF-AC, and the flow
streamlines becomes more tortuous. Furthermore, all four
eddies (E1 ~ E4) emerge for the rough SF-AC, while the
observed number of eddies for the smooth SF-AC is less
than 4. To investigate the changes of each eddy, we calcu-
lated the l‐Re relationship under different Re and ω for the
rough SF-AC case (see Figure 6). The corresponding value

of Re of the transitional zone for the five different rough
SF-ACs is approximately in the range from 300 to 500. A
larger relative roughness (ω) leads to a more obvious flow-
path deflection trend and a smaller size of eddy l3.

3.2.1. The Influence of Re and Relative Roughness on Flow
Characteristics. From Figures 5(a)–5(d), it can be seen that
at ω = 17:9%, when Re gradually increases, the degree of
streamline variation (or tortuosity) increases and the stream-
lines in the main flow region of the L3 section exhibits a
downward attachment trend (or flowpath deflection trend).
This deflection trend can be explained by the Coandǎ effect
[60], the basic idea of the Coandǎ effect is that jet fluids tend
to be attracted to nearby solid surfaces. Comparing the flow-
path deflection effect at different roughness, we find that a
larger relative roughness leads to a more pronounced flow-
path deflection effect. The reason could be that as the rough-
ness of the fracture increases, the friction of the fluid on the
rough fracture wall increases and the energy loss due to fric-
tion increases accordingly. As a result, the area of the high
velocity main flow region gradually decreases and corre-
spondingly the area of the low velocity quasistagnant region
gradually increases.

18

(m
m

)

16
14
12
10

8
6
4
2

–2
–4
–6
–8

0

0 10 20 30 40 50 (mm)

(a)

l2

(b)

(c)

(d)

(e)

0 10 20 30 40 50 (mm)

0 10 20 30 40 50 (mm)

0 10 20 30 40 50 (mm)

Re = 50

Re = 350

Re = 1000

Re = 500

Re

l  (
m

m
)

l2
l3

l3

18

(m
m

)

16
14
12
10

8
6

20

18

16

14

12

10

8

6
4

2

2000 400 800

Rapid growth

Transition zone
Stable zone

600 1000 1200 1400 1600
0

4
2

–2

×10–3

30 0.7

0.6

0.5

0.4

0.3

0.1

0.2

25

20

15

10

5

0.2

0.15

0.05

0.35

0.3

0.25

0.2

0.15

0.05

0.1

0.1

–4
–6
–8

0

18

(m
m

)

16
14
12
10

8
6
4
2

–2
–4
–6
–8

0

18

(m
m

)

16
14
12
10

8
6
4
2

–2
–4
–6
–8

0

Figure 4: Streamline diagram and l − Re relationship in smooth SF-AC. The fluid has two distinctive characteristics in the main flow region
and the quasi-stagnant region. Flow lines in the main flow region are mostly laminar. The eddy appears in both area l2 and area l3.
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From Figures 5 and 6, it can be seen that when Re is less
than 200, eddies are generated in the areas E2 and E3 in the
sections of L2 and L3. When Re is greater than 200, several
eddies of different sizes are generated in the rough wall SF-
AC, of which the two eddies E1 and E4 are the most obvious.
When Re is in the range of 100~300, the eddy size increases
rapidly, and when Re reaches the transitional range of
300~500, the growth rate of the eddy size slows down and sta-
bilizes. This is consistent with the simulation result of the
study for a smooth SF-AC and the result of Makino et al. [35].

For a relatively small value of Re (less than 300), the size
of eddy increases linearly and rapidly as Re increases. How-
ever, as Re further increases, the rate of change of the eddy
size slows down and then becomes stable. Here, the region
between the linear growth zone and the stable zone is called
the transitional zone. From Figure 6, it can be seen that the

corresponding value of Re for the transitional zone for the
five different rough SF-ACs is approximately in the range
of 300 to 500.

From Figures 6(a)–6(e), we can see that there is always
an eddy (l3) in the rough SF-ACs. To study the effect of
the relative roughness on the eddy size, the relationship
between the l3 and Re in five different rough SF-ACs is com-
pared and the result is shown in Figure 6(f). When ω = 4:5%,
the l3 ranges from 7mm to 19mm, while when ω increases
to 17.9%, the l3 decreases to 5mm to 8mm. This is because
the abovementioned phenomenon of flowpath deflection
trend of the main flow region occurs in the region of sudden
expansion. A larger relative roughness (ω) leads to a more
obvious flowpath deflection trend and a smaller size of l3.
Accordingly, the l4 in the upper left corner of section L3
gradually increases.
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6 Lithosphere

Downloaded from http://pubs.geoscienceworld.org/gsa/lithosphere/article-pdf/doi/10.2113/2022/5775275/5639967/5775275.pdf
by guest
on 16 December 2022



Re Re

𝜔 = 11.2%
𝜔 = 4.5%

𝜔 = 17.9%
𝜔 = 15.7%

𝜔 = 13.5%

l (
m

m
)

20

18

16

14

12

10

8

6

4

2

0
300 600

Transition zone

900 1200

(a) (d)

(b)

(c) (f)

(e)

1500 1800 2100 300 600 900 1200 1500 1800 2100

l (
m

m
)

20

18

16

14

12

10

8

6

4

2

0

l (
m

m
)

20

18

16

14

12

10

8

6

4

2

0

l (
m

m
)

20

18

16

14

12

10

8

6

l (
m

m
)

20

18

16

14

12

10

8

6

4

2

0
0 0

0 0

0 0

l (
m

m
)

20

18

16

14

12

10

8

6

4

2

0

Re

300 600 900 1200 1500 1800 2100

Re

300 600 900 1200 1500 1800 2100

Re

300 600 900 1200 1500 1800 2100

Re

300 600 900 1200 1500 1800 2100

Transition zone

Transition zone

Transition zone

Transition zone

Linear growth

The number of
vortices increases

The number of
vortices increases

𝜔 = 13.5%

𝜔 = 11.2%

𝜔 = 17.9%

𝜔 = 4.5%

𝜔 = 15.7%

l2

l1

l3

l2

l1
l4

l3
l2

l1

l3

l2

l1
l4

l3

Figure 6: l‐Re relationship under different Re and ω in rough SF-AC. The corresponding value of Re for the transitional zone for the five
different rough SF-ACs is approximately in the range of 300 to 500. A larger relative roughness (ω) leads to a more obvious flowpath
deflection trend and a smaller size of eddy l3.
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3.2.2. Flow Characteristics in Rough SF-AC under DifferentH.
To study the flow characteristics in rough SF-AC with
different degrees of roughness (as reflected by the Hurst
exponent H), flow through a SF-AC with H = 0:3 at
ω = 13:5% is simulated, and the result is shown in Figures 7
and 8 as an example of demonstration. From Dou et al. [8],
we know that a smaller H value means a greater degree of
roughness. The diagram of streamlines is shown in
Figure 7. From this figure, it can be seen that the stream-
lines and the main flow region in the SF-AC for H = 0:3
behave similarly as that of H = 0:5. The flowpath deflec-
tion of the main flow region occurs when the flow passes
through the expansion section. And a larger value of Re
results in a larger region of flowpath deflection. The num-
ber of eddies and the corresponding positions are also the
same as for H = 0:5 and ω = 13:5%.

Comparing the l‐Re relationship at H = 0:5 (Figure 6(c))
and H = 0:3 (Figure 7), the trend of eddy development is
approximately the same for these two cases. The eddies
E1 and E2 are smaller in the sudden constriction section
at H = 0:3, and the eddy E3 of H = 0:3 is larger than that
of H = 0:5, and the eddy E3 is always present in the
rough SF-AC at H = 0:3. When Re are greater than 200,
eddies E1 and E2 are formed, but the eddy size is smaller
and does not change significantly compared to H = 0:3. At
Re ≥ 800, the growth rate of l3 slows down and expands
to the entire section L3 due to the limited length of the
fracture.

From Figures 7(a)–7(d) and 8, it can be seen that the
increase in roughness heterogeneity in the sudden constric-
tion section increases the number of small eddies near the
fracture walls, resulting in l1 and l2 being smaller than those
at H = 0:5. However, in the sudden expansion section, the
increase in roughness enhances the degree of flowpath
deflection, resulting in the l3 and the size of the eddy being
larger than their counterparts at H = 0:5. The above situa-

tion shows that the increase of the roughness of the SF-AC
leads to the generation of more local eddies and enhances
the flowpath deflection in the sudden expansion section of
the fracture.

3.3. Growth of the Low-Velocity Area in Smooth and Rough
SF-AC. In the previous two sections, we have discussed the
occurrence and evolutionary features of the main eddies
through the SF-ACs. However, in addition to the main
eddies, many relatively small eddies also develop near the
rough fracture walls. The existence of these small eddies also
affects the water flow and solute transport quite considerably.
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Figure 7: Velocity streamline diagram and l‐Re relationship in rough SF-AC (H = 0:3, ω = 13:5%). The increase in roughness heterogeneity
in the sudden constriction section increases the number of small eddies near the fracture walls.
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To analyze the evolution of the low-velocity area (defined as
the area where the maximum flow velocity is equal to 10%
of the maximum velocity over the entire fracture), we have
plotted the distribution of the low-velocity area distribution
of smooth SF-ACs and rough SF-ACs with relative rough-
ness of 4.5% and 17.9% under different Re (see Figure 9).

In smooth SF-ACs, there is no low-velocity area near the
upper fracture wall, low-velocity areas appear at L1, L2, and
L3 near the lower fracture wall, and the area increases with
Re; in rough SF-ACs, low-velocity areas appeared near both
the upper and lower fracture walls, and the area increased
with Re. In smooth SF-ACs, the low-velocity areas increased
slowly at Re > 500; in rough SF-ACs, when Re > 300, the low-
velocity areas slowly increased. These observations mean
that due to roughness, the low-velocity areas in rough SF-
ACs are larger than those in smooth SF-ACs, and the low-
velocity areas in rough SF-ACs always present while they
may or may not present in smooth SF-ACs. Another notable
point is that the changes of those low-velocity areas appear
to be less sensitive to the Re values, regardless of whether
the fractures are smooth or rough.

To investigate the effect of relative roughness on low-
velocity area, we compared the change of low-velocity area
at relative roughness of ω = 4:5% ~ 17:9% at Re = 1000 (see
Figure 10 for detail). With the increase of Re, the proportion
of low-velocity area increases from 16.1% to 24.5%, indicat-
ing that with the increase of ω, the low-velocity area
increases and the protion of increase mostly occurred in sec-
tion L4. This is because with the increase in ω, the flowpath
deflection of flow becomes more prominent.

3.4. Nonlinear Flow in Rough SF-AC. To analyze the effect of
roughness on nonlinear flow (or non-Darcy flow) in SF-
ACs, the relationship between the hydraulic gradient (J)
and average velocity (v) under different relative roughness
was first compared and fitted, where J is the difference in
average hydraulic pressures at the inlet and outlet divided

by the length of the fracture and v is computed using the v
at the outlet of the fracture. The fitted equations use the lin-
ear local cube law (LCL) (based on Darcy’s law) and the
nonlinear (or non-Darcy) Forchheimer equation, respec-
tively. The results can be seen in Figure 11 and Table 2.

From the results, the J‐v relationship in the rough SF-
AC is clearly nonlinear and the fitting result of the Forchhei-
mer equation is better than that of the linear LCL equation.
This shows that in five groups of rough SF-ACs with differ-
ent ω, the groundwater flow is nonlinear (or non-Darcy) and
the degree of nonlinearity increases with ω.

To further investigate the influence of fracture roughness
on the flow nonlinearity, the Forchheimer number (Fo) in
Equation (3) and the nonlinear coefficient α in Equation
(4) were analyzed. Here, Fo is defined as the ratio of nonlin-
ear to linear pressure drop in the Forchheimer equation
[49–52]. The results can be seen in Figures 12 and 13.

Zeng and Grigg [52] explained the physical meaning of
Fo, which is the ratio between the pressure gradient required
to overcome the inertial force and the pressure gradient of
the viscous force. Ghane et al. [61] found that the Forchhei-
mer equation adequately described the flow of water through
woodchip columns experimentally and determined the Fo
value at 0.31 and the corresponding value for α to be 0.24.
Laboratory measurements of non-Darcy flow coefficients in
natural and artificial unconsolidated porous media were
made by Macini et al. [62] and suggested that α = 0:28 and
Fo = 0:40 when nonlinear (or non-Darcy) flow occurs in
natural sand media.

From Figure 12, it can be seen that Fo increases linearly
with Re and a larger relative roughness leads to a larger cor-
responding value of Fo. This shows that a larger Re number
leads to a more evident nonlinear phenomenon of ground-
water flow in rough SF-ACs (as expected). When Re is larger
than 300, the value of Fo > 1, meaning that the inertia term
in groundwater flow begins to dominate. Figure 13 shows
that α increases linearly when Re is between 100 and 300.

Re = 50

Re = 100

Re = 300

Re = 1000

Re = 2000

Smooth fractures
The red area represents the v is less than 0.1vmax

Rough fractures 𝜔 = 4.5%
The red area represents the v is less than 0.1vmax

Rough fractures 𝜔 = 17.9%
The red area represents the v is less than 0.1vmax

Figure 9: Low-velocity area distribution in smooth and rough SF-AC. In smooth SF-ACs, there is no low-velocity area near the upper
fracture wall, low-velocity areas appear at L1, L2, and L3 near the lower fracture wall, and the area increases with Re; in rough SF-ACs,
low-velocity areas appeared near both the upper and lower fracture walls, and the area increased with Re.
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When Re increases beyond 500, the growth rate of α changes
gradually and tends to be stable. Zhou et al. [53] argued that
α represented the degree of dominance of the nonlinear
term; thus, a larger α meant a higher degree of dominance
of the nonlinear term. When the value of α is greater than
0.5, the nonlinear flow is dominant, and vice versa. Accord-
ing to the results of this work, when α = 0:5, the correspond-
ing Re value is about 300, meaning that the groundwater
flow in the SF-ACs becomes nonlinear. This observation is
consistent with the determined critical Re value of 300-500
obtained in previous studies.

It can be seen that the groundwater flow in the rough SF-
ACs has a relatively obvious nonlinear flow pattern for the
simulated condition. From the analysis of the l‐Re relation-
ship, the J‐v relationship, and the nonlinear parameters Fo
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Figure 10: Proportion of low-velocity area under different Re and ω. Due to roughness, the low-velocity areas in rough SF-ACs are larger
than those in smooth SF-ACs, and the low-velocity areas in rough SF-ACs always present while they may or may not present in smooth SF-
ACs. With the increase of ω, the low-velocity area increases and the portion of increase mostly occurred in section L4.
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Figure 11: Fitting curves of J‐v and by Forchheimer equation in
rough SF-AC. The J‐v relationship in the rough SF-AC is clearly
nonlinear, and the fitting result of the Forchheimer equation is
better than that of the linear LCL equation.

Table 2: Fitted results of J‐v in rough SF-ACs under different ω.

ω Forchheimer equation R2 LCL R2

ω = 4:5% J = 4:6078v2 + 0:3802v 0.9989 J = 2:0026v 0.9412

ω = 11:2% J = 5:9767v2 + 0:4510v 0.9992 J = 2:8111v 0.9427

ω = 13:5% J = 6:6955v2 + 0:4788v 0.9996 J = 2:8403v 0.9391

ω = 15:7% J = 7:9273v2 + 0:4578v 0.9997 J = 3:3042v 0.9353

ω = 17:9% J = 9:6092v2 + 0:4774v 0.9999 J = 4:2388v 0.9352
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and α, it can be seen that the corresponding critical Reynolds
number at which the nonlinear flow begins to dominate is
Re = 300 ~ 500.

4. Conclusions

To study the effects of roughness on the nonlinear (or non-
Darcy) flow properties in a single rough fracture with

abruptly changing apertures, five single fracture models
(with each single fracture containing the sudden expansion
and contraction of the aperture) were first formed. Then,
the flow characteristics of the fractures under different Re
(50~2000) were simulated by the turbulence k‐ε steady-
state modulus with the Naiver-Stokes equation. The changes
in streamline morphology, the changes in the number and
length of eddies, and the nonlinear properties of flow
through fractures were studied and compared with those in
the smooth SF-ACs. The following conclusions can be
obtained:

(1) Compared with the flow in smooth SF-ACs, in a
rough SF-AC, the growth of the eddy and the flow
path deflection of the mainstream zone are more
obvious, and the phenomenon is more obvious when
the relative roughness and/or Re are greater; the
increase of the roughness leads to the generation of
more local eddies near the fracture walls of the rough
SF-ACs and enhances the degree of flow path deflec-
tion in the sudden expansion section of the fracture

(2) The number of eddies increases with Re and the size
of eddy area increases linearly with Re at first. When
Re reaches a value of 300-500, the growth rate of the
size of eddy slows down and then stabilizes

(3) It can be seen that the groundwater flow in the rough
SF-ACs is clearly nonlinear or non-Darcy for the
scenarios simulated in this study. The fitting results
of hydraulic gradient-specific discharge (or J‐v) rela-
tionship by the Forchheimer equation is better than
that of the linear LCL equation which is based on
Darcy’s law. The corresponding critical Reynolds
number at which the nonlinear flow begins to dom-
inate in rough SF-ACs is around 300~ 500
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Additional Points

Highlights. (1) The growth of the eddy and the deflection of
flow paths in the mainstream zone are more evident in the
rough SF-AC. (2) The increase of fracture roughness gener-
ates more local eddies on the rough SF-ACs and enhances
the deflection of flow paths in the sudden expansion frac-
ture. (3) Groundwater flow in a rough SF-AC follows a
clearly visible nonlinear flow law and Forchheimer equation
fits J − v better than linear Darcy’s law. (4) The correspond-
ing critical Re value at which the nonlinear flow in a rough
SF-AC starts to dominate is about 300~ 500
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