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Abstract. We prove that the lower density operator associated with the
Baire category density points in the real line has Borel values of class ΠΠΠ0

3

which is analogous to the measure case. We also introduce the notion of
the Baire category density point of a subset with the Baire property of
the Cantor space, and we prove that it generates a lower density operator
with Borel values of class ΠΠΠ0

3.
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1. Introduction

Let Σ be a σ-algebra of subsets of a set X �= ∅ and let J ⊂ Σ be a σ-ideal.
We write A ∼ B whenever the symmetric difference A�B belongs to J . Note
that ∼ is the equivalence relation on Σ. A mapping Φ: Σ → Σ is called a lower
density operator with respect to J if the following conditions are satisfied:

(i) Φ(X) = X and Φ(∅) = ∅,
(ii) A ∼ B =⇒ Φ(A) = Φ(B) for every A,B ∈ Σ,
(iii) A ∼ Φ(A) for every A ∈ Σ,
(iv) Φ(A ∩ B) = Φ(A) ∩ Φ(B) for every A,B ∈ Σ.

The book [10] gives a standard example of a lower density operator for the
σ-algebra L of Lebesgue measurable subsets of R, with respect to the σ-ideal
N of null sets. This operator Φ: L → L assigns to A ∈ L its set of density
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points, that is

Φ(A) :=
{

x ∈ R : lim
h→0+

λ(A ∩ [x − h, x + h])
2h

= 1
}

where λ denotes Lebesgue measure. It is known (cf. [14]) that the value Φ(A)
is always a Borel set of type Fσδ (or ΠΠΠ0

3 in the modern notation; cf. [8]). There
is an exact counterpart of this operator in the case when R is replaced by the
Cantor space {0, 1}N with the respective product measure (see [1]; cf. also [8,
Exercise 17.9]). It was proved in [1] that the values Φ(A) in this case are again
in the Borel class ΠΠΠ0

3, and this Borel level cannot be lower for a large class of
measurable sets. For further results in this case, see [2,3].

The Baire category analogue of the notion of a density point is due to
Wilczyński [13]. Several further results are provided in [11]. This notion led to
the lower density operator ΦM for the σ-algebra B of subsets of R having the
Baire property, with respect to the σ-ideal M of meager subsets of R.

Let us recall the respective definitions. Let A ∈ B and x ∈ R. We say
that:

• 0 is an M-density point of A if, for each increasing sequence (nk) of
positive integers, there is a subsequence (nik) such that

lim sup
k∈N

((−1, 1) \ nikA) ∈ M

where αA := {αt : t ∈ A} for α ∈ R;
• x is an M-density point of A if 0 is an M-density point of

A − x := {t − x : t ∈ A};

• x is an M-dispersion point of A if it is an M-density point of Ac := R\A.
So, 0 is an M-dispersion point of A whenever, for each increasing sequence
(nk) of positive integers, there is a subsequence (nik) such that

lim sup
k∈N

((−1, 1) ∩ nikA) ∈ M.

Note that, if we replace B by L, and M by N in the above definitions, we
obtain the classical notions of density and dispersion points; see [11] and [6,
p. 7]. The operator ΦM : B → B that assigns to A ∈ B its set of M-density
points, satisfies conditions (i)–(iv); cf. [11] and [6, Lemma 2.2.1].

Our purposes in this paper are twofold. Firstly, we prove (in Section 2)
that the values of the operator ΦM are Borel of bounded level. Namely, they
hit into class ΠΠΠ0

3 which is analogous to the measure case. We use, as the main
tool, a combinatorial characterization of ΦM(G), for an open set G, based
on ideas of �Lazarow [9]. This characterization has motivated us to define (in
Section 3) the notion of an M-density point of a set with the Baire property
in the Cantor space. Then we show that the respective mapping ΦM is a
lower density operator, which fulfills our second purpose. Section 4 contains
additional remarks and open problems.
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2. The Values of ΦM are Borel

It is well known (cf. [10, Thm 4.6]) that a set A ⊆ R with the Baire property
can be expressed in the form A = G � E where G is open and E ∈ M.
Moreover, such an expression is unique, if we additionally assume that G is
regular open, that is G = int(clG). This regular open set will be denoted by
Ã and called the regular open kernel of A. Then Ã is the largest, in the sense
of inclusion, among open sets in the above expression. We have A ∼ Ã, and
so, ΦM(A) = ΦM(Ã).

We will use the following characterization which is due to E. �Lazarow [9].
We reformulate a bit the original version and give the proof for the reader’s
convenience. However, we strongly mimic the idea from [9]. For a related char-
acterization, see [6, Thm 2.2.2].

Proposition 1. [9] The number 0 is an M-dispersion point of an open set
G ⊆ R if and only if the following holds:

for each n ∈ N there exists k ∈ N such that, for all integer � > k
and every i ∈ {−n, . . . , n−1}, there exists j ∈ {1, . . . , k} satisfying

G ∩
(

1
�

(
i

n
+

j − 1
nk

)
,

1
�

(
i

n
+

j

nk

))
= ∅.

Proof. Necessity. Suppose that it is not the case. Then there exists n0 ∈ N such
that, for each k ∈ N, we can pick integers �k > k and ik ∈ {−n0, . . . , n0 − 1}
such that, for each j ∈ {1, . . . , k},

G ∩
(

1
�k

(
ik
n0

+
j − 1
n0k

)
,

1
�k

(
ik
n0

+
j

n0k

))
�= ∅.

We may assume that �k+1 > �k for every k. Pick a value of the sequence (ik) in
{−n0, . . . , n0 − 1} that appears in the above condition infinitely many times.
We call it i0, and let it be associated with a subsequence (�km

) of (�k). Take
an arbitrary subsequence (rm) of (�km

). It follows that, for every p ∈ N, the
set ⋃

m≥p

(rmG) ∩
(

i0
n0

,
i0 + 1

n0

)

is open and dense in
(

i0
n0

, i0+1
n0

)
. Hence the set

⋂
p∈N

⋃
m≥p

(rmG) ∩
(

i0
n0

,
i0 + 1

n0

)

is comeager in
(

i0
n0

, i0+1
n0

)
. Consequently,

lim sup
m∈N

((−1, 1) ∩ rmG) ⊇ lim sup
m∈N

((
i0
n0

,
i0 + 1

n0

)
∩ (rmG)

)
/∈ M.

It shows that 0 is not an M-dispersion point of G. Contradiction.
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Sufficiency. Let (ms) be an increasing sequence of positive integers. We
will define inductively the respective subsequence (rs) of (ms) which wit-
nesses that 0 is an M-dispersion point of A. In fact, we will define the family
{S(n) : n ∈ N} of subsequences of (ms) where S(n+1) is a subsequence of S(n)

for every n. Taking the first term from every S(n), we obtain the sequence (rs).
By the assumption, for n := 1 pick k1 ∈ N such that for all integers

� > k1 and i ∈ {−1, 0} we can choose j = j(�, i) ∈ {1, . . . , k1} with

G ∩
(

1
�

(
i +

j − 1
k1

)
,

1
�

(
i +

j

k1

))
= ∅.

Firstly, for i := −1 we find a subsequence S of (ms) such that we obtain
the same value j−1 of j(�,−1) for all � > k1 from S, and then we find a
subsequence S(1) of S such that we obtain the same value j0 of j(�, 0) for all
� from S(1). In this way, we obtain a subsequence (mα1(s)) =: S(1) in the first
step of induction. Let r1 := mα1(1). We may assume that r1 > k1.

Now, let n > 1. Suppose that we have kn−1 ∈ N and a subsequence
(mαn−1(s)) =: S(n−1) of (ms) such that rn−1 := mαn−1(1) > kn−1 and the
following is true:

for each i ∈ {−n + 1, . . . , n − 2} an integer ji ∈ {1, . . . , kn−1} is
chosen so that for all � in S(n−1),

G ∩
(

1
�

(
i

n − 1
+

ji − 1
(n − 1)kn−1

)
,

1
�

(
i

n − 1
+

ji

(n − 1)kn−1

))
= ∅.

By the assumption, for the given n, pick kn ∈ N such that, for all � > kn

and i ∈ {−n, . . . n − 1}, there exists j = j(�, i) ∈ {1, . . . , kn} with

G ∩
(

1
�

(
i

n
+

j − 1
nkn

)
,

1
�

(
i

n
+

j

nkn

))
= ∅.

We may assume that kn > kn−1. Note that, if � > kn is in the subseqence
S(n−1), then for every i ∈ {−n + 1, . . . , n − 2}, the choice j = ji (independent
of �) made in the previous step will be preserved. Next, as in the first step,
after a double choice, we pick a subsequence S(n) = (mαn(s)) of S(n−1) such
that, for each i ∈ {−n, n−1}, the value ji of j(�, i) is the same whenever � > kn

is taken from S(n). Also, we may assume that mαn(1) > max{kn,mαn−1(1)}.
Finally, let rn := mαn(1). This ends the construction.

The above construction guarantees that, if n0 ∈ N is fixed and n > n0,
then for all terms � in S(n) and every i ∈ {−n0, . . . , n0 − 1}, the choice j = ji

made in the n0-th step of construction remains unchanged in the n-th step.
Clearly, (rn) defined in the construction is a subsequence of (mn). We

will show that the set

lim sup
n∈N

((−1, 1) ∩ rnG)

is nowhere dense which implies that 0 is an M-dispersion point of G. Let
(a, b) be any subinterval of (−1, 1). Pick n0 ∈ N and i0 ∈ {−n0, . . . , n0 − 1}
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such that
(

i0
n0

, i0+1
n0

)
⊆ (a, b). By the construction and the above remark, for

each n ≥ n0, the integer rn is in the sequence (mαn0 (s)
), and there exists

j ∈ {1, . . . , kn0} such that for each n ≥ n0,

G ∩
(

1
rn

(
i0
n0

+
j − 1
n0kn0

)
,

1
rn

(
i0
n0

+
j

n0kn0

))
= ∅.

Put (a0, b0) :=
(

i0
n0

+ j−1
n0kn0

, i0
n0

+ j
n0kn0

)
. Then (a0, b0) ⊆ (a, b) and (a0, b0)∩⋃

n≥n0
(rnG) = ∅. Consequently,

(a0, b0) ⊆ (a, b) \ lim sup
n∈N

((−1, 1) ∩ rnG)

which means that lim supn∈N((−1, 1)∩ rnG) is nowhere dense, as desired. �

Proposition 1 can be easily reformulated in the case where 0 is replaced
by a point x ∈ R. Furthermore, x is an M-density point of A ∈ B if and only
if 0 is an M-dispersion point of G − x where Ac = G � E, G is open and
E ∈ M. In particular, we can take the regular open kernel of Ac in the role of
G. So, we obtain the following

Corollary 2. A point x ∈ R is an M-density point of a set A ∈ B if and only
if

(∀ n ∈ N)(∃ k ∈ N)(∀ � > k)(∀ i ∈ {−n, . . . , n − 1})(∃ j ∈ {1, . . . , k})

(Ãc − x) ∩
(

1
�

(
i

n
+

j − 1
nk

)
,

1
�

(
i

n
+

j

nk

))
= ∅.

Lemma 3. Let (X,+) be a topological abelian group. Then for arbitrary open
sets U, V ⊆ X, the set

E := {x ∈ X : (U − x) ∩ V = ∅}
is closed.

Proof. Assume that sets U, V ⊆ X are open. Observe that Ec is open. Indeed,
let x0 ∈ Ec and pick t0 ∈ (U − x0) ∩ V . Then x0 ∈ U − t0 and U − t0 is open.
Also, U − t0 ⊆ Ec since if x ∈ U − t0, then t0 ∈ (U − x) ∩ V . �

Theorem 4. For each A ∈ B, the set ΦM(A), of all M-density points of A, is
a Borel set of type Fσδ, i.e. of class ΠΠΠ0

3.

Proof. Let A ∈ B. Fix n, k ∈ N, � > k, i ∈ {−n, . . . , n − 1} and j ∈ {1, . . . , k}.
Denote

Vn,k,�,i,j :=
(

1
�

(
i

n
+

j − 1
nk

)
,

1
�

(
i

n
+

j

nk

))
.

Put E := {x ∈ R : (Ãc − x) ∩ Vn,k,�,i,j = ∅}. By Lemma 3 this set is closed.
This together with Corollary 2 gives the assertion. �
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Remark 1. In the papers [11,13], the ideal of meager sets in R is denoted by I.
The respective topology defined by the operator ΦI(= ΦM) is the Baire cate-
gory analogue of the density topology in R and is called the I-density topology.
Characterizations similar to that given in Proposition 1 were applied to the
so-called I-approximate derivatives. In [9] it was proved that I-approximate
derivative is of Baire class 1. Another theorem on I-approximate derivatives
was obtained in [5] where the characterization from [6, Thm 2.2.2 (vii)] was
used. In fact, the characterization from [9] turns out more suitable in that case
which was shown in the PhD thesis [12] of the third author.

3. M-Density Points in the Cantor Space

We will use the characterization stated in Proposition 1 to introduce the notion
of an M-density point of a set with the Baire property in the Cantor space
{0, 1}N. The families of meager sets and of sets with the Baire property in
{0, 1}N will be denoted again by M and B, respectively. Again, every set
A ∈ B can be uniquelly expressed in the form A = G � E where G is regular
open and E ∈ M (cf. [8, Exercise 8.30]). Then G will be denoted by Ã and
called the regular open kernel of A.

Recall that sets of the base in the product topology of the Cantor space
are of the form

U(s) := {x ∈ {0, 1}N : s ⊆ x}
for any finite sequence s of zeros and ones (that is, s ∈ {0, 1}<N). Given
x ∈ {0, 1}N, by x|n we denote the restriction of x to the first n terms. For
s, t ∈ {0, 1}<N, let s � t denote their concatenation where terms of t follow
the terms of s.

We say that x ∈ {0, 1}N is an M-dispersion point of a set A ∈ B if for
each n ∈ N there exists k ∈ N such that, for each � ∈ N with � > k, and every
s ∈ {0, 1}n, there exists t ∈ {0, 1}k with

Ã ∩ U((x|�) � s � t) = ∅.

We say that x ∈ {0, 1}N is an M-density point of a set A ∈ B if it is an
M-dispersion point of Ac. So, in the above condition, one should replace Ã by
Ãc.

Note that we can use the group structure of {0, 1}N (with coordinatewise
addition mod 2), and thus condition Ã ∩ U((x|�) � s � t) = ∅ can be written
as (Ã − x) ∩ U((0|�) � s � t) = ∅ where 0 := (0, 0, . . . ). We will use this fact
in the proof of Theorem 5.

Theorem 5. Let ΦM assign to each set A ⊆ {0, 1}N with the Baire property,
the set of M-density points of A. Then ΦM : B → B is a lower density operator
with respect to M and its values are Fσδ sets, i.e. sets of class ΠΠΠ0

3.
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Proof. We will check conditions (i)–(iv) stated in the definition of a lower
density operator. Condition (i) is clearly valid. To show (ii) note that the
following is true for any A,B ∈ B:

A ∼ B =⇒ Ac ∼ Bc =⇒ Ãc = B̃c.

This yields (ii) by the definition of an M-density point.
Let us prove an additional property. Let A,B ∈ B and A ⊆ B. We

show that ΦM(A) ⊆ ΦM(B). From A ⊆ B it follows that Bc ⊆ Ac and then
B̃c ⊆ Ãc. Hence ΦM(A) ⊆ ΦM(B) by the definition of an M-density point.

Next, we will prove (iv). Let A,B ∈ B. By the above property we obtain

ΦM(A ∩ B) ⊆ ΦM(A) ∩ ΦM(B).

To show the reverse inclusion, let x ∈ ΦM(A) ∩ ΦM(B). Fix n ∈ N. Since
x is an M-density point of A, we pick k′ ∈ N such that for all � > k′ and
s ∈ {0, 1}n, we can find t′ ∈ {0, 1}k′

with

Ãc ∩ U((x|�) � s � t′) = ∅.

Since x is an M-density point of B, we consider n + k′ instead of n and pick
k′′ ∈ N such that for all � > k′′ and s′ ∈ {0, 1}n+k′

, we can find t′′ ∈ {0, 1}k′′

with

B̃c ∩ U((x|�) � s′ � t′′) = ∅.′

Now, fix � > k′ + k′′ and s ∈ {0, 1}n. Then taking s′ := s � t′, we pick
t′′ ∈ {0, 1}k′′

with B̃c ∩ U((x|�) � s′ � t′′) = ∅. Observe that

(Ãc ∪ B̃c) ∩ U((x|�) � s � t′ � t′′) = ∅. (1)

Then k := k′ + k′′ and t := t′ � t′′ ∈ {0, 1}k will witness that x ∈ ΦM(A ∩ B)
provided that Ãc ∪ B̃c can be replaced by D̃ for D := (A ∩ B)c in condition
(1). So, let us show this last requirement. First note that Ãc ∪ B̃c can be
replaced by C := int cl(Ãc ∪ B̃c) in condition (1) (since the set U(·) is open).
Additionally, C ∼ Ãc ∪ B̃c. Also, from Ãc ∼ Ac and B̃c ∼ Bc it follows that
C ∼ Ãc ∪ B̃c ∼ Ac ∪ Bc = (A ∩ B)c = D ∼ D̃. Since C is a regular open set
(cf. [7, p. 23]), we have C = D̃ which yields the required condition.

To prove (iii) we need the following property

G ⊆ ΦM(G) ⊆ cl(G) for every open set G ⊆ {0, 1}N. (2)

So let G ⊆ {0, 1}N be nonempty open. Let x ∈ G. Fix n, k ∈ N and pick � > k
such that U(x|�) ⊆ G. Then for all s ∈ {0, 1}n and t ∈ {0, 1}k we have
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U := U((x|�) � s � t) ⊆ G.

Hence U ∩ Gc = ∅. Since Gc is closed, we have G̃c ⊆ Gc and so, U ∩ G̃c = ∅.
Thus x ∈ ΦM(G). This yields the first inclusion in (2). Now, let x ∈ ΦM(G)
and suppose that x /∈ cl(G). Thus x belongs to the open set V := (cl(G))c.
Using the inclusion proved before, we have x ∈ ΦM(V ). Hence by (i) and (iv),

x ∈ ΦM(G) ∩ ΦM(V ) = ΦM(G ∩ V ) = ΦM(∅) = ∅.

Contradiction. This ends the proof of (2).
Now, fix A ∈ B. Taking G := Ã, by (2) we have Ã ∼ ΦM(Ã). Then using

(ii) we obtain

A ∼ Ã ∼ ΦM(Ã) = ΦM(A)

which yields (iii).
The final assertion follows from the definition of ΦM and the arguments

analogous to those used for Theorem 4. Let us sketch this proof. For fixed n, k ∈
N, � > k, and s ∈ {0, 1}n, t ∈ {0, 1}k, we denote Vn,k,�,s,t := U((0|�) � s � t).
Then, by Lemma 3, we observe that the set {x ∈ {0, 1}N : (Ãc −x)∩Vn,k,�,s,t =
∅} is closed. Finally, it suffices to use the respectively modified condition stating
that x ∈ ΦM(A). �

Note that the lower density operator ΦM generates a topology

TM := {A ∈ B : A ⊆ ΦM(A)}
that is finer than the standard topology in {0, 1}N. Indeed, every open set in
the standard topology belongs to TM by (2). Every nontrivial comeager set
in the standard topology witnesses that these two topologies are different. For
other properties and their proofs, see [11] or [6, Sec. 2.3] where the analogous
topology in R was investigated.

4. Final Remarks

The presented results should initiate further studies. We hope that our notion
of an M-density point is a good Baire category counterpart of an density point
for the respective subsets of the Cantor space. In particular, an interesting
question appears whether the results analogous to those obtained in [1] can be
proved.

Problem 1. Find natural examples of sets A ⊆ {0, 1}N (for instance, open or
closed) such that ΦM(A) is complete ΠΠΠ0

3.

The Baire category analogue of a density point for subsets with the Baire
property of R, due to Wilczyński, was well motivated by the respective charac-
terization in the measure case where convergence in measure of characteristic
functions and other properties were considered (see [11] or [6]). This idea can be
used for other σ-algebras and σ-ideals in the Euclidean spaces. Such a process
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was successful in the article [4] where the lower density operators associated
with the product ideals M ⊗ N and N ⊗ M in R

2 were defined.

Problem 2. Are the lower density operators, associated with the product ideals
M ⊗ N and N ⊗ M in R

2, Borel-valued?

Quite recently, Wilczyński proposed in [15] another natural Baire cate-
gory notion of a density point, called an intensity point, for subsets with the
Baire property in R. Then the respective mapping Φi : B → B is a lower den-
sity operator which produces a topology non-homeomorphic to the I-density
topology (for I := M) in R.

Problem 3. Is the lower density operator Φi Borel-valued? Can one define its
analogue in the Cantor space setting?
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