FIVE SOLUTIONS FOR THE FRACTIONAL p-LAPLACIAN
WITH NONCOERCIVE ENERGY

SILVIA FRASSU*, ANTONIO IANNIZZOTTO

ABSTRACT. We deal with a Dirichlet problem driven by the degenerate fractional p-Laplacian and involving
a nonlinear reaction which satisfies, among other hypotheses, a (p — 1)-linear growth at infinity with non-
resonance above the first eigenvalue. The energy functional governing the problem is thus noncoercive. We
focus on the behavior of the reaction near the origin, assuming that it has a (p — 1)-sublinear growth at zero,
vanishes at three points, and satisfies a reverse Ambrosetti-Rabinowitz condition. Under such assumptions,
by means of critical point theory and Morse theory, and using suitably truncated reactions, we show the
existence of five nontrivial solutions: two positive, two negative, and one nodal.

1. INTRODUCTION

Nonlinear boundary value problems driven by nonlocal operators of fractional order are the subject of a
vast and rapidly developing literature, both for their intrinsic mathematical interest and for their numerous
applications (see for instance [7,10]). Most authors have focused on the semilinear case, i.e, on problems
driven by the fractional Laplacian or variants of it with several kernels (see [32] and the monograph [25]).
In the quasilinear case, which has the fractional p-Laplacian as its prototype operator, the fundamental theory
is still developing (for an introduction to the subject see [26,28]). The simplest problem to be studied in such
framework is the following Dirichlet problem:
- (1ot

u=20 in Q°.
Here 2 C RY (N > 2) is a bounded domain with C*! boundary, p > 2, s € (0,1) s.t. N > ps, and the leading
operator is the degenerate fractional p-Laplacian, defined for all u : RY — R smooth enough and all z € RY
by

LAY wlz) = 2 lim Ju(z) — ()P~ (u(@) — u(y))
2 (A ulr) =2 lig, Bz () |z —y|NEPe w

(which in the linear case p = 2 reduces to the fractional Laplacian, up to a dimensional constant). The reaction
f: QxR — Ris a Carathéodory mapping, subject to a subcritical growth condition on the real variable. The
current literature on problem (1.1) stems from the study of the corresponding nonlinear eigenvalue problem
in [6,24], and it includes existence results based on Morse theory [16], as well as regularity results [5, 19, 20],
a version of the ’Sobolev vs. Holder minima’ result [21], maximum and comparison principles [9,22], sub-
supersolutions [12,23], and existence/multiplicity results for several types of reactions based on both topological
and variational methods [3,4,8,13,17,18,31].

In dealing with nonlinear elliptic boundary value problems, the most delicate case is when the reaction is
asymptotically (p — 1)-linear at infinity, namely, when uniformly for a.e. z € Q2

(1.3) oo < liminf 120 i gup (1)

oo [E[P28 T Ty hee [HPT2E

< 00,

in particular when such limits lie above the principal eigenvalue of the leading operator. Indeed, such case
prevents both coercivity of the energy functional (as in the sublinear case), and the Ambrosetti-Rabinowitz
condition at infinity (which is typically required in the superlinear case and allows for the use of the mountain
pass theorem, see [2]). Usually one requires some type of non-resonance condition, i.e., that the limits in (1.3)
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do not coincide with any eigenvalue (see [1]). Under such additional assumption, the existence of nontrivial
solutions can be proved either via topological or variational methods (see [13,16], respectively, for problem
(1.1)). Several results have been proved for (local) p-Laplacian problems with noncoercive energy, see for
instance [11,29].

In this paper, we apply the state-of-the-art theory on the fractional p-Laplacian to a quite specific situation,
taking inspiration from an interesting work of Papageorgiou-Smyrlis [30] dealing with the p-Laplacian. Our
hypotheses are the following: f(z,-) is asymptotically (p — 1)-linear at +oo with the limiting slopes in (1.3)
above the principal eigenvalue; also, f(z,-) is (p — 1)-sublinear at 0, crosses the 0-line at a_ < 0 < a4, and
satisfies a quasi-monotonicity condition. Under such hypotheses we prove that (1.1) has at least four nontrivial
constant sign solutions, two positive and two negative (Theorem 3.5). Adding a reverse Ambrosetti-Rabinowitz
condition near the origin, (1.1) gains a fifth, nodal solution (Theorem 4.3).

Our approach is variational, based on critical point theory and Morse theory, and also makes a wide use of
truncations, sub-supersolutions, and comparison principle (we will use the recent results of [18]). Note that,
while assuming that the limits in (1.3) are above the principal eigenvalue, we do not assume non-resonance,
thus turning our attention on the behavior of f(z,-) near the origin (in such sense we generalize the result
of [30]). We confine ourselves to the degenerate case p > 2 essentially due to regularity reasons (see [20]),
while the variational machinery also works, with minor adjustments, for the singular case 1 < p < 2. Also, we
remark that our result is new, even in the semilinear case p = 2 (fractional Laplacian).

The paper has the following structure: in Section 2 we recall the functional-analytic framework and some
well-known results about fractional p-Laplacian problems; in Section 3 we show the existence of constant sign
solutions (two positive and two negative); and in Section 4 we prove the existence of a nodal solution.

Notation: Throughout the paper, for any A C RY we shall set A° = RV \ A. For any two measurable
functions f,¢g: Q = R, f < ¢ in Q will mean that f(z) < g(x) for a.e. z € Q (and similar expressions). The
positive (resp., negative) part of f is denoted f* (resp., f~). If X is an ordered Banach space, then X will
denote its non-negative order cone. For all 7 € [1,0], || - ||, denotes the standard norm of L"(£2) (or L"(RY),
which will be clear from the context). Every function u defined in © will be identified with its 0-extension to
RY. The constant functions of the type u(z) = a are simply denoted by a. Moreover, C' will denote a positive
constant (whose value may change case by case).

2. PRELIMINARIES

In this section we introduce the functional-analytic framework for problem (1.1) and recall some useful results
about the fractional p-Laplacian.

First, for any Banach space (X, || - ||) with topological dual (X*, |- ||«) and all ug € X, p > 0 we set
By(ug) = {u € X : lu—uol <p}.
Let ® € C1(X) be a functional. For all ¢ € R we set
= {u €X: du }

We say that ® satisfies the Palais-Smale condition at level ¢ € R, shortly (PS)., if every sequence (uy,) in X,
s.t. ®(u,) — ¢ and ' (uy,) — 0 in X*, admits a (strongly) convergent subsequence. We say that ® satisfies
(PS), if ® satisfies (P.S). for any ¢ € R.

We denote by K (®) the set of all critical points of ®, and by K.(®) the set of all u € K(®) s.t. &(u) = c. We
say that u € K.(®) is an isolated critical point, if there exists a neighborhood U C X of u s.t. K(®)NU = {u},
and in such case, for all £ € N we define the k-th critical group of ® at u as

Cr(®,u) = Hp(2°NU, 2N U\ {u}),
where Hj/(+,-) denotes the k-th singular homology group for a topological pair (see [27, Chapter 6]).
Following [10], for all measurable u : RN — R we set

L[ e,
o RN xRN |9C—ZU|N+”6 ’

and define the fractional Sobolev spaces

WoP(RY) = {ue LP(RY) : [us, < oo},
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WsP(Q) = {ue W (RY) : u(z) =0 in Q°},
the latter being a uniformly convex, separable Banach space with norm ||u|| = [u]s,. The dual space of
WSP(Q) is denoted W5 (Q), with norm || - ||, . The embedding W (2) < L4(f) is continuous for all
q € [1,p%] and compact for all ¢ € [1,p*), with p¥ = Np/(N — ps).
Also we recall from [19, Definition 2.1] the following space
—1
WeP(Q) = {u eIl RY): 30/ 5Qst ue WS”’(Q’),/]RN (1|-1:(I?I;V+I” dr < oo}.

Clearly, any constant function u(z) = a in RY lies in Ws’p(Q). Further, W;"*(Q) C Ws’p(Q), and vice versa
we have:

Lemma 2.1. If u € W*P(Q) and u = 0 in QF, then u € WS P(Q).

Proof. By assumption, u € LP(R™) and u = 0 in ¢, so there remains to show that [u], < co. Indeed, by
symmetry we have

u(y) u(y)[?
" dwdy _// " dvdy+2 de dy
//RNX]RN |33—?J|N+ps Y |5'3—y|N+pS % Qe |$—y\N+ps
// lu(z) —u(y)PP dy.
Qrexqre \l‘ - y|N+ps

We note that the first integral on the right-hand side is finite since u € W*P(€)') and the third integral is zero
by the condition on ¢. So we focus on the second integral'

d dy —// dx dy
//m IéE* \N“’S Qxqe ISC* IN“”S
S ety
xdy
axae C(1 + \Z/|N+p§)

1
u(z pda:/ ——————dy < c0.
=G Jore |, e
Hence [u];,, < o0, so u € WP (). O

By [19, Lemma 2.3], we can rephrase the fractional p-Laplacian as an operator (—A); : Ws’p(Q) — WP (Q)
defined for all u € W*P(Q), v € WSP(Q) by

(= [ )= P ale) o) =00 g, ,

|z —y|NHes

This definition is equivalent to (1.2), provided u is sufficiently smooth. The restricted operator (—A)Z :

WSP(2) — W2 () is continuous, and satisfies the (S),-property, i.e., whenever (u,) is a sequence in
Wy (Q) s.t. up, — win WP(Q) and

limsup ((—A)3

P

then u,, — u in W3*(Q) (see [12, Lemma 2.1], [14, Lemma 3.2]). By [17, Lemma 2.1], for all u € W;*(Q) we
have

(2.1) =[P < (= A)5 u, Fu®).

s
p

Up, Un _u> < Oa

Moreover, the operator (—A)? is strictly (7")-monotone, namely:

Proposition 2.2. [24, proof of Lemma 9] Let u,v € W*P(Q) s.t. (u—v)T € WiP(Q) satisfy
(=A)pu—(=A)v, (u—v)") <0,
then u < v in Q.

We consider problem (1.1) under the following hypothesis:

Hy f:Q xR — Risa Carathéodory function, and there exist ¢cg > 0, r € (1,p%) s.t. for a.e. z €  and all
teR

(@, 1)) < oL+ [t
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We say that u € Ws’p(Q) is a (weak) supersolution of (1.1), if u > 0 in Q¢ and for all v € WP (Q)4
(-au) > [ fewvds
Q

Similarly, we define a (weak) subsolution of (1.1). We say that (u,u) € W“’(Q) X W”’(Q) is a sub-supersolution
pair of (1.1), if u is a subsolution, 7 is a supersolution, and u < @ in Q. Finally, u € W;?(Q) is a (weak)
solution of (1.1) if u is both a super- and a subsolution, i.e., if for all v € W3 (Q)

(=A), u,v) Z/Qf(x,u)vdx.

On spaces WP (), Wep (Q) we consider the pointwise partial ordering, inducing a lattice structure. Set
uAv=min{u,v}, uVv=max{u,v}.
We recall that the pointwise minimum of supersolutions is a supersolution, as well as the maximum of
subsolutions is a subsolution (see also [23]):
Proposition 2.3. [12, Lemma 3.1] Let Hy hold and uy,uz € W“”(Q):
(1) if u1,u2 are supersolutions of (1.1), then so is uy A uz;

(i) if u1,ua are subsolutions of (1.1) then so is uy V us.
For any sub-supersolution pair (u,%) of (1.1) we define the constrained solution set
S(u,w) = {u e W5P(Q) : usolves (1.1), u < u < U in Q}.
The properties of S(u,u) were studied in [12], and amount at the following:

Proposition 2.4. [12, Theorem 3.5] Let Hy hold, (u,@) be a sub-supersolution pair of (1.1). Then S(u,a)
is both upward and downward directed, compact in WP (Q), and it contains a smallest and a biggest element.

Some words about regularity of solutions are now in order. First, we have a uniform a priori bound:

Proposition 2.5. [8, Theorem 3.3] Let Hy hold, u € W3*(Q2) be a solution of (1.1). Then, u € L>=(Q) with
lu]lo < C, for some C = C(||u]]) > 0.

Solutions of fractional order equations have a good interior regularity, but they may fail to be smooth up to
the boundary. Thus, an important role in regularity theory for nonlocal operators is played by the following
weighted Holder spaces, with weight
dg,(z) = dist(z, Q°)°.
Set "
coQ) = {u cC’Q): i has a continuous extension to 5}7
and for all @ € (0,1)

Cc Q) = {u e C'(Q): dis has a a-Holder continuous extension to ﬁ},
Q

with norms, respectively,

. u(z)/dg (=) — uly)/da ()|
de |z =yl
The embedding C®(Q2) — C%(Q) is compact for all a € (0,1). By [16, Lemma 5.1], the positive cone C?(Q)

of C9(Q) has a nonempty interior given by

. = = . U
int(C%(Q) ) = {u cC%Q): ugf T > O}.

[[u

s Nulla,s = llul

075,:‘
(o)

0,s + sup
zFy

Combining Proposition 2.5 and [20, Theorem 1.1], we have the following global regularity result for the
degenerate case p > 2:

Proposition 2.6. Let Hy hold, uw € WP (Q) be a solution of (1.1). Then, u € C¥(QQ) for some a € (0, s].

We recall from [18] two general maximum/comparison principles:
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Proposition 2.7. [18, Theorem 2.6] Let g € C°(R) N BVjoc(R), u € W”’( Q) NC(Q)\ {0} s.t.
(=A)yu+g(u) = g(0) inQ
u>=0 in RN,

Then,

u
inf — .
13 df2>0

In particular, if u € C2(Q), then u € int(C2(Q),).
Proposition 2.8. [18, Theorem 2.7] Let g € C°(R) N BVioe(R), u € WP (Q)NC(Q), v € WeP(Q)NCO(S),
u#vand C >0 s.t
(—A)u+g(w) < (—A)v+g() <C inQ
O<u<v in 2
v>=0 in Q°.
Then,

v —u
Hglzf &, > 0.

In particular, if u,v € int(C%(Q),), then v —u € int(C’(,)(ﬁ) ).

Now we define an energy functional for problem (1.1) by setting for all (z,t) € 2 x R
F(x,t) / flz,7)

D(u) = lul® —/QF(ac,u)dx.

By Hy, it is easily seen that ® € C'(W;*(Q2)) with Gateaux derivative given for all u,v € WP (Q2) by

(@' (u),v) = (~), u, ) — /Q o) da.

Clearly, then, critical points of ® coincide with the solutions of (1.1). Also, ® is sequentially weakly lower
semicontinuous, and every bounded (PS)-sequence for ® has a convergent subsequence (see [i(i, Proposition
2.1]). Another useful property is that local minima of ® in the topologies of W3*¥(Q) and C?(f2), respectively,
coincide:

and for all u € W3 (Q)

Proposition 2.9. [20, Theorem 1.1] Let Hy hold, uw € WP (Q). Then, the following are equivalent:
(i) there exists p >0 s.t. ®(u+v) = ®(u) for allv € WP (Q)NCYUQ), ||v]los < p;
(it) there exists o > 0 s.t. ®(u+v) = D(u) for allv € WyP(Q), ||v]| < 0.
Finally, we recall some properties of the following weighted eigenvalue problem, with weight m € L>°(Q)\ {0}:

—AYu= P=2y  in
(2.2) (=A)5u = Am(z)|ulP~*u %n |
u=0 in Q°.

Problem (2.2) admits an unbounded, nondecreasing sequence of positive variational (Lusternik-Schnirelmann)
eigenvalues (Ag(m)). In particular, as a special case of [15, Theorem 1.1] (see also [14, Proposition 3.4]) we
have:

Proposition 2.10. Let m € L>(Q)4 \ {0}. Then, the smallest eigenvalue of (2.2) is
[[u]]”

A = inf _—
1(m) uvef'lP(Q)\{o} fQ m(x)|ulP dx

> 0.

Besides,
(i) A1(m) is simple, isolated, with constant sign eigenfunctions, while for any eigenvalue X > A1(m) of

(2.2) A-eigenfunctions are nodal;
(#9) if m e L®(Q)1 \ {0} is s.t. m < m in Q and m # m, we have Ai(m) > A (m).
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When m = 1, we set A\1(1) = A1 and we denote by e; € int(CY(Q)y) the unique, positive \;-eigenfunction s.t.
lexlly = 1.

3. CONSTANT SIGN SOLUTIONS

In this section we study problem (1.1) under the following hypotheses:
H; f:Q xR — Ris a Carathéodory mapping satisfying
() there exists ¢g > 0 s.t. for a.e. x € Q and all t € R
(@, 8)] < co(L+ [t~
(#i) there exist ny,m2 € L>®(Q) s.t. m1 = Ay in Q, 1 Z A1, and uniformly for a.e. z € Q

e ot
<1 f <1 < ;
) S B e S P e S

(#i1) there exist dg,c1 > 0, ¢ € (1,p) s.t. for a.e. x € Q

> cqtit for all ¢ € [0, dg],
f(z,1) 9
< alt|97%t for all t € [—dy, 0];

(iv) there exist a_,ay with min{a;,—a_} > d¢ s.t. for a.e. x € Q

f(x,a,) = f(CU,O) = f($7a+) = 07
(v) there exists ca > 0 s.t. for a.e. z € 2 the map
t fla,t) +colt]P 2t
is nondecreasing in [a_, a4 ].
Hypotheses H; include a subcritical growth condition (i), (p — 1)-linear asymptotic growth with non-resonance
on the first eigenvalue (ii), a (p — 1)-sublinear behavior near the origin (iii), vanishing at a_ < 0 < ay (not

necessarily with a sign change) (iv), and a quasi-monotonicity condition (v). We note that, contrary to the
assumptions of [30], we do not require that 7o < A9 in €, that is, we allow resonance on higher eigenvalues.
Clearly, H; imply Hy (with = p), so all results of Section 2 apply here, with F', ® defined as above. Also,
by H; (iv) problem (1.1) admits the trivial solution w = 0. Without loss of generality, we may assume that
(1.1) has only finitely many solutions.

Example 3.1. We present here an autonomous reaction f € CY(R) satisfying H;. Set for simplicity p = 2,
and fix real numbers n > A1, v >n+ 1, and set for all t > 0

f) = 2 — vt + /1t
ot
We focus on the positive semiaxis. Clearly, f satisfies (7). Since
4
lim —f( ) =1,
t—oo t
then we have (i7). Also, we obtain
im —f(t) =1,
t—0+ \/E

which implies (ii7) with ¢ = 3/2. Since f(¢) > 0 for all ¢ > 0 small enough and
— 1
fy="1-7+2
2
then there exists ay € (0,1) s.t. f(ay) =0, whence (iv). Finally, since f'(¢) is bounded below in (0, c0), we
can find ¢ > 0 s.t.

<0,

ts F(t) + cot
is increasing (v). Taking f(¢t) = —f(—t) for all ¢ < 0, we complete the definition.

We begin our study by proving the existence of a first positive solution:

Lemma 3.2. If H; holds, then (1.1) has a solution ug € int(C%(Q)y), which is a local minimizer of ®.
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Proof. Set for all (z,t) € 2 xR

0 if t <0,
f()(.'L'7t) = f(x,t) if 0 Cl+,
0 1f1f>aJr7

with a; > 0 as in Hy (iv). By Hy (i) (iv) we see that fy : © x R — R satisfies Hy. Also, it is bounded.
Accordingly, set for all (x,t) € Q@ x R
¢
Folavt) = [ folw, ) dr
0

Do(u) = ||up||p — /QFQ(Z‘,U) dx

As seen in Section 2, ®g € C'(W;P(£2)) is sequentially weakly lower semicontinuous. Besides, ® is coercive.
Indeed, for all u € W (Q)

and for all u € W;*(Q2)

P
wow) > I — [ clujae > 10— cp,
b Q
and the latter tends to oo as |lu]| = co. So there exists ug € Wg (Q) s.t.
3.1 Do(up) = inf  Pg(u) =: my.
(3.1) o(uo) ot ) o(u) 0

Let e; € int(C%(Q)4) be defined as in Proposition 2.10. In particular, e; € L>(2), so for all 7 > 0 small
enough (recalling Hy (iv)) we have in

0<Ter < g <ay.
Hence, by Hy (iii) we have
cillexl|d

P A
Dp(re1) < L”eal —/ g(7'61)‘1 de = 2Lop —459
p Q49 p q

and the latter is negative for all 7 > 0 small enough (as ¢ < p). So in (3.1) we have
mo = Po(ug) < 0= ®o(0),

hence ug # 0. By (3.1) we have ®((ug) = 0, i.e. weakly in

(3.2) (—=A),uo = folz,uo)-

Testing (3.2) with —uy, € WP (Q) and using (2.1), we get

[ug I < ((=A); o, —uy ) = /Qfo(l",uo)(—ua) dx =0,

so ug > 0 in . Besides, note that ay € W*P(() satisfies weakly in Q)
(—A)Z ay = 0.

By Lemma 2.1 we have (ug —a4)" € W;"P(Q). By using such function as test in (3.2) and the above equation,
we get

(=80 = (~A)p v w0 =) = [ fofeuo)(wo = as) " da 0.

By Proposition 2.2 we have 0 < ugp < ay in Q. Thus, in (3.2) we can replace fy with f and see that
up € W3'P(Q) \ {0} is a solution of (1.1). By Proposition 2.6 we have ug € C¥(Q) \ {0}. Further, by Hy (v)
we have weakly in (2

\\/

0.

Uo

{(—A)S ug + 02u871 = f(x,up) + 02u€71 > f(z,0)=0

By Proposition 2.7 (with g(t) = co|t|P~2t), we deduce ugy € int(C%(Q),).
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Finally, we prove that wug is a local minimizer of ®. By H;y (iv) (v) we have weakly in §2

1

{(—A)f7 ug + coul ' < f(x,a4) + cpa = (=A)yaq + cod? ! = coal !

O<U0<(I+,

while uy € WyP(Q) clearly implies ug # ay. So, by Proposition 2.8 (with the same choice of g), we infer that

ay — Ug

inf @,

>0,

in particular 0 < ug < a4 in €. Set
U={ue WP ) NCIQ):0<u<ay in Q},
an open set in C2(Q) s.t. ug € Y. By (3.1) we have for all u € U
O(u) = ®o(u) = Po(uo) = ®(uo)-

So, ug is a local minimizer of ® in C%(Q). By Proposition 2.9, ug is a local minimizer of ® in W7 (Q2) as
well. 0

Exploiting the asymptotic behavior of f(z,-) at co, we find a second positive solution:
Lemma 3.3. If H; holds, then (1.1) has a solution uy € int(CO(Q)4) s.t. ug = ug in Q, ug # ug.

Proof. Set for all (z,t) € @ xR

, if t < ,
fiat) = { S t0) TS (o)
flz,t) ift > wu(x),
with ug € int(C%(Q)4) given by Lemma 3.2. By Hy (i), f1 : Q x R — R satisfies Hy. So, for all (z,t) € 2 x R

we set
(z,t) / filz, 1)
We define ®; € C*(W;P(Q2)) by setting for all u € WP (Q

Dy (u) = |1;||p —/QFl(x,u)dJc

We prove first that ®; satisfies (PS). Indeed, let (w,) be a sequence in Wy*(2) s.t. |®1(w,)| < C and
) (w,) — 0 in W57 (Q), i.e., there exists a sequence (g,,) in Ry s.t. &, — 01 and for all n € N, v € WP (Q)

(3.3) ‘((—A) Wy ¥ /f1 2, wn, vdm’ enlloll.

We aim at proving that (w,) is bounded in WJ*(€). Arguing by contradiction, assume that up to a
subsequence |[wy|| — co. Testing (3.3) with —w,, € W?(Q) and applying (2.1), we have for all n € N

w5 [P < (= A)5 wn, )
</hxw wy)de + en g |

:[j@wwme+%ww Cllwy |,

where we have used the definition of f; and Hy (7). Since p > 1, (w;,;) is bounded in W3 (£2). So

lwi | = llwn 4wy, || > lwnll = [lwg || = oo
Set for all n € N
A Wn
Wy, =
[[wa |
s0 W, € WyP(Q) with ||, || = 1. Passing to a subsequence, we have w, — @ in W5 (), @, — w in LP(£),
and Wy, (z) — w(z) for a.e. z € Q. Since w;, — 0 in W;*(Q), we deduce that @ > 0 in Q. By (3.3) we have
for all n € N, v € WP (Q)
. fi(z,wy) En
(3.4) ((—A)S p,v) < —vdx + [lv]].
? o llwallP~ [[wn [P~
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By H; (i) and the definition of f;, we have for all n € N
/ p—1)p
/ A wn) dm/ CQ+fwa )"
o ! [lwn|[? 0

[[wn[?
By reflexivity of Lp/(Q)7 passing to a subsequence we have

fl('awn) . ’
(35) T hl in LP (Q)
[[wn[P=1
Setting v = w,, —w € W5P(Q) in (3.4), we have for all n € N
fi(@, wn)

q [[wn|P~!

((=A)p W,y — ) <

N N 3 A A
p (wn—w)dx+$||wn—W||,

[[wn|
and the latter tends to 0 as n — oc. By the (S);-property of (—=A)2, we have w, — w in W5*(Q).
We claim that there exists 31 € L>®(Q), s.t. 91 < 81 <72 in Q and hy = B1wP~ L. Indeed, set
Qt={z€Q:w(@) >0}, Q={zeQ: w(x)=0},
and for alle >0, n € N
fi(z, wn (z))
wh ™ (@)

By H; (i7) we have Xot, — lae in Q" with dominated convergence, hence by (3.5)

Q;n:{er: wy(x) >0, m(x) —e < <772(33)+€}-

X, LU i 1),

n
= flwn [P
So for all € > 0, n € N big enough, in QT we have both @, > 0 and

~p— hHiGw Ap—
(m — E)xgznwﬁ '< Xat, ||w( ”pnz < (2 +&)xqx, W g
n :

Passing to the limit as n — oo, we get in QT
(m — &)™t < hy < (g + )P

Further, letting € — 0%, we obtain in QF

mwP~t < hy <Pt
Similarly we see that oy = 0 in Q°, and thus prove our claim.
Passing to the limit in (3.4) as n — oo we have weakly in
(3.6) (—A)p b = By ()P
By H; (i7) we have 81 > A1 in Q, 81 # A\;. Hence, by Proposition 2.10 (i) we have

A(B) < AM(A) =1.

So, by (3.6) @ € W3*(Q2)4 is a non-principal eigenfunction of (=A)s with weight §; € L>®(Q),, against

Proposition 2.10 (7). Such contradiction implies that (wy,) is bounded in W3 (£2). By the bounded (PS)-
property of ®1, (w,) admits a convergent subsequence.

The next step consists in proving that
(3.7) lim ®4(re;) = —oo0,

T—>00

with e; € int(C%(Q),) given by Proposition 2.10. Indeed, by Hy (ii) we have

-/in(x)eﬁ'dx>)\1/e’fdx:)\1.

Q
So we can fix € > 0 s.t.

/ m(z)el dz > A\ +e.

Q

By Hj (ii) again, there exists T, > |lug|loo s.t. for a.e. € Q and all t > T,
fla,t) = (m(z) — )™,
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which, along with H; (i), implies

uQ T: t
Fl(x,t):/o f(x,uo)dT—i—/ f(x,T)dT—i—/T fla,7)dr

T. .
= [z, uo)uo — / co(1+ 7771 dr +/ (m(x) —e)rP~tdr
uo TE
> Mﬁ? - C.,
p

for some C. > 0. Applying H; (i), we easily extend such estimate to all ¢ > 0, possibly with a bigger C. > 0.
Therefore we have for all 7 > 0
p P _
Dy (1e1) < L1 leal —/ (7771(%) 677’6? - Cs) dx
p Q p

NP P p
T nl(x)e’fdx—i—i—i—C
b D Ja p

P
= ()\1 - / n(z)el dz _~_5)7 +C,
Q p

and the latter tends to —oo as 7 — oo, proving (3.7).

We define now a new truncation. Recalling that 0 < ug < a4 in 2, set for all (z,t) € QA x R

f(l’,UO) ift < Uo(l'),
file,t) = f(z,t)  ifugle) <t <ag,
0 if t > ay.

As usual, by Hy (i) (iv) we see that f; : Q x R — R satisfies Hy. Setting

¢
Bilet) = [ fiwr)dr
0
and for all u € W;*(Q)
N p ~
Dy (u) = M —/ Fi(z,u) dx,
p Q

we deduce that &, € O (WP (Q)) is sequentially weakly lower semicontinuous. As in the proof of Lemma 3.2
we see that @ is coercive in Wy (2), so there exists 43 € Wy7() s.t.

3.8 di(a) = inf  ®y(u).
(3.8) 1(t) o ) 1(u)

In particular we have &) (41) = 0 in W5 (Q), i.c., weakly in Q
(3.9) (—A)s iy = fil@,in).
Testing (3.9) with (ug — @1)" € WyP(2) and recalling that ug solves (1.1),

<(—A)Z ug — (—A); 111, ('LLO - 111)+> = /Q (f(:r,uo) - fl(x,ﬁl))(uo - ﬁ1)+ dxr = 0,

hence, by Proposition 2.2, we have @y > ug in . Similarly, testing (3.9) with (4; — a4)™ € W*(Q2) we get
11 < a4 in €. By construction, we can replace f1 with f in (3.9), so 4y is a solution of (1.1). By Proposition
2.6 we have 11; € C2(Q2). Also, since i1 > ug, we easily get @ € int(C2(Q)4).
To conclude, we distinguish two cases:

(a) If 41 # ug, then by Hy (v) and Proposition 2.8 we have @; > ug in , and setting u; = 41 we conclude.

(b) If 41 = ug, then set

U={ue WP Q) NCUQ) :u<ay in Q},
an open set in C%(Q) s.t. ug € Y. By (3.8) we have for all u € U

By (u) = &y (u) > D1 (ug) = Py (up).
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So ug is a local minimizer of ®; in C9(Q), hence by Proposition 2.9 it is such as well in W37 (Q).
Namely, there exists p > 0 s.t. ®1(u) > ®1(up) for all u € B,(up). Recalling (3.7), we see that ®;
exhibits the mountain pass geometry, while we have seen that it satisfies (PS). By the mountain pass
theorem (see for instance [27, Theorem 5.40], or [2]), there exists ug € Wi () \ {uo} s.t. ®}(u1) =0
in W=7 (Q) and & (u;) > ®;(ug). So we have

(=A)puo — (=A)pua, (ug —ur)*) = /Q(f(x,uo) — fi(z,u1))(uo — u1)* dz =0,

hence, by Proposition 2.2, we obtain u; > ug in Q. So fi(z,u;) = f(z,u1) for a.e. x € Q, and we
deduce that u; solves (1.1). Finally, by u; > ug and reasoning as above, we have u; € int(C%(Q),).
In both cases, the proof is concluded. O
Remark 3.4. One natural question about Lemma 3.3 is the following: under hyotheses Hy, can we ensure
that u; > up in 27 In general, the answer is negative, as in case (b) above u; > a4 may occur in 2, so we
cannot use the quasi-monotonicity condition H; (v) and Proposition 2.8. Nevertheless, under the stricter
assumption that
ts f(2,t) + colt|P2t
is nondecreasing in R for a.e. z € ), we can prove that u; > ug in €.
Hypotheses H; are somewhat symmetric, so we can argue as in Lemmas 3.2, 3.3 on the negative semiaxis and
produce two negative solutions. As a whole, we have four constant sign solutions:
Theorem 3.5. If H;y holds, then (1.1) has at least four nontrivial solutions:
(i) wo,u; € int(CS(ﬁl_Q, s.t. 0 <wup <ag, up < up in
(i1) vo,v1 € —int(C(Q) 1), s.t. a_ < vy <0, vy < vy in Q.
Under the same hypotheses Hy, we can reach more precise information about constant sign solutions (which
will be useful in proving existence of a nodal solution in the next section):

Lemma 3.6. If Hy holds, then (1.1) has a smallest positive solution u, € int(C%(),) and a biggest negative
solution v_ € —int(C2(Q)4).
Proof. First we set & = ay € W‘”’(Q) (ag+ > 0 introduced in H;y (iv)), which is a supersolution of (1.1).
Indeed, by H; (iv), we have weakly in
(=A)pu=0=f(z,u).

Now let e; € int(C%(Q),) be defined as in Proposition 2.10, and (7,,) be a decreasing sequence in R s.t.
Tn — 0T, with 71 > 0 small enough s.t. in Q

0<mer <(50<(1+, /\1(7’161)p_q<01,
with dg,c; > 0, ¢ € (1,p) as in H;y (ii7) (and recalling from H;y (iv) that dg < a4). For any n € N set
u,, = Tpe1 € WP (Q). By Hy (iii) and (2.2) (with m = 1) we have weakly in Q

(—=4A);

o, = A (Ther)P T < er(mner)? !

g f(vanel) = f('rvun)

So, w,, is a (strict) subsolution of (1.1). Moreover, for all n € N we have u, < @ in Q, so (u,,q) is a
sub-supersolution pair. By Proposition 2.4, for all n € N we can find a function %, € W5?(Q) s.t.

(3.10) Uy, = minS(u,,, ).
In particular, for all n € N we have weakly in 2
(3.11) (=A)p Uy = f(z,0).

Testing (3.11) with @, € WP () and using Hy (i), we get for all n € N
it [? = ((~ )} i, ) = /Q F(@, )i da

< / co(tn + ) dx < co(ag + af )|
Q
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Hence (i) is bounded in WP (Q). Passing to a subsequence, @, — u4 in WP(Q), @, — uy in both LP(Q)
and L'(9Q), for some u; € WP (Q);. Testing (3.11) with (4, —uy) leads to

(=A)) T, T — uy /f T, U ) (G, — ug ) da
/Q o(1+ a1 (t, —uy)de

< co(llin — uslly + a5 dn — usllp)

N

(where we have used H; (i) and Holder’s inequality), and the latter tends to 0 as n — co. By the (.5)-property
of (=A)s, we get @, — uy in W5P(Q). So we may pass to the limit as n — oo in (3.11), and we have weakly
in ©

(=A)yug = fla,uyg).
Therefore u € C¢(Q)4 is a solution of (1.1) (see Proposition 2.6). The next step consists in proving that

(3.12) uy # 0.

We introduce the auxiliary problem (with ¢1,q as in Hy (7ii)):
(A w=cw’™" inQ,

(3.13) w =0 in ,

w=0 in Q°.
The energy functional ¥ € CH(W*(Q)) of (3.13) is defined by setting for all u € W' ()
p ’Z,L+ q
[
b q
and it is coercive and sequentially weakly lower semicontinuous. Besides, for all 7 > 0 we have

U(u) =

)

A eilla
U(rep) = Ao clL 1||q7'q,
q
and the latter is negative for 7 > 0 small enough. Hence there exists w € WP (Q) s.t.
U(w)= inf Y(u)<O.
(w) ot ) (u)

In particular, we have ¥/(w) = 0 in W~*#'(Q2). Testing such relation with —w~ € W5”(Q) and using (2.1),
we get

[w™[|” < ((=A); w, —w™)
. / er(wh) T (—w™) de = 0,
Q

hence w € WiP(Q2)+ \ {0} and it solves (3.13). By Propositions 2.6 and 2.7 (with g(t) = 0) we easily get
w € int(CY(Q)4). Let 6 € (0,1) be s.t. 0 < fw < & in £, then set w = dw € int(CY(Q)). For all n € N we
have in Q

(3.14) W < fin.

Indeed, since 1, i, € int(C%(Q),), for all & > 0 small enough we have 1, — 0w € int(C?(2); ), hence in Q
oW < Up,.

Arguing by contradiction, let o € (0,1) be maximal in the inequality above. In particular we have ow # ,

and by (3.13) we have weakly in

(=A)5 (o) + co(ow)P ™! = (08)P Lerw?™ ! + ca(ow)P ™! < er (o) + o (ow)P !
< fx,0w) + ea(ow)’ ™! < [, lin) + coih !
(=

A)p iy + couih” L
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where we have used Hy (iii) (v) and (3.11). We apply Proposition 2.8 (with g(t) = c2|t|P~2t) and find that
iy, — oW € int(C2(Q)4), hence as above we can find o’ € (0,1) s.t. in Q
o' < Uy,

against maximality of 0. Thus we have (3.14). Passing to the limit in (3.14) as n — oo and using (3.10) we
have @ < uy4 in €2, which proves (3.12).
Recall that 0 < uy < ag in ©, hence by H; (v) we have

(=A)suy +co(ug)P~! = f(o,ug) + ca(ug )Pt >0 weakly in ©

U4 2 0 in RN.
By Proposition 2.7 (with g(t) = ca|t|P~2t) we have u, € int(C?(Q) ).

Finally, we need to show that u, is the smallest solution of (1.1). Indeed, let u € int(C?(2);) be any positive
solution of (1.1). By Lemma 2.1 we have

w=uAu e WyP(Q),
and by Proposition 2.3 4 is a supersolution of (1.1). Also, for all n € N big enough we have u,, < @ < @ in Q.
By Proposition 2.4 there exists i, € S(u,,, %), i.e., @, € int(C2(Q),) solves (1.1) and in  we have
0<u, < i, <<
By (3.10) we have in
Passing to the limit as n — oo we have u; < w in €, which proves our claim.
Reasoning similarly on the negative semiaxis, we produce a biggest negative solution v_ € —int(C%(Q).). O

4. NODAL SOLUTION

In this section we seek a nodal (i.e., sign-changing) solution of (1.1), taking values between the extremal
constant sign solutions seen in Lemma 3.6. We are going to exploit some Morse theory (computation of
critical groups of the energy functional). For such a purpose, we need to stregthen slightly our hypotheses on
the reaction f, adding a reverse Ambrosetti-Rabinowitz condition near the origin:

H; f:Q xR — Ris a Carathéodory mapping satisfying (¢)-(v) as in Hy and
(vi) there exists p € (1,p) s.t. for a.e. z € Q and all || < d

uF (1) > flo, 0t
Clearly, Hy implies H; (and hence Hy). Thus, all results of Sections 2, 3 apply.

Example 4.1. The function f € C°(R) introduced in Example 3.1 satisfies Hy as well. Indeed, a straightfor-
ward calculation leads to

2
() =17 +o(t¥), F(t) = 5t% +o(t?),
as t — 07. Hence, taking p € (3/2,2) (recall that p = 2), for all ¢ > 0 small enough we have
pE(t) = f(0)t
(the case t < 0 is studied similarly). Thus f satisfies Hy (vi).

By Lemma 3.6, under Hy problem (1.1) admits the extremal constant sign solutions u, € int(C%(Q),),
v_ € —int(C%(Q)1). Set for all (z,t) € 2 xR
flzyoo) ift<w_,
fla,t) =< fla,t)  ifoo <t <ug,
f(xaUJr) ift>u+7

and accordingly set

F(x,t) = /O f(z,7)dr.
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Further, set for all u € W;"*(Q)

d(u) = lul” —/Q]:"(x,u) dz.

p

By H, (i) we see that f : Q x R — R satisfies Hy, hence ® € C*(WP(Q)) with derivative given for all
u,v € WP (Q) by

(@' (u), v) = ((~A)3 u,v) - /Q f(x,upu d.

By H; (iv) we have ®(0) = 0 in W~?'(2). Consistently with the general assumptions that (1.1) has finitely
many solutions, without loss of generality we may assume that 0 is an isolated critical point of ® (see Section
2).

In the next lemma we compute the critical groups of d at 0:

Lemma 4.2. If Hy holds, then Cj(®,0) = 0 for all k € N.

Proof. Fix any r € (p,p%). Combining Hy (i) (iii), we can find C1,Cs > 0 s.t. for a.e. z € Q and all t € R
(4.1) F(z,t) > Cy|t]7 — Colt|".

Now fix u € W3P(Q) \ {0}. By (4.1) we have for all 7 > 0

i e Wl — Cor"lual”
O(1u) < (C17u|? = Cor"|u|") da
p Q
7P| ul|P
= 2P iy + coral,

and the latter is negative for 7 > 0 small enough (since ¢ < p < r). By Lemma 2.1 we have

wo = min{uy, —v_, 8} € WyP(Q).
We begin studying the behavior of ® near 0. First, we claim that there exists p > 0 s.t. for all u € B,(0) \ {0}
with ®(u) = 0 we have

(4.2) iT

7 ®(Tu)

=1

Indeed, fix u € W3P(Q) \ {0} with ®(u) = 0. Using Hy (vi) and the definition of f, we compute for all 7> 0

(4.3) diici(m)

= (& (w), u) = [lull” — / Flasuyu da

p

= (1 - H) || w||P —|—/Q (uF(z,u) — f(z,u)u) do
> (1 — %) l|wlP + /{u|>w } (Mﬁ(aj,u) — f(x,u)u) dx.

There exists C' > 0 (independent of u) s.t.

(1.4) [ e - fwwu) de > ~Cll;,
{lu|Zwo}

Indeed, fix z € Q s.t. u(x) > wp(z). Three cases may occur:

(a) If 0p < u(z) < uy(x), then by Hs (i) and (4.1) we have

MF(.’I?,U) - f(m?u)u = /’LF(‘/I;)U’> - f(x,u)u 2 IU’C(U’q - ur) - C(u + up)
u” u”
+ — 4+ ur) > —-Cu".

>-Clut+ul +u") > 70(567_1 5
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(b) If uy (x) < u(z) < &, then, recalling the definition of f, that > 1, and that f(x,uy) > 0 (by Hy (ii1)
(vi)), we obtain

uF(w,U)—f(w,u)u=u/0 e tdtb [ fau)dt— flaugu

Uy
= pB(@,uy) + pf (@, ug)(u —uy) — fz,ug)u
> ,uF(.%‘,qu) - f(x,u+)u+ 2 0.
(¢) If —v_(z) < u(z) < min{uy (), 0}, simply use Hy (vi).
Similarly we deal with the case u(x) < 0. Then, integrating in {|u| > wo} we get (4.4). Therefore, plugging
(4.4) into (4.3) we get

d%_‘i)(ru)

L
> (1= Bl -
r=1 p
and the latter is positive whenever ||u|| > 0 is small enough. So we have (4.2).

Our next claim is that for all u € B,(0) \ {0} s.t. ®(u) = 0 and all 7 € [0,1]

(4.5) @ (7u) < 0.

Arguing by contradiction, let 1 € (0,1) s.t. ®(7iu) > 0. By the mean value theorem there exists 3 € (11, 1]
minimal s.t. ®(rau) = 0. So ®(7u) > 0 for all 7 € [11,72). Set w = Tou, then w € B,(0) \ {0} and ®(w) =0
By (4.2) we have

d -
%Q(Tw)

Besides, since ®(7w) > 0 for all 7 € (71/72,1) we have

d ~
E@(TU})

a contradiction. So (4.5) is proved.

Taking p > 0 even smaller if necessary, we have
K(®) N B,(0) = {0}.
Set
A={ueB,0): d(u) < 0}.
Clearly 0 € A. Plus, A is a star-shaped set centered at 0. Indeed, for all u € A\ {0}, 7 € [0,1] we have
®(7u) < 0. Otherwise, there would exist 0 < 7 < 75 < 1 s.t.

O(mu) > 0 = D(1u),
against (4.5). By [27, Remark 6.23], the set A is contractible. Now consider u € B,(0)\ A, i.e., satisfying
®(u) > 0. As seen above, ®(7u) < 0 for all 7 € (0,1) small enough, so there exists 7 € (0,1) s.t.
®(ru) = 0.
We claim that such 7 € (0,1) is unique. Arguing by contradiction, let 0 < 71 < 75 < 1 be s.t.

O(Tyu) = ¢(rou) = 0.
By (4.5) we have for all o € [0, 1]

D(omu) < 0.
Now set for all o € [0, 1]

g(0) = ®(omau),
so that the map g € C*([0,1]) attains its maximum at ¢ = 71 /72 € (0,1), hence

/(20

So we have
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against (4.2). By the implicit function theorem (see [27, Theorem 7.3]), we can construct a continuous map
7#:B,(0)\ A— (0,1) s.t. for all uw € B,(0)\ 4, 7 € (0,1)
<0 fo<7<7(u)
O(tu) =49=0 ifr=7(u)
>0 if7(u) <7<l
Set for all u € B,(0) \ {0}
. if A
by = ¢ we AN 0}
T(wu ifue By(0)\ A
Then & : B,(0) \ {0} — A\ {0} is a continuous retraction. Since dim(Wg"(€2)) = oo, the set B,(0) \ {0} is
contractible [27, Example 6.45 (b)]. Then, being a retract of B,(0) \ {0}, A\ {0} is contractible as well. So,
by [27, Propositions 6.24, 6.25] we have for all k > 0
Cr(®,0) = Hy(4, A\ {0}) =0,
which concludes the proof. O

Finally, we can prove our complete multiplicity result:

Theorem 4.3. If Hy holds, then (1.1) has at least five nontrivial solutions:
(1) o, ur € nt(CL(Q)4), 5.t. 0 <ug < ay, ug < uy in €,
(i1) vo,v1 € —int(CY(Q) 1), s.t. a_ < vy <0, vy < vy in Q,
(iii) @ e C2(Q)\ {0} nodal, s.t. vo < @ < ug in Q.
Proof. From Theorem 3.5 we have (i), (i7). So, there remains to prove (iii).

By Lemma 3.6 we know that (1.1) admits extremal constant sign solutions uy € int(C2(Q) ), v_ €
int(C%(Q)4). Without loss of generality and consistently with (i), (ii), we may assume that

U+ = U, V- = g.

In particular, that implies that no nontrivial, constant sign solution may exist in the set S(vg, up). Now set
for all (z,t) e @ xR

fi(x’t) = f(xv :I:ti)7

and

Fi(a:,t):/ fi(z,7)dr.

0
Further, set for all u € W3 (Q)

Dy(u) = Jul® _ /Qﬁ'i(x,u) dz.

p
Clearly fi : Q x R — R satisfies Hy, so &1 € C1(WJP(Q)) with derivative given for all u,v € W5P(Q) by
(éi(u)7v> = ((—A); u, V) —/ fi(m,u)v dx.
Q

We now focus on &, € CH(WP(Q)), proving that for all u € K(®,) we have in Q

(4.6) 0 < u<up.
Indeed, we have <i>’+ (u) = 0 in W=7 (Q), which rephrases as
(4.7) (—A)u= fi(z,u)

weakly in Q. Testing (4.7) with (u — up)* € Wi (Q) and recalling that ug solves (1.1), we get
(=8 (D)0, (0= w0) ) = [ (o) = Foua)) (= o) o =0,
Q

By Proposition 2.2, we have u < ug in . In a similar way, testing (4.7) with —u~ € W;*(2) and using (2.1)
we have

a7 < (A u,—u) = / Fo (o u)(—u) d =0,
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hence u > 0 in Q. So (4.6) is proved. More precisely, we have
(48) K(®,) = {0, u0}.
Indeed, by construction of fy, clearly we have in W’S’p'(Q)
Vice versa, let u € K(®,), i.e., u satisfies (4.7). By (4.6) we can replace fy with f in (4.7), hence u € C%(Q)
solves (1.1) (see Proposition 2.6). Assume u # 0. Then by Hs (v) we have
(=A) u+couP™ = flz,u) + couP™' >0 inQ
u=>=0 in Q.
By Proposition 2.7 (with g(t) = ca|t|P~2t), we get u € int(CY(Q)). Therefore u is a positive solution of (1.1)
s.t. u < ug. By minimality we deduce u = wg, which proves (4.8).
Next, we claim that ug is a local minimizer of ®. Indeed, since f; : @ x R — R is bounded, then & is

coercive and sequentially weakly lower semicontinuous. So there exists a4 € W3 () s.t.

4.9 b (iy)= inf & = Ty
(4.9) +(ug) uewl/f];,p(m +(u) = my

Let once again e; € int(C?(Q)) be as in Proposition 2.10. For all 7 > 0 small enough we have in
0 < 7e; < min{ug, dp}.

Therefore, by Hy (ii7) we have in 2

fi(z,mer) = f(z,Te1) = ci(rer)? L.
Hence, for all 7 > 0 small enough

- p p A
@Amggiﬂﬂl—/ﬂvqﬂmzi¢
p Q4 p

and the latter is negative for 7 > 0 even smaller if necessary (since ¢ < p). So, in (4.9) we have my < 0,
hence @iy # 0. Therefore we have @iy € K(®,)\ {0}, which by (4.8) implies @, = uo. Further, since
up € int(C2(Q)4), we can find p > 0 s.t. for all u € W"P(Q) N C2(Q) with ||u — ugllo,s < p we have u > 0 in
€. So for any such u we get

6]
P - ;qulell\Z»

®(u) = &4 (u) > &4 (ug) = ®(uo),
i.e., ug is a local minimizer of ® in C%(Q). By Proposition 2.9, ug is as well a local minimizer of ® in W;* ().
Reasoning in a similar way, we see that
K(®-) = {0, v},

and that v is a local minimizer of ®.

Now let us turn to the functional ® € C*(W;?(£2)). This is coercive, hence it satisfies (PS) (see Section 2)
and admits two distinct local minimizers ug, vg € Wy (£2). Without loss of generality, we may assume that
K (®) is a finite set, hence in particular that ug and vy are strict local minimizers. As in the proof of (4.6),

we see that for all u € K(®) we have in
(4.10) Vo S U < Up-
Now set
I = {y € C(0. 1], WP (@) : 7(0) = o, 4(1) = vo}.
Then we have

c= «&2? tré}%ﬁ] P (y(t)) > max{®(ug), ®(vo)}-

By Hofer’s version of the mountain pass theorem and the characterization of critical groups at mountain pass
type critical points (see [27, Theorem 6.99, Proposition 6.100]), there exists @ € K.(®) s.t.
(4.11) C1(®, @) # 0.

Then we have weakly in 2

(—A)ya = f(e,a).
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By (4.10) we have in 2
vo < u < Ug.

Therefore, by construction of f, we see that @ solves (1.1). Hence, by Proposition 2.6, we have @ € C%(Q).

There remains to prove that @ is nodal. Recall that ug,vg € K(®) are strict local minimizers and isolated
critical points. So, by [27, Example 6.45 (a)], we obtain

Cl(i)7U0) = Cl(&),vo) =0.

Besides, by Lemma 4.2 we have
Cy(®,0) = 0.
So, (4.11) implies

u € K(‘I’) \ {O,UO,U()}.
Assume now that @ > 0 in Q. Then, by Proposition 2.7 we would have @ € int(C?(Q)) and @ < ug, against

minimality of ug. Similarly, assuming that @ < 0 in 2 leads to a contradiction. Thus, % changes sign in €,
which completes the argument for (ii7). O

Remark 4.4. As seen in Remark 3.4, in general we cannot be sure that all solutions lie in the order interval
[a—,a4], so we cannot use Proposition 2.8 and get strict inequalities. These can be retrieved by strengthening
the quasi-monotonicity hypothesis Hy (v).
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