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1/C., Budapest H-1117, Hungary Let p(-) : [0,1) — (0,0) be a variable exponent function satisfying the log-
c Holder condition and 0 < g < co. We introduce the variable Hardy and Hardy-

orrespondence

Ferenc Weisz, Department of Numerical Lorentz spaces Hp,.) and H (. ; containing Vilenkin martingales. We prove that
Analysis, E§tvos L. University, H-1117 the partial sums of the Vilenkin-Fourier series converge to the original func-
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Hungary. tion in the Lp)- and L, -norm if 1 < p_ < co. We generalize this result for
Email: weisz@inf.elte.hu smaller p(-) as well. We show that the maximal operator of the Fejér means of the

Vilenkin-Fourier series is bounded from H .y to L) and from H ) ; to Lp.) 4 if
1/2<p_<®,0<qg<oand1/p_—1/p, < 1. This last condition is surpris-
ing because the corresponding results for Fourier series or Fourier transforms
hold without this condition. This implies some norm and almost everywhere
convergence results for the Fejér means of the Vilenkin-Fourier series.
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1 | INTRODUCTION

It was proved by Lebesgue [22] that the Fejér means [7] of the trigonometric Fourier series of a one-dimensional integrable
function converge almost everywhere to the function. Fine [8] extended this result to Walsh-Fourier series. Schipp [31]
proved that the maximal operator o, of the Fejér means of Walsh-Fourier series is of weak type (1, 1), that implies also the
almost everywhere convergence. For Vilenkin-Fourier series, the weak type (1, 1) inequality is due to P4l and Simon [28]
(see also Weisz [41]). Fujji [9] and Simon [33] verified that o,, is bounded from the Hardy space H; to L;. Later the author
[39, 40] generalized this result for both Walsh- and Vilenkin-Fourier series and proved the boundedness of o, from H p to
L, for1/2 < p < co. Summability of Walsh- and Vilenkin-Fourier series is studied intensively in the literature (see, e.g.,
Gat [11, 12], Goginava [13-15], Persson, Tephnadze and Wall [26, 29], Simon [34-36] and Weisz [18, 38, 40, 42]).

In this paper, we generalize these theorems to Hardy and Lebesgue spaces with variable exponents. For a measurable

function p(-), the variable Lebesgue space L.y consists of all measurable functions f for which /01 |f()[PX) dx < oo.

p(:
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When p(-) is a constant, then we get back the usual L, space. This topic needs essentially new ideas and is investigated
very intensively in the literature nowadays (see, e.g., Cruz-Uribe and Fiorenza [5], Diening et al. [6], Kempka and Vybiral
[21], Nakai and Sawano [27, 30], Jiao et al. [18-20], Yan et al. [47] and Liu et al. [23, 24]). Interest in the variable Lebesgue
spaces has increased since the 1990s because of their use in a variety of applications (see the references in Jiao et al. [18]).

The log-Holder continuity condition is a very common condition in this theory (see, e.g., Cruz-Uribe and Fiorenza [5]
and Diening et al. [6]). Under this condition, the Hardy-Littlewood maximal operator is bounded on L,,(R) (p_ > 1).
Nakai and Sawano [27] first introduced the Hardy space H,.y(R) with a variable exponent p(-) and established the atomic
decompositions. Independently, Cruz-Uribe and Wang [4] also investigated the variable Hardy space H.)(R). Sawano
[30] improved the results in [27]. Ho [17] studied weighted Hardy spaces with variable exponents. Recently, Yan et al. [47]
introduced the variable weak Hardy space H (. .,(R) and characterized these spaces via radial maximal functions, atoms
and Littlewood-Paley functions. The Hardy-Lorentz spaces H . ,(R) were investigated by Jiao et al. in [20]. Similar
results for the anisotropic Hardy spaces Hp(.)(R) and H.) 4(R) can be found in Liu et al. [23, 24]. Martingale Musielak-
Orlicz Hardy spaces were investigated in Xie et al. [44-46]. Very recently, these results were generalized for martingale
Hardy spaces with variable exponent in Jiao et al. [18]. We generalized there the boundedness of o, from H . to L. for
Walsh-Fourier series.

We introduce the variable Hardy and Hardy-Lorentz spaces H .y and H () ; containing Vilenkin martingales. We give
the atomic decomposition of these two types of Hardy spaces. In this paper, we generalize the preceding theorems for
Vilenkin-Fourier series. We calculate the partial sums in a new way and, with the help of this, we verify the convergence
of the partial sums of the Vilenkin-Fourier series in the L,.)- and L, ;-norm if 1 < p_ < co. We prove also that o, is
bounded from H,.y to L,y and from H . 4 to L) ; under the conditions 1/2< p_<o0,0<g<oocand1/p_-1/p, <1.
It is also shown that these conditions are sharp. This last condition is surprising because the corresponding results for
Fourier series or Fourier transforms hold without this condition (see Liu et al. [23, 24] and Weisz [43]). This gives a serious
difference between the trigonometric Fourier analysis and Vilenkin-Fourier analysis. The proofs of these results need
essentially new ideas. Finally, the boundedness of o, implies almost everywhere and norm convergence of the Fejér means
as well.

2 | VARIABLE LEBESGUE AND LORENTZ SPACES

In this section, we recall some basic notations on variable Lebesgue spaces and variable Lorentz spaces and give some
elementary and necessary facts about these spaces. Our main references are Cruz-Uribe and Fiorenza [5] and Diening
etal. [6].

For a constant p, the L, space is equipped with the quasi-norm

1 1/p
111l <= ( / If(x)lpdx) (0< p <o),
0

with the usual modification for p = co. Here we integrate with respect to the Lebesgue measure A.
We are going to generalize these spaces. A measurable function p(-) : [0,1) — (0, ) is called a variable exponent. For
any variable exponent p(-) and any measurable set A C [0, 1), we will use the notation

p_(A) :=essinf p(x) and p+(A) :=esssup p(x).
XEA XEA

If A =[0,1), then the numbers p_(A) and p,(A) are denoted simply by p_ and p,. Denote by P the collection of all
variable exponentsp(-) satisfying

0<p_<ps <oo.
In what follows, we use the symbol

p =min{p_, 1}.
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For p(-) € P and a measurable function f, the modular functional ¢ ) is defined by

1
o) 1= [ 1fGOIP dx
0
and the Luxemburg quasi-norm is given by setting

||f||p(.) = inf{p € (0,0) : Qp(.)(f/p) < 1}.

The variable Lebesgue space L, is defined to be the set of all measurable functions f such that ¢ ,(.,(f) < co and equipped
with the quasi-norm || - || ). It is easy to see that if p(-) is a constant, then we get back the L, spaces. It is known that

lefllpey = 1oL Nl pcs

|||f|sllp(.) = “f”s

sp(-)
and

P P P
If +&ll, < IFIE + gl

where p(-) € P, s € (0,0), p € C and f,g € Ly,. Details can be found in the monographs Cruz-Uribe and Fiorenza
[5] and Diening et al. [6]. The function p’(-) denotes the conjugate exponent function of p(-), i.e., 1/p(x) +1/p'(x) =1

(x €[0,1)). The well known Hélder’s inequality can be generalized for variable Lebesgue spaces (see Cruz-Uribe and
Fiorenza [5, p. 27] or Diening et al. [6, p. 74]).

Lemma2.1. Let p(-) € Pwithp_ > 1. Forall f € Lyyand g € Ly (),

1
/0 1£81dA < CoiyIF oy gl -

In this paper the constants C are absolute constants and the constants C .y are depending only on p(-) and may denote
different constants in different contexts. For two positive numbers A and B, we use also the notation A < B, which means
that there exists a constant C such that A < CB. The next lemma can be found, e.g., in Diening et al. [6, p. 77].

Lemma 2.2. Let p(-) € P with p_ > 1. Then

1

1

WAl < sup_ [ Ifeldd <20,
”g”p!(A)Sl 0

We denote by C1°¢ the set of all functions p(-) € P satisfying the so-called log-Holder continuous condition, namely, there
exists a positive constant Clog( p) such that, for any x,y € [0, 1),

Clog(p)
log(e +1/|x = yI)’

Ip(x) = p(y)| < .1

The following two lemmas were proved in Cruze-Uribe and Fiorenza [5].
Lemma 2.3. We have that p(-) € C'°8 if and only if for all intervals I C [0, 1),

AP-0-p+ < . (2.2)
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Remark 2.4. There exist a lot of functions p(-) satisfying (2.1). For concrete examples we mention the function a + cx for
parameters a and c such that the function is positive (x € [0, 1)). All positive Lipschitz functions with order 0 < o < 1
also satisfy (2.1) and (2.2).

Lemma 2.5. If p(-) € C'°¢, then, for any interval I C [0, 1),
ADYP-D ~ ADYPE ~ ADVPD ~ gl ey (VX €D,
where ~ denotes the equivalence of the numbers.
The following lemma can be found in Jiao et al. [19] (see also [18]).

Lemma 2.6. Let p(-) € C'°2 with 1 < p_ < p, < oo. Suppose that f € Ly with ||f||p(,) <1/2and f = fxqs =1} Then,
forany intervalI C [0,1)and x €1,

1 p(x) ©
<E /1 If(t)ldt> (w) / oL dr)

The variable Lorentz spaces were introduced and investigated by Kempka and Vybiral [21]. L., is defined to be the
space of all measurable functions f such that

© 1/q
(/O P xixeton: 1rcoreilly, p> , if0<g<oo,

Sup Pllxeton: rcosaill if g = oo,

”f”p(-),q =

is finite. If p(-) is a constant, we get back the classical Lorentz spaces (see Lorentz [25] or Bergh and Lofstrom [1].

3 | VARIABLE MARTINGALE HARDY SPACES

Let (p,,, n € N) be a sequence of natural numbers with entries at least 2. We always suppose that the sequence (p,,) is
bounded. Introduce the notations P, = 1 and

n+1 = Hpk (n € N)-

Let 7, be the o-algebra
Fp=of{[kP;',(k+1P;') : 0<k <P,},

where o(H) denotes the o-algebra generated by an arbitrary set system H. By a Vilenkin interval we mean one of the form
[kP;l, (k+1)P, 1) forsome k,n € N, 0 < k < P,,.. The conditional expectation operators relative to F,, are denoted by E,,.
An integrable sequence f = (f,), <y is said to be a martingale if f, is 7,,-measurable for alln € Nand E, f,,, = f, in case
n < m. Martingales with respect to (Fn, ne N) are called Vilenkin martingales. It is easy to show (see, e.g., Weisz [38])
that the sequence (Fn, ne N) isregular, i.e., f,, < Rf,_; for all nonnegative Vilenkin martingales.

For a Vilenkin martingale f* = (f), ., the maximal function is defined by

M(f) :=sup|fnl

neN
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Now we can define the variable martingale Hardy spaces by

Hyoy = {f = Fidyens * Wy, 2= IMQDILy < o0}

The variable martingale Hardy-Lorentz spaces can be defined similarly:
Hporg = {f = Gden Wy, 2= IM(Pll gy < 0 ).

The Hardy spaces can also be defined via equivalent norms. For a martingale f = ( f ")n> 0 let

duf = fn—Fua (n>0)

denote the martingale differences, where f_; := 0. The square function and the conditional square function of f are
defined by

1/2

0o 1/2 o
S(f) = (Z |dnf|2> . s(N= <|dof|2 + ZEn|dn+1f|2>
n=0 n=0

We have shown the following theorem in [18].

Theorem 3.1. Let p(-) € C°¢ and 0 < q < 0. Then

IOy ~ 1Sy ~ IS (3.1)
and
My ~ ISU g ~ IS - (32)
Ifin addition1 < p_ < p, < o, then
IMDlyoy ~ If ey and — IMCP g ~ 151y (3.3)

The atomic decomposition is a useful characterization of the Hardy spaces. A measurable function a is called a p(-)-atom
if there exists a stopping time 7 such that

(a) Ey(a) =0foralln <,
-1

The atomic decomposition of the spaces H ) and H ., , were proved in Jiao et al. [18, 19]. The classical case can be
found in [38, 42].

Theorem 3.2. Let p(-) € C'°¢ and let 0 < q < co. Then the martingale f = (frdpen € Hpy or f = (fu)uen € Hp)gr
respectively, if and only if there exists a sequence (ak) ez of p(-)-atoms such that for every n € N,

fn= Z wE,ak almost everywhere, 34)
kez
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where py, = 3 - 2K ||?f{fk<oo}”p(.) and 7y is the stopping time associated with the p(-)-atom a¥. Moreover,

SV

. Mic Xt <o}
1f 11z, ~ inf Z(—k> :
p(C)

kez ||X{Tk<°°}”p(.)

1/q
. q
£l ~ inf (Z 2kq||)({rk<oo}||p(,)) ;

kez

respectively, where 0 < t < p is fixed and the infimum is taken over all decompositions of the form (3.4).

4 | PARTIAL SUMS OF VILENKIN-FOURIER SERIES

Every point x € [0, 1) can be written in the following way:

o0
Xk

X = (0 < xp < px, x¢ €N).
k

= Prn
If there are two different forms, choose the one for which lim,_, o, x; = 0. The functions

27X,

r,(x) :=exp (neN)

n

are called generalized Rademacher functions, where 1 = 4/—1. The functions corresponding to the sequence (2,2, ...) are
called Rademacher functions.
The product system generated by the generalized Rademacher functions is the Vilenkin system:

[s9)
wy(x) 1= [ [ rieo)
k=0
where
(69
n=2nkPk <0Snk<pk)-
k=0

The product system corresponding to the Rademacher functions is called Walsh system (see Vilenkin [37] or Schipp, Wade,
Simon and Pal [32]).
Recall (see Pal and Simon [28] and Gat [10]) that the Vilenkin—Dirichlet kernels

n—1
Dn = 2 Wy
k=0
satisfy

Dy ()= 4 T HXE O Ny (4.1)
" 0, ifxelP,’1),
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If f € L,, then the number

1
f(n):=/fwnd/1 (n €N)
0

is said to be the nth Vilenkin-Fourier coefficient of f. We can extend this definition to martingales as follows. If
f=(fr),s, 1s a martingale, then let

~

1
(n) := lim / frw, dA (n eN).
0

k—co

Since w,, is Fj, measurable for n < P, it can immediately be seen that this limit does exist. We remember that if f € L,
then E; f — f in the L;-norm as k — oo, hence

1
fn) = 1im / (Eef)Brdd  (neEN),
0

k—oo

Thus the Vilenkin-Fourier coefficients of f € L; are the same as the ones of the martingale (Ek f ) >0 obtained from f.
Denote by s, f the nth partial sum of the Vilenkin-Fourier series of a martingale f, namely, B

n—1
sof 1= fw.
k=0
If f € Ly, then

1
$uf () = / FODx=Ddt  (neN),
0

where + denotes the addition on the corresponding Vilenkin group and let - be its inverse (see Vilenkin [37] or P4l and
Simon [28]). It is easy to see that

sPnf =fn (neN)

and so, by martingale results,

lim sp f = f in the L,-norm 4.2)

n—oo
when f € L, and 1 < p < co. This theorem was extended in P4l and Simon [28] (for Walsh-Fourier series see Schipp,
Wade, Simon and Pal [32] or Golubov, Efimov and Skvortsov [16]) for the partial sums s, f and for 1 < p < co. More
exactly,

lim s, f = f in the L,-norm

n—oo

when f € L, and 1 < p < co. We generalize this theorem as follows.

Theorem 4.1. Let p(-) € C'°8 with1 < p_ < p, < 0. Iff € Ly, then

leelg ”Snf”p(.) < ”f“p(‘)-
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Proof. For k,n € N, let
= [kP,,(k+ 1P,) NN
and
sief 1= ), Flw.
Jer;
For simplicity, we suppose that f(O) = 0. It is easy to see that
sinf = D </ f; dl)
JeI;
Py-1 1
= Z </ (fwkp )w dl)wkp w;
i=0 0
= wyp, Sp, (f Wip, ) = wip, Ey (f Wkp, )
It can be proved in the same way that, for an arbitrary m € I7’,
spf = Wi Ey (f W) (4.3)

For
m=kaPk (0 <my < py),
we introduce
m(n) := i my Py, I,(m) := [m(n), m(n) + P,) (neN).

Notice that m is contained in I,,(m) and I,,(m) C I,,,1(m). Observe that

o)

[0,m) = ] [m(n +1),m(n)),
n=0
which implies
[c9)
swf=Y Y Fhow (44)
n=0 ke[m(n+1),m(n))
Let
g % fowe- 3 flow
ke[m(n+1),m(n+1)+Py41) kelm(n),m(n)+Py)
By (4.3),

8mn = Wi Ep i (fwm) —wyEy, (fwm) = wmdn+1 (fwm) (4.5)
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Since
[m(n + 1), m(n)) C [m(n +1),m(n + 1) + Ppyy) \ [m(n), m(n) + P,),

we have

m,—1 m(n+1)+(+1)P,—1

flowe= Y gGalow, =Y Y Zaaw

ke[m(n+1),m(n)) ke[m(n+1),m(n)) =0  k=m(n+1)+IP,

It is easy to see that
m—(m, —1)P, € [m(n+1) +IP,,m(n+1) + (I + 1)P,) (0<l<my,),

which implies by (4.3) that

my—1

Z A(k)wk = Z wm—(mn—l)PnEn(gm,nwm—(mn—l)Pn)
=0

ke[m(n+1),m(n))

m,—1

= Wy Z w(mn—l)PnEn((gm,nwm)w(mn—l)Pn)
1=0
m,—1 ]

—my,— n—l

=w,, Z r." E <(gmnwm)rm )

1=0
Taking into accout (4.4) and (4.5), we conclude that
my—1 l
_mn— n—l
Smf Zwm Z ( gmnwm) n )
co my—1

—wmz Z Fa' n( n+1(fwm) e l)-

Since r,, is 7,41 measurable and E,, (r},) = 0 fori =1, ..., p, — 1, we can see that

En<mnz_17nmn_lEn( n+1 (f wm) mn—l)> =0,

1=0
hence

<m"i P B (i (£ D) '""—’)>

1=0 neN

is a martingale difference sequence. Then, by (3.1) and (3.2),

I
D¢
~N|
s 3
=|
-
S
_~
=
=
’C.:
gl
i/
§
S
L
N

”Smf”p(.) = ”wmsmf”p =

n=0 [=0 ()
1/2
oo |my—1 et 4
S Z Z rnn En( n+1 (f wm) o >
n=01 =0

p()
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oo m,—1 . 2 1/2
5 (Z En<dn+1(fwm)rz1n_ > )
n=0 |=
p()
© , 1/2
5 (ZEn dn+1(fwm)| )
n=0
p()
< ”fwm”p(_) = “f”p(.),
which finishes the proof. O

Since the Vilenkin polynomials are dense in L., Theorem 4.1 implies
Corollary 4.2. Let p(-) € C'8 with1 < p_ < p, < 0. If f € Ly, then

lim s,f = f in the Ly.y-norm.

n—oo

Similarly, for variable Lorentz spaces, we can prove the following two results. The Vilenkin polynomials are also dense
in Ly 4 With 0 < g < co. For g = oo, let us denote by Z (. ., the closure of the Vilenkin polynomials in L,.) . For
simplicity, under L.y ., We mean & ) o, in this paper.

Theorem 4.3. Let p(-) € C°8 with1 < p_ < p, < oand0<qg<co. Iff €L then

p().q

sup ||s < .
sup Isaf I, S 1/,

Corollary 4.4. Let p(-) € C'€ with1 < p_ < p, <coand0<q<oco.Iff €L then

().

lim s, f = f inthe L

).g-horm.
N 0o p()q

5 | FEJER MEANS OF VILENKIN-FOURIER SERIES

The results of the preceding section are not true if p_ < 1 (see, e.g., Schipp, Wade, Simon and P4l [32] or Example 5.4.2
in [16]). However, in this case we can consider a summability method. For n € N and a martingale f, the Fejér mean of
order n of the Vilenkin-Fourier series of f is given by

n
1
o.f 1= n Z Sef-
k=1
Of course, o, f has better convergence properties than s; f. It is simple to show that

1
%ﬂm=/fmmu4Mt (nen)
0

if f € L, where the Vilenkin-Fejér kernels are defined by
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The maximal operator o, is defined by

o.f =suplo,fl.

neN
It is known (see Pal and Simon [28] and Gat [10]) that

N-1 N-1pj—1

K, ()l <CPG Y Py Y Dp, (x+1P7},) (5.1)
j=0  i=j I=0
and
n—1pPj— P 1
Kp (x) = (P- +1)Dp (x) + 26 121 o 72D, (x+P), (5.2)
J

where x € [0,1), n,N € Nand Py_; < n < Py.

6 | THE MAXIMAL OPERATOR U

To be able to prove some boundedness results for o, we have to investigate two versions of maximal operators. For a
martingale f = (f,), the first one is given by

Uof(x) : —supz( ) 2—’/} fndxl‘,
n 0 Jil

where I is a Vilenkin interval with length P, !, s is a positive constant and

D= THP

Of course, if f € Ly, then we can write in the definition f instead of f,. Let us define Ij , := [kP;', (k + 1)P,') with
0 <k < P,,n € N. The definition can be rewritten to

sDPj—

P 1
oo S B E o
= = k.n

T /1"
i

j .l
where I;{ln = (Ik,n)J )
An operator T : X — Y is called a o-sublinear operator if for any o € C it satisfies

(24)

where X is a martingale space and Y is a measurable function space. We will apply the following well-known theorem in
martingale theory (see, e.g., Weisz [38]).

< Y |T(fi)] and 7@ = lalIT()L,
k=1

Theorem 6.1. Let p be a constant and 0 < p < 1. Suppose that T : L., — L, is a bounded o-sublinear operator and
ITayell, < C, 61)
for all p-atoms a, where I is the support of a. Then we have

TSl SUFll, — (f €Hp).
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Theorem 6.2. Forall0 < p < oo andall 0 < s < o0, we have

IUsfllp < Cpllflla,  (f € Hy). (6.2)

Proof. Observe that (6.2) holds for p = co. Indeed,

n-l ,p \$ pj—1
nmmwswp2<;§ > lIfll <ClS Nl
neN j=0 n =0

because of

> <g> <C. (6.3)
j=o \Tn

By Theorem 6.1 and interpolation, the proof will be complete if we show that the operator U; satisfies (6.1) for each
0 < p <1.Choose a p-atom a with support I, where I is a Vilenkin interval with length |I| = Plzl (K € N). We can assume

that I = [0, P"). It is easy to see that
/ adl| =0
Jidl

if n < K, where J is a Vilenkin interval with lenght P,/ 1. Therefore we can suppose that n > K. Observe that x ¢ [O, Plzl)
and x € J imply that J/! n [0, P;') = @if j > K. Thus /,;, a = 0 for j > K. Hence, we may assume that j < K. The same

holds if j < K and x € [Pj‘i1 + P;,P]TI), because x-i—le‘Ji1 ¢ [0,27X). Hence

spj—1

2(%) Lo

j=0 n 1=0

i—1

K-1 PJ s pPj 1
Usa(x)| < iglgxf(x);) <P_n> X[t 22 4g1) ) D 2000

Jj+1 1=0

L K-1 P. N
SPK/p Z (i) )([P—l p-1 +P‘1)(x)

j+rt i K

Jj=0
and
K-1 Pj sp
p -1
/I;lUSa(x)l SPKZ <§> PK Scpy
Jj=0
which completes the proof of the theorem. O

Since H), is equivalent to L, when 1 < p < oo, we obtain
Corollary 6.3. Foralll < p < o andall0 < s < o0, we have

U, <Collfll,  (f €Lp).

We generalize this result to Lebesgue spaces with variable exponents.
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Theorem 6.4. Let p(-) €C8, 1 < p_ < p, < o and0 < s < co. If

1 1
— - =<5, (6.4)

P- P+

then

IUfllpey < Coollflipey — (f € Lpy)

Proof. We assume that || f|| o) < 1/2. Then
' ' p(x) ' p(x)
[ waeoredss [ o)l des [ uapa)er
0 0 0

1
< [ o) @ d
0

So it is enough to prove that

! ()
| wrpeeo ™ d

For a fixed k, n, let us denote by Ay ,, those pairs (j, ) for which0 < j <n,0 <1< p; and

[, roldc<
A(Ik’,n) Tien
Then
L p(x)
/ supZ)ak,,() ¥ ( ) [, 101d|  ax
0 neN k=0 U, DEAkn (Ik’,n) Ik,n
1 n—1pj—1 PO
s/ SupZ)ak,,(x)ZZ < > dx < C.
neN j=o j=0 1=0
Hence, we may suppose that || ]|,y < 1/2,|f]| > 1 or f = 0and
1
- / IF(Oldt > 1 6.5)
/I(Ik ) Ik,n
forall j=0,..,n—1,k=0,..,P, — 1, n € N. Let us denote by Iy, j ;1 (resp. Iy, j;») those points x € I, for which

p(x) < po (T} 7l ) (resp. p(x) > p, (I,Jc;)) Then

p(x)

> o kn]lm( )
JREREIETEE 2/ wp $ )Z( ) D %/ fOlde|  dx
Q m=10 =0

"N k=0 Alin) 1

=: (A) + (B).
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Let g(x) := p(x)/p, > 1 for some 1 < p, < p_. Since the sets I, are disjoint for a fixed n and the function ¢ ~ t4*) is
convex (x is fixed), we conclude

()P
1 Py-1 n—1 spj— Xlkn 11
@s [ fsup ¥ 11,00 2( 1) 3 R / rorae| | ax
0 |neN j— =0 1=0 /1 Ik’
Po
1 s (0 q()
s/ sup Z ;akn(x)z (P—’> Y ’—l/l £(O) dt dx
0 |neN o =\ aAdl,) i

(1))

< ' 2 ( )2 J Spil XIk,n,j,l,l(x / O] dt p
N/O SUP X1, (X P, — u |f(®)] X.

1
neN =o 1=0 l([in)

Here we have used (6.5), the boundedness of (p j) and the fact that g(x) < q, (I IJ{ n) on Iy, j11- By Lemma 2.6,

spi— Po
< )(Ik,n, i (x)

1
(A)s/ sup Z )akn(x)2< ) D /,l [f®19Odt| dx
0 =

=A@y, il
s Josie)]” s o] " <c.

Choose 0 < r < s and observe that

g0 \F°

1 P,—-1 n—1 P. s—r pj—1 PN\ kn‘lz( )
(B) SupZ)ak,,(X)Z =) X (% Bensi 2 [ oy dx
0 = P, p, 7

e {5 = A, i

a0 \F°

1 2 P K
</ supZmn(x)Z( ) ;( )7/ rorar| |

nen k=0 A(Ik:n) Ili:n

By Holder’s inequality,

aw/a-(1f,))"

! sr ol p 0 .
®5 [ |su b xfk,,(x)2< X (#) X’—(X)/I -0 ar dx
0 =0 \Tn b

neN {55 A(rl))

il Po
1 P,—1 n—1 s—r pj—1 rq(x) il ) 9(x)/q- (Iin)
n P J P. (x)/ 7(1_7. ) il
J J 4x)/q- 1y q- (1,
< / sup E ’ Xlk,n(x) Z <P_> z / (P_> Py, Xlk,n,j,l,z(x) '/j,l If(t)l ( k, ) dt dx.
0 neN k=0 Jj=0 n I

1=0 n on

Since |f| > 1or f =0, g(x) > q_ (Iljcln) on Iy j12: 4 (I{{;) <q(t) < p(t)forallt € Ilj(ln and

/z -t ar < / FOPOdr <3,

k
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we conclude

Po

1 P,-1 n—1 s—r Dj— rq(x) il .
n P. J (x)/ _(IJ, ) jl
J aX)/q-\4y q_ (I )
B) S — P . t kn/ dt| d
)BS /0 igg k§=0 X1, (X) j§=0 < P,,) Z < > n Xl i12(0) /I;’;’l [f (Ol x

I=

Po
1 P,—1 n—1 s—r pj—1 il
n P; s —rq()+q()/q- (1] ) -1 1
j qC+a(0)/q- (I,
FAETDNNED) <P—> > PR, P O — [ @00t ax
0 |neN = j=o \*n 1=0 /I(Ik,n) Tcn

For fixed k, n let J; denote the Vilenkin interval with length Pj‘1 and I, CJ;. Then[ ljcln cJ j-i-Z‘j =7 j- Inequality (2.2)

- (1]3,)

implies that Pj_p(x) ~ P, " for x € Iy . It is easy to check that for x € Iy, 12,
()
prat) _ prat) pa) p=a(x) o prata) ph-Vin/ p=q(x)
J J J J ~ J J
X)— Jl
rq(x)——q< o (Ik") rq(x)——290__ 41
) )
<P e S = p ke
J J )
Furthermore,
1 ifr—— >0
b 1 ’
rq(x)—L.)+12q(x)<r——>+12 ) .
q-(1], q- g.(r-—=)+1, ifr- = <o.
q- q-
Letry := min <1,q+ (r - i) + 1). Then ry > 0 if and only if
q-
1 1
— - —<r. (6.6)
q- 9+
Hence
] s=r gl o poy ra0-a/a- (1) +1 "
(B) S / sup Z X1, (%) Z ( ) ( > Al 100 —7— / @O de | dx
o N k= =0 A(Lg,) /1,
1 S—. r+r0 i po
S / sup 2 X1, (%) 2 ( ) 2 / OO de | dx
0 |neN - =0 J il
k k.n
S |Ueren (15199 5 lr190] " < c.
Since p, can be arbitrarily near to 1 and r to s, inequality (6.6) proves the theorem with the range (6.4). O

Remark 6.5. Inequality (6.4) and Theorem 6.4 hold if s > 1, or more generally if p_ > max(1/s, 1).

The operator Uy is not bounded on L.y when (6.4) is not satisfied. More exactly, the following theorem holds.
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Theorem 6.6. Let p(-) €C8, 1 < p_ < p, < o and0 < s < co. If

1 _ 1
p- (IO,n‘i'Pl_l) b+ (IO,n)

> S (6.7)

foralln €N, then Uy is not bounded on L.

Proof. 1t is easy to see that

1 1 p(x)
/ |Usf(0)|PX) dx > / )(IOn(x)<P;s% f® dt) dx.
0 0 ' /I(I’ ) 120

0,n 0,n

Defining

f(t) = Xlg’g(t)Pi/p_ (Io:n)’

we have

1/p-(197)

Ifllpc) =P xpol|  <cC
p() n “ Ign ”p(.)

by Lemma 2.5. Using (2.2), we can see that

' 0,0
i (o
[ wscoraes [ ppor i) g,
0

IO,n

s [ o) gy ) (8,
IO,n

which tends to infinity as n — oo if (6.7) holds. O

7 | THE MAXIMAL OPERATORV

For a martingale f = ( f n), we define the second version of maximal operator by

/ I dl‘,
JaEz.

n—-1n-1 P sDpj— 1
zxsf(x) _Supzz< > < ) ;ﬂ([j’i’l)

x€el j=0 i=j

where [ is a Vilenkin interval with length P, !, a, s are positive constants and

j il = -1
PP = TH[IPF ) IPTL +PTY).

Obviously,

i1

el 1 a P s Dj
s mn S B3 (7) (3) £ i

[ dl|,
Ij,i,l

k,n

where Ilj(lnl 1= (Ik’n)j’i’l.
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Theorem 7.1. Supposethat0 < p < coand0 < a,s < co. Then

”Voc,sf”p < Cp”f”Hp (f € Hp)'
Proof. The inequality holds for p = oo because
n—1n-1 P; spj—1
Vsl <sup22< > ( > Z Ifll, <Clfll,.
Jj=0i=j

We are going to show (6.1) for V,, ; and for each 0 < p < 1. Let a be a p-atom with support I = [O,Plzl). Ifi <K, then

/ adl=0.
Ij,i,l

Thus i > K and so n > K. Similarly to the proof of Theorem 6.2, j <K and x € [P_1

_]+1’P]+1 P.'). Hence, in case
x &[0, "),

K-1n-1 Pj a Pj s Dj 1
[Vasa()| < supxs(0) =) (5 —
n

adA 11 1) (X
/]Jtl ‘X[Pj-&lpj+l+PKl)( )
<PPr0 XY

P \%/P:\*®
(5 () e
j=0i=K PK i [P]+1 P]+1 )

Y K-1 P. a
<p/P <—’> (x).
> e -1 p— —1
j;o Py P Pl 4pgt)

Jj+1’ }+1

where J is a Vilenkin interval with length P;; 1. Consequently,

ap
/Ic|Vasa(x)| <PKZ <P—J> Pl <C,,

which finishes the proof. O

Corollary 7.2. Foralll < p < ooandall0 < a,s < oo, we have

IVesfll, <Colifll,  (f €Ly).
Theorem 7.3. Let p(-) €C8, 1 < p_ < p, < o and0 < a,s < co. If

1 1
— —— < a+s, (7.1)
b- Db+

then

IVesfllpe)y S Coollfllpey  (f € Lpey)-

Proof. Similarly to the proof of Theorem 6.4, we may suppose again that || f||,) < 1/2, |f| > 1 or f = 0and

1 /

— (O] dt > 1.
il i,

AL,) T
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We denote by Iy, j ;11 (resp. Iy, j112) those points x € Iy , for which p(x) < p, (I]j{lnl) (resp. p(x) > p,. (Iljclnl) ). Then

p(x)

1 2 n—-1n-1 P sPj— knj[lm( )
[ Wass@idx 5 Z/ suprIanZ( ) ( ) y u/mmdt dx
0 m=1“0

"N k=0 j=0 i=] = A i
=: (C) + (D).
Again, let g(x) := p(x)/py > 1 for some 1 < p, < p_. By convexity and Lemma 2.6,

a0 \F°

1 n—1n-1 P s Pj— Xlk,n,j,i,l,l(x)
©s [ |sur g;akn(x)]zog< (%) g = /1 sonde| | dx
as (1))

1 n—1n-1 P, spj—1 K00 )
5/0 sup Z szn(x)22<%> <F> 2 #/ﬂﬂf( ldt dx

neN j=o j=0 i=j 1=0 A(Ik’,;;) Bin

Po

1 n—1n—1 P Sp]l)(fn]z1()
</ supzo;akn(x)22< ) (7) X == [ romoa) ax

j=0 i=j = AL) T

|

as(|f|q()

s <e

We obtain for some 0 < oy < a and 0 < r < § + & that

()P

1 n—-1n-1 P spj— IXI
k,n, 112
(D)S/ sup Z X1, (%) Z ( > (F) Z Jm /ll|f(t)|dt dx
' - =0 =0 kn) Iljcn
Po
1 n-1n-1 a-a ,p. ag+s—r pj—1 P11 ) q(x)
k,n,j,il2
s/ sup Z kan(x)zz< ) <Fj> > (#) e — /__llf(t)ldt dx

0 = J=0i=] ’ = \Nary)

and so

1 n—1n-1 W /p. ag+s—r pj—1 P. rq(x)
©)5 [ |su Z 2, Y 2( ) () Z(3)
0 k=0 i

j=0 i=j =0 L

a0/ (1))

B [ o0 a dx
P, I

n—1n-1 a=ay ,p \ %o+s—r pj—1 P, rq(x)
J J J
w3 0,033 () (2) 2 ()

neN =g j=0 i=j =0

4(0)/q- (Iﬂz) il q(x)/q,(fi:t‘y-l!) Do
Pz )(Ik,n,j,ilz (/ |f(t)| ( ) ) dx.

k,n

N
N
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Since

N

[l ars [ iropoar< .
e 1

k,n k,n
we conlude that

1 n—1n-1 % ,p. ag+s—r pj—1 P rq(x)
)5 [ |su Z 10X Y (7 ) (7)) Z(3)
0 - i

Jj=0i=j

q00/g-(15) -1 1 il
) [ Ued arf - ax

Ang)

Similarly to the proof of Theorem 6.4, we get

Po
rq(x)— g ), +1]
(i 1
o-(15) — /jillf(t)lq“)dt dx
A(Ik,n) it

1 n-1n—1 % ,p .\ %+ Pl p.
oz [|wEawzz (@) (7)) ()

Po
ag+s—r+rg Pj—1

1 n—1n-1 Ao P
s/o supgxfk,xx)ZZ( ) (#) > i /,,llf(t)lq“)dt dx

j=0 i=j 1=0 A(ij;l) I

] Lom—L)] <c,

whenever (6.6) holds. Note that r, was defined just before (6.6). Since r can be arbitrarily near to s + o and ¢ to «, this
completes the proof. O

Remark 7.4. Inequality (7.1) and Theorem 7.3 hold if p_ > max(1/(a + ), 1).
The operator V  is not bounded on L. if (7.1) is not true.

Theorem 7.5. Let p(-) €C'8, 1 < p_ < p, < o and0 < a,s < co. If

1
— — >a+s
p—(IO,n‘l'Pl 1) P+ (IO,n)
foralln €N, then'V  is not bounded on L.).
Proof. Choosing j = 0andi = n — 1, the theorem can be shown in the same way as Theorem 6.6. O

8 | THE MAXIMAL FEJER OPERATOR ON H ()

In this section, we apply the atomic characterization to prove the boundedness of o, from H .y to Ly.). The following
generalization of Theorem 6.1 can be proved similarly to the case of dyadic martingales (see Jiao et al. [18]).

Theorem 8.1. Let p(-) € C'°® and 0 < t < p. Suppose that the o-sublinear operator T : Lo, — L, is bounded and

) (8.1)

p()

Z 2K Xitp<oo}

kez

3 1 T(0%) Kiepeon)
kezZ

p()
t
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where py, = 3 - 2K ||?f{fk<oo}”p(.) and 7y, is the stopping time associated with the p(-)-atom a*. Then we have

ITflpe) S N, (f € Hyp)-
Note that the o-sublinearity cannot be omitted (see Bownik, Li, Yang and Zhou [2, 3, 48]).

Theorem 8.2. Let p(-) € C'°® and1/2 <t < p. If

— - —x<1, (8.2)

then

) (8.3)

Z 2kt )({rk<oo}

kez

z ,leO'* X{rk oo}
kez

t

where w;, = 3 - 2k||)({fk<°o}||p(‘) and Ty is the stopping time associated with the p(-)-atom a.
Proof. For a fixed k € Z, the sets {t; = K} are disjoint and there exist disjoint Vilenkin intervals I} g ,, € Fk such that

fre=K}=Jlkxkm (KeN),

. . . . _ _1
where the union in m is finite and |I;  ,,| = Py . Thus

fre < oo} = | J U Ik

KeN m

where the Vilenkin intervals Iy g ,, are disjoint for a fixed k € Z. Then

= Z ZakXIk,K,m'

KeN m

Since fIkK akdA = 0, it is easy to see that a%k\K ,(n) =0if n < Py and in this case crn(ak X1, Km) = 0. Therefore

we can suppose that n > Pg. If j > K, 0<1<p;—1and x & I; g, then x-i—le‘Ji1 & Iy x m- Hence for x & Iy ¢, and
i>2j2K,0<1<p;—1,wehave

ak(Oxr, . (ODp, (x+lP] L St)de =0.

Since n > Py and Py > n > Py_p,0one has N — 1 > K. By (5.1) we obtain for x & Iy g ,,, that

N-1 N-1pj—1

0n(0 21y, )| CPF X Py 0N [ [0 OIDg, (xHPT, 1) d
j=0 i=j 1=0

Ika

- K-1pj—1

||X{Tk<oo}”p() Kl ZP Z 2/ Dp X'i'lP]T_&l;t) dt
= ka

K-1 o pj—1
+ ”X{Tk<°°}” () ZP sz_l Z DPi (x-i_le'_il;t) dt.

i=K =0 Ik,K,m
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Observe that the right hand side is independent of n. Using (4.1), we can verify that for x & I x

iip—1 - _ p.p-1 _pp-l,
/ Dpi(x+le+1 t)dt = PPy S 1P )(x)—PlPK Xfi’,’lim(x)

Ik,K,m J+r

ifj<i<K-1,0<1<p;—1land

PGP A=, s a0 = R,

Ik,K,m J+r

ifi > Kjand 0 < I < p; — 1. Therefore, for x & Iy k m,

LK e pj—1 . K-1 K-1pj-1
a*(akXIk,K,m)(x) S ”X{Tk<°°}||p(.) 2 Pj ZPi_l 2 Xyl (x) + ”X{Tk<°°}”p(.)PIEI Z Pj Z 2 PiPIEIX[j’i” (x).
j=0 =K =0 kKm j=0  i=j I=0 kK,m
Since
[e]
Yo,
& P
we have
K-1 pj—1 K-1 K-1pj—1
(a XIka)(x) S ”X{Tk<°°}”p() K ZP Z Xﬂ’ (x)+ ”X{Tk<°°}||p() K2 ZP Z Z P; 11" (x).
£ = ==
Consequently, for x € {7, = oo},
21 K-1 Pj—l K-1 K- }
0. (@)@ 3 [me<entll Z ZP‘ Z P; Z Xyt G+ > D P2 P Z 2 g ()
j = KeN m j=0 i=j 1=0 m

= ||X{7k<°°}||;(1.)(Ak(x) + By (x)).

Then

3, 244,

kez

+
)

t

3, 245,

kez

= Zl +Zz
j20)
t

Z ,uka* X{rk oo}
kez

20}
t

Let us choose max (1, py ) < r < co. By Lemma 2.2, there is g € L<

o )/ with norm less than 1 such that
T

k-1 pj-1

1
2% | DEEIDND NS
: .

kez KeN m

bj—

K-1
sztZZP ZP[Z le”K Xt 8

kez KeN m k.K,m 7 k.K,m (%)

K-1 pPj— -1 1 N 1/<;>

SZWZZWZPZAMM—%—AIJ” a

kez KeN m
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because (I g m) = A(I IJCIK ) = P¢'. Applying Hélder’s inequality again and the boundedness of the Vilenkin system,
we conclude

2 s/ Z o Z ZXIkasz <%>[(1/<£)+1/(£))P1‘—1 ;/ﬂl lgl(g) o

0 kez KeN m j=0

K-1 M (5) (ke t pj—1 ,
/0 sztzlemm(;) <11:_I]<>>/ (ﬁ—;{) ;/ Igl(?) di

kez KeN m

By (6.3),

VADS /01 z okt Z ZXIM, K—1< > pg—o ;/ |g|(§> dA

kez KeN m j=0

< 2= 2o {u(s)) e

% (Ut <|g|(f),)>l/(f>,

Z 2 Z ZXIk,K,m

kez KeN m

O/t

Using Theorem 6.4, we get

Z 2k Z ZXIk,K,m

kez KeN m

Z 2 )({Tk<00}

kezZ

gl

(%)

t

whenever

1 1 _ r/(r—t) 3 r/(r—t) <t 8.4)

@O/ /G /ON_ (OO [G/D)), — pe/(pr =1  p_/(p- -

Since r can be arbitrarily large, this means that

p+—t p_—t

P+ p-

<t,

which is exactly (8.2).
In the estimation of Z,, we have touse p_ > t > 1/2. Choose max(1, p,) < r < oo large enough such that2t > r/(r — t).
Moreover, choose again a function g € L ( o0 >/ with ||gll. , < 1such that
J20!

€ €

1 K-1 K-1pj-1
75 / DIEADIDRADNDIPW AR
0 j=0 K,m

kez KeN'm i=j 1=0

Xl

k,K,m

)(1111 g

<2#233(7) 3L ()

kezZ KeN m j i=j I=

()
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Moreover,

ZzS/ sz Z ZXIkaKle 1( >f(1/(§)+1/(§>)<£_;>—1pil %/ﬂ” |g|<;> : .

kez KeN m j=0 i=j

t

L5z S5 ()

kez KeN m j=0 i=j

R1K-1 L/ p —(f)’ pj—1 ) <r>, 1/(;)
L r

Z Z <PK> < K) <PK> ;} l(lj’i’l )'[j,i,l lgltt di

Jj=0 i=j kK.m) * Tekm

\ /=)=t pj—1 ,
<i> D ;1/ g1(?) da.
Pi =0 /'L(I],ls ) I},z,l
m

Note that ((p(-)/t)"); < oo and (;)l < (p(-)/t). By Theorem 7.3,

2t—r/(r—t)

S/Ol 22 D Klez‘l(PK)

kez KeN m Jj=0 i=j

)
Z, < Z 2kt Z ZXIk,K,m <V2t—r/(r—t),r/(r—t)—t(|g|<;) )) dz

0 kez KeN m
A\
(VZt—r/(r—t),r/(r—t)—t(|g|<;) ))
p()/t

!

)

I\

/01 2 2 Z ZXIk.K,m

kez KeN m

(pO)/tY

A

Z 2 X{T<00}

kez

whenever (8.4) and (8.2) hold. Combining the estimates of Z; and Z,, we finish the proof. O

Remark 8.3. If 1 < p_ < o0, then (8.2) holds for all p,. If 1/2 < p_ < 1, then p, can be chosen such that p, > 1 and
(8.2) holds.

We immediately get the boundedness of o, from H,.) to L) by the above theorems.

Theorem 8.4. Let p(-) € C'°8 satisfy (8.2). If 1/2 < p_ < oo, then

o fllpy S WMl (f € Hpey)-

For p = 1, this theorem is due to Simon [33]. For other constant p’s with 1/2 < p < o0, this theorem was proved by the
author in [40]. If p(-) = p and p < 1/2, then the theorem is not true anymore (see Simon and Weisz [34, 36] and Goginava
[15]). If (8.2) does not hold, then a counterexample can be found in Theorem 8.10 below. This theorem implies the next
consequences about the convergence of o, f in the usual way (see, e.g., [18, 42]).
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Corollary 8.5. Let p(-) € C'°8 satisfy (8.2).If 1/2 < p_ < coand f € H\(), then g, f converges almost everywhere on [0, 1)
and in the L,,-norm.

Let I be a Vilenkin interval with length P;l. The restriction of a martingale f to I is defined by

fxi = (Enfxi,n>k).

Corollary 8.6. Let p(-) € C'°8 satisfy (8.2),1/2 < p_ < o and f € H ). If there exists a Vilenkin interval I such that the
restriction f y; € L;(I), then

nh_)ngo 0,f(x) = f(x)  forae x €IandintheL,.-norm.
Since f € Hp,y with 1 < p_ < oo implies that f is integrable, we obtain the next corollary.
Corollary 8.7. Let p(-) € C'°8 satisfy (8.2),1 < p_ < coand f € H, ). Then
nh_)rrolo o.f(x) = f(x) fora.e. x € [0,1) and in the L. -norm.

Note that H . is equivalent to Ly if 1 < p_ < co. Considering only op,_f, we do not need the restriction 1/2 < p_
about p(-) € P.

Theorem 8.8. Let p(-) € C'°¢ satisfy (8.2) and 0 < t < p. Then

) (8.5)
p( )

Z 2 X{ti <o}

HZ ut sup op, (%) Xioemooy
k neN P()

where py, = 3 - 2K ||X{fk<oo}”p(.) and 1y is the stopping time associated with the p(-)-atom a.

Proof. Taking into account (5.2) and the proof of Theorem 8.2, we can suppose that n > K. For x ¢ I}  ,,,, We obtain

lop, (a* Xlxm J[€3] <CZ Z / |a*(t)|Dp, (x+lP]_+1 t)dt

||X{fk<oo}”p() KIZP 2 /kK x+le_+1 )dt

K-1 pj—1

-1 __
s ||)({rk<00}“p(.)PK1 _ZOPj ;) Xli’ll(m(x).
= = K,

If x € {T = oo}, then
i, K-1 pj-1
Sup |0Pn(ak)| S ||X{Tk<°°}||p(.) Z ZPE1 2 Pj 2 Xpid (x)
neN KeN m j=0 =0 KEm
-1
= ”X{Tk<°0}”p(.)Ak(x)
and the proof can be finished as in Theorem 8.2. O

We deduce the next result from this and Theorem 8.1.
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Theorem 8.9. If p(-) € C'°% and (8.2) is satisfied, then

j‘;§|"f’nf| SWll,,  (f €Hpp):

p()
Neither Theorem 8.9 nor 8.4 hold if (8.2) is not satisfied. More exactly, we show
Theorem 8.10. Let p(-) € C'°¢. If

1 1

— >1 (8.6)
p-(Ton-1)  ps (Ig,’rl;)

foralln €N, then o, as well as sup,, |O’Pn | are not bounded from H .y to Ly,

Proof. Let

1/p_Iopn-1)

a1 () =P, (Pn—1)(10,n - )(Io,n_l)

and x & Iy ,—;. One can show that a,_; is an atom multiplied by a constant for all n > 1, and so [|a,,_ || Hy <C.Asin
Theorem 8.8,

n P pj_l 1
J o1 .
|opnan_1(x)| = Z— cj,l/ a,—1(t)Dp, (x+le+1—t)dt

j=0"" |=1 0
n—2 PJ pj_l

= 5= D, Cuxpl (x) an_l(t)DPn(x+le—j1;t) dt
j=0"" |=1 On—1 Ton—1
n—2 P] pj—1

=25 lejl X (x)/ an_l(t)Dpn(x+le_j14t)dt,
j=0" " =1 ont Ton-1

where the numbers c;; are given in (5.2). Observe that |c j,l| >C>0.Wechoose j =0,l=1and x € Ig’rll to obtain

1/p—Ipn-1)
n—1 .

|07, an1(¥)] = Cxpo1 (X)P;'P

Then

1 1
/ sup |op, an_l(x)|p(x) dx > / lop, an_l(x)|p(x) dx
0 keN 0

n—1

> / P;p(mpp(x)/p_ao,n_l) doc
101

0,n

n

>C/ PP+(18:,11)(1/P—(Io,n—1)—1) dx
- 01

0,n
1%Y) (1/p_Upp1)-1
_ cppr () (Vp-Cann) oy
which tends to infinity as n — oo if (8.6) holds. |

The following corollaries can be shown as above.
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Corollary 8.11. Let p(-) € C'°¢ satisfy (8.2). If f € H p()» then op f converges almost everywhere on [0,1) and in the
L,y-norm.
p()

Corollary 8.12. Let p(-) € C'°¢ satisfy (8.2). If f €H p(-) and there exists a Vilenkin interval I such that the restriction
fxi1 €Li(), then

lim op f(x) = f(x) fora.e. x € I and in the L,.)-norm.
n—oo

9 | THE MAXIMAL FEJER OPERATOR ON H P(),Q
In this section, we extend the main results in Section 8 to the variable Hardy-Lorentz space setting. Using the ideas of
Section 8, the theorems can be proved similarly to the corresponding results for the Walsh system, so we omit the proofs.

The results for Walsh-Fourier series are due to Jiao et al. [18].

Theorem 9.1. Let p(-) € C'°8 and 0 < q < o0. Suppose that the o-sublinear operator T : Ly, — Ly, is bounded and

1-8
1Tl xe—coil ) < CllXie<eoill )
forsome 0 < B < 1and all p(-)-atoms a, where T is the stopping time associated with a. Then we have
ITAeyg S Wy, (f € Hperg)-
Applying this theorem, we can prove the next one.

Theorem 9.2. Let p(-) € C'°8 satisfy (8.2). If 1/2 < p_ < oo, then

1-p
”la*alﬁx{ﬁw}*”p(.) < C||X{T<°°}”p(.)

forsome 0 < 8 < 1 and for all p(-)-atoms a, where 7 is the stopping time associated with a.

Theorem 9.3. Let p(-) € C'°8 satisfy (8.2). If0 < q < o, then

SNy

Lpirg

(f € Hp(yq)-

suplor, |

Ifin addition 1/2 < p_ < oo, then

loflly,,, S 11 (f € Hp(q)-

p().q
This theorem was proved by the author in [40] for H,, ;, with constant p. For a constant p with p < 1/2, the second
inequality does not hold (see the remark after Theorem 8.4).
The Vilenkin polynomials are dense in H.y, with 0 < g < 0. For g = co, we denote by # ) ., the closure of the
Vilenkin polynomials in H(.) - Under H(.) o, We mean # p.) -

Corollary 9.4. Let p(-) € C'°¢ satisfy (8.2)and0 < g < 0. If f € Hp (g then op [ converges almost everywhere on [0, 1)
and in the L,y -norm. If in addition 1/2 < p_ < oo, then the convergence holds for o, f, too.
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Corollary 9.5. Let p(-) € C'°8 satisfy (8.2), 0 < g < coand f € Hp(),q- If there exists a Vilenkin interval I such that the
restriction f x; € L(I), then

lim op f(x) = f(x) fora.e.x € I and in the L) 4(I)-norm.
n—oo
Ifin addition 1/2 < p_ < oo, then the convergence holds for o, f, too.
Corollary 9.6. Let p(-) € C'°8 satisfy (8.2),1 < p_ < 0,0<g<ocoand f € Hy g Then
lim o, f(x) = f(x) fora.e.x € [0,1) and in the Ly 4-norm.
n—oo
Now we prove that for integrable functions the limit of o, f is exactly the function. Since L, C H; ,, more exactly,

111, = supp AMCf) > p) < Clf I (f e L),
o>

(see, e.g., Weisz [38]), we obtain the next corollary, which was shown for Walsh-Fourier series by Fine [8], Schipp [31] and
Weisz [39] and for Vilenkin-Fourier series by P4l and Simon [28] and Weisz [41].

Corollary 9.7. If f € L,, then
lim o, f(x) = f(x) fora.e x €[0,1).
n—oo
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