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Abstract: This paper compares two strategies to compute buoyancy-driven flows using stabilized
methods. Both formulations are based on a unified approach for solving compressible and incom-
pressible flows, which solves the continuity, momentum, and total energy equations in a coupled
entropy-consistent way. The first approach introduces the variable density thermodynamics of the
liquid or gas without any artificial buoyancy terms, i.e., without applying any approximate models
into the Navier–Stokes equations. Furthermore, this formulation holds for flows driven by high
temperature differences. Further advantages of this formulation are seen in the fact that it conserves
the total energy and it lacks the incompressibility inconsistencies due to volume changes induced
by temperature variations. The second strategy uses the Boussinesq approximation to account for
temperature-driven forces. This method models the thermal terms in the momentum equation
through a temperature-dependent nonlinear source term. Computer examples show that the thermo-
dynamic approach, which does not introduce any artificial terms into the Navier–Stokes equations, is
conceptually simpler and, with the incompressible stabilization matrix, attains similar residual con-
vergence with iteration count to methods based on the Boussinesq approximation. For the Boussinesq
model, the SUPG and SGS methods are compared, displaying very similar computational behavior.
Finally, the VMS a posteriori error estimator is applied to adapt the mesh, helping to achieve better
accuracy for the same number of degrees of freedom.

Keywords: buoyant flows; Boussinesq approximation; stabilized method; SUPG; SGS; compressible/
incompressible formulation; VMS adaptivity

1. Introduction

Thermally driven flows and buoyancy have important practical applications, such
as ventilation problems, indoor comfort, thermally driven ocean currents, dynamics of
plumes, and so on [1,2].

The dimensionless number that measures the importance of buoyancy forces due to
thermal gradients compared to viscous forces is the Grashof number. Many times, the
Grashof number is replaced by the Rayleigh number, which equals the Grashof number
divided by the Prandtl number and represents the ratio of buoyancy forces to the viscous
force and thermal diffusion [3].

From a computational mechanics point of view, flows at large Rayleigh numbers are
viewed as hard. As the Rayleigh number increases, the flow evolves from steady laminar
to unsteady laminar conditions. A further increase of the Rayleigh number makes the flow
turbulent. The efficient computation of high Rayleigh numbers requires being capable of
taking large time-steps and that the CPU time per time-step be small.
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The literature on computational strategies to tackle thermally coupled low-speed flows
is extremely vast. Almost every method and algorithm has been tested for this type of
flow, both in segregated and the coupled formats. Regarding examples related to finite
elements using the Galerkin method, one can mention [4,5]; using stabilized methods [6–8];
and using the Finite Increment Calculus (FIC) strategy [9]. Benitez and Bermudez present a
second-order-characteristics finite-element method for thermally coupled incompressible
flow problems in [10]. Examples of finite-element methods used to study the turbulent
regime through the inclusion of turbulence models can be found in [2], whereas [11,12]
employ quasi-static sub-scales to embrace turbulence, [13] represents the fine scales through
dynamical bubbles and [14,15] use transient sub-scales to model fine-scales. Weak imposi-
tion of boundary conditions is studied in [16].

Other models used to simulate thermal convection are the anelastic model and the
acoustically filtered Navier–Stokes equations (see [4,17] and references therein). In the
anelastic model, the temporal derivative of density in the continuity equation is ignored,
and, thermodynamically, the density is considered to be only a function of temperature,
so it does not depend on the dynamical pressure. In the filtered Navier–Stokes model, by
taking the zero Mach number limit of the compressible equations, a set of elliptic equations
is obtained where the acoustic waves are removed from the model; thermodynamically, the
density does not depend on the dynamical part of the pressure.

There are various unified approaches using stabilized finite-element methods to tackle
compressible and incompressible flows, such as [18], but the work of this paper is based
on [19,20]. Ref. [21] comments on advantages of this formulation in terms of treating tem-
perature dependent flows with a unified approach based on pressure or entropy variables.

In this paper, two strategies to compute buoyant flows are compared: one based on
the classical Boussinesq approximation and the other one based on considering the thermal
compressibility of the liquid or gas. Furthermore, three stabilized methods based on a
unified approach are applied to buoyancy flows and are compared and tested. Regarding
the algorithms, a wide range of updated stabilization parameters are compared for this
application, and conclusions are reached about the best choices.

2. Two Models for Low-Speed Buoyant Flows

In this paper, two models for the simulation of low-speed buoyant flows are compared:
one based on the generalized liquid or gas thermodynamics and the other one based on the
Boussinesq model.

In both cases, even in the presence of body forces, the flow dynamics are given by
the Navier–Stokes equations, including an energy equation. For instance, using the total
energy equation, in Cartesian coordinates the Navier–Stokes equations can be written as

∂ρ

∂t
+ (ρ ui),i = 0

∂ρui
∂t

+ (ρuiuj),j = −p,i + τ′ij,j + ρ fmi (1)

∂ρ(e + 1
2 u2)

∂t
+

(
ρ(e +

1
2

u2)uj

)
,j
= −(pui),i + (τ′ijui),j + ρ fmiui − qi,i + q̇v,

where ρ is the density, ui the Cartesian velocity components, p the pressure, τ′ij is the
components of the viscous stress tensor, fmi is the body-force term, e is the specific internal
energy, qi is the heat flux vector components, and q̇v is the volumetric heat source.

In vector form, the above system of equations can be written as

U ,t + Fadv
i,i = Fdiff

i,i + S, (2)

where U is the vector of conservation variables, Fadv
i is the i-th Euler Jacobian, Fdiff

i is the
i-th diffusive flux, and S is the source vector.



Algorithms 2022, 15, 278 3 of 24

2.1. Generalized Liquid/Gas Model

Even though, for an incompressible substance, the density is constant, real liquids
display compressible behavior, and the real density is a function of temperature and pres-
sure. One way of modeling such real liquids is through the model of a general divariant
substance, in which the thermodynamic variables depend on two independent thermody-
namic variables. In [19,20,22], the thermodynamic variables are taken as the compressibility
coefficients at constant pressure αp and at constant temperature βT :

βT =
1
ρ

(
∂ρ

∂p

)
T

(3)

αp = −1
ρ

(
∂ρ

∂T

)
p

(4)

Remarks

(i) This model has some non-standard features with respect to the usual approaches em-
ployed to simulate buoyancy-driven flows. Following the unified approach in [19,20],
the present model is based on the conservative form of the transport equations, and it
uses the total energy equation instead of the temperature equation.

(ii) This model is valid for any temperature gradient (or temperature difference between
walls), as long as the equations of state and the constitutive relationships hold. Com-
pare to the Boussinesq model, which holds up to relative temperature variations of
about 10%.

(iii) As shown in [19,20,22,23], this model is endowed with the correct second law of
thermodynamics, which stems from the entropy production of the Navier–Stokes
equations. This is especially relevant, since many of the models for buoyancy-driven
flows violate this principle [24,25]. Furthermore, in the present model, the flow
divergence may be non-vanishing; therefore, it is not approximated to be zero, as in
the Boussinesq model.

(iv) The total energy equation may be replaced by the internal energy equation or another
expression for the temperature equation. However, in order for the model to be
entropy consistent, the temperature or energy equation has to retain all the terms,
for instance, the dissipation function and the power expansion term (see [3] for other
forms of the energy or temperature equations that are consistent). These pitfalls were
shown in [24,25] for many usual models employed in the simulation of buoyant flows.

(v) A typical equation of state for a liquid is that the density is only a function of temper-
ature, i.e., ρ = ρ(T). In this case, the equations are termed as the acoustically filtered
Navier–Stokes equations [4].

2.2. Boussinesq Approximation

Let us expand the density in a Taylor series with respect to temperature variations.
Neglecting higher order terms (see for instance [4]):

ρ(T) ≈ ρ0 +
∂ρ

∂T

∣∣∣∣
p
∆T

= ρ0 − ρ0αp(T − T0),

where ρ0 is the density at the reference temperature T0, and αp is the thermal expansion
coefficient at constant pressure.

In this model, the fluid is assumed incompressible and, therefore, of constant density
ρ0, and the effect of density variations is accounted for in the source term. In particular, the
gravity-forcing term is substituted by the buoyant forces with respect to equilibrium:

f m = −gαp(T − T0), (5)
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where g is the gravity acceleration.
Note that, if T > T0, the fluid density decreases with respect to ρ0, so the buoyant

force works against g, and the fluid particle lifts up, whereas if T < T0, the fluid density
increases, so the buoyant force acts in favor of g, and the particle drops down. Also note
that in this model p is the departure from the equilibrium hydrostatic pressure [4].

Thus, in the system equations (2) we set

ρ = ρ0 (6)

ρ fmi = −ρgiαp(T − T0) (7)

Entropy Production

The entropy production P (per unit time and volume) of the Boussinesq terms in the
above system of equations can be calculated as [23]

P =
u
T
·mom. eq. term +

−1
T

energy eq. term (8)

=
u
T
· ρ f m −

1
T

ρ f m · u. (9)

(i) Note that the entropy production of the buoyant terms in the Boussinesq model
should cancel, because gravity is a conservative field. Indeed, this is satisfied if the
same buoyancy model is applied to the momentum and energy equations. This is
the case of the model presented in this paper. However, there are implementations
that do not respect entropy production [24,25]. This is an important trait for physical
and numerical reasons. From a numerical point of view, methods can inherit stability
from the discrete second law of thermodynamics. From a physical point of view, if the
system of equations does not respect the second law of thermodynamics, its solutions
are physically wrong [23].

(ii) Note, with this set of equations, the velocity divergence does not appear explicitly
in the total energy equation, and, therefore, this model does not suffer the entropy
production pitfall of other methods, in which the expansion power appears in the
temperature or internal energy equation [24,25]. Indeed, if this is the case, on the
one side, the velocity divergence of the Boussinesq model is zero, whereas the real
divergence does not cancel due to the changes of density.

(iii) When using the internal energy equation or the temperature equation, the viscous dis-
sipation and power expansion terms should be retained for consistency. As mentioned
above, there are models that do not retain these terms.

3. Stabilized Formulation

Using any well-defined set of variables Y , it is possible to rewrite (2) in quasi-linear
form as

A0Y ,t + AiY ,i = (KijY ,j),i + S, (10)

where A0 = U ,Y , Ai = Fadv
i,Y is the ith Euler Jacobian matrix, and K = [Kij] is the diffusivity

matrix, where KijY ,j = Fdiff
i .

In this paper, special attention is paid to the choice of pressure-primitive variables,

Y =


p
u
T,

 (11)

where p is the pressure, ui is the Cartesian velocity components, and T is the absolute
temperature. The matrices and vectors for these variables can be found in [20]. This set of
variables is endowed with the property that the incompressible limit is well behaved.
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The quasi-linear form can be written as

LY = S0, (12)

with the differential operators defined below

LY = A0Y ,t + AiY ,i − (KijY ,j),i − CY

LTY = AT
0 Y ,t + AT

i Y ,i − (KT
ijY ,i),j − CTY (13)

−L∗Y = AT
0 Y ,t + AT

i Y ,i + (KT
ijY ,i),j + CTY

LT
SUPGY = AT

i Y ,i,

and the source term written as

S = CY + S0 (14)

Note that the difference between LT and−L∗ is the sign of the diffusive and source terms.
In this paper, the time-discontinuous space-time Streamline Upwind Petrov-Galerkin

(SUPG) and Subgrid-Scale (SGS) stabilized methods [26,27] are considered. In the absence
of source terms, and for linear shape functions, both methods coincide.

Consider a space-time domain, where the time interval I =]0, T[ is subdivided into N
intervals In =]tn, tn+1[, n = 0, 1, . . . , N − 1. We define for each time interval Qn = Ω× In
and Pn = Γ× In, where Ω is the spatial domain and Γ its boundary. Finally, the “slab” Qn
is decomposed into the elements Qe

n, e = 1, 2, . . . , (nel)n.
Following [19,20], the variational formulation is defined for the set of variables Y .

Within each Qn, n = 0, 1, . . . , N − 1, find Y ∈ SY such that ∀W ∈ VY :∫
Qn

(
−W ,t ·U(Y)−W ,i · Fadv

i (Y) + W ,i · KijY ,j −W · S
)

dQ

+
∫

Ω

(
W(t−n+1) ·U(Y(t−n+1))−W(t+n ) ·U(Y(t−n ))

)
dΩ

+
(nel)n

∑
e=1

∫
Qe

n

(
LW

)
· τ
(
LY − S

)
dQ

=
∫

Pn
W ·

(
−Fadv

i (Y) + Fdiff
i (Y)

)
nidP (15)

The first and last integrals constitute the Galerkin terms expressed as functions of the
variables Y , again written in conservative form to ensure that the weak solution is bestowed
with the correct Rankine–Hugoniot relations. The jump term is written with the help of the
right and left limits

W(t±n ) = lim
ε→0±

W(tn + ε) (16)

The stabilizing term is written in terms of the differential operators L and L, which
have been defined previously. According to the choice of L, Table 1 shows the finite-element
methods that can be recovered.

Table 1. Relationship between differential operator and type of stabilized method.

SUPG GLS SGS

L LT
SUPG LT −L∗

In the case that the source term is independent of the unknown variables and the
shape functions are linear, −L∗ = LT

SUPG = LT . Note that, when entropy variables are
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used, L̃ = L̃T
because of the symmetry of the coefficient matrices and the symmetric form

is recovered.
We assume

τ = Y ,V τ̃, (17)

where τ̃ is the stabilization matrix for entropy variables [27,28]. For definitions of the τ
matrix for low-speed flows based on primitive variables, see [20,29], and for compressible
flows, [30–33]. Other proposals for τ for a low-speed limit can be found in [34]. As shown
in Codina et al. [14], the buoyancy terms in C need not intervene into τ; therefore, the above
definitions for incompressible flows can be used directly for the Boussinesq model. Masud
et al. [13,35] present tau definitions based on the condensation of bubble information within
the subgrid-scales, where off-diagonal terms arise naturally. Another relevant modifica-
tion to compute the continuity stabilization parameter from the momentum parameter is
presented in [36–41].

However, for compressible flows [42] suggests including the acceleration of gravity
in the stabilization matrix. For more complex stabilization parameter computation for
compressible flows, an iterative algorithm for computing tau is proposed in [43].

Note that the discontinuity-capturing operator has been omitted, since we are dealing
with low speed flows [44].

4. Numerical Example Preliminaries

In order to solve compressible and incompressible flows with the same code, in this
work, the set of pressure-primitive variables is chosen:

Y =


p
u
T


For the numerical examples presented below, the full Navier–Stokes (full NS) model

uses the perfect gas equation of state. For the Boussinesq model, this equation of state
is substituted by constant density. Note that the equation of state ρ = ρ(T), would yield
approximated acoustically filtered compressible equations [4].

In this work, the following stabilization matrices are analyzed and compared:

• The compressible “classic” tau matrix transformed into pressure primitive variables [20,27];
• The incompressible diagonal tau presented in [20], which is an extension of [45];
• The incompressible non-diagonal tau [20], referred to here as HH, also an extension

of [45];
• The incompressible Polner tau, which is an extension of the above definition, with the

parameter ω = 0.6 [29] ;
• The compressible Polner tau, an extension of the above definition [33].

The incompressible taus defined above have been updated with the newer continuity-
stabilization parameter, τc, based on the inverse of the momentum-stabilization parameter,
τm, which was presented and proposed in these works [36–41]. See Appendix A for the
structure of the above incompressible stabilization matrices.

Other stabilization matrices are possible. See, for instance, the stabilization matrix
derived from residual-free bubbles [13,35], where the off-diagonal terms come up naturally.
These terms will be shown later to be fundamental in buoyancy-driven flows.

5. Buoyancy-Driven Square Cavity

The purpose of this section is to compare, from the computational point of view,
three strategies: the full Navier–Stokes equations (solved with the SUPG method) and the
Boussinesq model solved with the SUPG and the SGS methods.

The definition of this problem is taken from [46,47]. The flow in a closed square cavity
is impulsed by the temperature difference between the vertical walls (see Figure 1). The
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dimensionless parameters that define this problem are the temperature semi-difference,
defined as

ε =
Th − Tc

Th + Tc
=

∆T
2T0

,

and the Rayleigh number, defined as

Ra =
2εgL3

ν0α0
,

which for the Boussinesq model can be taken as

Ra =
gβ∆TL3

ν0α0
,

where T0 = (Th + Tc)/2 is the average vertical walls temperature, and the subindex 0
denotes the variables computed at T0. Here, ν = µ/ρ stands for the kinematic viscosity and
α = κ/(ρcp) the thermal diffusivity. The above definitions usually are written as a function
of β = αp,

Additionally, the Rayleigh number can be written as a function of the Prandtl number:

Ra = Pr
2εgL3

ν2
0

= Pr
g∆TL3

ν2
0 T0

Pr = 0.71
   T0 = 600 K

 q = 0 (adiabatic)

 q = 0 (adiabatic)

T
 =

 T
0
 (

1
 +

 ϵ
)

T
 =

 T
0
 (

1
 {

 ϵ
)

g

Figure 1. Buoyancy-driven square cavity. Problem setup.

The Boussinesq model, which gives anti-symmetric solutions, is valid up to ε < 0.1 [48].
For larger temperature differences, one can talk about large temperature differences and
the full Navier–Stokes equations or a low-Mach-number model should be used [11,49,50].

Two temperature differences are considered in this section, ε = 0.01 and ε = 0.6. The
fluid is air with Pr = 0.71. Quadrilateral bilinear elements are employed for this test case.
Benchmark solutions for these cases can be found in [46,47,49–54].

5.1. Residual Convergence Analysis

The baseline test case is run in a 70× 70 uniform mesh with ∆t = 0.1, a Generalized
Minimal Residual (GMRES) tolerance of 10−8 with a maximum of 60 iterations with
9 restarts and an ILU preconditioner. The classic tau allowed a larger time-step for ε = 0.6,
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so a value of ∆t = 1.0 was chosen for this case. The viscosity has been assumed to
be constant.

Figure 2 compares the residual convergence for various stabilization matrices for the
full Navier–Stokes equations. One can conclude that the diagonal tau should be avoided
due to slow convergence or even divergence for large ε. This result stresses the importance
of off-diagonal terms in the stabilization matrix, which is in agreement with [13,35]. For
any ε, the HH, Polner, and compressible Polner taus show a similar behavior. Regarding
the classic stabilization matrix, it is observed that the residual converges more slowly than
the method with the incompressible taus.
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Figure 2. Buoyancy-driven square cavity. Full Navier–Stokes equations. Residual convergence for
various stabilization matrices

Figure 3 compares, for the Boussinesq model and the SUPG finite element method,
the residual convergence of the incompressible stabilization matrices. From the results,
one can conclude that the diagonal tau should be avoided, since, for the given computing
parameters, it does not converge for small ε. Again, this result stresses the importance
of off-diagonal terms [13,35]. For any ε, the HH and Polner taus show a similar behavior.
For the incompressible model, recall that the compressible Polner tau is the same as the
Polner tau.
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Figure 3. Buoyancy-driven square cavity. Boussinesq model with SUPG. Residual convergence for
various stabilization matrices

The Boussinesq model solved with the SGS finite element method is evaluated in
Figure 4, which compares the residual convergence for the incompressible stabilization
matrices. Again, the diagonal tau should be avoided, since, for the given computing
parameters, it shows no converge for small ε, stressing the importance of off-diagonal
terms [13,35]. For small ε, the Polner tau presents a better convergence, whereas for large ε,
both Polner and HH taus behave similarly. As before, for the incompressible model, the
Polner tau is the same as the compressible Polner tau.
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Figure 4. Buoyancy-driven square cavity. Boussinesq model with SGS. Residual convergence for
various stabilization matrices

Figure 5 compares, for the Boussinesq model and both the SUPG and SGS methods,
the effect of GMRES tolerance. The Boussinesq model allows further CPU time savings
by increasing the GMRES tolerance. This is not the case for the full Navier–Stokes model,
which requires a tolerance of 10−8.
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Figure 5. Buoyancy-driven square cavity. Residual convergence for GMRES tolerances for the
Boussinesq model.

Finally, Figure 6 compares the residual convergence for various models and methods.
For the Boussinesq model, both SUPG and SGS with either the HH and the Polner taus,
behaved similarly; SUPG perhaps showed faster convergence than SGS for small ε. Re-
garding the full Navier–Stokes equations, both HH and the Polner tau behave identically
and produce a faster convergence than the classic tau, although the classic tau improves
convergence as the temperature difference is increased. Note that, for the same computing
parameters and small ε, the Boussinesq model converges faster than the full Navier–Stokes
equations. This advantage tends to disappear as ε is increased.



Algorithms 2022, 15, 278 10 of 24

ε = 0.01 ε = 0.6

10
-12

10
-10

10
-8

10
-6

10
-4

10
-2

10
0

 0  500  1000  1500  2000  2500  3000  3500  4000

N
o
rm

al
iz

ed
 r

es
id

u
al

Computational Cost [s]

Full NS - classic
Full NS - HH

Full NS - Polner
Boussinesq SUPG

Boussinesq SGS

10
-16

10
-14

10
-12

10
-10

10
-8

10
-6

10
-4

10
-2

10
0

 0  500  1000  1500  2000  2500  3000  3500  4000

N
o
rm

al
iz

ed
 r

es
id

u
al

Computational Cost [s]

Full NS - classic
Full NS - HH

Full NS - Polner
Boussinesq SUPG

Boussinesq SGS

Figure 6. Buoyancy-driven square cavity. Comparative study of residual convergence for various methods.

5.2. Relevance of the Body-Force Term within the Full Navier–Stokes Tangent Matrix

For the full Navier–Stokes equations, one may be tempted to neglect the contribution
of the body-force term inside the tangent of the system of equations. However, this
contribution depends on the density and velocity components, and, therefore, it is not zero.
Thus, for the same computational parameters of the above subsection, Figure 7 shows the
residual convergence for the SUPG method and the HH stabilization matrix, with and
without this contribution. The improvement in residual convergence is remarkable when
the tangent of the body-force term is taken into consideration for all Ra and ε numbers.
This fact was also observed in [55] for non-Newtonian fluids, when the whole Jacobian is
computed with finite differences.

The tangent of the body-force term can be found in Appendix B, both for the full
Navier–Stokes equations and the Boussinesq model.
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Figure 7. Buoyancy-driven square cavity. Full Navier–Stokes with the HH stabilization matrix.
Comparison of Jacobian.
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5.3. Case Ra = 106, ε = 0.01, Constant Viscosity

In this section, the present solutions are analyzed and compared with the reference
solutions [46,52,56], in particular, the Nusselt number along the hot vertical wall. Vahl
Davis [46] presents extrapolated values obtained with a finite-difference method for the
streamfunction-vorticity formulation applied to the Boussinesq model with up to 81× 81
nodes. Le Quéré [56] solves the same equations with a spectral Chebysev Galerkin method
(with up to 72× 72 degrees of freedom per variable), and Vierendeels [52] uses a finite
volume method to solve the full Navier–Stokes equations on a 512× 512 stretched grid.
Masud and coworkers use a stabilized finite element method applied to the Boussinesq
model with stabilization based on bubble functions and 80× 80 grids.

For the three methods and the HH stabilizing matrix, Figure 8 shows the convergence
of the minimum, maximum and average Nusselt numbers along the vertical hot wall as
a function of the nodes on the side √nnp, where nnp is the number of nodal points. It
can be seen that, for small ε, the full NS equations and the Boussinesq models give very
similar solutions, as shown in many publications. The present methods for the given mesh
resolution provide Nusselt numbers between those reported by Vahl Davis and Le Quéré.

Table 2 compares the present results on a uniform mesh of 140× 140 elements with
various published reference solutions. The Nusselt numbers computed with full NS and
the classic tau converge from below. The Boussinesq model computed with the HH and
Polner taus give very similar Nusselt numbers.

In summary, it can be concluded that both SUPG and SGS give very similar solutions,
so there is not a favorite method. Regarding the stabilization matrices, in this regime,
the incompressible HH and Polner taus are the best choices for all models, including the
compressible Navier–Stokes equations, because they attain a faster convergence of the
Nusselt numbers with respect to the number of degrees of freedom.
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Figure 8. Buoyancy-driven square cavity. Nusselt numbers along hot vertical wall for ε = 0.01 and
HH tau.
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Table 2. Nusselt numbers along hot vertical wall. Ra = 106, ε = 0.01, constant µ. Present methods on
a 140× 140 uniform mesh with various taus.

Reference Solution Nu Numin Numax
vahl Davis [46] 8.817 0.989 17.925
Le Quéré [56] 8.8252 0.97946 17.5360

Vierendeels [52] 8.8257
Masud [35] 8.81490

Present Method tau Nu Numin Numax

Full NS Classic 8.0833 0.803 13.932
Full NS HH 8.8524 0.984 17.704
Full NS Polner 8.8526 0.984 17.703

Boussinesq SUPG HH 8.8540 0.982 17.689
Boussinesq SUPG Polner 8.8542 0.982 17.688
Boussinesq SGS HH 8.8632 0.985 17.704
Boussinesq SGS Polner 8.8634 0.985 17.703

5.4. Case Ra = 106, ε = 0.01, Constant Viscosity with Adaptivity

In order to adapt the mesh, the Variational Multiscale (VMS) a posteriori error es-
timator is applied to this problem [57–59]. In particular, the version for compressible-
incompressible flows is found in [60]. As shown in [61], the adapted meshes attained with
this method are very smooth.

Figure 9 shows the first two adapted meshes obtained with the naïve error estimator,
driven by the Polner error-stabilization matrix, the L1 norm over the new mesh and an
error tolerance 1.0× 10−3, taking the global minimum element size among all dependent
variables. The mesh size was pruned within the interval [1× 10−4, 60]. Indeed, the mesh-
size evolution in the adapted mesh is very smooth.

initial mesh: nnp = 5041

mesh 1: nnp = 7723 mesh 2: nnp = 13, 665

Figure 9. Buoyancy-driven square cavity. Initial mesh and adapted meshes for ε = 0.01.
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Figure 10 shows the better accuracy obtained with the adapted meshes for a much
smaller number of degrees of freedom. Indeed, the dimensionless Nusselt numbers ob-
tained with the coarsest adapted mesh basically match the results obtained with the finest
mesh. Thus, VMS adaptivity succeeds at improving accuracy with respect to a solution
computed in a uniform mesh.

 8

 8.5

 9

 9.5

 10

5,000 10,000 15,000 20,000

N
u

_
_

Number of nodes

Vahl Davis
Le Quere

Full NS - uniform
adapted

Boussinesq SUPG
Boussinesq SGS

ε=0.01   Ra=10
6

 0.8

 0.85

 0.9

 0.95

 1

 1.05

 1.1

 1.15

 1.2

5,000 10,000 15,000 20,000

N
u

m
in

Number of nodes

Vahl Davis
Le Quere

Full NS uniform
adapted

Boussinesq SUPG
Boussinesq SGS

ε=0.01   Ra=10
6

 16

 16.5

 17

 17.5

 18

 18.5

 19

 19.5

 20

5,000 10,000 15,000 20,000

N
u

m
ax

Number of nodes

Vahl Davis
Le Quere

Full NS uniform
adapted

Boussinesq SUPG
Boussinesq SGS

ε=0.01   Ra=10
6

Figure 10. Buoyancy-driven square cavity. Adapted solutions for ε = 0.01 obtained with various
methods and the HH tau.

5.5. Case Ra = 106, ε = 0.6, Sutherland Viscosity

In this section, the present solutions are analyzed and compared with other works for
Ra = 106 and ε = 0.6. This benchmark is described in [47,54], i.e., where the Sutherland
viscosity law is taken from.

µ(T)
µ∗

=

(
T
T∗

) 3
2
(

T∗ + S
T + S

)
, (18)

with T∗ = 273 K, S = 110.5 K, and µ∗ = 1.65× 10−5 kg /(m s).
Figure 11 shows the convergence of the minimum, maximum, and average Nusselt

numbers along the vertical hot wall for the full Navier–Stokes equations computed with
two stabilization matrices. The black line is the reference solution taken from [53,54],
which solves the full Navier–Stokes equations on a 1024 × 1024 stretched grid with a
maximum aspect ratio of 80. Table 3 further compares the Nusselt numbers with the
benchmarks of [49,50] that utilize low-Mach-number solvers based on stabilized FEM
methods on very fine stretched meshes (with about 4.2 million and 0.86 million degrees of
freedom, respectively).

It can be seen that, while the method with the classic tau converges to the Nusselt
numbers from above, the method with the incompressible HH tau converges from below.



Algorithms 2022, 15, 278 14 of 24

In general, for this test case, the Nusselt numbers computed with the present methods are
a little higher than those reported in the literature.
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Figure 11. Buoyancy-driven square cavity. Nusselt numbers along hot vertical wall for ε = 0.6 and
Sutherland viscosity.

Table 3. Nusselt numbers along hot vertical wall. Ra = 106, ε = 0.6, Sutherland viscosity. Present
methods on a 140× 140 uniform mesh.

Reference Solution Nu Numin Numax

Vierendeels et al. [53,54] 8.6866 1.0667 20.2704
Heuveline [50,54] 8.6861 1.0674 20.3051
Becker-Braak [49] 8.6866

Present Method tau Nu Numin Numax

Full NS Classic 8.6227 1.027 17.940
Full NS HH 9.1134 1.093 21.629
Full NS Polner 9.1142 1.093 21.632

Figure12 compares the dimensionless Nusselt numbers obtained with the naïve (nv)
and standard (st) adaptivity approaches, showing that a higher accuracy is attained than
for a uniform grid with the same number of degrees of freedom. In general, the Nusselt
numbers computed with both adaptation procedures have better accuracy than those
obtained for a uniform grid.
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Figure 12. Buoyancy-driven square cavity. Nusselt numbers along hot vertical wall for ε = 0.6 and
Sutherland viscosity for adapted meshes.

6. Wind Towers

In this section, the above models are used to analyze an ancient device to climatize
indoor environments in dry areas. The device is called a wind tower (see Figure 13), and
it is typical of Iran [62]. Nowadays, it is also applied to advanced indoor energy-saving
climatization devices, mainly in large buildings.

Typical values of ε encountered in the examples below are around 0.1. Thus, the
full Navier–Stokes equations will be applied together with the HH stabilization matrix,
combined with the naive error estimator to adapt the meshes.

Figure 13. Example of Iranian wind tower.
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6.1. Application: Wind Tower 1

Figure 14 shows the working principle of wind towers. The free-stream is directed
into the interior of a building, refreshing the interior hot air. Furthermore, a convection
heat-exchange takes place inside the building, lowering the temperature sensation.

Figure 14. 2D model and working principle of a wind tower.

For this simulation, in a computational domain of 125× 40 m, the following data
are used to approximate the boundary conditions (see Figure 15). Sun radiation heats the
surfaces at a temperature of T0 = 323◦C. Two wind-speed values are tested, U∞ = 1 and
5 m/s, with a free-stream temperature of T∞ = 303◦C. This corresponds to an approxi-
mate dimensionless temperature difference of ε ≈ 0.1. Other free-stream values for the
simulation are ρ∞ = 1.151 kg/m3, p∞ = 100 570 Pa.

�

�

��

�
���� ��

��

���	�


���	����


Figure 15. Wind tower problem setup.

Figure16 shows the initial mesh (nnp = 3410) and the adapted mesh (nnp = 36, 628)
obtained with the VMS a posteriori error estimator driven by the naïve approach with the
Polner error-tau, using the L1 norm and the objective error over the new mesh with an
error tolerance of 0.01 for the temperature field [60].

Figures 17 and 18 compare the flow field obtained with the full Navier–Stokes equa-
tions and the Boussinesq model. For this test case and the same boundary conditions, the
flow fields present some differences. The full Navier–Stokes solution shows larger eddies
with somewhat smaller maximum velocity and larger temperature spreading. Therefore,
the use of the full model is advised.
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Initial mesh
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Figure 16. Wind tower 1. Zoom of initial and adapted mesh around the tower.
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Figure 17. Wind tower 1. Velocity modulus obtained using the full NS and the Boussinesq model
and U∞ = 5 m/s.

Indoor comfort can be evaluated by means of the apparent temperature Ta, which
combines information about temperature and velocity so as to indicate the human sensation
of temperature. The apparent temperature is calculated according to the US National
Weather Service as

Ta = 13.12 + 0.6215 T − (11.37 + 0.3965 T)1.23|u|0.16, (19)

where T and Ta are measured in degrees C and u in m/s.
The field of apparent temperature is shown in Figure 19 for both models, the full

Navier–Stokes equations and the Boussinesq model. Figure 20 shows the apparent tem-
perature field for two pieces of free-stream velocity data. For the higher velocity, more
dramatic temperature variations due to ventilation are obtained.
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Figure 18. Wind tower 1. Temperature field obtained using the full NS and the Boussinesq model
and U∞ = 5 m/s.
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Figure 19. Wind tower 1. Apparent temperature field obtained by the full NS and the Boussinesq
model with U∞ = 5 m/s.
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Figure 20. Wind tower 1. Comparative apparent temperature field obtained with the full NS with
U∞ = 1 m/s and U∞ = 5 m/s.

6.2. Wind Tower 2

The simulations of the above subsection are repeated with the same data and boundary
conditions for the geometry shown in the zoom of Figure 21. VMS adaptivity is used again
to refine the mesh, yielding the mesh shown in Figure 22 of nnp = 27, 449.

Figures 23 and 24 compare the velocity and apparent temperature fields obtained with
the full Navier–Stokes equations and the Boussinesq model. As above, the full Navier–
Stokes solution shows larger eddies with somewhat smaller maximum velocities and larger
temperature spreading.
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Figure 21. Wind tower 2. Zoom around dome geometry.

Figure 22. Wind tower 2. VMS T-adapted mesh.
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Figure 23. Wind tower 2. Velocity modulus obtained with the full NS and the Boussinesq model and
U∞ = 5 m/s.
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Figure 24. Wind tower 2. Apparent temperature field obtained by the full NS and the Boussinesq
model with U∞ = 5 m/s.

7. Conclusions

The thermodynamic method presented is consistent with entropy production and
the second law of thermodynamics, which provides discrete entropy stability for the
numerical method. This model is valid for any temperature difference. Combined with an
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incompressible stabilization matrix, such as HH or Polner, it attains reasonable residual
convergence speed with respect to CPU-time when compared to the Boussinesq model.
Accounting for the tangent of the source, the terms accelerate the convergence rate.

The Boussinesq model can only be applied for small temperature differences. As
shown in the numerical examples, special care should be taken before this model is used
in practical problems. For this model, both SUPG and SGS attain very similar numerical
properties, yielding almost identical solutions. In this case, using the Boussinesq model
with the SUPG method gives faster residual convergence. It is advised to combine the
method with the HH or Polner stabilization matrix.

VMS adaptivity has been used to drive the adapted meshes, and it has been shown to
yield very smooth meshes, which improve the solution accuracy for the same number of
degrees of freedom.
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Appendix A. Structure of the Stabilization Matrices

Given the stabilization parameters τc, τm, and τe, the incompressible stabilization
matrices for 2D can be written as follows [20,29,33].

τdiag =


τc 0 0 0
0 τm 0 0
0 0 τm 0
0 0 0 τe

 (A1)

τHH =


τc ρu1τm ρu2τm 0
0 τm 0 0
0 0 τm 0
−ē1τe −u1τe −u2τe τe

 (A2)

τpolner = τHH + ω


0 ρu1τm ρu2τm 0

u1τm 0 0 0
u2τm 0 0 0

0 0 0 0

 (A3)

τpolner−comp =


τc ρ(ω + 1) f u1 (ω + 1) f u2 ραp|u|2τe

ω f u1 τm 0 αpu1τe
ω f u2 0 τm αpu2τe
−ē1τe (αpT − 1)u1τe (αpT − 1)u2τe τe

, (A4)
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where f = τm + ē1αpτe and e1 can be found in [20]. The constant

ω ∈
(1

2
(−1−

√
5),

1
2
(−1 +

√
5)
)

(A5)

is given in [29]. Additionally, from [20,41],

τm = min
(

∆t
2ρ

,
1
ρ
(u ·Gu)−1/2,

4
12µG : G

)
(A6)

τe = min
(

∆t
2ρcv

,
1

ρcv
(u ·Gu)−1/2,

4
12κG : G

)
(A7)

τc =
1

ρτma · a (A8)

Gij =
2

∑
k=1

∂ξk
∂xi

∂ξk
∂xj

(A9)

ai =
2

∑
j=1

∂ξ j

∂xi
. (A10)

Appendix B. Jacobians of the Body Force Term

As a function of the compressibility coefficients expressed in Equations (3) and (4), for
pressure-primitive variables, the Jacobian of the body-force term can be written as follows.

Appendix B.1. Full Navier–Stokes Equations

∂S
∂Y

=


0 0 0 0

ρβT fm1 0 0 −ραp fm1
ρβT fm2 0 0 −ραp fm2

ρβT( fm1u1 + fm2u2) ρ fm1 ρ fm2 −ραp( fm1u1 + fm2u2)

 (A11)

Appendix B.2. Boussinesq Model

∂S
∂Y

=


0 0 0 0
0 0 0 −ραp fm1
0 0 0 −ραp fm2
0 ραp fm1(T0 − T) ραp fm2(T0 − T) −ραp( fm1u1 + fm2u2)

 (A12)
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