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What impact does the mesogens’ shape have on the formation of the liquid crystalline phase? Using
Monte Carlo and molecular dynamics simulations we numerically studied a liquid composed of achiral,
bent-shaped molecules built of tangent spheres. The system is known to spontaneously break mirror
symmetry, as it forms a macroscopically chiral, twist-bend nematic phase [Phys. Rev. Lett. 115,
147801 (2015)]. We examined a full phase diagram by altering the molecules’ curvature along with pack-
ing fractions and observed several phases characterized by the orientational and/or translational ordering
of molecules. Apart from conventional nematic, smectic A, and the aforementioned twist-bend nematic
phase, we identified splay-bend smectic phase. For large densities and strongly curved molecules,
another smectic phase emerged, where the polarization vector rotates within a single smectic layer.
� 2022 The Authors. Published by Elsevier B.V. This is an open access articleunder the CCBY license (http://

creativecommons.org/licenses/by/4.0/).
1. Introduction

Comprehension of the spontaneous mirror symmetry breaking
(SMSB) phenomenon is essential for understanding fundamental
aspects such as life itself [1–3]. Investigations revolving around
the origins and corollary of SMSB stand simultaneously at the fore-
front and frontiers of contemporary soft matter science [4,5]. One
of the playgrounds to investigate the nature of SMSB are liquid
crystals (LCs), where supramolecular chiral and polar structures
are assembled from achiral, bent-shaped (curved) molecules
[6,7]. Bent-shaped molecules (BSMs) tend to form various phases,
including smectics and nematics [8–10]. The latter, however, has
recently experienced a resurgence of worldwide interest. It hap-
pened because of the discovery of twist-bend nematic ðNTBÞ phase
[11–14], which constitutes the first example of SMSB in a liquid
state with no support from long-range spatial ordering. The char-
acteristic feature of NTB is the emergence of heliconical (1D modu-
lated) structure of nanoscale pitch ðp � 8� 10 nmÞ with a ground-
state exhibiting a degenerate sign of chirality (ambidextrous chi-
rality), which means that both helix handedness, either right or
left, are equiprobable (Fig. 1). In no time, it turned out that one
of the essential prerequisites for the stabilization of NTB are ‘‘ade-
quately curved” molecules [15–17] in line with Meyer’s [18] and
Dozov’s [19] conjecture. However, there is still an ongoing debate
concerning the NTB’s structure and properties [20,21]. Further
advances in the studies of NTB subsequently sprouted into a broad
sub-field of liquid crystal research dedicated to novel nematic
phases of non-standard symmetries [22–25].

It is noteworthy to point out that remarkable features of
nematic phases formed by BSMs are not limited solely to the phe-
nomenon of SMSB. The list is vast but just to name a few [29,9]:
unusual hierarchy of elastic constants, giant flexoelectricity, non-
standard dielectric, and rheological behaviours. The BSMs are also
said to be the perfect candidates for optically biaxial liquid, namely
biaxial nematic ðNBÞ, predicted by Freiser in 1970 [30]. They owe it
to the introduction of the ‘‘kink” in the molecular structure which
naturally specifies a secondary direction perpendicular to the long
molecular axis, for orientational ordering [31,32].

All the above makes LCs formed by BSMs, per se, a riveting field
to explore both from experimental and theoretical points of view
(see, e.g., [33–36,9,37,27,28] and references therein). In particular,
substantial efforts were undertaken to decipher how the mole-
cule’s structure influences the emergence of individual meso-
phases [38,39,32]. One of valuable tools in such studies are
computer simulations, such as Monte Carlo (MC) sampling and
Molecular Dynamics (MD), which have a long-standing tradition
in the investigation of structural properties of LC phases using a
diverse range of models ranging from simplified lattice systems
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Fig. 2. Left: Molecular structure of NTB forming mesogen CB7CB [11] rendered via
QuteMol [63]. Right: Model bent-shaped molecule with C2v symmetry composed of
eleven tangent spheres whose centers are equidistantly distributed on the arc. The
bend angle v is defined as the angle formed by two lines, tangent to the arc at the
centers of end-point spheres. Please note that in this convention, the higher the
bend angle, the smaller is molecule’s curvature (it is less bent). Unit vectors â and b̂
define the molecular reference frame, where â equates with the molecular long axis
and b̂ is parallel to the molecule’s twofold ðC2Þ symmetry axis.

Fig. 1. Schematic depiction of the twist-bend nematic phase characterized by the
finite pitch p and heliconical tilt angle h ð0 < h < p=2Þ between the director n̂
and the wavevector k k z ðk ¼ kẑ ¼ ð2p=pÞẑÞ. The polarization M, where M k n̂� k,
is precessing around k along with n̂. Spontaneous mirror symmetry breaking in the
twist-bend nematic phase, arising from chiral conformations of achiral molecules
(ones lacking stereogenic center), leads to the ground-state with doubly degenerate
handedness. Namely, each chiral conformer has its mirror counterpart differing in
sign of chirality, which results in twin domains of opposite (left- and right-)
handedness [26,16]. (Left) Adapted from Ref. [27] with permission from the Royal
Society of Chemistry. (Right) Adapted from Ref. [28] published under ACS
AuthorChoice with CC-BY license.
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to fully atomistic ones [40–42]. Generally, but not limited to, the
anisotropic shape of BSMs can be approximated in the simulations
either by V-like or C-like shaped objects (reflecting the C2v symme-
try) composed of, e.g., needles [43–45], spheres [46–50], or sphero-
cylinders [51–56]. It has been shown that those systems, each one
separately, produce a richness of interesting nematic and smectic
phases. However, especially appealing are the systems where the
supramolecular chirality emerges out of pure entropy-driven inter-
actions [49,57]. To our best knowledge, there is a modest number
of works focused on computer simulations of NTB and its
structurally-related counterparts [58,59,13,49,55,56,60–62].

Herein, we extended the work of Greco and Ferrarini [49] where
it was shown that for a model system of BSMs, composed of eleven
tangent spheres (see Fig. 2), it is possible to observe the stabiliza-
tion of NTB arising from the packing entropy in MD simulations. We
aim to provide an in-depth analysis of this system by altering the
BSMs’ curvature and packing fractions in order to obtain the full
phase diagram for the liquid state1. To achieve it, we performed
both MC and MD simulations.

The article is organized as follows. In Section 2 the system
under study is described together with the details concerning the
1 The study of regions, where crystal structures emerge is outside of the article’s
scope and stands as the starting point for further research.
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MC and MD simulations used to investigate its properties. The
results of the simulations are given in Section 3 where they are
compared with the current literature. In Section 4 we provide con-
clusions drawn from the acquired data.

2. Model and simulation details

2.1. The model system

BSMs were modeled by eleven tangent spheres of diameter r
placed on a circular arc with a variable bend angle v (see Fig. 2).
For v ¼ 180�, the molecule reduces to a linear chain of tangent
spheres, while for v ¼ 0� it forms a semi-circle. To study lyotropic
phase transitions in a system composed of such molecules, we
examined two types of excluded-volume interaction. The first
one is hard-core interaction [64], while the second is Weeks-
Chandler-Andersen (WCA) [65,66] soft repulsion, defined as

UðrmnÞ ¼
4e r

rmn

� �12
� r

rmn

� �6
� �

þ e if rmn < 21=6r

0 if rmn � 21=6r;

8><
>: ð1Þ

where rmn is the distance between the interaction centers and e is
the energy scale. The free parameters of the model ðr; eÞ can be
conveniently incorporated into the reduced pressure P� ¼ Pr3=e
and reduced temperature T� ¼ kBT=e. For hard-core repulsion, the
equation of state depends only on a single parameter – the
P�=T� ¼ Pr3=ðkBTÞ ratio [67,64]. For WCA interaction the system is
sensitive to P� changes, while the dependence on T� is weak [68].
The emergent phases were studied as a function of bend angle v
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and packing fraction g. The latter is a natural parameter for lyotro-
pic systems and enables us to compare the two interaction models
[68]. For both of them, the main contribution to Helmholtz free
energy is the packing entropy: F � �TS (the formula is exact for
hard-core repulsion), so the phases with the highest entropy mini-
mize F and thus are promoted.

2.2. Simulation methods

The hard-core interactions were simulated using Monte Carlo
sampling in NPT ensemble [69] for P�=T� 2 ½0:2;2:0�. The system
was built of N ¼ 3000 molecules. For a selected set of parameters
giving periodic phases, simulation was repeated for N ¼ 6000 and
double the box size to ensure that the finite size effects are not
present. A single MC cycle consisted of N molecule moves and
a volume move. To perform a molecule move, a single molecule
was sampled at random. Then, the molecule was translated by
a random vector and rotated by a random angle around a random
axis. The move was accepted provided it did not introduce an
intersection. For volume moves all three lengths of an
orthorhombic simulation box with periodic boundary conditions
and the positions of molecules were scaled by three independent
logarithmically distributed factors. Moves introducing overlaps
were rejected and the rest of them was accepted according to
Metropolis criterion. Anisotropic scaling was chosen to avoid
frustration, which could introduce a bias in the period of emer-
gent structures. The extents of random moves were selected such
that the acceptance ratio was around 15%. The initial configura-
tion was a diluted antiferroelectric sc crystal, which was then
compressed or expanded to a target density. The equilibration
was very sluggish due to the concavities of molecules and
required up to 2� 108 of full MC cycles. The production runs
to sample ensemble averages consisted of 3� 107 cycles. To
accelerate the simulations, we parallelized them using domain
division [70].

The MD simulations of N ¼ 2025 molecules, interacting via the
WCA potential in the NPT ensemble at various values of the pres-
sure P� in the interval 0:2 6 P� 6 2:0, were performed using the
open-source software LAMMPS [71]. All relevant simulation
aspects were set up according to the framework provided in [72].
Equilibration and production runs were conducted for 107 time-
steps each.

Within both simulation schemes, i.e., MC and MD, we examined
particles with a fixed bend angle v 2 ½90�;180��.

2.3. Order parameters

Distinctive features of a particular phase can be characterized
by appropriate order parameters and the corresponding degree of
ordering. In nematic and smectic phases, the molecules’ long axes
(denoted as â, see Fig. 2) tend to orient, on average, along a pre-
ferred direction called the director n̂ ðn̂2 ¼ 1Þ [73]. Such kind of
alignment can be quantified by the second-rank order parameter
[74]:

hP2i ¼ 1
N
h
XN
i¼1

P2ðâi 	 n̂Þi; ð2Þ

where the sum is over all N molecules in the system, P2ð. . .Þ is the
Legendre polynomial of degree 2; âi is a molecular axis vector of i-
th molecule (cf. Fig. 2) and h. . .i denotes the time average over
uncorrelated system snapshots. If hP2i ¼ 0 orientations are isotro-
pic, hP2i ¼ 1 is a perfect order, and for hP2i ¼ �1=2 all molecules
are perpendicular to n̂. Alternatively, hP2i can be computed by diag-
onalising the second rank Q-tensor [74]
3

Qab ¼
1
N

XN
i¼1

3
2

âi;aâi;b � 1
3
dab

� �
; ð3Þ

where âi;a and âi;b are the Cartesian components of âi and dab is the
Kronecker delta. The nematic order parameter P2 (for a single snap-
shot) is associated with the largest-modulus of a non-degenerate
eigenvalue of Q and n̂ is the corresponding eigenvector. In this for-
mulation, zero-energy diffusive motion of n̂ does not have effect on
hP2i’s value.

The density modulation is measured by smectic order parame-
ter [73]:

hsi ¼ 1
q

XN
i¼1

expðik 	 riÞ
�����

�����
* +

; ð4Þ

where q is number density, k is a wavevector of density undulation
and ri are molecules’ centers of mass. Typically, for non-tilted smec-
tic phases k k n̂. For hsi ¼ 0 there is no density modulation,
whereas for hsi ¼ 1 the molecules form perfect layers with a spac-
ing equal to 2p=jkj. In simulations, k has to be compatible with
periodic boundary conditions. It can be achieved by taking a linear
combination of reciprocal box vectors with integer coefficients h; k; l
(Miller indices) [75]. To find an optimal wavevector, we tested all
combinations of h; k; l 2 ½�5;5� and selected the ones giving the
highest value of s. Using this method one can avoid assuming k a
priori.

Total polarization can be computed as a sum of molecule polar-
ization vectors

hMi ¼ h
XN
i¼1

b̂ii: ð5Þ

As it will be seen from the results, the non-zero polarization can be
present when one restricts the summation to a plane perpendicular
to n̂, however, at the same time, it can vary in the direction of n̂ and
give zero net polarization when summed over the whole system. To
account for such variations, one can calculate the norm
MðCjÞ ¼ jjMðCj 
 DC=2Þjj for molecules in a narrow shell between
two planes r 	 n̂ ¼ Cj 
 DC=2 and sum them over the whole system:

hmi ¼ 1
Nb

h
XNb

j¼1

MðCjÞi; ð6Þ

where Nb ¼ L=DC is the number of shells and L is the system length
in the direction of n̂.

An additional insight into the phase structure can be provided

by pair correlation functions [76] (for the â and b̂ vectors, cf.
Fig. 2) measured with reference to z-axis:

S220aa ðRzÞ ¼ h3
2

âi 	 âj � 1
3

� �
iij; ð7Þ

S110bb ðRzÞ ¼ hb̂i 	 b̂jiij; ð8Þ
S221aa ðRzÞ ¼ h âi � âj

	 
 	 ẑij� �
âi 	 âj
	 
iij: ð9Þ

Here, h. . . iij denotes the averaging over all pairs of molecules, whose
mass centers’ z coordinates differ by Rz 
 DRz/2 (DRz corresponds to
numerical bin size) in a single, final snapshot of the system, and ẑij
is z axis unit vector, pointing from j-th to i-th molecule. S220aa ðRzÞ
parameter measures nematic-like correlations of molecules’ main

axes â; S110bb quantifies the correlation of polarization axes b̂, while

S221aa is sensitive to chirality of the structure.



Fig. 3. Phase diagram for hard-core interactions in ðv;gÞ parameters space. The
following phases are present: isotropic liquid (Iso), nematic (N), twist-bend nematic
(NTB), non-polar smectic A (SmA), splay-bend smectic ðSmSBÞ and unidentified polar
smectic (SmX). Black dashed lines are arbitrarily drawn to visually separate the
phases’ regimes. For v 2 ½90�;180�� and g < 0:35 the phase sequences are in line
with the results from the mean-field theory [37,27].

2 This is a valid approach that provides qualitative results but in order to reflect
experimental data a more holistic method should be incorporated [28].
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3. Results

3.1. Phase overview

The system exhibits a variety of liquid phases: isotropic liquid
(Iso), nematic (N), twist-bend nematic ðNTBÞ, non-polar smectic A
(SmA), splay-bend smectic ðSmSBÞ and an unidentified polar smec-
tic (SmX). The phase diagram for hard-core interactions is shown
in Fig. 3. WCA soft repulsion recreates all the phases with nearly
identical phase borders. All order parameters described by Eq.
(2), (4) and (6) are gathered in Fig. 4 as a function of the bend angle
v and the packing fraction g. Finally, system snapshots for all iden-
tified phases are depicted in Fig. 5.

For each value of v and sufficiently low g, the molecules form
ordinary isotropic liquid as shown by low values of all order
parameters indicating a lack of any long-range correlations (see
Fig. 5(a)). Around g ¼ 0:45 the system crystallizes into several
types of hexagonal close-packed crystals, which is beyond the
scope of this work. The boundary of the Iso phase moves upwards
in g for a decreasing bend angle v. It can be explained by the fact,
that a smaller bend angle results in less prolate molecules, for
which the entropic gain from orientational ordering is lower.

3.2. Nematic phases

The ordinary nematic phase N can be observed for v > 110�, as
indicated by a sharp jump of hP2i value from near zero to over 0.5
on the phase boundary and lack of density modulation (Fig. 5(b)). A
growing g results in an increase of hP2i to almost 0:9 for v � 180�,
which is significantly higher than a typical range ½0:3; 0:7� for
nematics observed in experiments [77]. Additionally, two smallest
eigenvalues of hQ i are comparable, which together with a vanish-
ing net polarization hMi � 0 (result not shown) indicates that the
nematic phase is uniaxial. Layer polarization hmi is also close to
zero, which means that the phase is homogeneous.

The situation changes for a phase forming over the Iso phase for
v < 110� and over the N phase in the range v 2 ½110�;140��, for g
values between 0.29 and 0.35 (Fig. 5(c)). No density modulation
suggests that is a nematic-like phase, however with
hP2i 2 ½0:3;0:5�, lower than for the ordinary N phase in the system.
The net polarization is zero, while hmi lies in the range ½0:4; 0:8�,
indicating high polar ordering in planes perpendicular to n̂. A clo-
ser inspection (Fig. 6) reveals that this is NTB phase [58,59,49,56].
Assuming the global director is aligned with the z axis (cf. Fig. 1),
the director n̂ can be parameterized as

n̂ðx; y; zÞ ¼
sinðhÞ cosð2pz=pÞ
sinðhÞ sinð2pz=pÞ

cosðhÞ

0
B@

1
CA: ð10Þ

The spatial dependence of M is similar, with M ? n̂. The pitch and
tilt angle vary in phase space – p 2 ½25r;45r� and h 2 ½25�;35��,
respectively. With increasing packing fraction g or decreasing bend
angle v the pitch shortens and tilt angle becomes more obtuse. Spa-
tial variations of n̂ and M fields are reflected by SKKLaa correlation
functions plotted in Fig. 6(a) for two sets of parameters:
ðv;gÞ ¼ ð130�; 0:32Þ and ðv;gÞ ¼ ð100�;0:33Þ. They all have the
same period p as the director field. For v ¼ 130�; S220aa reaches a max-
imal value 0.8 at Rz ¼ 0 � p indicating a high local nematic order
(compared to a global hP2i � 0:4 value). In between the maxima,
it falls until it reaches the minimal value of �0.3 for Rz ¼ p=2 when
local preferred directions of long molecular axes have an opposite
tilt. The S110bb function follows a sinusoidal pattern, which can be pre-
dicted assuming the polarization field rotates in the xy plane. Notice
that the amplitude is lower than 1, namely, S110bb reaches 
0:5. It
4

suggests, that vectors b̂ have a local spread. A non-zero value of
S221aa confirms that the director field is chiral. For a smaller bend
angle, i.e. v ¼ 100�, all correlation functions are qualitatively iden-
tical, however, one can see some quantitative differences. S221aa

parameter remains unchanged. S220aa has a comparable maximal
value meaning that a local nematic order is similar, however, the
minimum is broader and of a higher magnitude, which is expected
for a wider tilt angle h. At the same time, the amplitude of S110bb

increases to 0.7 suggesting a lower local spread of molecules’ polar-
ization vectors. It is confirmed by a higher value of hmi for v ¼ 100�

bend angle compared to v ¼ 130�.
NTB can be described using phenomenological lowest-order2

Oseen-Zocher-Frank elastic free energy density [78–80]

FOZF ¼ 1
2
K11 n̂ðr 	 n̂Þ½ �2 þ 1

2
K22 n̂ 	 ðr � n̂Þ½ �2 þ 1

2
K33 n̂� ðr � n̂Þ½ �2;

ð11Þ
where subsequent terms represent, respectively, splay, twist, and
bend deformations of director field and Kii ði ¼ 1;2;3Þ are Frank
elastic constants. All three Frank elastic constants have to obey
Ericksen’s inequalities [81], i.e.: Kii P 0 ði ¼ 1;2;3Þ, otherwise per-
fect alignment (homogeneous nematic) would not correspond to a
state of minimum energy. However, if one were to consider a sce-
nario where K33 < 0, then it would occur that bend deformation is
energetically favorable and the reference state, namely a homoge-
neous nematic, becomes unstable [19]. As there does not exist a
(two-dimensional) structure with constant bend without topologi-
cal defects, it has to be combined with at least one of the other
deformations, either splay or twist. If K11=K22 > 2, then the frus-
tration is diminished through escape into third dimension, which
leads to the stabilization of twist-bend structure, whereas for
K11=K22 < 2 two dimensional splay-bend structure emerges [19].
As pointed out by Shamid et al. [59], the effective K33 constant
can become negative below a certain critical temperature, when



Fig. 4. Ensemble averages of order parameters as a function of v and g. (a) Nematic
order parameter hP2i, (b) smectic order parameter hsi and (c) layer polarization hmi.

P. Kubala, W. Tomczyk and Michał Cieśla Journal of Molecular Liquids 366 (2022) 120156
the coupling of polarization with bend deformation is introduced,
supporting the assumption that NTB is inherently polar. The phase
can be also understood through geometrical reasoning
[37,82,27,28]. For curved spherocylinders, one can predict a correct
relation between molecule bend angle, pitch p, and tilt angle h
matching the spherocylinder curvature with an integral curve of a
director field n̂ [56].
3 Notably, the crystal is polar for v 2 ½160�;170�� and non-polar above v ¼ 170� .
3.3. Smectic phases

For g > 0:34, smectic phases are formed. The N phase is adja-
cent to an ordinary SmA phase – hsi is over 0:5 and strata are
clearly visible [Fig. 5(d)]. Further compression narrows the spread
5

of molecules’ mass centers in the direction normal to the layer and
s approaches unity for a high g. Typically, hP2i value experiences a
jump on the N-SmA boundary from around 0.4–0.6 to over 0.8 [58],
however in some systems it is small or absent [52]. Here, no abrupt
change of hP2i is observed. Molecule polarizations are chaotic
within the layers, as indicated by a low value of hmi and they are
orthogonal to n̂.

A distinct smectic phase is formed over NTB phase for v > 100�

and over SmA for v 2 ½140�;160�� [see Fig. 5(e)]. A high value of hmi
indicates that it is a polar phase and a closer inspection shows that
adjacent layers have an opposite (antiferroelectric) polarization.
Further analysis reveals that the director n̂ðx; y; zÞ varies in space.
The numerical data is well described by a director field

n̂ðx; y; zÞ ¼
sinðhÞ cosð2pz=pÞ

0ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� sin2ðhÞ cos2ð2pz=pÞ

q
0
B@

1
CA; ð12Þ

thus the phase was identified as splay-bend smectic (SmSB). The
director is constant in xy plane and oscillates within xz plane around
ẑ direction, coinciding with the direction k of density modulation. It
is, however, important to note that SmSB phase emerging in our
model is slightly different from the one observed in Ref. [56]. There,
the density modulation is non-zero within a whole period and
molecules are present between the density maxima [see Fig. 10(a)
from Ref. [83]]. On the other hand, in our system, the density is
non-zero only near the layer’s middle [see Fig. 5(e)] with almost
no molecules between the layers. Nonetheless, Eq. (12) holds in
the area of non-zero molecule density, thus regarding the phase
as SmSB emphasizes the presence of the director field’s modulation.

Although n̂ðx; y; zÞ leans from k for a fixed z value, averaging
over the whole layer gives n̂ ¼ 1=p

R p
0 n̂ðx; y; zÞdz which is parallel

to k. Consequently, if one disregards the spatial dependence of
the director field and the classification is performed solely on the
layer-averaged director and polarization, the phase can be identi-
fied as antipolar smectic A (SmAPA) [38,84], observed for V-like
shaped hard-core molecules in Ref. [52].

The onset of polar order may be attributed to the entropic gain
of translational motion within a layer, however, it does not explain
the antiferroelectric arrangement of layer polarization. Lansac et al.
[52] ascribed such configuration to the more compatible vibra-
tional motion of two molecules from adjacent layers when they
have antiparallel directions compared to parallel ones, resulting
in once again in a higher entropy of the former system. SmSB-
SmA boundary moves to higher densities for less bent molecules
– lower curvatures discourage polar order, so a stronger compres-
sion is required to achieve it. In particular, for v > 160�, a crystal-
lization occurs before the formation of SmSB

3. Note that NTB always
forms (locally) polar smectic when compressed, which is to be
expected since NTB is already (locally) polar.

The director fields (10), (12) are special cases of a more general
one [56]:

n̂ðx; y; zÞ ¼
sinðhaÞ cosð2pz=pÞ
sinðhbÞ sinð2pz=pÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1� sin2ðhaÞ cos2ð2pz=pÞ � sin2ðhbÞ sin2ð2pz=pÞ
q

0
BB@

1
CCA;

ð13Þ
where the angles ha and hb may be different. Fixing ha ¼ h and con-
tinuously changing hb from 0 to h interpolates between director
fields for NTB and SmSB. This intermediate splay-twist-bend smectic
ðSmSTBÞ phase has been observed, at present, exclusively for bent
spherocylinders [56]. In our model, however, it is absent. One of



Fig. 5. System snapshots for all identified phases. Each row represents one phase: (a) Iso [ðv;gÞ ¼ ð95�;0:27Þ], (b) N [ðv;gÞ ¼ ð140�;0:31Þ], (c) NTB [ðv;gÞ ¼ ð100�;0:32Þ], (d)
SmA [ðv;gÞ ¼ ð160�;0:39Þ], (e) SmSB [ðv;gÞ ¼ ð130�;0:39Þ], (f) SmX [ðv;gÞ ¼ ð100�;0:41Þ]. In the first column molecules are color-coded according to P2 value, in the second
one – according to molecule polarization angle uxy between x axis and the projection of b̂ onto xy plane. Finally, in the last column, black dots represent molecules’ mass
centers.
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Fig. 6. Pair correlation functions SKKLaa for (a) NTB phase [ðv;gÞ ¼ ð130�;0:32Þ – black
lines and ðv;gÞ ¼ ð100� ;0:33Þ – red lines] and (b) SmSB phase [ðv;gÞ ¼ ð115� ;0:37Þ].
Solid, dashed and dotted lines correspond to, respectively, S220aa ; S110bb and S221aa . S221aa

parameter for ðv;gÞ ¼ ð100�;0:33Þ is not shown, since it overlaps with the one for
ðv;gÞ ¼ ð130�;0:32Þ. The distance Rz is given in units of the structure’s period (for
SmSB it is a width of two layers).
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the reasons might be the length of the molecules (ours are shorter
than in Ref. [56]) or undulated surface created by beads (contrary to
a smooth one in Ref. [56]), which hinders sliding of the molecules
along themselves.

Correlation functions for ðv;gÞ ¼ ð115�;0:37Þ are shown in
Fig. 6(b). Here, due to the antiferroelectric arrangement, the period
p is the width of two layers. Nematic-like correlations measured by
S220aa are high in a whole range with two shallow minima around
Rz ¼ p=4 and Rz ¼ 3p=4. These Rz values are the distances between
a middle of a layer and a space between layers, where molecules
are very scarce and less ordered, which as a result lowers S220aa . A
lower value for Rz ¼ p=2 when compared to Rz ¼ 0; pmay be attrib-
uted to splay-bend modulation of the director field (12) – although
Fig. 7. System snapshot for SmCAPA phase [
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the directors in the middle of adjacent, antipolar layers are parallel,
away from the middle, the director tilts in a different direction. S110bb

reaches 0.8 for Rz 2 ½0;0:2p� and Rz 2 ½0:8p; p�, representing the high
correlations of polarization within the layer and two layers further,
respectively, while for Rz 2 ½0:3p;0:7p�; S110bb is equal to �0.8 con-
firming anti-correlations in adjacent layers. Since the structure is
achiral, S221aa is zero in the whole range of Rz.

Highly bent molecules form yet another polar smectic phase, as
indicated by high hsi and hmi values, however of an unknown type,
thus denoted as SmX [see Fig. 5(f)]. Despite trying both compres-
sion and expansion from various initial configurations (dense crys-
tal, diluted crystal, type C smectic, lower-density equilibrium
system, and others), as well as relaxation in a triclinic simulation
box, where both the side lengths and the angles between the box
faces are allowed to change, we were not able to obtain a structure
without irregular domain walls. As it can be seen from Fig. 5, the
polarization within each stratus rotates with y coordinate and
topological defects are visible. The same effects are present for
both hard and soft interactions. Increasing the system size, which
allows a full rotation of the molecule polarization vector has not
eliminated the defects and in neither case they form a regular pat-
tern as in, e.g., blue phases [85]. However, the blue-phase-like
structures cannot be completely disregarded since the lattice con-
stant of the defects can be of the order of tens or even hundreds of
molecule lengths, and the system size allowing such long periods is
far beyond the limit of our computational resources. Another can-
didate is anticlinic, antiferroelectric type C smectic (SmCAPA)
[38,84]. There, both the director tilt and polarization alternate
between layers. Remarkably, we have observed its formation for
a very acute bend angle v < 70� and a high density g > 0:4
(see Fig. 7).

BSMs with highly acute bend angles are still scarce and not fully
understood [84,86]. Chemical data indicate that increasing the
mesogens’ degree of bend decreases the LC phase stability, which
leads to a loss of mesogenic properties [87]. Therefore, v < 90�

falls outside of the scope of this work. Nevertheless, further inves-
tigation of the unidentified SmX phase can be a potential goal for
future studies.

Our simulation results correlate well with the experimentally
observed phase sequences for BSMs [88,16,89]. Additionally, the
mapped region of NTB’s stability, governed by the bend angle, is
in fairly good agreement with the empirical data [90,17,91].

The studied system undergoes following phase transitions:

a) Iso $ N $ SmA,
b) Iso $ N $ SmA $ SmSB,
c) Iso $ N $ NTB $ SmSB,
d) Iso $ N $ NTB $ SmSB $ SmX,
e) Iso $ NTB $ SmSB $ SmX,
f) Iso $ NTB $ SmX.
ðv;gÞ ¼ ð65�;0:45Þ] in analogy to Fig. 5.
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Sequence (a) is quite common in systems composed of BSMs
[89] in contrary to sequences (b-f). As far as we know, in the liter-
ature are reported only variants of twist-bend smectic phase
[92,93] without any mentions of splay-bend smectic. What is
more, the compounds that form NTB directly from Iso are uncom-
mon [88]. On the other hand, there are some premises that SmX
might be one of smectic phases outlined in [94,95]. For the CB6O.
Sm series ðm ¼ 13;15;17Þ following phase sequence was found
[96]: Iso $ N $ SmA $ SmX $ SmCTB, which is similar to
sequence (b).

At this point, it is worth emphasizing the fact that the twist-
bend nematic phase was identified exclusively in thermotropic
systems, whereas the splay-bend nematic (NSB) solely in colloidal
systems of ‘‘banana-shaped” particles [23] and bent silica rods
[97]. The discovery of thermotropic NSB and NB, along with lyotro-
pic NTB [98], will constitute the next key milestones on the road-
map of liquid crystal science.
4. Conclusions

We have systematically studied the phase diagram of the liq-
uids formed by bent-shaped molecules composed of tangential
spheres with centers placed on an arc. The molecules were
described by adjustable bend angle v and the system composed
of such molecules was considered under different packing fractions
g. In ðv;gÞ parameters space, we have identified following phases:
isotropic, nematic, twist-bend nematic, smectic A, and splay-bend
smectic. For the highest density and the largest v we have
observed a smectic phase, denoted as SmX, forming polar layers
with in-layer rotating polarization. We were, however, not able
to avoid defects and domain walls. For unrealistically large bend,
SmX phase transformed to anticlinic, antiferroelectric type C smec-
tic, where both the director tilt and polarization alternate between
layers. In comparison to a previous study for bent spherocylinders
[56], we have not observed splay-twist-bend smectic. The obtained
results were the same for both: MC with hard-core interactions
and MD using short-range WCA repulsion.
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