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Preface to ”Mechanics of Micro- and Nano-Size

Materials and Structures”

Nanotechnology knowledge is always looking to expand its boundaries to achieve the most

significant benefit to human life and meet the growing needs of today. In this case, we can refer to

micro- and nanosensors in micro/nano-electromechanical systems (MEMS/NEMS). These electrical

devices can detect minimal physical stimuli up to one nanometer in size. Today, micro/nano-sensor

devices are widely used in the environment. For example, sensors made of silicon are suspended in

the air for hours and can monitor air pollution. In addition to these, micro-nanosize structures can be

employed as a reinforcer in advanced composites, advanced concretes, etc. Except for this use, these

small size particles can play the role of a filler and make the possibility of cracking for future working

of the materials less and less by filling the pores inside the structure.

On the applications of micro/nanosensors in civil engineering, one can state that small-scale

sensors and actuators can be developed and used in construction to monitor and/or control the

environmental conditions and the materials/structures’ performance. As an example, the sensors can

be used to monitor concrete corrosion and micro-cracking. The smart sensor can also be employed

for structural health monitoring in bridges and other structures. Therefore, the prediction of the

mechanical response of such small size particles in different physical and environmental conditions

is momentous. To obtain this, micro- and nano-mechanics enable the scientific basis of the structural

response of micro/nanostructures based on different situations.

For design and fabrication purposes, these structures can be investigated computationally

through several approaches. First, we mention straightforward experiments that need special and

highly precise equipment and result in high costs. Second, computer simulation such as molecular

dynamics could be used, which requires a lot of computational efforts, in general, and a powerful

computer. Finally, the application of continuum models properly modified for modelling materials

and structures at small scales is worth mentioning, e.g., multiscale modeling, nonlocal size-dependent

models, etc.

For this reprint, we intend to cover theoretical as well as experimental works performed on

small scale to predict the material properties and characteristics of any advanced and metamaterials.

New studies on mechanics of small-scale structures such as MEMS/NEMS, carbon and non-carbon

nanotubes (e.g., CNTs, Carbon nitride, and Boron nitride nanotubes), micro/nano-sensors,

nanocomposites, macrocomposites reinforced by micro-/nano-fillers (e.g., graphene platelets), etc.,

are included in this reprint.

Mohammad Malikan and Shahriar Dastjerdi

Editors
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Cement Composites with Graphene Nanoplatelets
and Recycled Milled Carbon Fibers Dispersed in Air
Nanobubble Water

Anastasia I. Patrinou 1, Eirini Tziviloglou 2, Athanasios Varoutoglou 1, Evangelos P. Favvas 3 ,

Athanasios C. Mitropoulos 1, George Z. Kyzas 1 and Zoi S. Metaxa 1,*

1 Department of Chemistry, International Hellenic University, 65404 Kavala, Greece
2 Research Unit of Advanced Materials, Department of Financial Engineering, School of Engineering,

University of the Aegean, 41 Kountouriotou Str., 82132 Chios, Greece
3 Institute of Nanoscience and Nanotechnology, NCSR “Demokritos”, 15341 Agia Paraskevi, Greece
* Correspondence: zmetaxa@chem.ihu.gr; Tel.: +30-2510-462-227

Abstract: The individual effect of nano- and micro-carbon-based fillers on the mechanical and the
electrical properties of cement paste were experimentally examined in this study. The objective of
the study was to separately examine the effects of size and morphology (platelets and fibers) of
nano- and micro-reinforcement. Three different sizes of Graphene Nanoplatelets (GNPs), at contents
of 0.05% and 0.20% and recycled milled carbon fibers (rCFs), at various dosages from 0.1–2.5% by
weight of cement, were incorporated into the cementitious matrix. GNPs and rCFs were dispersed
in water with air nanobubbles (NBs), an innovative method that, compared to common practice,
does not require the use of chemicals or high ultrasonic energy. Compressive and bending tests
were performed on GNPs- and rCFs-composites. The four-wire-method was used to evaluate the
effect of the conductive fillers on the electrical resistivity of cement paste. The compressive and
flexural strength of all the cementitious composites demonstrated a considerable increase compared
to the reference specimens. Improvement of 269.5% and of 169% was observed at the compressive
and flexural strength, respectively, at the GNPs–cement composites incorporating the largest lateral
size GNPs at a concentration of 0.2% by weight of cement. Moreover, the rCFs–cement composites
increased their compressive and flexural strength by 186% and 210%, respectively, compared to the
reference specimens. The electrical resistivity of GNPs- and rCFs-composite specimens reduced up to
59% and 48%, respectively, compared to the reference specimens, which proves that the incorporation
of GNPs and rCFs can create a conductive network within the cementitious matrix.

Keywords: graphene nanoplatelets; recycle carbon fibers; air nanobubbles; cement-based composites
and nanocomposites; mechanical properties; electrical properties

1. Introduction

Recognizing cement as one of the dominant materials of the construction industry,
researchers from around the world focus on optimizing its structural health. Cement-based
materials have been extensively used due to their high availability and low construction and
maintenance costs. However, their brittleness and low tensile strength may significantly
decrease their functionality [1]. Cement-based materials are prone to cracking, which
might affect the integrity of structures over time [2]. The presence of cracks can cause
cement degradation by increasing its permeability, and might make cement vulnerable to
corrosion, chloride penetration, etc., leading to accelerated deterioration [3]. Therefore, it is
important to enhance the cracking resistance of cement-based materials. Reinforcement
of cementitious composites in micro- and macro- scale using fibers and other fillers is a
common method for the improvement of the intrinsic brittle behavior of cement-based
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materials [4]. Nano- and micro-reinforcement can increase the tensile strength of the cement
matrix by enhancing the load-transfer capacity and the crack bridging mechanism.

Recent advances in materials science and nanotechnology enable the use of various
types of carbon-based nanomaterials, such as nanofibers, nanotubes, and nanoparticles, as
reinforcing agents in the cement to control the creation of cracks at the nanoscale. Carbon
nanomaterials demonstrate outstanding mechanical chemical and physical properties, such
as low density, high specific surface area, hardness, and excellent chemical and thermal
stability. Carbon nanomaterials incorporated in cement-based materials at relatively low
proportions provide important improvement in the compressive, tensile, and flexural
strength [5–7], as well as new functions such as stress- and strain-sensing, temperature
monitoring, and energy harvesting [8–11].

Lately, graphene-based materials have captured the attention of scientists. Graphene
has extraordinary thermal, electrical, and mechanical properties, and it has been described
as the most powerful, tough, thin, and dense material in the world [12]. Both its electrical
and thermal conductivity are considered superior to the materials used to date. Recently, a
number of graphene composites have been developed utilizing the excellent properties of
graphene [13]. Graphene Nanoplatelets (GNPs) are of particular interest for combining su-
perior properties, such as two-dimensional planar structure, great aspect ratio, remarkable
strength and durability, thermal, electrical, and chemical stability, with low cost and weight,
and large-scale production potential. They are also electrical and thermal conductors [14].
Compared to pristine graphene, GNPs are a promising alternative as nanofillers in material
science, due to their availability in the market and their affordable prices [15].

By incorporating GNPs in cement to develop innovative and advanced composites,
improvements in the stability and longevity of structures are possible [16]. Research has
shown that the use of GNPs accelerates the hydration reactions of cement, improves the
porosity, and creates a denser microstructure [17,18]. It has also been reported that GNPs
are able to increase the compressive and flexural strength of the matrix. Silva et al. [19]
found that the incorporation of GNPs in mortar, in a small dosage 0.021% by weight,
enhanced the compressive strength by 95.7% after 28 days. Tong et al. [20] used 0.1% by
weight GNPs and recorded 19.9% increase in the compressive strength. Other studies refer
that cement composites modified with GNPs 0.05% and 0.06% by weight, show flexural
strength increase of 15–24% and 27.8%, respectively [21,22]. GNPs have also been used
to create conductive cement-based composites, which can monitor their own strain by
detecting alterations in the electrical resistivity values [23,24].

Natural and synthetic fibers are widely used in fiber-reinforced cement-based materi-
als [25]. The material, the type, and the amount of the fibers used determine the properties
of the composite materials [26]. The implementation of microfibers can greatly improve
the mechanical strength of cement and restrain the crack growth into the matrix, however,
they cannot prevent crack formation [27]. Due to their unique properties, carbon fibers
stand out compared to other types of fibers. Carbon fibers (CFs) have many advantages,
including excellent strength-to-weight ratio, high tensile strength and stiffness, low weight,
chemical and thermal stability, and low thermal expansion [28,29]. They have high electrical
conductivity and can be used to reduce the electrical resistance and provide self-detecting
capabilities, as well as to create a shield of electromagnetic protection in building mate-
rials [30]. An increase of 85% in flexural strength and 22% in compressive strength has
been reported, along with the introduction of a small amount of CFs (0.189% by volume)
into concrete [31]. Cholker et al. [32] studied the behavior of “smart” carbon reinforced
concrete with microfibers. The specimens were assessed under loading-unloading cycles
to examine the stress and damage sensing ability. It was derived that the presence of CFs
in 1.5% and 2% by weight of cement provides a sufficient link between stress and strain
of concrete and electrical resistivity. In other research, it was found that cement-based
composites reinforced with short CFs are capable of sensing their own damage, stress, and
temperature [33].
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CFs, despite their numerous advantages in modifying the performance of cement
composites, have excessive cost, which is a deterrent to their use. Nowadays, the use
of recycled CFs (rCFs) as reinforcing material has gained increasing attention owing to
their durability and outstanding properties with decreased cost [34]. rCFs reveal superior
mechanical performance, attributed to their rugged surface, which creates a stronger bond
with the surrounding cement matrix [35]. Faneca et al. [36] used rCFs to fabricate low cost
electrically conductive cement composites that can be employed not only in laboratory
scale, but also in the civil engineering industry. Akbar and Liew [37] investigated the effect
of elevated temperatures on the reinforcement mechanism of cement composites containing
rCFs. The amount of fibers and elevated temperatures remarkably affect the mechanical
properties and the mass loss of the rCFs–cement composites. Mastali and Dalvand incorpo-
rated rCFs 1.25% by volume in plain concrete, which resulted in an increase of 65.10% and
of 66.93% on the compressive and the flexural strength of specimens, respectively. More-
over, the impacted resistance increased 6.48 times with rCFs concentration of 1.25% [38].
rCFs represent an alternative to obtain superior performance and low-cost cementitious
composites, and they are commercially available by several companies. However, the
scientific research on rCFs–cement composites has been limited. The effect of rCFs on the
mechanical properties, as well as the interaction between the rCFs and the surrounding
cement matrix, has not been investigated yet.

The homogeneous dispersion of carbon materials in cementitious composites is an-
other critical issue that strongly influences the reinforcing efficiency and the ultimate
performance of the cement composites. GNPs and rCFs, due to strong Van der Waals forces
that are developed among them, have the tendency to agglomerate. Their hydrophobic
nature makes their homogeneous dispersion in aqueous suspensions challenging [39].
However, homogeneous dispersion is usually succeeded either mechanically, by using
high ultrasonic energy, or chemically, by using various water-reducing agents, such as
superplasticizers as surfactants [40–42]. A new promising technology called ‘nanobub-
ble technology’ is utilized by many important fields for applications, including flotation,
nanomaterials dispersion, and crystal growth [43–45]. Nanobubble nucleation is favored at
hydrophobic particle surfaces, enhancing the stability of micro-bubble suspensions, and
thus, facilitating particle flotation [46]. The use of water enriched with air nanobubbles
improves the morphological characteristics of the dispersed nanoparticle clusters without
the presence of aggregates [45]. To our knowledge, the application of this technology
on dispersing nano- and micro-carbon materials for use in cement pastes has not been
previously studied.

Recently, extensive research has been conducted on the improvement of the mechanical
and electrical properties of cementitious composites using carbon-based materials. Their
size and morphology strongly affect their enhancing action. However, the study on the
reinforcing mechanism of different fillers based on their dimensions or size scales is narrow.
The influence of the different type and scale of the reinforcing materials on the mechanical
and the electrical properties of cement-based composites has not been explicitly clarified yet.

In this research, two commercially available carbon-based materials, GNPs and milled
rCFs, were incorporated in the cementitious matrix to serve as reinforcement in nano- and
micro-scale. Composite mixtures with three different sized GNPs, at contents of 0.05% and
0.20% and rCFs at proportions from 0.1–2.5% by weight of cement, were fabricated. The
prepared specimens were assessed for their compressive strength, flexural strength and
electrical resistivity. Overall, recycled milled carbon fibers with improved carbon footprint
and lower cost were investigated in the present study, as they differ significantly in size
from short carbon fibers reported in the literature (rCFs length is at the μm scale while
typical CFs have length at the mm scale) and the research of their effect on the mechanical
properties of cement-based materials is limited. Another innovative aspect of this work
is the usage of water with air nanobubbles (NBs) for the proper dispersion of GNPs and
rCFs. It is noteworthy that compared to frequently used practices, this method does not
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require the use of chemicals or high ultrasonic energy, and it can be easily applied on the
construction site.

2. Materials and Methods

2.1. Materials and NBs Method

A commercial Portland cement CEM II 32,5 N (TITAN Cement Company S.A Athens,
Greece) was used for this study. Three types of GNPs were used, namely N008-100-N,
N008-100-P10, N008-100-P40 (Angstron Materials Inc. Dayton, OH, USA), exhibiting
the same thickness but different lateral size (diameter). The physical properties of the
GNPs are shown in Table 1. Moreover, milled rCFs, produced by Haufler Composites
GmbH & Co. KG, Blaubeuren, Germany, were utilized in this study. According to the
manufacturer CF−milled100 is a mixture of all origins carbon and graphite ex-PAN fibers,
obtained from virgin carbon fibers, chosen and milled for compounding. Their mechanical
and physical properties are shown in Table 2.

Table 1. Physical properties of GNPs.

GNP Type
Thickness

Z (nm)
Diameter
X-Y (μm)

Purity (%)
Density
(g/cm3)

Specific Surface
Area (m2/g)

N008-100-N 50–100 <5 98 2.20 13

N008-100-P10 50–100 <10 99 2.20 15

N008-100-P40 50–100 <44 99 2.20 15

Table 2. Properties of the carbon fibers (given by the manufacturer).

Carbon fibers content 100%, (100%)

Carbon content 94% (>92%)

Remaining sizing level <0.1%

Density (Continuous fiber) 1.7 < d < 2.0 g/cm3

Mono filament diameter
Median length

7 μm +/−2
100 μm +/−20

Tensile strength 3500 MPa

Elongation at break 1.5%

Young’s modulus (Tensile) 230 GPa

All specimens were prepared with tap water (low salinity, S < 350 mg/L) enhanced
with air nanobubbles (NBs). Air nanobubbles were created using a generator which utilized
the counterflow hydrodynamic cavitation. Details about the used NBs generator can be
found in our previous work [47]. The mean size and the concentration of the produced NBs
are shown in Figure 1. The optimal processing time, regarding the size of the produced
NBs, was 30 min [47]. The NBs methodology was chosen for the adequate dispersion of the
GNPs and rCFs. Due to the efficacy of the method, no additives, such as superplasticizers,
water reducing agents, or surfactants, were employed in this study. Another advantage of
this method is that zero energy consumption is required, as the water feed pressure must
be at 2.5 bar, equal to the water supply network pressure, and of course it can be easily
applied in the cement industry. The difference in the dispersion quality between aqueous
solutions with and without NBs is easily noticeable (Figure 2).
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Figure 1. Nanobubbles concentration versus size.

 
(a) (b) 

Figure 2. GNP suspensions in (a) plain tap water and (b) tap water with nanobubbles.

2.2. Preparation of Composites Specimens

Two concentrations of each GNPs-type were used, namely 0.05% and 0.2% by weight
(wt.) of cement. Furthermore, six mixtures of milled rCFs were prepared at different
concentrations, namely 0.0%, 0.1%, 0.5%, 1.0%, 1.5%, 2.0%, 2.5% by weight of cement.
The reinforcing materials were added into water with NBs, and the aqueous suspensions
were then poured in the mixer (Figure 3). The pastes were prepared in a stainless-steel
standard mixer, according to ASTM C305, at low speed (140 rpm) for 30 s and then at high
speed (285 rpm) for 60 s. The water-to-cement ratio (w/c) was constant at 0.50 for all the
mixtures. The proportions of the materials used for reference, GNPs- and rCFs-composites
are presented in Tables 3 and 4, respectively.
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Water with NBs 
GNPs 

GNPs/NBs water 

suspension 

OPC Type II 

Fresh GNPs-cement composite 

Specimens 

Figure 3. GNP–cement composite preparation.

Table 3. Mix proportions for reference and GNP-composites.

Mixture GNPs Type w/c Ratio Cement g GNPs wt.%

Ref - 0.5 470 -

N_0.05 N008-100-N 0.5 470 0.05

P10_0.05 N008-100-P10 0.5 470 0.05

P40_0.05 N008-100-P40 0.5 470 0.05

N_0.2 N008-100-N 0.5 470 0.2

P10_0.2 N008-100-P10 0.5 470 0.2

P40_0.2 N008-100-P40 0.5 470 0.2

Table 4. Mix proportions for reference and rCFs-composites.

Mixture w/c Ratio Cement g rCFs wt.%

Ref 0.5 470 -

rCFs_0.1 0.5 470 0.1

rCFs_0.5 0.5 470 0.5

rCFs_1.0 0.5 470 1

rCFs_1.5 0.5 470 1.5

rCFs_2.0 0.5 470 2.0

rCFs_2.5 0.5 470 2.5

The prepared GNPs- and rCFs–cement composites were cast in 30 mm × 60 mm
cylindrical steel molds and 20 mm × 20 mm × 80 mm prismatic plastic molds, to investigate
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the compressive and flexural strength, respectively. To measure the electrical resistance of
the composite specimens, right after molding, four stainless steel electrodes were embedded
into the specimens covering their entire cross-section (Figure 4a,b). The stainless steel mesh
used had openings of 1.74 mm × 1.74 mm, wire thickness of 0.8 mm, and dimensions of
20 mm × 50 mm (Figure 4c). After 48 h, the specimens were de-molded and placed in tap
water tanks with calcium hydroxide, where they were kept for 28 days.

(a) (b) (c) 

Figure 4. Specimens for the electrical resistance tests (a) inside the mold write after casting, (b) after
demolding, and (c) stainless steel mesh embedded inside the samples.

2.3. Experimental Measurements

The effect of GNPs and milled rCFs on the compressive strength pastes was evalu-
ated after 28 days of curing. Three specimens of each testing series were assessed. The
compressive strength was measured using the Instron 8801 testing machine (Instron, Nor-
wood, MA, USA) with maximum load capacity of 100 kN at a constant displacement rate
of 0.2 mm/min. Loading was applied monotonically until the failure of the specimen
(Figure 5).

Figure 5. Experimental apparatus for compressive stress test (close up shows a fractured sample).

The effect of GNPs and milled rCFs on the flexural strength of the cement paste was
evaluated after 28 days of curing. Flexural strength measurements were carried in a 4-point-
bending configuration (Figure 6) using an MTS Insight testing machine (MTS Systems
Corporation, Eden Prairie, MN, USA) with maximum load capacity of 10 kN applying a
constant displacement rate of 0.002 mm/min (Figure 4b). The average flexural strength
of three specimens was recorded and presented as representative flexural strength of the
cement composites.
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Figure 6. 4-point bending test experimental set up.

The electrical resistance was measured using the four-wire-method (Figure 7). Three
specimens of each testing series were tested. After 28 days of curing, the specimens were
placed in a laboratory drying oven where they remained for 72 h, at a temperature of
80 ◦C, to evaporate the water trapped in the pores. A 34450A Keysight Laboratory Digital
Bench Multimeter, Keysight Technologies, Santa Rosa, CA, USA )was used for the electrical
measurements. The internal electrodes were used to measure the voltage, while the external
electrodes were used to supply the current as shown in Figure 7.

 
Figure 7. Four-wire method set-up.

During the measurements, a rubber material was placed under the specimens to
insulate the specimen. The electrical resistance was recorded every 2 s over a period of
30 min to avoid potential deviations caused by the effects of electric polarization. Data from
the last five minutes of the measurements were used to calculate the average resistance
values. The resistivity, ρ, of the nanocomposites was calculated using Ohm’s law as

ρ = R
S
L

where R is the electrical resistance, S is the cross-section of the sample, and L is the distance
between internal electrodes.

3. Results and Discussion

3.1. GNPs Strenthening Mechanism

The average measured values of compressive and flexural strength of cement compos-
ites with different sizes and contents of GNPs are illustrated in Figure 8. The abbreviations
of N, P-10, and P-40 shown in the graph refer to the N008-100-N, N008-100-P10, and N008-
100-P40 GNPs types followed by their concentration 0.05 and 0.2% by weight of cement,
i.e., P10_0.05 is the N008-100-P10 GNPs-type at an amount of 0.05%.
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(a) (b) 

Figure 8. Average (a) compressive strength and (b) flexural strength of cement composites with
GNPs at 28 d.

The incorporation of GNPs into the cement paste is beneficial for its compressive
and flexural strength. The compressive strength of the plain cement paste was found to
be 9.5 MPa and raised to 30.8 MPa and 35 MPa for the P10_005 and P40_02 specimens,
corresponding to an increase of 224.8% and of 269.5%, respectively, which is more than
reported in the literature [19,21,48–50]. The GNPs-composites also demonstrated an im-
portant increase in the flexural strength compared to the plain cement specimens. The
highest flexural strength values varied between 6.14 MPa and 6.25 MPa, corresponding
to an increase of 164.6% and 169.4%, for the P10_005 and P40_02 specimens, respectively,
compared to the reference specimens (2.32 MPa).

This high improvement in the mechanical properties of GNPs–cement composites
can be attributed to the interaction between the GNPs and the paste. GNPs possibly
have developed good affinity/bond with the cement matrix, which can enhance the load-
transfer capacity by absorbing energy more efficiently and offer a better resistance to
crack spreading [17,22,51,52]. Upon load application, GNPs effectively transfer the stress
by enhancing the crack bridging mechanism and restraining the crack formation [50,53].
Cracks are blocked and diverted or branched (Figure 9) [19].

Figure 9. GNPs action under 4-point bending load.

According to the results, there were two reinforcing mechanisms that were developed
and associated with the GNPs size. When GNPs with a low average diameter of 5 and
10 μm are incorporated, a greater increase in the compressive strength of cement composites
is observed at low concentration (0.05 wt.%). This agrees with other studies claiming that
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GNPs demonstrate better performance at lower concentrations, since a more homogeneous
GNPs network can be developed at lower concentrations [49,53]. On the contrary, GNPs
type N008-100-P40 demonstrated the maximum compressive stress improvement at the
higher concentration (0.2 wt.%). The P-40 type demonstrates up to 10 times larger diameter
compared to the N and P-10 GNPs-types. This finding is supported by the fact that larger
sized nanomaterials are more easy to disperse [54,55]. Therefore, for the P-40 GNPs, the
development of a homogeneous network at a larger concentration is feasible.

3.2. rCFs Strenthening Mechanism

The average compressive and flexural strength values of cement composites reinforced
with milled rCFs and their deviation from the reference specimens are shown in Figure 10.

 
(a) (b) 

Figure 10. Average (a) compressive strength and (b) flexural strength of cement composites with
milled rCFs at 28 d.

The mechanical strength of cement paste filled with different dosages of rCFs was
significantly enhanced. This improvement seems to depend on the rCFs content. The
compressive strength of all the specimens was enhanced gradually, with the increase in
fiber content ranging from 0.1% to 2.5 wt.%. When the fiber content was 1% and 2.5% by
weight of cement, an increase of 143.7% and of 185.9% was recorded, respectively. Similarly,
Akbar et al. observed a 47% increase in compressive strength of cement composites by the
addition of 1% by volume of milled rCFs [35]. Moreover, Mastali and Dalvand reported
65.10% improvement on the compressive strength of concrete specimens filled with 1.25%
by volume rCFs [38].

The rCFs-composites showed considerable improvement in flexural strength compared
to the plain cement specimens. A maximum flexural stress of 7.2 MPa was recorded for
CF_2.0 mixture (210.3% higher than the reference mixture). This improvement is related to
the crack bridging action of CFs. According to the results, the flexural performance of the
specimens improves as the fiber content increases. This trend is in line with the findings of
Yoo et al. [56], Donnini [30], and Han et al. [57]. As the fiber concentration in the matrix
increases, the crack resistance mechanism and the fracture energy absorption improve.
However, after a certain concentration, the CFs agglomerate and the mechanical strength
of the composite reduces [57].

3.3. Electrical Resistivity of GNPs–Cement Composites

Typical curves of the electrical resistivity over testing time for the plain cement paste
for the three different GNPs-types in both concentrations are shown in Figure 11. High
electrical resistivity values (1.29 MOhm·cm) were recorded for the reference mixture. At
the beginning of the test, increased values of approximately 1,42 MOhm·cm were observed.
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This can be explained by the electrical polarization phenomenon. Electric polarization
occurs when a dielectric material is exposed to a DC electric field. Next, positive and
negative charges are pushed in opposite directions, resulting in separation of positive
and negative charges throughout the mass of the material. Consequently, the resistance
of the material, especially at the beginning of measurement, is constantly changing. The
resistance stabilizes after approximately 3 min; however, marginal scatter of about 5% may
be observed in the measurements.

(a) (b) 

 

 

  

−−

−
−

−

−

Figure 11. (a) Typical electrical resistivity over testing time curves of the GNPs–cement composites;
(b) Average electrical resistivity results of the GNPs–cement composites.
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It is evident that GNPs-composites, regardless of the GNPs’ type and amount, exhibit
lower resistivity values compared to the plain cement paste [24,49]. The values of the
resistivity were lower when the concentration of GNPs was 0.05 wt.%, which may be
related to the GNPs dispersion state, i.e., the more uniform the dispersion of GNPs, the
lower the electrical resistance in the cement matrix. The lowest ρ, 59% reduction compared
to the plain cement paste, was measured for the specimens with GNPs-type N008-100-P40.
Although the concentration of GNPs remained the same in all specimens, the results indicate
that N008-100-P40 created the most efficient conductive network within the cementitious
matrix. This is probably associated with its diameter, which was larger (44μm) than the
other two types of GNPs. Therefore, the distance between the GNPs is small enough to
form conductive paths in the matrix, favoring the passage of the current [17]. A significant
decrease in the resistivity of nanocomposites modified with low contents of GNPs has been
also reported [51,53].

When the concentration of GNPs increased to 0.2 wt.%, all the composite specimens
demonstrated similar reduction in the resistivity close to 35%. This finding can be attributed
to the inadequate dispersion of the nanomaterials. According to the literature [9,58,59], the
resistivity of a material depends on the quantity and sufficient dispersion of conductive
additives (Figure 12). Inadequate dispersion leads to GNPs-agglomeration, which increases
the electrical resistance of the composite.

Conductive path 

Sufficient dispersion 

Agglomerates 
Tortuous path 

Poor dispersion 

Figure 12. Electrical conductivity of GNPs–cement composites.

3.4. Electrical Resistivity of rCFs–Cement Composites

The typical electrical resistivity curves over testing time for the reference sample, and
for rCFs–cement composites, are shown in Figure 13. The rCFs-composites demonstrated
reduced resistivity compared to the reference specimens. The rate of resistance reduction
is affected by the concentration of rCFs within the matrix. The highest reduction rate of
48% was measured for the specimens with fiber concentration of 1 wt.%. When the fiber
content is low, the current flow is difficult, since there might be a large space among the
fibers. However, by increasing the concentration of the rCFs, the fibers approach each
other, and a stable conductive network is established in the matrix [57]. The value of
the resistivity decreases until the percentage of rCFs reaches 1 wt.%, indicating that the
percolation threshold, i.e., when the fibers form a continuous electrical network, has been
reached. More rCFs cause an increase in the value of the electrical resistance.
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Figure 13. (a) Typical electrical resistivity over testing time curves of the investigated rCFs–cement
composites; (b) Average electrical resistivity results of the GNPs–cement composites.

4. Conclusions

The mechanical and electrical behavior of cement paste reinforced with GNPs and
milled rCFs were experimentally examined in this research. The addition of GNPs and
rCFs into cement paste had a positive effect on the mechanical and electrical properties.

Among the three types of GNPs used in this study, the most effective proved to be the
N008-100-P40 with the larger lateral size. Specimens with 0.2 wt.%. GNPs concentration
increased both the compressive and the flexural strength of the cement composites by 269%
and 169%, respectively. Furthermore, N008-100-P40 at a content of 0.05 wt.%. created
the most effective conductive network within the cementitious matrix, attributed to their
larger diameter.

Increasing the content of milled rCFs enhanced the mechanical properties of cement
paste. The compressive and flexural strength of the rCFs-composites increased by 186%
and 210%, with the incorporation of fibers at contents of 2.5 wt.% and 2 wt.%, respectively.
The rate of reduction in electrical resistivity was affected by the concentration of rCFs in the
composite. Percolation threshold was reached at a fiber content close to 1 wt.% of cement,
as an increase of the fiber dosage was not able to further reduce the electrical resistivity of
the cement paste.
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Abstract: Graphene-copper nanolayered composites have received research interest as promising
packaging materials in developing next-generation electronic and optoelectronic devices. The weak
van der Waal (vdW) contact between graphene and metal matrix significantly reduces the mechanical
performance of such composites. The current study describes a new Cu-nanoporous graphene-Cu
based bonding method with a low bonding temperature and good dependability. The deposition of
copper atoms onto nanoporous graphene can help to generate nanoislands on the graphene surface,
facilitating atomic diffusion bonding to bulk copper bonding surfaces at low temperatures, according
to our extensive molecular dynamics (MD) simulations on the bonding process and pull-out verifi-
cation using the canonical ensemble (NVT). Furthermore, the interfacial mechanical characteristics
of graphene/Cu nanocomposites can be greatly improved by the resistance of nanostructure in
nanoporous graphene. These findings are useful in designing advanced metallic surface bonding
processes and graphene-based composites with tenable performance.

Keywords: surface bonding; nanoporous graphene

1. Introduction

Surface bonding is an essential step in three-dimensional electronic packaging, as it pro-
vides mechanical support, heat transfer, and electrical integration [1]. A low-temperature
bonding technology and reliable connection interface greatly influence electronic systems’
performance and service life, especially when packaging density dramatically increases
with device scaling [2,3]. Traditional surface bonding techniques in electronic assembly
rely on high-temperature processes such as reflow soldering [4,5] and thermo-compression
bonding [6], which can lead to undesirable thermal damage, toxic solder materials pollution,
and a thermal mismatch at the bonding interface. Recently various nanometal materials
such as metal nanowires, nanoparticles, and nanocones-based surface bonding are being
studied to lower the bonding temperature and pressure [7–10]. However, these bonding
technologies introducing low deformation resistance joints have been entangled in thermo-
mechanical stresses and aging degradation issues, limiting their reliability. Therefore, it
is necessary to develop high stretch and shear deformation resistance of interconnection
materials architecture and a low-temperature bonding process for a complex interface of
three-dimensional packaging structures.

Since its isolation as a two-dimensional (2D) system, graphene-copper nanolayered
composites have been widely acclaimed and proved to be the effective alternatives to pure
metal materials owing to their outstanding mechanical and heat transfer properties [11–15],
showing great promise for next-generation electronic and optoelectronic device packaging.
However, the reinforcing effect of graphene is limited by vdW non-bonded interfacial
interaction between graphene and Cu, resulting in a low load transfer rate from Cu matrix
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to graphene during mechanical deformation [16]. To pave the way toward practical appli-
cations, a variety of approaches have been developed, such as chemical functionalization
and metal coating [17,18]. The controllable and precise solution that uses graphene-metal
composites as bonding layers remains a major challenge, despite considerable progress.

Here, we report a simple new Cu-nanoporous graphene-Cu based bonding technology
that is of low bonding temperature and high reliability. We transfer nanoporous graphene
to the copper surface and form copper nanoparticles on nanopores by depositing copper
atoms before thermocompression bonding. Since the copper nanoparticles deposited
in the nanopores form a metal bond connection with the copper bonding surface, they
effectively enhance the interfacial connection and, consequently, lead to higher interfacial
shear strength between graphene and Cu surface. At the same time, the metal nanoparticles
contribute to solid-state diffusion and intermixing of surface atoms between the interfaces
at low temperatures. The present study aims to quantitatively investigate the above-
mentioned process. Comprehensive molecular dynamic simulations are carried out, and
the results reveal that the copper-nanoporous graphene-copper sandwich structure can be
bonded at low temperature by the thermocompression method, and the interfacial shear
strength of the interface can be significantly increased by nanoporous-nanometal particles
hybrid structure.

2. Computational Methods

For molecular dynamics simulation of Cu-nanoporous graphene-Cu bonding process
and the reinforcing effect evaluation, the setup of the simulations performed in the present
work is shown in Figure 1. Initially, the composite model is constructed by covering single-
layer graphene with nine nanopores onto the single crystal copper surface that contains
34,924 atoms with the size of 161.78 Å × 99.65 Å × 23.35 Å, as shown in Figure 1a. The
boundary condition for the simulation box is periodic in the x and y directions while
the nonperiodic boundary condition is applied along the z-direction. The equilibrium
structures are achieved using the canonical ensemble (NVT) [19] of the constant volume
and temperature for 20 ps with a time step of 0.5 fs.

Cu

Nanoporous graphene

v

Pressure

Cu atoms depositon

x
z y

(a) (b)

(d)

p

(c)

Figure 1. Atomic configurations. (a) Cu-nanoporous graphene composite model; (b) Cu atoms depo-
sition onto the nanoporous graphene surface; (c) Cu-nanoporous graphene-Cu thermocompression
bonding; (d) Pull-out simulation model.
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Next, the bottommost two layers are fixed. The other atoms above the fixed layers
are defined as temperature control layers that control the system temperature using the
canonical ensemble (NVT), and the time step is set to 0.5 fs. In the condition of copper
sputtering deposition simulation, the deposition rate of incident Cu atoms is 0.25 atoms/ps.
The coordinates of incident Cu atoms were distributed randomly within the defined
insertion volume, which is 50 nm above the graphene surface, as shown in Figure 1b.
In each simulation, after all Cu atoms are released, a relaxation process of 2500 ps is
conducted to enable the deposited atoms to reach full thermal equilibrium.

Then the bonding model is constructed by introducing a single crystal copper cell
of the same size as the previous composite model as shown in Figure 1c. The distance
between the two surfaces is set to nm. The uppermost two atomic layers are set as a fixed
layer to produce the pressure of the system, and five atomic layers connected to the fixed
layers are set up as temperature-controlled layers using the canonical ensemble (NVT).
The other free copper atoms and nanoporous graphene at the bonding interface use the
micro-canonical ensemble (NVE) of the constant volume and energy with a time step of
0.5 fs. During the first stage of simulation, no pressure is loaded on the fixed layer in 2 ns
to reduce internal stress and make the model be in a steady state at a certain temperature.
The pressure is loaded on the upper fix layer for 4 ns. At last, the pressure is unloaded and
the model holds for 5 ns.

Finally, the pull-out simulation is used to investigate the interfacial shear strength
of Cu nanocomposite. During the pull-out simulations, the upmost two layers and the
bottommost two layers of Cu atoms are fully fixed. The pull-out simulations using the
canonical ensemble (NVT) are performed by applying a constant velocity to the graphene
along the x-direction until it is completely pulled out from the bonding interface as shown
in Figure 1d. To ensure that the model is fully relaxed in each step and eliminate the effect
of velocity on the pull-out force, a relatively low velocity of 0.8 × 10−5 Å/fs is adopted to
245 atoms treated as a rigid body on the rightmost side of the graphene. A temperature
of 300 K is employed for all simulations, and a time step of 0.5 fs is adopted throughout
the whole simulation process. The boundary condition for the simulation box is periodic
in the y directions while the nonperiodic boundary condition is applied along the x and
z directions.

The embedded atomic method (EAM) [20] models successfully used in modeling
various bulk metals are used to describe the Cu-Cu interactions. For the vdW interac-
tions between the graphene surface and Cu atoms, the Lennard–Jones (LJ) pair poten-
tial involving nonbonded long-range interactions is used with parameters σ = 3.0825 Å,
ε = 0.02578 eV [21], and a cutoff radius = 4 σ. Our simulations are based on the massively
parallel LAMMPS code [22]. The visualization is based on OVITO [23].

3. Results and Discussion

First, the Cu atoms deposition onto the nanoporous graphene surface is investigated.
As shown in Figure 2a, in the initial state, the Cu atoms prefer to deposit in the nanoporous
graphene and form metallic connections with the attached copper surface until the porous
are fully filled. The reason for this is that Cu-Cu interactions are stronger than Cu-graphene.
More copper atoms are then deposited onto the copper structure in the nanopores and
gradually grow to form nanoislands. The growth pattern observed in this simulation
approximates the insular growth shown in Figure 2b. When the nanoislands reach a certain
size, they join with neighboring nanoislands to form larger ones as shown in Figure 2c,d.

Then thermocompression bonding simulations are performed to exploit the bonding
mechanisms of nanoporous graphene-based hybrid architecture. A constant temperature
of 300 K and pressure of 0.5 MPa are applied to the model. In the initial state, two
contact interfaces form between nanoislands and the bulk copper surface as shown in
Figure 3a. Compression deformation of the nanoislands increases until the bulk copper
surface and the graphene are joined together as shown in Figure 3b,c. In this process,
the nanoislands are gradually dispersed on the graphene surface and fill the interface
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while atomic diffusion occurs with the bulk copper surface. During this state, nanoislands
undergo a typical process from elastic deformation to plastic deformation, and the crystal
structure of nanoislands has been mostly destroyed. As a result, more and more active
copper atoms on the nanoislands surface make contact with the bonding surface to form
metallic bonding connections with time increasing.

(a) (b)

(d)(c)

(b)

Figure 2. Atomic configurations of Cu atoms deposition onto the graphene at various stages. (a) Fill-
ing of nanopores at the initial stage; (b) Insular growth to nanoislands; (c) Further growing of
nanoislands; (d) Joining with neighboring nanoislands.

(a)

(b)

(c)

Figure 3. Cross-section configurations of Cu-nanoporous graphene-Cu during the bonding process at
various stages. (a) Contacting of bonding surface; (b) Compression deformation of the nanoislands;
(c) Final bonding structure.
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Pull-out simulations of the nanoporous graphene from the metal matrix are used to
investigate the reinforcing mechanisms of Cu-nanoporous graphene-Cu nanocomposites.
Along the x-axis, a constant velocity is delivered to the graphene. Figure 4 shows the
pull-out force for graphene/Cu composites with and without nanoporous surfaces in terms
of sliding distance. The atomic configurations during the nanoporous pull-out process are
depicted in the insets of Figure 4. The pull-out force without nanoporous grows fast until
the sliding distance reaches roughly 8 Å as illustrated in Figure 4. After this, it swings at
around 13 nN for the next 140 Å. The pull-out force then steadily declines until graphene
is totally pulled out in about the last 10 Å of sliding distance. In this condition, the van
der Waals interaction between the graphene surface and the copper atoms at the interface
dominates the pull-out force. The pull-out force with nanoporous, on the other hand, rises
quickly to about 60 nN at the start of the pull-out process, nearly six times higher than
without nanoporous. Copper atoms in nanopores and their van der Waals contact with the
graphene surface are credited with resisting the pull-out motion of nanoporous graphene.
In particular, the graphene pull-out process requires breaking through the resistance of
the nanostructures in the pores, which greatly increases the pull-out force. Therefore,
much larger pull-out force is generated in graphene. As a result, a larger pull-out force is
needed for the nanoporous graphene, giving rise to better interfacial properties than that of
pure graphene.
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Figure 4. The pull-out force changes as a function of the sliding distance for the graphene/Cu
composite with and without nanoporous.

When the sliding distance is larger than 4 Å, the force decreases to about 18 nN when
the first column of nanoporous is fully pulled out. Figure 5 presents the displacement of
copper atoms at the interface of graphene/Cu nanocomposites for this process. As the
sliding distance increases, the atoms in the nanoporous are largely deformed until they
move along with the graphene. The fluctuation of the pull-out force corresponds to the
deformation-movement process of copper structures in nanoporous. Consequently, van der
Waals interactions play an increasingly important role, and the copper atoms in nanopores
are becoming less resistant to graphene. Next, as the sliding distance increases, there are
two processes of increasing and decreasing pull-out force until it becomes 0. It is noted that

21



Nanomaterials 2022, 12, 2483

these two processes occur after the first and second columns of nanoporous are pulled out,
respectively, as shown in Figure 3. Since the graphene is regarded as a flexible body during
the pull-out process, during the constant velocity pull-out process, the outer porous are
subjected to more deformation, which makes the unpulled part move relatively slowly, so
the atoms in the nanoporous move more slowly, and the deformation effect of the structure
makes it have more resistance. Therefore, the pull-out force appears to increase.

4Å

16Å

0 17Å

60Å

Figure 5. The displacement of copper atoms at the interface of graphene/Cu nanocomposites with
various sliding distances.

As mentioned above, the deformation resistance of the nanostructures obtained by
depositing copper atoms in nanoporous is the key to enhancing the interfacial mechanical
properties of composites. For this purpose, the effect of the number of deposited copper
atoms on the pull-out force is investigated in the present work. Figure 6 shows the max-
imum pull-out force change as a function of the number of deposited copper atoms. A
larger maximum pull-out force can be observed as-deposited atoms onto the graphene
increase. The reason for this is that more deposited atoms help fill the nanopores and
form nanoislands to form diffusion bonds with the bulk copper bonding surface. The
nanostructures in nanoporous can increase the deformation resistance effect, consequently
leading to improved interfacial mechanical properties. However, when the deposited atoms
exceed 1200, the maximum pull-out force decreases instead, mainly because the oversized
nanoisland structure is not sufficiently deformed in the bonding, which makes the bonding
surface not fully in contact with the graphene surface and reduces the van der Waals force
interaction between copper and graphene surface.
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Figure 6. The maximum pull-out force changes as a function of the number of deposited copper
atoms for the graphene/Cu composite.

The influence of nanoporous diameters on the reinforcing effect of graphene/Cu
nanocomposites is also further studied. We have considered three different nanoporous
diameters: small (3.45 Å), medium (8.07 Å), and large (11.93 Å). The number of deposited
atoms is 500. As shown in Figure 7, the larger the nanoporous, the greater the maximum
pull-out force. The reason is that larger nanoporous helps to form bigger and stronger
nanostructures in the nanoporous, which are not deformable and require greater pull-
out forces to destroy the nanostructures. However, larger holes make the effective area
of graphene reduced, which may affect the ability of graphene to perform thermal and
electrical transport functions.
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Figure 7. The maximum pull-out force changes vs. nanoporous diameters.

4. Conclusions

In this study, we report a novel Cu-nanoporous graphene-Cu based bonding tech-
nology that is of low bonding temperature and high reliability. The process of depositing
copper atoms and thermocompression bonding has been numerically investigated by em-
ploying MD simulations. Numerical results show that deposition of copper atoms onto
nanoporous graphene can help to generate nanoislands on the graphene surface, facilitating
atomic diffusion bonding to bulk copper bonding surfaces at low temperatures. Moreover,
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the resistance of nanostructure in the nanoporous can dramatically improve the interfacial
mechanical properties of graphene/Cu nanocomposites. It is worth mentioning that an
increase in the number of deposited atoms enhances the maximum pull-out force, but too
many atoms deposited will reduce the interfacial strength. While larger nanoporous helps
to form bigger and stronger nanostructures in the nanoporous, which are not deformable
and require greater pull-out forces to destroy the nanostructures. Decidedly, the research
findings of this study provide a feasible and facile route for low-temperature metal surface
bonding with a high-performance metal nanocomposites interface layer reinforced by
nanoporous graphene.
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Abstract: This review describes methods and results of studying the mechanical properties of wood
at all scales: from nano- to macro-scale. The connection between the mechanical properties of
material and its structure at all these levels is explored. It is shown that the existing size effects in
the mechanical properties of wood, in a range of the characteristic sizes of the structure of about
six orders of magnitude, correspond to the empirical Hall-Petch relation. This “law” was revealed
more than 60 years ago in metals and alloys and later in other materials. The nature, as well as the
particular type of the size dependences in different classes of materials can vary, but the general
trend, “the smaller the stronger”, remains true both for wood and for other cellulose-containing
materials. The possible mechanisms of the size effects in wood are being discussed. The correlations
between the mechanical and thermophysical properties of wood are described. Several examples are
used to demonstrate the possibility to forecast the macromechanical properties of wood by means of
contactless thermographic express methods based on measuring temperature diffusivity. The research
technique for dendrochronological and dendroclimatological studies by means of the analysis of
microhardness and Young’s modulus radial dependences in annual growth rings is described.

Keywords: wood; nano-, micro-, meso-, and macro-structure; multiscale mechanical properties; size
effects; Hall-Petch law; dendrochronology

1. Introduction

Interest in wood and other cellulose-containing materials, composites in particular,
had considerably increased by the beginning of the 21st century. The studies of wood nano-
and micro-structures have especially intensified in the last decade (Figure 1) [1–5]. Several
reasons can be named. Mineral resources (especially various metallic and nonmetallic
materials, coal, oil, and natural gas) are being extracted at continually rising rates, and open-
cycle processing technologies create ever-growing volumes of industrial and household
waste. This poses a threat to the biosphere because of the environmental pollution and
increased carbon dioxide concentration in the atmosphere, while only a fraction of the
manufactured materials are recycled and reused. The situation is aggravated by a sharp
increase in polymer material manufacturing for packaging, which are seldom recycled and
mostly non-biodegradable. The surging pressure on the environment requires more and
more efforts for its neutralization.

In this regard, a wider use of biogenic materials as well as substituting them for
traditional ones seems a promising step. Such cellulose-containing substances as modified
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wood and various agricultural vegetable wastes, and especially the nano- and micro-
cellulose they contain, offer the best potential for numerous applications.

Cellulose is the most common natural linear polymer polysaccharide (C6H10O5)n in
the biosphere. The materials formed on its basis provide vast advantages:

1. Unlike the majority of extracted mineral resources, cellulose-containing materials have
sustainable and renewable sources, namely forests, field crops, and aqua cultures [1,3–7];

2. These materials are multifunctional; they can be used in construction and industrial
manufacturing [5,8], for producing cardboard, paper, packaging [9–12], and textile
goods [13,14], in electronics [15], photonics [16], and energetics [17,18], in environmen-
tal remediation and wastewater treatment [5,19–22], medicine [23–27], military [28]
and household applications, and in many other spheres [1,3–5,29];

3. Wood, cellulose-containing plant materials, and bio-composites are gaining more and
more popularity each year. Among their most attractive features we should name
their environmental friendliness, biodegradability, after-service “self-destruction” that
leaves no toxic products [1–5], and their ability to be modified [30];

4. These materials are perfect for creating a closed carbon cycle, which does not in-
crease the carbon dioxide content in the atmosphere [1–3,6], and it is a well known
fact that this gas contributes to the greenhouse effect and to the average annual
temperature growth;

5. Nano- and microstructural components in the wood structure (nanocrystals, nanofib-
rils, cellulose microfibers) possess mechanical properties (tensile strength σb, Young’s
modulus E, etc.) comparable with, and even exceeding the same properties of such
high strength construction materials as steels, titanium, and aluminum-based al-
loys. Additionally, if we take into consideration their lower density ρ (~1.5 g/cm3 in
nanocellulose vs. ~8 g/cm3 in steels, ~4.5 g/cm3 in titanium-based, and ~2.8 g/cm3 in
aluminum-based alloys), then we discover that the specific values of strength σb/ρ and
stiffness E/ρ of nano-/microcellulose can exceed manifold those of steels and alloys;

6. Finally, they are manufacturable, non-toxic, and comparatively inexpensive.

Figure 1. Growth dynamics of the number of research papers on the structure, properties, and
applications of the materials comprising natural nano- and micro-fibers. Data obtained from Scopus
using the following search parameters “TITLE-ABS-KEY” with keywords «Nanocellulose or micro-
cellulose» on 28 February 2022.

Certainly, wood and other cellulose-containing materials have several disadvantages.
They require special treatment, as they are flammable and hygroscopic. High humidity
makes them lose some of their strength properties, while low humidity causes deformation.
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They succumb to rot and unwanted biodegradation. Besides, in their original, state the
mechanical properties in every sort of wood strongly depend on the conditions of its
growth, usage, and testing humidity, the structure of cell walls and annual growth rings,
proportion of young and mature wood, stress condition, size of the sample or stressed
area, and also the direction, rate, and duration of load application. The aforementioned
considerations have obstructed identifying the universal patterns that form the mechanical
properties of different species of wood. Nevertheless, some generalizations can be derived
from the literature and from accumulated experience, as outlined below.

In the present review, we explore the methods and results of a multiscale study of the
mechanical properties of various wood species, in connection with peculiarities of their
nano-, micro-, and meso-scale structural levels of material organization. The analysis of
literature data shows that, in a huge range of characteristic sizes of the structural units
(about six orders of magnitude), mechanical properties of wood generally follow the Hall-
Petch relation, which is well known in material science. The possibilities for non-destructive
assessment of the mechanical properties of wood by means of contactless measurement of
the temperature diffusivity tensor components are discussed, as well as using the scanning
nanoindentation method for evaluating woods’ micromechanical characteristics, in order to
obtain dendrochronological and dendroclimatological data. The main scopes of the review
are presented in Figure 2.

 

Figure 2. The main scopes of the review.

2. The Hierarchical Structure of Wood

From the point of view of material science, wood is a hierarchically organized natural
composite with a complicated structure and a clear heterogeneity and anisotropy of all
its properties, as well as an ability to regenerate [5,31–35]. In the wood architecture, one
can distinguish, though only tenuously, several size and hierarchical levels (Figure 3),
namely atomic–molecular, nano- (nanocrystals, nanofibrils), micro- (microfibers, cell walls),
meso- (cells, large vessels, radial rays), and macro-level (annual growth rings, macroscopic
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structural defects, cracks, etc.) [31–33,35]. They all contribute to forming the complex of
physical, chemical, and mechanical properties [31,36]. A large range of the characteristic
size of the structural components of wood (about six to eight orders of magnitude) and a
wide scope of tasks and questions emerging from the study of this material all require a
varied arsenal of research techniques and means to implement them. They will be briefly
analyzed in the following section.

Figure 3. Scale hierarchy in wood structure and its main components. R* is the characteristic size.

Identification of patterns in the formation of the macro-properties of wood, as derived
from its nano-, micro, meso-, and macrostructure, is the most important task in wood
science. There are many reasons for the interest in the relations between macromechanical
properties of wood and its nano- and microstructures, as well as physical characteristics,
thermal characteristics in particular. Let us enumerate the most important ones. Firstly, the
relevant patterns help to elucidate the nature and mechanisms of formation of the parame-
ters most significant for practical applications of wood in the macroscale, i.e., its mechanical
and thermal properties. Secondly, nanomechanical strength properties, being much higher
than those at the micro- and macro-scale, indicate the potential for strengthening, which
may approach the ultimate tensile strength of nanocrystalline cellulose (~10 GPa). Thirdly,
the increased use of composite and nanocomposite materials in different spheres of engi-
neering, construction, biochemical technologies, and medicine paves the way to replacing
traditional metals and alloys with more lightweight and ecologically friendly composites.
For example, the bodies of the most recent Boeing and Airbus airplane models consist,
by weight, of more than 50% of fiber-reinforced composites. Their popularity in the auto
industry, shipbuilding, sports equipment manufacturing, etc. is growing fast. However,
glass and basalt fibers used for composite reinforcement, not to mention carbon micro- and
nano-fibers, have some adverse properties from the ecological point of view; they are quite
expensive and still unable to conquer the wide market for consumer goods. Cellulose fiber
is by about an order of magnitude less expensive than fibrous glass while having almost
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the same mechanical characteristics. Therefore, it is important to understand the nature
of strength and damage mechanisms in microcellulose fibers, and to find approaches to
improve their strength, thus enhancing the properties of textiles, non-woven materials,
and the composites they are used to reinforce. When correlations are revealed between
the mechanical characteristics and other physical properties, for example thermal prop-
erties, this information will be of great use for developing non-destructive contactless
thermophysical methods for evaluating mechanical characteristics, instead of applying
labor-intensive destructive techniques. Fourthly and finally, many tree species have a
lifespan of several hundred or even thousands of years, with sequoia as an example. In
their nano-, micro-, meso-, and macro-structure they accumulate a vast amount of informa-
tion about the climatic conditions during their growth and about ecological catastrophes
they have witnessed. The variations in composition and structure are inevitably reflected
in the local physico-mechanical properties of wood. This natural archive can serve as a
valuable source of information for climatology and for dating various events in earth’s
history (dendrochronology).

3. Methods of Studying the Structural and Mechanical Properties of Wood at Various
Levels of Scale

The aim of the classic wood science is to discover and describe the dependence of
woods’ macromechanical, physico-chemical, and service properties on its inner structural
characteristics, humidity, and external thermodynamic factors [6,37,38]. Wood type clas-
sification and its grading, according to mechanical properties, is an important pragmatic
task [39]. Since the end of the last century, more and more attention is being paid to the fine
structure of wood at the nanoscale. This interest was brought forward, on the one hand, by
the growth in nanotechnology and nanometrology, and on the other hand by realization of
what untapped resources are hidden at the nanoscale.

In the recent 15–20 years, numerous modern methods and means traditionally used in
solid state physics and material science are being applied for studying the micro-structure
and physico-chemical properties of wood [2,6,33,35,40].

Micro-structure is studied by means of transmission and scanning electron microscopy,
scanning probes (mostly atomic force), confocal laser, and optical microscopy in various
modes. Numerous X-ray methods are used to determine the composition and the pa-
rameters of atomic- and micro-structures. The character and degree of order of cellulose
molecules in nano-fibers, the angle between the micro-fibers and the long axis of the cell, are
determined by X-ray diffractometry and microtomography, as well as small-angle (SAXS)
and wide-angle (WAXS) X-ray scattering. Elemental and molecular composition is revealed
by spectroscopic methods, such as X-ray fluorescence, various types of spectroscopy such
as infrared (IR), Fourier transform IR (FTIR), Raman, Brillouin, nuclear magnetic resonance
(NMR), and other analytical methods. Together, they cover a huge spatiotemporal range
of structures and events in them, namely more than twelve orders of magnitude in time
and about eight orders of magnitude in length (Figure 4) [32]. The comparative analysis of
the most widely employed physical methods for studying the molecular, sub-cellular, and
cellular structures of wood can be found in most recent reviews [32–34,41].

To study mechanical properties at the nano- and micro-scale, a number of nano-/micro-
mechanical testing (SSMT—small scale mechanical testing) methods [42–45] are employed.
Atomic force microscopy (AFM) [46–49] and nano-indentometry (NI) [50–59] can be named
as the most widely used ones.

They have similar structure flowcharts (see Figure 5) and capabilities [45,50,52]. In
both cases, a high precision driver brings a probe, with the radius of its curve being from
a few (in AFM) to a few tens (in NI) of nanometers, close to the studied surface and the
probe starts interacting with it. The force P and penetration depth h of the probe are
measured continuously, and their alteration kinetics are registered throughout the testing
cycle (Figure 6a). Most commonly a P–h diagram (similar to a σ–ε diagram created during
macro-testing) is built using the obtained data (Figure 6b), and standardized algorithms are
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applied to calculate about ten various mechanical characteristics, such as Young’s modulus,
contact stiffness, hardness, fracture toughness, creep rate, etc., at the nano-/micro-scale.
In NI, a three-sided diamond Berkovich tip is used, as it is better calibrated from the
point of view of the real tip geometry than the one used in AFM, thus providing more
accurate and reliable quantitative data. Among the variety of proposed techniques for
mechanical characteristics extraction from raw data, the method proposed and developed
by Oliver and Pharr [60–62] has become the most widely used and has been incorporated
into ISO standard [63], so that this method has been used for processing all NI experiments
described in this review.

SSMT methods were used to examine the mechanical properties of individual cellulose
nanofibrils and microfibers [64–68], cell walls [32,69–75], layers of early and late wood in
annual growth rings [74], and to obtain plenty of other interesting data. However, there
are very few papers that compare and analyze several scale levels at once [76–79]. Thus,
connection between the properties of individual nano- and micro-structural elements of
wood and their influence upon macro-mechanical characteristics cannot yet be traced.

The analysis of the structure and role of annual growth rings in shaping wood macro-
properties requires, at the very least, one-dimensional, or better yet, two-dimensional
scanning of certain physical characteristics. Three-dimensional imaging can be applied as
well. Dating archaeological finds, works of art, climate changes and events, and ecological
catastrophes based on the changes in growth ring structure and width is a separate issue.
These approaches are known as dendrochronology, dendroecology, and dendroclimatology,
respectively. The width of rings, proportion of early wood (EW) to late wood (LW), and
changes in their morphology reflect the specific growing conditions each long-lived plant
witnessed during each vegetation season.

Figure 4. Schematic of the spatiotemporal ranges of the most popular physical methods for studying
wood structures. Adapted with permission from Ref. [32]. Copyright 2021, Wiley-VCH.
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Figure 5. Schematic diagrams of (a) the nano-indentometer and (b) the atomic-force microscope.

While microstructure and physico-chemical properties of wood are studied with
elaborate modern equipment, examination and analysis of annual growth rings for den-
drochronological and dendroclimatological applications is carried out using simple optical
methods, where primary information is derived from the difference in reflectivity between
EW and LW. Quite often, the same approach is employed while assessing wood strength
and other service properties. A detailed description of dendrochronological methods
developed by the beginning of this century is given in [80]. These methods reveal only
geometrical and morphological characteristics of the studied object (annual growth rings
width, proportion of EW and LW in them, variations from ring to ring, etc.) and allow for
comparison between the data obtained by different methods.

Numerous attempts have been made to improve traditional dendrochronological
methods, mostly by modifications introduced to the sample preparation techniques, stain-
ing, use of blue light instead of white, application of computer vision technologies, and
mathematical data processing (see e.g., [81–88]). However, despite this, the capabilities of
the approach based on the analysis of transversal section images and photodensitometry
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remain severely limited, as the reflective optical properties of wood are variable and their
connection with other wood characteristics, such as mechanical and thermal, are either
ambiguous or very weak.

Figure 6. Two methods of representing the data obtained by means of normal nanoindentation: (a) as
kinetic curves P(t) and h(t); (b) as a P−h-diagram (P—force, h—indenter displacement). Adapted with
permission from Ref. [45]. Copyright 2021, Springer Nature. The circled letters (from A to E) mark the
characteristic points on the loading curves and the indenter position relative to the sample surface.
Inset F shows the vector diagram depicting correlation in the complex plane between the vectors of
oscillating force and the resulting indenter displacement in the CSM method. Five loading regimes
are marked from 1 to 5. The indices at P and h mean as follows: up—increase; cr—creep; down—drop;
e—elasticity; v−e—viscoelasticity; max—maximum value; We—elastic energy; Wpl—energy absorbed
and dissipated by the sample in a single load–unload cycle.

In order to expand the capabilities of the analysis of mechanical properties in their
connection with the architecture of wood ring structures, the following methods have
been used: two-dimensional mapping of properties on cross-sections of tree trunks by
AFM methods [89–92] and NI [93] scanning, 3D X-ray [94,95] and NMR tomography [96],
and synchrotron-based X-ray microscopy [97]. However, these methods are complicated,
labor-intensive and require expensive or unique equipment; therefore, they are used only
sporadically. The method of X-ray densitometry [98] presents fewer difficulties, but it
requires access from both sides to a perfectly flat sample cut exactly perpendicular to the
long axis of wood cells.

It should be noted that the mechanical properties of wood and cellulose-containing
materials show a significant dependence on the rate of monotonous loading, oscillating
load frequency, and duration of load application. They can vary between samples and
change over time in a significantly greater range than in similarly structured technogenic
composites (e.g., in glass and carbon fiber-reinforced plastics) [2,5,40,41]. Such variabil-
ity of properties makes identification of common regularities in their formation even
more challenging.

To sum up, we should mention that, thus far, the overall links between the properties of all
the scales and hierarchical levels—from cellulose nanocrystals (CN) to macro-samples—require
additional study. However, there is a considerable volume of information on every individ-
ual level. The following sections present the examples of the most representative data from
the lowest to the highest scale levels of the structure.

4. Nanocellulose and Elementary Nanofibrils

Cellulose is the most common natural polymer and the major structural component
that provides strength to wood and stems of grass, reed, bamboo, etc. [5,40]. Cellulose is a
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macro-molecular polysaccharide (C6H10O5)n, consisting of linear chains of several tens to
many hundred n of β-(1→4) linked glucose molecules (Figure 2). In its origin, cellulose can
belong to three types: plant, regenerated, and bacterial [5]. The current state of affairs in
extraction and functionalization of cellulose nanofibers is described in Handbook [5] and
in the most recent reviews [99–102].

Cellulose molecules easily form nanocrystals with a lateral size of 3–10 nm and being
100–300 nm long. These nanocrystals form nanofibrils 5–20 nm in diameter and up to many
hundreds of nanometers long. Inside, nanofibril cellulose is present in an amorphous–
crystalline state as a series of alternating domains. The amorphous phase, to some extent,
reduces the strength of the nanofibril, but makes it more supple and elastic. The most typical
structural characteristics of nanocellulose-based formations are presented in Table 1 [67].

Table 1. Structural characteristics of cellulose nanocrystals and individual nanofibrils (CNC and CNF,
respectively) [67]. Copyright 2017, Wiley books.

Characteristics CNCs CNFs

Length of nanoparticles (nm) 100–500 ≥103

Lateral size of nanoparticles (nm) 5–30 10–40
Aspect ratio of nanoparticles 10–50 60–100

Length of crystallites (nm) 70–200 60–150
Lateral size of crystallites (nm) 5–10 3–7

Crystallinity (%) 72–80 50–65
Amorphicity (%) 20–28 35–50

Specific gravity (g cm−3) 1.57–1.59 1.54–1.56
Specific volume (cm3 g−1) 0.63–0.64 0.64–0.65

Porosity (cm3 g−1) 0.01–0.05 0.1–0.2

Mechanical properties of nanocrystalline cellulose have been characterized by various
methods, including calculations of bond strength inside macro-molecules and between
them, computer generated simulations, processing data from IR and Raman spectroscopy,
AFM, WAXS, and others [5,40,65,68]. A brief overview of the mechanical characteristics
of nanocellulose is given in Table 2 [67]. The variability of data is explained by specific
characteristics of the calculation schemes, models, raw data processing algorithms, and
also by the difficulty of carrying out direct measurements at the nanoscale. The differences
in age, structure, and origin of wood affect the experimental results as well. Besides, the
mechanical properties of nanocellulose samples depend on their size significantly. For
instance, transversal Young modulus reduction by a factor of 1.6 has been reported in [78]
for increasing NC diameter from 2.5 nm to 6.5 nm.

Table 2. Mechanical characteristics of cellulose nanocrystals and individual nanofibrils (CNC and
CNF, respectively) [67]. Copyright 2017, Wiley books.

Characteristics CNCs CNFs

Modulus axial (GPa) 140–160 30–40
Modulus transversal (GPa) 15–30 10–15
Tensile strength axial (GPa) 8–10 0.8–1

Tensile strength transversal (GPa) About 1 About 0.1

5. Cellulose Microfibers

The typical hierarchy of wood structure at higher levels continues with nano- and
micro-fibers. They are formed by elementary nanofibrils, mainly due to hydrogen bonds.
Nanofibrils form strands surrounded by a matrix composed of lignin (an aromatic polymer
polyphenol), hemicellulose (low molecular weight branched polysaccharide), pectin (gel-
forming polysaccharide), and water [5,40,68]. Cellulose content in the fibers can vary in a
wide range. For example, it is 40–60% in the wood fibers of various species and can exceed
96% in cotton fibers [5,23,24,31,68].
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Nano- and micro-structures of cellulose materials and their properties strongly depend
upon the specifics of interaction between nanocrystals in elementary fibrils and the ordering
and binding of the latter in nano- and micro-fibers [103–107]. Mechanical, strength in
particular, properties of cellulose nano- and micro-structures are structure sensitive, just as
those of most other other organic and non-organic materials. In turn, their morphology and
inner structure depend upon plant species, their growth conditions, and cellulose extraction
technology. The dominant role in determining fiber properties belongs to the cellulose
content in nanofiber, the degree of its crystallinity, and specifics of nanofiber binding at the
material. The angle between the nanofibril axis and nanofiber or cell axis has significant
impact too. A comprehensive review [104] contains various data concerning morphology,
microstructure, and mechanical properties of micro-fibers of various origin (Figure 7) and
examples of their application for polymer composite reinforcement.

Figure 7. Dependence of cellulose fiber tensile strength upon Young modulus for various plant
materials. Adapted with permission from Ref. [104]. Copyright 2018, Elsevier.

The strongest of the studied micro-cellulose fibrils have demonstrated Young modulus
E = 75–85 GPa and tensile strength σb = 1.6–1.7 GPa, so that the ratio E/σb ≈ 50. One of
the possible techniques allowing researchers to reach such high mechanical properties is
described in [66]. The authors have used the efficient technique of double hydrodynamic
ordering of nanocrystals and nanofibrils to produce the fibers with diameter 6–8 μm. Their
tensile strength reached 1.1 GPa. Nanofibril cross-linking has increased the fibers’ strength
up to σb = 1.57 GPa.

As follows from fundamental considerations, the theoretical strength of any defect-
free material can reach 0.1 E, while the strongest micro-cellulose fibers mentioned above
have values around 0.015–0.020 E. Hence, even the strongest studied micro-fibers have the
potential of increasing their strength by 3–5 times.

It should be mentioned that the data concerning cellulose micro-fibers mechanical
properties differ significantly depending on the measurement technique (see Table 3) [104].
Results obtained using AFM and NI are in agreement with each other regarding the
measurement accuracy, despite using different probes and measurement techniques, so
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that they are just as reliable as the ones obtained using the undebatable method of uniaxial
tension. Usually, its tensile strength is two to three times higher than compression strength
or hardness [5,40,104,106,107], unlike void-free materials, where the reversed value is quite
typical. For example, the Tabor ratio for metals is well known, where hardness is three times
higher than the yield stress. We suppose that this difference is due to specific nanofibril
behavior when subjected to tensile and compressive stress or in hardness measurements.
In the first case, the molecular chains are strained and partially oriented along the fiber
axis, which increases their strength. Indentation, on the other hand, used both in NI and
AFM, promotes the arising of compression stress that causes micro-fibril bending, and
micro-fibril buckling failure, which occurs earlier than their failure in uniaxial tension.

Table 3. Microfibers Young moduli E obtained using different methods for three materials [104].

Sample
Elementary Fibre

Tensile Modulus (GPa)
Nanoindentation
Modulus (GPa)

AFM Mapping
Modulus (GPa)

Eden flax 68.9 ± 24.6 20.4 ± 1.1 21.3 ± 2.2
Bamboo 43.6 ± 0.6 21.3 ± 1.7 21.3 ± 2.9

Tension wood 18–40 14–20 11

For many applications such as aviation, space aeronautics, the automotive industry,
sport equipment etc., the most important mechanical characteristics are not absolute but
specific ones, i.e., normalized on material density ρ. Figure 8 shows the absolute σb, specific
strength σb/ρ, and Young modulus E for highly oriented cellulose nano- and micro-fibers
when compared to those for macroscopic wood and other materials. As it can be seen, the
specific strength of defect-free nanocellulose can be manifold higher than that of aluminum
or titanium alloys or constructional steels. However, nano- and micro-cellulose materials
are inferior to metals at thermal and crack resistance, failure deformation, and other related
energy characteristics. Only some polymers such as kevlar and carbon microfibers can
contest nanocellulose at specific strengths. Single-wall carbon nanotubes and graphene are
manifold superior at specific strength to any other known material.

Figure 8. Mechanical properties of nanocellulose (NC) and cellulose microfibers (MC) in comparison
to common and perspective constructional materials. Crosshatched areas denote absolute values of
tensile strength σb, while non-crosshatched ones are the strength normalized over material density ρ.
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Lastly, let us mention one more advantage of natural cellulose fibers produced from
the wood. It is several times cheaper than the flax fibers and an order of magnitude
cheaper than ecologically unsafe glass fibers widely used in composite reinforcement
applications [104]. Highly ordered cellulose microfibers have nearly the same strength as
glass fibers already and have a good prospects of further strength increases.

6. Cells and Cell Walls

While a tree grows, cellulose microfibers integrating with other components such as
lignin, hemicellulose, pectin, water, etc., form walls of cells that are highly elongated in the
direction of tree trunk axis. Several layers are discerned within cell wall including primary
wall and multilayered secondary walls that usually consists of three layers, named S1, S2,
and S3, which differ in the angle μ between cellulose microfibers and cell long axis. The
secondary wall provides the main contribution to cell stiffness and mechanical strength.
Cell size diminishes, cell wall width increases, and the cross-section of internal capillary
reduces while going from early wood (EW) that is a part of the annual ring formed at the
first stage of vegetation, to late wood (LW), formed at the second stage.

To study mechanical properties of wood cells, various SSMT methods are used [45],
and the most widespread ones are AFM [89,92] and NI [70,71,74,75,93]. Let us present
some typical examples of NI application with load Pmax = 0.1–1 mN to this problem.
The authors of [74] studied radial dependence of cell wall longitude Young modulus ENI
and nanohardness HNI in two annual rings of common pine (Pinus sylvestris L.) wood,
corresponding to the ages of 7 and 74 years. As could be seen at Figure 9a, in going from
EW to LW, ENI increases by nearly 50%, while HNI (Figure 9b) increases by just 5–7%.

Figure 9. Dependencies of cell wall longitude Young modulus ENI (a) and nanohardness HNI (b)
upon cell sequential number in the annual growth ring for two rings with ages of 7 and 74 years.
Adapted with permission from Ref. [74]. Copyright 2020, PAN.

A number of other papers report similar data supporting that cell wall nanohardness
varies not too much at different layers, rings, or even tree species. For instance, the
following results are reported: HNI = 0.35–0.42 GPa for Pinus massoniana Lamb. In [107],
HNI = 0.41–0.53 GPa for Masson pine, coinciding within the measurement accuracy for
EW and LW in [108] and HNI = 0.34–0.54 GPa for Pinus taeda, not discerning EW and LW,
in [109]. Similar results are reported for HNI in cell walls junction through the middle
lamella for Norway spruce. Nanohardness in the cell corner middle lamella was estimated
to be 0.34 ± 0.16 GPa [110].

The NI technique allows more detailed measuring cell wall elastic properties and
determining the main components of elasticity tensor. So, the measured value of Young
modulus of secondary wall S2 has been reported to be 26.3 GPa in the longitudinal direction
and 4.5 GPa in the lateral one [111].
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The most informative experiments are carried out in situ in an electron microscope
column using a sharp indenter or flat piston [112]. Simultaneous recording of loading
diagrams and obtaining visual information concerning the nano-/micro-structure evolution
allow the studying of the micro-mechanisms of deformation and failure [113].

There are a number of papers studying the mechanical properties of micro-pillars cut
from cell walls by focused ion beams (FIB). The pillars were subjected to uniaxial compres-
sion in a scanning electron microscope column (SEM) [114,115]. It allows simultaneous
recording of σ-ε diagram and specific features of micro-pillar deformation.

Such works are not numerous due to high labor content and rather complex and
expensive equipment required for sample preparation. However, they provide direct
confirmation of quantitative information obtained using NI, allow for obtaining unique
information concerning various deformation modes, buckling, and failure mechanisms
of cell walls, and verification of various behavior models of wood hierarchic structures
under load.

7. Annual Growth Rings

As follows from the data presented in the section above, cell wall Young modulus ENI
does not vary significantly with the indent location, be it late or early wood layer, secondary
wall, or cell conjugation region with middle lamella. The ring age, weather conditions
during its formation, or particular tree species does not change it more than by a factor of
1.5–2. Nanohardness HNI dependence upon these factors is even weaker. Nevertheless,
macromechanical properties woods of differing origin can differ manifold reaching up to
an order of magnitude or even more. Evidently, this weak correlation between nano- and
macro-properties is due to the difference in cell wall thickness, the relative share of late
wood, and the number of large tracheides and other wood structure elements which reduce
wood macroscopic strength. To close the gap between nano- and macro- scale mechanical
properties, the nanoindentation tests were carried out at loads ranging from 5 to 500 mN
and reported in the set of papers [116–119], unlike the 0.1–1 mN range usually used in
studying cell walls. It extended the deformed region over the whole cell or several cells up
to 50–150 μm, as opposed to precise targeting at the cell wall.

The values of Young modulus Eeff and microhardness Heff obtained this way can be
considered as effective, as long as, being the result of averaging over the cells structure, they
incorporate not only mechanical properties of cell walls but also their thickness, material
porosity, and microdefects, just as in macroscopic mechanical tests. However, indentation
size was at least an order of magnitude less than annual ring width. It allowed obtaining
Eeff and Heff spatial distributions across several annual rings.

Typical Eeff and Heff radial dependencies measured at cross-sections of common pine
(Pinus sylvestris L.), which represent coniferous trees, are shown at Figure 10, and pe-
dunculate oak (Quercus robur L.), which represent hardwood trees, are shown at Fig-
ure 11 [116,117]. As could be seen, both species manifest pronounced periodicity of local
mechanical properties. Positions of abrupt changes in Eeff and Heff coincide with annual
growth ring boundaries determined by wood color change using the standard optical
method. Changes of Eeff and Heff in transition from EW to LW within each annual ring are
gradual in pine and abrupt in oak. The linear dependence between Eeff and Heff with almost
the same slope m = 0.017 ± 0.002 has been observed (see Figures 10b and 11b). In other
words, the ductility ratio DR = Eeff/Heff is found to be around 60 for both tree species. This
value is quite typical for many other species, for example DR in gum-tree lies within the 54
to 68 range, with an average of 61 [120], and in beech it is around 55 [121].

As could be seen at Figures 10a and 11a, Eeff and Heff vary not too much within each
EW layer and across several EW layers (relative variance of both values is around 10–15%),
despite that the weather conditions during layer growth may differ significantly. For
instance, the year 2010 was very dry. It affected the ring width wo, so that it is less than half
of an average one, however, Eeff and Heff values for EW are almost the same as appropriate
values for other years (Figure 10a). The lateral size of EW cells in different rings does not

39



Nanomaterials 2022, 12, 1139

differ significantly either, but cell wall width does. Thus, ring width variation is mainly
due to the difference in cell morphology and its quantity in the layer, while the mechanical
properties of cell wall material are almost the same.

Figure 10. Micromechanical properties of common pine annual growth rings measured at
Pmax = 500 mN [116]. (a) Spatial dependencies of Heff and Eeff over radial distance r for six suc-
cessive rings. Ring boundaries are shown using dashed lines. The extraordinarily draughty 2010
year is highlighted by red color. (b) Dependence of hardness Heff upon Young modulus Eeff for six
successive rings.

Figure 11. Micromechanical properties of pedunculate oak annual growth rings measured at
Pmax = 500 mN [116]. (a) Spatial dependencies of Heff and Eeff over radial distance r for six successive
rings. Ring boundaries are shown using dashed lines. (b) Dependence of hardness Heff upon Young
modulus Eeff for six successive rings.

As follows from the data presented, the ratio of averaged Young moduli for LW and
EW is around 3.1 for pine and 3.5 for oak. The ratio of averaged hardness for LW and EW
is close to those measurements, and equal 3.7 for pine and 3.0 for oak. These values stay for
average values calculated for individual rings, but in some years, they can differ from the
mean substantially. Obviously, such variations are due to anomalous weather conditions
during these years, and narrower growth rings corresponding to these years evidence the
same. However, year-to-year variation in mechanical properties is much higher than in
annual ring widths, which is usually used for climate reconstruction. Thus, Eeff and Heff
measurements can be a much more sensitive and accurate dendroclimatological method
than annual growth rings width measurement.

The values of Eeff and Heff measured as described above are two to three times lower
than those of cell walls. This is expected as long as the former are affected by material
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porosity. However, Heff is two to three times higher than macroscopic Brinell hardness [8,76].
It can be formally qualified as size effect (SE) in wood mechanical properties. However,
determining the relative contributions of void-free material properties, porosity, and the
related differences in deformation mechanisms in such SEs requires separate research.

8. Mechanical Properties of Wood at Macroscopic Scale

The largest part of the literature discussing mechanical properties of the wood concerns
properties at the macroscopic scale [4,8,32,35,122]. As long as mechanical properties of
the wood demonstrate prominent anisotropy, reference data typically comprise Young
modulus, hardness, strength, and other properties for directions along and across fibers
separately [35]. The methodological review of generally used approaches and experimental
techniques of mechanical testing of the wood can be found in [123]. Standard methods of
timber mechanical testing are described in [124]. Methods of timber strength classification
can be found in [35,125].

The most general relationships between the mechanical properties and structure of
the wood are discussed below. Going from juvenile wood (JW) that is formed during the
first 5–20 years of tree growth to mature wood (MW), specific gravity, cell length and wall
thickness, percentage of late wood, and strength increase, while fibril angle μ, moisture
content W, and annual ring width w decrease. Moisture content W increases by 1% in the
range between 10–12% and 50–60% results in a decrease in uniaxial compression strength
by 5% and in uniaxial tensile strength by 2–2.5% both along and across fibers [126]. Young
modulus across the fibers diminishes with growing W too but at the slower rate of around
1.5% per 1% of W. Typical tensile strength of softwoods (fir, pine, spruce, cedar, etc.) along
the fibers is between 45 and 112 GPa, while that of hardwoods (beech, oak, maple, elm,
etc.) is between 70 and 120 GPa [8]. Cooling from room temperature to –195 ◦C results in
increase in compressive strength of dry wood with W = 12% by a factor of 2–2.5, while
heating to 50 ◦C rises it by 10–20% [8]. Holding the wood under load for a long time
diminishes its strength. So, it drops by 10–15% for an hour, by 20–25% for a month, and
30–35% for a year when compared to 1 min load [8]. Fracture toughness of macroscopic
wood samples range from 250 kPa m1/2 for Western white pine to 517 kPa m1/2 for Yellow
poplar [35]. In addition to the species, growth conditions and moisture content, structure
defects significantly affect wood macromechanical properties [8,122,123]. Their variation
can reach 15–35% from sample to sample due to such sensitivity. More detailed data
concerning mechanical properties for various sample size and testing conditions can be
found in [4,8,32,35,122,125,126] and Table 4 in Section 10.

9. Modification and Hardening of Wood and Cellulose

Drastic reduction of wood mechanical characteristics at increasing characteristic size
of the samples stimulates development of various modification techniques for both macro-
scopic wood products [30,127,128] and nano- and micro-cellulose [5,129,130]. Several
classes of wood modification techniques could be distinguished, including (a) chemical
processing (acetylation, furfurylation, resin impregnation etc.); (b) thermally-based pro-
cessing; (c) thermo–hydro–mechanical processing (surface densification); (d) microwaves,
plasma, and laser light treatment; (e) mineralization; (f) biological treatment [30]. Besides
improvement of mechanical properties, wood modification can be aimed at reducing water
absorption or susceptibility to rotting and biodegradation, enhancing fire resistance or anti-
septic properties, improving dimensional stability or resistance to acids or bases, ultraviolet
radiation etc. Getting back to mechanical properties, let us mention some examples of
wood modification leading to significant improvement of such properties. So, the widely
used Compreg technique, consisting of wood compression before the resin is cured within
the material, leads to considerable compressive strength increases that are even higher
than wood density increases; tensile strength, and flexural strength increase less than its
density increases [30]. As long as wood density can be increased up to a factor of 2–2.5
during this processing, its strength can be increased nearly twofold. At the same time,
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material toughness drops by 25–50%. The hardness can be raised by Compreg more sub-
stantially, and the factor of 10 to 20 has been reported [30]. Another modification technique
is described in review [31]. The two-step process involves the partial removal of lignin
and hemicellulose from the natural wood via a boiling process in an aqueous mixture of
NaOH and Na2SO3, followed by hot-pressing, leading to the total collapse of cell walls and
the complete densification of the natural wood with highly aligned cellulose nanofibers.
The processed wood has a specific strength higher than that of most structural metals and
alloys, making it low-cost and high-performance. More detailed information concerning
techniques and results of wood modifications aimed at changing the mechanical and other
service properties of the wood can be found in books [8,30,127], reviews [128], and original
papers [131–136].

10. Size Effects in Wood

All the size effects in materials are usually divided into internal ones that depend
on nano- and micro-structures of the object, and the external ones, depending on the size
and shape of the sample, loading method, and size of the area under load. There is not
much systematized information available regarding both types of SEs at different scale
hierarchical levels of wood structure. In our survey, we present the most interesting and
typical data. They are summed up in Table 4.

As follows from Table 4, the strength of cellulose nanocrystals, assessed both by calcu-
lations and by experimental techniques, is 4.9–10 GPa, while the strength of nanofibrils with
a diameter 3–15 nm is close to the lower end of this range [5,40,65–68]. These values exceed
the strength of cellulose microfibers 8–12 μm in diameter, which is 0.5–1.65 GPa, by about
one order of magnitude [5,40,66,104,106,107]. The typical nanohardness values HNI for cell
walls with a thickness of 2–5 μm are about 0.3–0.5 GPa [70–75,107–110], which is 2–3 times
less than the strength of cellulose microfibers. As it is shown in Figures 10a and 11a, the
effective values of microhardness, Heff, which take into account the porosity in layers EW
and LW, are several times lower (from two to four times) than HNI. However, the Heff
value is several times higher than Brinell macrohardness HB [76], and bending and uniaxial
tensile strength obtained in macrotests [8].

It is evident that the values of effective Young’s modulus and hardness at meso-
and macro-levels fall so dramatically not only because of the internal reasons defined
by molecular and supramolecular structures, but also due to a great influence of nano-
/micro-porosity of the material that should be attributed to the number of pores, capillaries,
and larger tracheides with a high aspect ratio, ubiquitous in in the wood structure. Their
presence results in several considerable differences between the mechanical behavior of
wood and non-porous bodies. Firstly, Tabor’s rule, according to which the hardness of
soft materials exceeds their yield stress or strength by about three times, is almost never
met. On the contrary, in most wood species, their macroscopic hardness is several times
lower than the yield stress and ultimate tensile strength determined for macroscopic
samples. Apparently, in all similar events, the reason is that during indentation and
uniaxial compression, the tested wood cell structure loses its stability long before the
manifestation of plastic deformation and tensile rupture. These events strongly depend on
the direction of the load application in relation to the long axis of the cell due to anisotropy
of the mechanical properties of wood. In the longitudinal direction, they are higher by
about an order of magnitude than in the transverse direction. It is difficult to provide an
explanation for the various possible modes and mechanisms of wood deformation at the
nano- and micro- scale because of insufficient experimental data. However, the quantitative
information quoted above leads to the conclusion that there exist highly pronounced SEs in
wood which cause a sharp decrease in strength/hardness from ~10 GPa in nanocrystalline
cellulose to ~0.1 GPa or less in macrovolumes of wood. This means that all cellulose-
containing materials have a large strengthening potential that can be realized through
optimally organized nano- and micro-structures, and employment of relevant technologies.
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Representation of the strength characteristics as a function of characteristic dimensions
of the structure R* in double-logarithmic coordinates provides a distinctive hockey stick-
shaped diagram (Figure 12). The descending part of the curve in the nano- and micro-
domain has a slope close to −0.5, a feature it shares with Hall-Petch relation, which is
well-known in materials science and described for the first time for polycrystalline metals
more than 60 years ago [137–139]:

σy = σ0 + A(d)−0.5 (1)

where σy is the yield stress, d is the crystallite size, σ0 and A are material constants. In
most cases, the value of A that used to be called the Hall-Petch constant turned out to
be deformation-dependent [139]. Later it was clarified that external dimensions affect
the mechanical properties in the similar way, though the index of power may differ from
0.5 [45].

Figure 12. The size dependence of cellulose-containing materials strength. (Data collected by the
authors). R* is the characteristic size.

Relations, similar to (1) were discovered for hardness [140]

H = H0 + A(R∗)−0.5 (2)

where R* is the characteristic dimension of the locally deformed area, which, in the process
of indentation with a Berkovich tip, is usually taken equal to the indentation depth hmax.

The specific internal and external SEs have been studied not only in void-free poreless
materials (metals, alloys, rocks, composites, etc.), but also in such porous materials as
ceramics, solidified foams [141–144], and organic gels [145].

Due to a discrete character of damage accumulation in porous materials under load,
the loading diagrams obtained in NI and in microsample deformation contain deformation
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jumps. They carry information about elementary events, their rate and statistics as a func-
tion of size of the area under load, deformation rate and other experiment conditions [143].

Obviously, the causes for drop in strength/hardness with increase in R* may differ in
different groups of materials. Nevertheless, some similarities can be observed, for example,
the principle “the smaller the stronger” works in wood as well, though the index of power
for R* may vary within quite a wide range, namely from 0.2 to 1. Therefore, many authors
suggest other dependences to account for SEs, such as 1/R*, ln(R*)/R* and others [146,147].

The softening mechanisms turning on with the increase in both internal and external
characteristic size of the system require additional study of interrelations between the
multilevel nano-/micro-structure of wood and its physico-mechanical properties. However,
there are reasons to suppose that micromechanics of thin filaments, walls, partitions, as
well as the macromechanical behavior of wood may have a lot in common with those in
other highly porous materials [148–154]. Therefore, the general approaches and models
developed for the analysis of the latter can be applied to wood as well. Plausibly, such
softening depends upon cell wall width, cell morphology, aspect ratio and adhesion, and
percentage of the lumens in wood crosscut area.

Some SEs can also be observed at the macro-scale and, to some extent, at meso-
scale, though they are less pronounced than that at the nano- or micro-scale. They can
be attributed to a growing possibility of large defect (cracks, delaminations, knots, and
other wood defects) occurrence in larger objects, and can be described using Weibull
statistics [155,156]. However, such a study lies outside the scope of our present review.

11. Nanomechanics in Dendrochronology

Jumps in Eeff and Heff at the edges of annual growth rings made it possible to measure
their width wNI using scanning NI. Then, the comparison was carried out with the w0
value determined by an optical method (analysis of image contrast). The image processing
method was similar to the one used in the widely used LINTAB equipment. The comparison
of the data obtained by these two techniques for measuring tree-ring width is presented in
Figure 13; one can see that differences between them do not exceed 2–3% for pine and 4–5%
for oak and lime. Mean average deviation for six to seven rings was about 2%. In effect, this
means that the scanning indentation method can be used as an alternative to the optical one,
or can complement it, providing some additional data on the local mechanical properties.

Figure 13. The results of annual growth ring width measurements obtained by nanoindentation wNI

and by the optical method w0 (a), and the discrepancies between these methods (b) [117].

12. Correlation between Thermal Diffusivity and Mechanical Properties of Wood

Kinetic thermophysical characteristics (thermal conductivity λ and diffusivity a) and
mechanical properties of wood (Young’s modulus, strength, hardness) depend on the same
factors, namely on composition, structure, density, porosity, humidity, and specifics of
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interconnections between microstructural units [5,8,10]. Moreover, in both groups, the
same pattern can be observed: higher wood density is accompanied by higher values of
the characteristics mentioned above. So, it seems reasonable to suggest that there is a
certain correlation between these two groups of properties. Once revealed, such relations
could allow switching from laborious and material extensive destructive mechanical tests
to non-destructive contactless measurements of λ or a. Such approaches could be used
to estimate relative mechanical properties, and to sort and grade materials and products
made of wood, fiber-reinforced composites, etc.

It should be noted that despite a wealth of information concerning the mechanical and
thermal properties of natural and modified wood, wood-based layered materials, as well as
composites reinforced with artificial and natural organic fibers, they are measured in sepa-
rate tests executed on different samples. Exceptions are several papers that employ thermal
non-destructive testing to estimate structural damage of wood [157,158], defects [159,160],
porosity [161], and anisotropy [162,163] of composites and their possible impact on material
mechanical properties. A micromechanical model for the prediction of effective thermal
conductivity in two- and three-phase composites is proposed in [164].

The dependence of thermal diffusivity tensor aij on Brinelle hardness HB in common pine
(Pinus sylvestris L.), pedunculate oak (Quercus robur L.), and small-leaf lime (Tilia cordata Mill.)
wood at various humidity levels was studied in [116,165,166].

The thermal diffusivity tensor components aij = λij/ρCp—where λij represents the
thermal conductivity tensor components, ρ is the material density, and Cp is the specific
thermal capacitance—were measured using an original non-destructive thermal imaging
technique described in detail in [167–169]. The method is based upon local stepped heating
at small spots on the sample surface by a focused laser beam while continuously monitoring
the surface temperature distribution with a thermal camera. Heat propagation in such a
setup is close to spherical symmetry in isotropic materials, while in orthotropic materials,
the isothermal surfaces are close to three-axis ellipsoids with the axes fully determined
by the main components of aij tensor and the time elapsed since heating onset, provided
that the distance to the heating center is at least several times higher than the heating
beam radius. Therefore, the aij values were determined by processing dynamic thermal
images obtained on lateral, radial, and transverse crosscuts of wood samples, as described
in [167–169].

The values of hardness HBW at current humidity values W normalized to the hardness
HBW10 at W = 10% for the lateral and radial faces were statistically indistinguishable
(Figure 14); therefore, they were approximated as a single set by the following linear
function (HBW/HBW10) = 1.59(al/an) − 1.34 with the coefficient of determination R2 = 0.75,
where al and an are longitudinal and lateral components of aij tensor, accordingly. The
hardness measured on the face perpendicular to the fibers was found to be independent of
tensor aii components, so that it could be used for method and equipment calibration.

Similar results were obtained for other porous materials. For example, a linear rela-
tionship between the coefficient of thermal conductivity λ and compressive strength σb in
lightweight porous cement composites containing aerogel has been reported in [170]. A
decrease in porosity resulted in λ growth from 0.39 to 0.47 W/m·K, and simultaneous σb
increase from 7.5 to 15 MPa.
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Figure 14. Dependence of the relative macrohardness HBW/HBW10 of pine wood upon thermal
diffusivity anisotropy—a1/an. HB—Brinell hardness (12.7 mm sphere diameter, 1 mm indentation
depth), a1, an—thermal diffusivity coefficients along and across the fibers. HBW/HBW10 is HBW

values on radial (A) and tangential (B) faces, as shown in Figure 2, normalized to HBW at humidity
W = 10% (HBW10) [116].

13. Discussion

Despite the great variety of plant domain and trees in particular, their structural
composition is similar, and this similarity stays across different hierarchical scale levels.
They are composed of the same organic molecules that form nanocrystals and nanofibrils,
which in turn form microfibers and then cell walls. The tree trunk contains the cells
organized in annual growth rings. It is interesting that not only such a structure is more
or less universal, but its individual elements in various species have similar morphology
and close mechanical properties. Additionally, the higher the scale level in this hierarchy
the lower its mechanical characteristics. This decrease is roughly in accordance with the
Hall-Petch relation, and this fact has not been noticed before. Reconciling mechanical
strength and physiological functions, nature had to find some compromise. Capillaries,
large tracheids, and gum canals weaken wood structure inevitably, so that their specifics
determine in large part the macromechanical properties of timber products. Relations
between wood mechanical properties and the architecture and features of its structure are
studied insufficiently yet. In particular, quantitative relations between the polymerization
degree of polysaccharides, microfibers and cell walls structure, morphology and shape
of the cells, wood microarchitecture, turgor pressure etc., on one hand, and macroscopic
mechanical characteristics such as stiffness, hardness, strength, strain at break, and fracture
toughness on the other hand, are unknown. Meanwhile, the turgor of a plant cell, for
example, averages around 0.44 MPa and can be as high as 2 MPa [35]. It is essential in
providing mechanical stability of any plant. It is known that higher cellulose percentage and
crystallinity generally provide higher strength and stiffness to microfibers [8,36,40,67,68],
as long as other structural components have much lower mechanical characteristics. In
particular, hemicellulose stiffness and strength are several tens times lower, and around
two orders of magnitude lower for lignin than that of cellulose [36]. Besides, an increase in
moisture content leads to much faster deterioration of their mechanical properties than that
in cellulose. However, reliable systematic research into cellulose, hemicellulose, lignin, and
pectin percentages impacts on wood mechanical properties at different structural levels
are lacking. Nevertheless, the role of chemical composition is very significant, especially
accounting for the high variance of the above percentages, even in plants of the same
species, and more so for plants of differing species [104].
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A better understanding of formation regularities of wood hierarchical structure and
their relations with mechanical properties could allow for controlling the latter, as well
as manufacturing materials with desired properties. In theory, it could be achieved by
means of controlled growth of the plant in an artificial environment, modification of wood
structure using more efficient techniques, or reconstruction of the material that could
provide it with new design and properties. All these approaches are used to some extent
already, but without physical substantiation their efficiency is low. The best results have
been achieved at nano- and micro-scales by growing nanofibers, and aligning and cross-
linking them to form high strength microfibers. A scientifically valid and optimized design
of nanocellulose-based materials can fulfill natural potential of this polymer and allow
manufacturing ecologically friendly, high-strength, economically efficient materials.

14. Conclusions

In spite of the fact that people have been using different kinds of wood and wood
derivatives for many thousands of years, the variety of cellulose-containing materials is so
vast, and their multilevel architecture is so complicated, that the nature of their properties
has not been completely revealed yet. As a result, the potential of these natural materials is
not fully used. In order to make accurate predictions about wood characteristics, to be able
to control them during growth, or to modify them with various treatments, and to preserve
them in service, we need a deep comprehension of which elements of woods’ structure,
their condition, orientation, interconnection, and evolution, as well as which defects and
flaws in the nano-, micro-, meso-, and macro-structure, influence particular macroscopic
properties. First of all, these properties should be understood as the most common and
important key elements of wood microstructure, such as nanocrystalline and amorphous
phases of cellulose, microfibrils, cell walls, and annual growth rings.

Various modern research methods provide multiscale data on wood mechanical prop-
erties at different structural levels, from nano- to macro-scale. The interrelated information
from these levels can offer new approaches to the cultivation of wood with predetermined
mechanical properties, for example, with high strength and elastic properties, necessary
acoustic characteristics, or low creep rate, and would help to create effective physically
substantiated methods of wood strengthening. High specific strength of nanocellulose, ex-
ceeding that of almost all the other construction materials, except nanocarbons, encourages
designing new extra-strong, ecologically friendly materials that would take advantage of
this potential.

The results of scanning nano- and micro-mechanical properties of wood across several
successive annual growth rings provides the basis for innovative methods and techniques
for dendroclimatological and dendrochronological applications that would complement the
existing approaches. Since the average cell size in a wood cross-section is about 30–50 μm,
and the average ring width is 1–3 mm, there are approximately 50–100 cells in each ring.
Technically, nanoindentation provides a means to measure the mechanical characteristics of
each individual cell. Therefore, the temporal resolution limit for NI in dendrochronological
applications is close to one week, making it a much more precise method with better
temporal resolution than the traditional optical ones.
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Abstract: Multilayered and functionally graded coatings are extensively used for protection against
wear of the working surfaces of mechanisms and machines subjected to sliding contact. The paper
considers the problem of wear of a strip made of a functionally graded material, taking into account
the heating of the sliding contact from friction. Wear is modeled by a moving strip along the surface of
a hard abrasive in the form of a half-plane. With the help of the integral Laplace transform with respect
to time, the solutions are constructed as convolutions from the law of the introduction of an abrasive
into the strip and the original in the form of a contour integral of the inverse Laplace transform. The
study of the integrands of contour quadratures in the complex plane allowed determination of the
regions of stable solutions to the problem. Unstable solutions of the problem lead to the concept of
thermoelastic instability of the contact with friction and formed regions of unstable solutions. The
solutions obtained made it possible to determine a formula for the coefficient of functionally graded
inhomogeneity of the coating material and to study its effect on the occurrence of thermoelastic
instability of the contact taking friction into account, as well as on its main characteristics: temperature,
displacement, stress and wear of the functionally graded material of the coating. The effects of the
abrasive speed, contact stresses and temperature on wear of the coating with the functionally graded
inhomogeneity of the material by the depth were investigated.

Keywords: functionally graded material; thermoelasticity; sliding contact; wear; heating from friction;
thermoelastic instability

1. Introduction

Design of multilayered materials increased rapidly in the 1980–1990s, thus enabling the
introduction of such materials with properties variable by depth in a number of industries
such as construction, transport and other fields. Overall, their necessity in such fields was
due to the increasing requirements for strength, wear and tear of details and parts. Recently,
methods and technologies for the manufacturing of protective coatings from functionally
graded materials (FGM) to micro- and nanometer technological levels have been developed:
the centrifugal method [1–7], the technique of pulsed-laser deposition [8,9], the technique
of magnetron sputtering [9], the plasma-spray technique [10,11], electrophoretic deposition
and anodizing [12,13], micro-arc oxidation [14] and others [15].

FGM coatings are widely used to protect friction surfaces from wear. Generally, the
tribological properties of FGM coatings are investigated by experimental methods, such
as disc–pad [1,5], ball–disc [3,9,11], pin-on-disc [4,13,15], ring–pad [8], pin–plate [10] and
other tests [7,14]. The coating wear as a result of testing is determined by examining the
wear track with a microscope or a profilometer [1–3,9,10,13] or by weighing the sample
before and after the test [4–8,11,15]. In this case, tests are carried out at one value of the
experimental load or for a limited set (3–5 options).

The need to optimize the design of FGM coatings, to predict wear of the working
surfaces of mechanisms and machines, to diagnose and prevent abnormal situations ne-
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cessitates mathematical modeling of the wear process. In modern microelectronics, semi-
conductor materials are used in the form of thin plates with a thickness not exceeding
20–30 μm down to 100 nm, and the presence of a functionally graded inhomogeneity of the
material (FGIM) by depth. The process of thinning such plates in practice is carried out
by grinding, polishing and washing. Mathematical modeling of the grinding process of
the workpiece material is associated with the elucidation of the degree of influence of the
properties of the FGIM of the workpiece material on the grinding process; on the nature of
the workpiece heating; on the possibility of the occurrence of thermoelastic instability of
the sliding contact; on acceleration/deceleration the grinding process, etc.

A lot of research is devoted to mathematical modeling of the contact of bodies with
FGM coatings [16–26]. However, insufficient attention has been paid to the problem of
modeling of wear or grinding of FGM coatings. There has been little research conducted in
this direction [27].

Today, when solving problems of material wear, Archard’s relations are most often
used [28]. Dow and Burton were among the first investigators who used the Archard
relation in the study of wear under conditions of heat release from friction [29], where the
conditions for the occurrence of thermoelastic instability of blade sliding along the surface
of a half-space were investigated using the method of small perturbations. Aleksandrov and
Annakulova considered contact problems taking into account heat release from friction and
wear of the coating [30], as well as the problem of mutual wear of coatings [31]. An attempt
to develop a thermodynamic model to describe thermomechanical phenomena at a contact,
taking into account friction and wear, was undertaken in [32,33]. Beginning with [34,35] a
new direction of the development of the model of contact of two elastic bodies considering
friction, wear and heat release, based on the principle of virtual energy and the basic laws
of thermodynamics, has emerged. The finite element implementation of such a model
in a two-dimensional statement was conducted in [36]. In [37–41] the integral Laplace
transform was used with the solution in the form of functional series over the poles of the
integrands of the contour quadratures of the inverse Laplace transform to solve contact
thermoelasticity problems regarding wear. The solution method allows one to establish the
parameters of the boundary of thermoelastic instability of a contact with a friction to study
the properties of the obtained solutions. In [42], using the method of integral transforms,
the contact problem of sliding an elastic coating over the surface of another coating with
friction, wear and heat release from friction was reduced to solving a differential equation,
and the conditions of thermoelastic stability of such a system were considered. Quasi-static
and dynamic uncoupled contact problems of thermoelasticity regarding friction and wear
of a rod were considered in [43]. The conditions for the thermoelastic instability emergence
during mutual wear of surfaces made of different materials were considered in [44,45].
Due to the large number of parameters in the problems of thermofrictional contact and
wear, one-dimensional quasi-static problems were often considered. The connectivity of
the deformation fields and temperature in the listed works was neglected and the problems
of uncoupled thermoelasticity were considered. The coupled problem of thermoelasticity
on wear of a coating taking into account frictional heat release in a quasi-static formulation
was considered in [46].

In the present paper, we consider a problem of wear of an elastic coating in the form of
a strip made of FGM by a hard abrasive in the form of a half-plane, which slides along the
strip at a constant speed, heating it due to friction. The influence of the FGIM of the strip
on the process of wear (grinding), heating from friction, the conditions for the occurrence
of thermoelastic instability of the sliding contact are investigated.

2. Problem Statement

To investigate the effect of the FGIM of the coating on its wear we consider a quasi-
static contact problem of sliding of a rigid heat-insulated abrasive, half-plane I (h ≤ x < ∞),
sliding with constant velocity V, over the upper surface (x = h) of the elastic thermally con-
ductive coating with thickness h(0 ≤ x ≤ h). The lower surface of the coating is perfectly
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bonded to a rigid substrate, half-plane II (−∞ < x < 0). The coating shear modulus μ(x)
varies with depth 0 ≤ x ≤ h. During abrasive (half-plane I) sliding, the coating wear takes
place, which can also be thought of as the abrasive grinding of the coating surface. The
frictional heat generated at the contact interface flows into the coating. From the initial time
moment, the abrasive (half-plane I) slides along the y axis and deforms the upper (x = h)
surface of the coating in the negative direction of the x axis according to the indentation
law Δ(t). Until the initial time moment, the coating was at rest, and its temperature was
equal to zero. The scheme of the contact problem is shown in Figure 1.

Figure 1. Scheme of the contact problem.

In the described problem formulation, the temperature, stresses and displacements
distributions in the coating do not depend on the horizontal coordinate y and are functions
only of the vertical coordinate x and time t [37–41]. In the case of a quasi-static formulation
without body forces, the stress state of the coating is described by the differential equations
of equilibrium

∂σxx

∂x
= 0,

∂σxy

∂x
= 0, 0 ≤ x ≤ h, t > 0 (1)

where σxx(x, t), σxy(x, t) are the normal and shear components of the stresses in the coating.
The heat equation has the form

∂2T
∂x2 − 1

κ

∂T
∂t

= 0 0 ≤ x ≤ h, t > 0 (2)

where T(x, t) is the coating temperature, κ is the thermal diffusivity.
The Duhamell–Neumann law takes place [47]

σxx =
2(1 − ν)

1 − 2ν
μ(x)

(
∂u
∂x

− 1 + ν

1 − ν
αT

)
, σxy = μ(x)

∂w
∂x

, (3)

where u(x, t), w(x, t) are the vertical and horizontal components of the displacements in
the coating, μ(x), ν, α are the shear modulus, Poisson’s ratio, coefficient of linear heat
expansion of the coating material.

The differential equations of linear uncoupled elasticity are represented by the system
of equilibrium Equation (1) and heat Equation (2), which together describe thermoelastic
state of the coating.

Boundary conditions for Equation (1) are as follows (t > 0):

u(h, t) = −Δ(t) + uw(t) (4)

σxy(h, t) = − fσxx(h, t) (5)

u(0, t) = 0 (6)

w(0, t) = 0 (7)

59



Nanomaterials 2022, 12, 142

where f is the coefficient of friction, uw(t) is the abrasive (half-plane I) displacement due to
the coating wear. To find the solution, we use the abrasive wear model [23] in integral form

uw(t) = − f VK∗
t∫

0

σxx(h, τ)dτ t > 0 (8)

where σxx(h, t) is the compressive normal stress on the contact interface, K∗ is the propor-
tionality coefficient between the work of friction forces and the volume of removed material.

The boundary conditions for the heat Equation (2) are (t > 0)

K
∂T(h, t)

∂x
= Q(t) (9)

K
∂T(0, t)

∂x
= k(T(0, t)− T(0, 0)) (10)

where K is the thermal conductivity of the coating material, k is the heat transfer coefficient
through the coating–substrate interface, Q(t) = f V(−σxx(h, t)) is the amount of frictional
heat originatingfrom the contact interface [48]. From (9) it follows that all the heat at the
contact is due to friction.

Initial conditions for displacements and temperature are equal to zero:

u(x, 0) = w(x, 0) = T(x, 0) = 0, 0 ≤ x ≤ h, (11)

Thus, the solution of the considered quasi-static thermoelastic contact problem for the
elastic FGM coating wear (or grinding) by a certain depth with a hard abrasive in the form
of a half-plane, taking into account heating from friction, is derived through the solution of
the initial boundary value problem, including the system of the differential equations of
elasticity (1) and heat conduction (2) with boundary (4)–(10) and initial (11) conditions. Note
that vertical displacements u(x, t), normal stresses σxx(x, t) and temperature T(x, t) are
found separately from the horizontal displacements w(x, t). The horizontal displacements
w(x, t) are determined from (1), (5), (7) knowing the normal stresses’ distribution σxx(h, t).

3. Exact Solution for Arbitrary μ(x)

We proceed to the solution of the formulated problem introducing the Laplace integral
transform [49]

TL(x, p) =
∞∫

0

T(x, t)e−ptdt, T(x, t) =
1

2πi

i∞+c∫
−i∞+c

TL(x, p)eptdp Rep < c, c > 0 (12)

To obtain the temperature distribution T(x, t) in the coating, we apply the Laplace
transform to heat Equation (2). As a result, the Laplace image TL(x, p) of the coating
temperature has the form

TL(x, p) = A1sh
√

p
κ

x + A2ch
√

p
κ

x (13)

where A1 and A2 are arbitrary constants.
The vertical displacements u(x, t) are determined from the first equilibrium Equation (1)

and taking into account for the first relation in (3). We use the Laplace transform (12) and
obtain the Laplace image uL(x, p) of the vertical displacements

uL(x, p) =
1 + v
1 − v

α
1√

p
κ

(
A1ch

√
p
κ

x + A2sh
√

p
κ

x
)
− A3B(x) + A4 (14)
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where A1, A2 are from (13) and A3, A4 are additional arbitrary constants. The function
B(x) is defined through μ(x) as follows

B(x) =
x∫

0

dξ

μ(ξ)
, 0 ≤ x ≤ h (15)

where μ(x) is a continuous function and does not vanish μ(x) 
= 0 for any x ∈ [0, h].
To determine constants Ak, k = 1 − 4 in (13), (14) we apply the Laplace transform to

boundary conditions (4), (6), (9) and (10), which results in

uL(h, p) = −ΔL(p) + uL
w(p) (16)

uL(0, p) = 0 (17)

K
dTL(h, p)

dx
= − f VσL

xx(h, p) (18)

K
dTL(0, p)

dx
= kTL(0, p) (19)

where

uL
w(p) = − f VK∗σL

xx(h, p)
p

(20)

σL
xx(x, p) =

2(1 − v)
1 − 2v

μ1

(
duL(x, p)

dx
− 1 + v

1 − v
αTL(x, p)

)
(21)

where μ1 = μ(h) is the value of the shear modulus at the upper coating boundary and
ΔL(p) is the Laplace image of the function Δ(t), representing half-plane I displacement
towards the coating.

Substituting (13), (14), (20), (21) into boundary conditions (16)–(19), we obtain the
linear system for the determination of the constants Ak, k = 1 − 4. Solving this system, we
obtain the Laplace images of the temperature, displacement and stress distribution in the
coating as follows

TL(x, p) =
1 − ν

1 + ν

V̂
αh

ΔL(p)
hB′(h)
B(h)

NT(x, z)
R(z)

(22)

NT(x, z) =
√

z
(

Bish
√

z
x
h
+
√

zch
√

z
x
h

)
(23)

uL(x, p) = −ΔL(p) · N0
u(x, z)
R(z)

(24)

N0
u(x, z) = zr(h, z)

B(x)
B(h)

− V̂
hB′(h)
B(h)

(r(x, z)− Bi) (25)

σL
xx(x, p) =

2(1 − v)
1 − 2v

μ(x)ΔL(p)
hB′(x)
B(h)

· N0
σ(z)

R(z)
(26)

N0
σ(z) = zr(h, z) (27)

where
R(z) = zr(h, z)− V̂η((1 − kw)r(h, z)− Bi) (28)

r(x, z) = Bi ch
√

z
x
h
+
√

zsh
√

z
x
h

(29)

z =
p
κ

h2, Bi =
kh
K

, kw =
1 − v
1 + v

KK∗

ακ
, V̂ =

f Vα

K
2μ1(1 + v)h

1 − 2v
.
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For the image uL
w(p) of the coating wear, we obtain

uL
w(p) = kwV̂

hB′(h)
B(h)

ΔL(p)
r(h, z)
R(z)

(30)

We apply the inverse Laplace transform to the Laplace images TL(x, p), uL(x, p),
σL

xx(x, p) and obtain the problem solution in the convolution form (t > 0)

T(x, t) =
1 − v
1 + v

V̂
αh

· hB′(h)
B(h)

t∫
0

Δ(τ) fT(x, t − τ)dτ (31)

fT(x, t) =
1

2πi

∫
Γ

NT(x, z)
tκR(z)

ezt̃dz (32)

u(x, t) = −
t∫

0

Δ(τ) f 0
u(x, t − τ)dτ (33)

f 0
u(x, t) =

1
2πi

∫
Γ

N0
u(x, z)

tκR(z)
ezt̃dz (34)

σxx(x, t) = − 2(1 − v)
(1 − 2v)B(h)

t∫
0

Δ(τ) f 0
σ(x, t − τ)dτ (35)

f 0
σ(x, t) =

1
2πi

∫
Γ

Nσ(x, z)
tκR(z)

ezt̃dz (36)

where t̃ = t
tκ , tκ = h2

κ .
To obtain (35) from (26) we take into account that μ(x)B′(x) ≡ 1. Coating surface wear

uw(t) is determined by inverting uL
w(p) in (30)

uw(t) = kwV̂
hB′(h)
B(h)

t∫
0

Δ(τ) fw(x, t − τ)dτ (37)

fw(x, t) =
1

2πi

∫
Γ

r(h, z)
tκR(z)

ezt̃dz (38)

To find out the existence conditions of integrals in (32), (34), (36), (38) we analyze
integrands for 0 ≤ x ≤ h for large values of the integration variable z (argz = π/2):

NT(x, z)R−1(z) = O
(

z−1/2
)
|z|→ ∞

N0
u(x, z)R−1(z) = B(x)

B(h) + O
(

z−1/2
)
|z|→ ∞

N0
σ(x, z)R−1(z) = 1 + O

(
z−1/2

)
|z|→ ∞

r(h, z)R−1(z) = O
(
z−1) |z|→ ∞

(39)

From (39) it follows that the integrands in (34), (36) do not decay at infinity (at |z|→ ∞ ),
and the corresponding integrals are divergent and understood in the generalized sense [50].
After regularization of integrals (34), (36) and separation of the generalized part, expressions
for the displacements u(x, t) and stresses σxx(x, t) can be written as follows (t > 0)

u(x, t) = −B(x)
B(h)

Δ(t)−
t∫

0

Δ(τ) fu(x, t − τ)dτ 0 ≤ x ≤ h, t > 0 (40)
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fu(x, t) =
1

2πi

∫
Γ

Nu(x, z)
tκR(z)

ezt̃dz (41)

Nu(x, z) = N0
u(x, z)− B(x)

B(h)
R(z) (42)

σxx(x, t) = − 2(1 − v)
(1 − 2v)B(h)

⎛⎝Δ(t)−
t∫

0

Δ(τ) fσ(x, t − τ)dτ

⎞⎠ 0 ≤ x ≤ h, t > 0 (43)

fσ(x, t) =
1

2πi

∫
Γ

Nσ(x, z)
tκR(z)

ezt̃dz (44)

Nσ(x, z) = N0
σ(x, z)− R(z) (45)

where t̃ and tκ are previously identified, and the contour of integration
Γ = {z : −i∞ + dtκ,+i∞ + dtκ} is a straight line in the complex plane of integration
variable z, which is parallel to the imaginary axis and a distance from equal to the value
dtκ. The value of d is chosen so that the contour of integration passes to the right of all of
the isolated singular points of integrands.

Integrands in Equations (40) and (43) at 0 ≤ x ≤ h are meromorphic functions and
decay at large z (−π < argz < π)

Nu(x, z)R−1(z) = O
(

z−1/2
)
|z|→ ∞

Nσ(x, z)R−1(z) = O
(

z−1/2
)
|z|→ ∞

(46)

These properties of integrands allow us to apply the methods of complex analysis for
calculation of the integrals and stability analysis. In quadratures (32), (38), a regularization
is carried out to obtain integrands decreasing at infinity, after which they are investigated
by the same methods as in (40), (43).

4. Poles of the Integrands

To investigate the stability of the solutions obtained in the previous subsection, we
need to study effect of the problem parameters on the integrand poles in integrals (32), (38),
(41), (44). The poles of the integrands are zeros of the equation

R(z) = zr(h, z)− ηV̂((1 − kw)r(h, z)− Bi) = 0 , |argz|< π , |z|< ∞ (47)

in the complex plane z = ξ + iη, where R(z) and r(x, z) at x = h are from (28) and
(29), η = hB′(h)/B(h) is the coefficient of the FGIM strip. Equation (47) contains four
dimensionless parameters of the problem (kw, V̂, Bi, η), which itself contains dimensional
parameters, described after (29). In this case, the dimensionless parameter η, the numerical
value of which characterizes the FGM coating, consists of B′(h) = μ−1(h) and B(h) from
(15). From the mean value theorem, it follows for B(h) that there is a point c ∈ [0, h]
satisfying the equation

B(h) = μ−1(c)h, c ∈ [0, h] (48)

Then, the parameter η can be represented as the averaged value of the shear modulus in
the coating μ(c)c ∈ [0, h] divided by the value of μ(h) at the upper boundary of the coating

η =
μ(c)
μ(h)

, c ∈ [0, h] (49)

which is its mechanical meaning.
Locating zeros ζk of Equation (47) R(ζk) = 0, k = 0, 1, 2, . . ., their movements in the

complex plane ζ = ξ + iη depending on the change in the dimensionless parameters of the
problem is the main goal of solving Equation (47).
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Equation (47) is solved using numerical methods and complex analysis methods [51].
Analysis of R(z) (47) zeros is similar to [52–54] and is performed for V̂ ∈ [0, ∞) at fixed val-
ues of dimensionless parameters kw, η, Bi. Assuming V̂ = 0, we find the following equation

zr(h, z) = z(Bich
√

z +
√

zsh
√

z) = 0 (50)

to determine the initial estimates ζ0
k = ζk(0), k = 0, 1, 2, . . . of zeros ζk(V̂), k = 0, 1, 2, . . . of

Equation (47). In general case, Equation (50) does not allow convenient analytic solutions.
However, at Bi = 0 Equation (50) possesses analytic solution, and the initial estimations ζ0

k ,
k = 0, 1, 2, . . . of zeros ζk, k = 0, 1, 2, . . . of Equation (47) are found from

ζ0
k = −(πk)2, k = 0, 1, 2, . . . (51)

And do not depend on kw, T̂. At Bi = ∞, from (50) we obtain another initial estimations
ζ0

k , k = 0, 1, 2, . . . as follows

ζ0
k = −π2(k + 1/2)2, k = 0, 1, 2, . . . (52)

Asymptotic estimation of ζ0
k for large numbers of k has the form of (51). From

Formulas (51) and (52) it follows that the initial estimations ζ0
k , k = 0, 1, 2, . . . of func-

tion R(z) of zeros from (47) are located on the negative part of the real axis or at the
origin. As V̂ changes from 0 to ∞ at fixed kw, Bi, η the first two poles ζ0 and ζ1 can be
located: I—on the real axis Re(ζ0, ζ1) < 0, Im(ζ0, ζ1) = 0 at 0 < V̂ < V̂I; II—in the vertical
strip l− < Re(ζ0, ζ1) < 0, |Im(ζ0, ζ1)| < ∞ at V̂I < V̂ < V̂II; III—in the vertical strip
0 < Re(ζ0, ζ1) < l+, |Im(ζ0, ζ1)| < ∞ at V̂II < V̂ < V̂III; IV—on the positive part of the real
axis Re(ζ0, ζ1) > 0, Im(ζ0, ζ1) = 0 at V̂III < V̂ < ∞.

The numbers I, II denote regions (we will call them domains of stability), where
Re(ζ0, ζ1) < 0 at 0 < V̂ < V̂II, while III, IV denote the regions (we will call them domains
of instability), where Re(ζ0, ζ1) > 0 at V̂II < V̂ < ∞. Figure 2 shows some examples of the
poles ζ0

(
V̂
)

and ζ1
(
V̂
)

trajectories when V̂ changes from 0 to ∞ at fixed Bi = 100 for three
different values of η = 0.5, 1.0, 2.0 (green, red, blue colors) and following values of kw= 0.5
(curve 1), 0.9 (2), 1.0 (3), 1.1 (4), 1.35 (5), 5.0 (6). Solid diamonds indicate locations of ζ0

(
V̂
)

and ζ1
(
V̂
)

at V̂= 0, while empty ones correspond to V̂ → ∞ . The point of the trajectory
marked as a crossed-out square is a point, after crossing which, with increasing V̂, the real
poles ζ0

(
V̂
)

and ζ1
(
V̂
)

become a pair of complex conjugated poles, and vice versa. Note
that even small change in the parameter kw, which is proportional to the ratio of the wear
factor K∗ and the thermal expansion coefficient α, leads to significant variation of ζ0

(
V̂
)

and ζ1
(
V̂
)

trajectories and, to a lesser extent, trajectories of other ζk
(
V̂
)
, k = 2, 3, 4, . . .. If

wear is extensive (kw > 1), both ζ0, ζ1 and all others ζk, k = 2, 3, 4, · · · are located in regions
I, II (curves 4–6 on Figure 2). When thermal expansion of the coating material prevails over
wear (0 < kw < 1), the poles ζ0 and ζ1 move to the right complex half-plane to regions III,
IV (curves 1–3 on Figure 2).

One significant property of the poles from regions II, III is noted; they are complex
conjugated, i.e., ζ1 = ζ0 and ζ0 = ζ1.

Wear causes a dramatic effect on the poles’ behavior. In quasi-static sliding contact
problems with frictional heating but without wear, the poles ζ0 and ζ1 remain on the real
axis for any V̂ ∈ [0, ∞) [52,53]. In corresponding problems accounting for wear, the poles
ζ0 and ζ1 can have a non-zero imaginary part, and in this case become complex conjugates
ζ1 = ζ0, ζ0 = ζ1.
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Figure 2. Movement of zeros of R(z) (47) in the complex plane when V̂ changes from 0 to ∞.

5. Formulas for Exact Solution

When the poles ζk, k = 0, 1, 2, . . . are known, to calculate the integrals in (32), (41), (44)
we calculate the sum of the residues at the points z = ζk. For all simple poles we obtain

1
2πi

∫
Γ

Na(x, z)
tκR(z)

ezt̃dz =
∞

∑
k=0

Ca(x, ζk)eζk t̃, (53)

Ca(x, z) =
Na(x, z)
tκR′(z) (54)

By replacing symbolic index a in (53), (54) with T, u or σ, Equation (53) can be used to
calculate integral in (32), (41), (44), respectively. If ζk and ζk+1, k = 0, 1, 2, . . . are complex
conjugates (ζk+1 = ζk), then

Ca(x, z)ezt̃ = 2Re
Na(x, z)
tκR′(z) ezt̃ (55)

and summation in (53) can be entered by even numbers k = 2n, n = 0, 1, 2, . . . for complex
conjugate ζk, k = 0, 1, 2, . . .. Using (54) for (32), (41), (44) we obtain

fa(x, t) =
1

2πi

∫
Γ

Na(x, z)
tκR(z)

ezt̃dz =
∞

∑
k=0

Ca(x, ζk)eζk t̃a = T, u,σ (56)

and write out the problem solution in form of series

T(x, t) =
1 − v
1 + v

V̂
α

B′(h)
B(h)

∞

∑
k=0

CT(x, ζk)D(ζk, t) 0 ≤ x ≤ h, t > 0 (57)

u(x, t) = −B(x)
B(h)

Δ(t) +
∞

∑
k=0

Cu(x, ζk)D(ζk, t) 0 ≤ x ≤ h, t > 0 (58)

σxx(x, t) = − 2(1 − v)
(1 − 2v)B(h)

(
Δ(t)−

∞

∑
k=0

Cσ(x, ζk)D(ζk, t)

)
0 ≤ x ≤ h, t > 0 (59)

65



Nanomaterials 2022, 12, 142

where Ca(x, z) is calculated either by (54) or (55), and D(z, t) is calculated as follows

D(z, t) =
t∫

0

Δ(τ) exp(z(t − τ)/tκ)dτ t > 0 (60)

Calculating f 0
w(t) in (38) by relation

f 0
w(t) =

1
2πi

∫
Γ

r(h, z)
tκR(z)

ezt̃dz =
∞

∑
k=0

Bw(ζk)eζk t̃, Cw =
r(h, z)

tκR′(z) (61)

and substituting it into (37), we obtain a formula for calculation of the coating wear

uw(t) = kwV̂
hB′(h)
B(h)

∞

∑
k=0

Cw(ζk)D(ζk, t), t > 0 (62)

The horizontal displacements w(x, t) are determined from (1), (5), (7) and after inte-
grating (1) take the form

w(x, t) = − f B(x)σxx(h, t) 0 ≤ x ≤ h, t > 0 (63)

6. Domains of Stability and Instability

Analysis of Formulas (57)–(59) for T(x, t), u(x, t), σxx(x, t) shows that, in case of
Re(ζk) < 0, k = 0, 1, 2, . . . the solution is stable and tends towards a stationary state
with increasing t. However, if at least one of ζk, k = 0, 1, 2, . . . has Re(ζk) > 0, then the
magnitude of the solution grows indefinitely when t → ∞ and oscillates with the frequency
Im(ζk) 
= 0, which indicates instability of the problem. If the indentation law Δ(t) is a
bounded function

m < Δ(t) < M m, M > 0, 0 < t < ∞

then the following estimate for the integral in (60) takes place

|D(ζk, t)| ≥ m

∣∣∣∣∣1 − eζk t̃

ζk

∣∣∣∣∣ at Re(ζk) > 0 k = 0, 1, 2, . . .

Trajectories of the poles ζk
(
V̂
)
, k = 0, 1, 2, . . .V̂ ∈ [0, ∞), lying in the left complex half-

plane (Re(ζk) < 0), correspond to the stable solution, and therefore we refer to domains I,
II as the domains of stable solutions. Domains III, IV, lying in the right complex half-plane
(Re(ζk) > 0, k = 0, 1), can be referred to as the domains of unstable solutions, because in
domain III lim

t→∞
T(h, t) and lim

t→∞
σxx(h, t) do not exist (because Im(ζk) 
= 0, k = 0, 1), and in

domain IV we have lim
t→∞

T(h, t) = lim
t→∞

σ(h, t) = ∞ (because Im(ζk) = 0, k = 0, 1).

Figure 3 presents domains of stability (I, II) and instability (III, IV) in plane (V̂, kw)
and boundaries between them for Bi = 100 and different values of η = 0.1; 0.25; 0.5; 1.0; 5.0;
10.0. These plots show that, at fixed kw, V̂, η the parameter Bi affects the position of the
boundaries of stability and instability. The point of intersection of boundaries I–IV, lying
on axis V̂ (Figure 3), shifts depending on Bi and has a coordinate V̂∗ = 2Bi(2 + Bi)−1η−1

(kw = 0). At η = 1 this result coincides with [41]. The formula for V̂∗ shows the effect of
the parameter η (Figure 3) on the boundaries of domains I–IV.
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Figure 3. Domains of stability (I, II) and instability (III, IV) of the problem solution at Bi = 100 for
different values of η: (a) 0.1, (b) 0.25, (c) 0.5, (d) 1.0, (e) 5.0, (f) 10.0.

Note that the dimensionless parameter η, which characterizes inhomogeneity of the
FGM of the coating, significantly affects the boundary between domains of stable (II) and
unstable (III) solutions for any kw. These boundaries are presented in Figure 4 in detail.
One can observe that with decrease in η, the stable solution region increases.

 

Figure 4. Boundaries between stability and instability domains of the problem solution in the (V̂, kw)
plane at Bi = 100 for different values of η: 1—0.25, 2—0.5, 3—1.0, 4—2.0, 5—5.0.

7. Features of Wear of FGM Coating

In Section 5 we obtained the exact formulas for the main characteristics of the problem:
temperature T(x, t) (57), displacements u(x, t) (58), stresses σxx(x, t) (59) and coating wear
uw(t) (62) on sliding contact. These functions depend on the shear modulus μ(x) variation
by the coating depth 0 ≤ x ≤ h. To illustrate the solution, we assume that the shear
modulus μ(x) varies according to a power (parabolic) law

μ(x) = μ0

(
a
( x

h

)2
+ b

x
h
+ c

)
(64)

a = 2
(
μ1
μ0

− 2
μ1/2

μ0
+ 1

)
, b = −

(
μ1
μ0

− 4
μ1/2

μ0
+ 3

)
, c = 1

where μ0 = μ(0), μ1 = μ(h), μ1/2 = μ(h/2). This means that the shear modulus is equal
to μ0 at the coating–substrate interface (x = 0), to μ1 at the contact interface (x = h), and

67



Nanomaterials 2022, 12, 142

to μ1/2 in the middle of the coating. If μ1/2 = (μ1 + μ0)/2 then a = 0 and the law (64)
becomes linear.

Calculating integral (15) of the function in (64), we obtain the expression for B(x)

B(x) =
h
μ1

⎧⎪⎪⎨⎪⎪⎩
2χ√−D

arctg
√−D
θ(x) D < 0

χ√
D

ln
∣∣∣ 1+θ−(x)

1−θ+(x)

∣∣∣ D > 0

−4 c
b

χ
θ(x) D = 0

(65)

where D = b2 − 4ac, χ = μ1
μ0

, θ(x) = 2c + b x
h , θ±(x) = 2a

b±√
D
· x

h .
Equation (65) allows one to determine other characteristics depending on μ(x)

B′(x) =
1

μ(x)
=

1

μ0

(
a
( x

h
)2

+ b x
h + c

) (66)

B′(h) = 1
μ0χ

(67)

B(h) =
h
μ1

⎧⎪⎪⎪⎨⎪⎪⎪⎩
2χ√−D

arctg
√−D
2c+b D < 0

χ√
D

ln
∣∣∣∣ 1+b1−

1−b1
+

∣∣∣∣ D > 0

−4χ c
b(2c+b) D = 0

(68)

where D = b2 − 4ac, b1± = 2a
b±√

D
.

Then, from (67), (68) we obtain an expression for the parameter η, which characterizes
the inhomogeneity of the FGM coating. In case of the parabolic variation of μ(x) at
0 ≤ x ≤ h, according to (64), it has the form

η =
hB′(h)
B(h)

=
h

μ1B(h)
(69)

The law Δ(t) of indentation of a hard abrasive (half-plane I) into the coating is given
by the formula

Δ(t) = Δ0
((

eεt − 1
)

H(t0 − t) + H(t − t0)
)
, t > 0 (70)

where H(t) is the Heaviside step function. Formula (70) assumes that the time section of
indentation 0 < t ≤ t0 is active and, when t > t0 it is passive, since Δ(t) = Δ0 at t > t0.

The nature of the loss of thermoelastic stability of the main parameters of the contact
(temperature T(h, t), contact stresses σxx(h, t), coating wear uw(t)) is studied in detail in
Section 6 depending on the value of the parameter η. The boundaries of the thermoelastic
stability region on the set of parameter values (V̂, kw) at fixed values η and Bi are also
indicated there.

Let us study the effect of the parameter η of the considered thermoelastic problem
on wear by a hard abrasive (half-plane I) of an elastic strip made from aluminum with
a graded content of alumina (Al2O3) on the main characteristics of the contact: temper-
ature T(h, t) from (57), contact stresses p(t) = −σxx(h, t) from (59), coating wear uw(t)
from (62) and wear rate

.
uw(t). This FGM strip is characterized by an increased shear

modulus μ1 = μ(h) = 125.0 GPa at the contact and shear modulus at the interface with the
substrate μ0 = μ(0) = 25.0 GPa, ν = 0.34, κ = 88.1 × 10−6 mm2/s, α = 22.9 × 10−6 1/K,
K = 209.3 BT/(M·K), f = 0.47, h = 20 mm, Δ0 = 5 mm, t0 = 5 s, V = 2.5 mm/s, ε = ln 2. We
consider three different values μ1/2 = μ(h/2), which, together with their corresponding
values η, are presented in Table 1.
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Table 1. Parameters of the shear modulus variation with the coating depth.

Curve No. μ1/2, GPa η

1 50 0.361287
2 75 0.497067
3 100 0.619564

Variation of the shear modulus μ(x) by the x-coordinate is illustrated in Figure 5.

Figure 5. Variation of the shear modulus μ(x) by the coating depth at the considered values of μ1/2:
1—50, 2—75, 3—100 GPa.

The wear of the coating surface at the depth Δ0 ends up at t = tw, when the coating wear
uw(t) equals Δ0, and the contact stress turns to zero (p(t) = −σxx(h, t) = 0). We call tw the
time of the coating wear by amount Δ0. Assuming the wear factor K∗ = 1.0 × 10−11 m2/N, we
obtain the values of dimensionless parameters kw = 0.511 and Bi =105 using Formula (29).

Table 2 gives the coating wear time, together with maximum values of contact pressure
p(t) and temperature T(h, t) depending on the shear modulus in the middle of the coating
μ1/2 and sliding velocity V.

Table 2. Values of main contact characteristics depending on shear modulus in the middle of coating
μ1/2 and sliding velocity V in case of parabolic variation of the shear modulus μ(x).

μ1/2, GPa

tw, s max
t∈(0,tw]

p(t), GPa max
t∈(0,tw]

T(h,t), K

V = 2.5
mm/s

V = 5.0
mm/s

V = 2.5
mm/s

V = 5.0
mm/s

V = 2.5
mm/s

V = 5.0
mm/s

50 192.3 124.6 0.142 0.144 4.600 8.996
75 128.9 30.2 0.196 0.201 6.292 12.279
100 93.3 18.6 0.246 0.253 7.749 15.153

The effect of the parameter η on the main contact characteristics is illustrated in
Figure 6a–d, presenting plots of T(h, t), p(t), uw(t),

.
uw(t). Curves denoted 1, 2, 3 are

plotted for μ1/2 = 50, 75, 100 GPa, respectively.
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Figure 6. Dependence of the main contact characteristics by time: (a) contact pressure
p(t) = −σxx(h, t), (b) contact temperature T(h, t), (c) coating wear uw(t), (d) coating wear rate

.
uw(t),

for different values of shear modulus in the middle of the coating μ1/2: 1—50, 2—75, 3—100 GPa.

Figure 6 shows that the coating wear is accompanied by an increase in contact stress
p(t) and temperature T(h, t). The growth of the contact stress p(t) is explained by the
proportionality of the stresses σxx(x, t) to the shear modulus μ(x) according to (3). The
temperature T(h, t) is proportional to the contact stresses σxx(x, t), according to (9), and,
hence, to the shear modulus μ(x). Since curve 3 indicates a greater stiffness of FGM than
curve 1 (Figure 5), the values of p(t) and T(h, t) for curve 3 will exceed the values of these
characteristics for curve 1 (Figure 6). The wear of the coating demonstrating higher stiffness
(curve 3) will occur faster than the wear of the less stiff coating (curve 1), for the same
reason according to (8), and also because the vertical movement of abrasive I carried out
forcibly according to the law for Δ(t). Hence, it follows that it is possible to experimentally
determine the depth-variable shear modulus of the FGM coating under wear conditions in
accordance with the kinematic law for Δ(t) of abrasive I, using pressure and temperature
sensors at the contact.

For the preparation of materials with grinding, the power supply of the abrasive is often
used due to the contact pressure p(t), which must be kept at a certain level. This restriction
makes it possible to calculate the kinematic law for Δ(t) with the condition of the limitation
of p(t). Let the formula for the contact stresses be given by the following expression

p(t) = p0

((
eδt − 1

)
H(t0 − t) + H(t − t0)

)
(71)

where δ = t−1
0 ln 2, and t0 characterizes the time of reaching the stationary mode at t > t0,

at which p(t) = p0. To express Δ(t) in terms of p(t), we use formula (26) in the form

pL(p) = −2(1 − v)
1 − 2v

ΔL(p)
h

B(h)
· N0

σ(z)
R(z)

(72)

ΔL(p) is determined from (72) by the following formula

ΔL(p) = − 1 − 2v
2(1 − v)

pL(p)
B(h)

h
· R(z)

N0
σ(z)

(73)
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After inverting the previous formula, taking into account (27), we obtain the following
formula for determining Δ(t) from p(t)

Δ(t) = − 1 − 2v
2(1 − v)

B(h)
h

t∫
0

p(τ) · fp(t − τ)dτ (74)

fp(t) =
1

2πi

∫
Γ

R(z)
tκz r(h, z)

ezt̃dz (75)

where t̃ = t
tκ , tκ = h2

κ , R(z) and r(h, z) are taken from (28), (29), and B(h) is from the
expression (15).

The temperature at the contact T(h, t) with limited p(t) will also be limited, and wear
is determined according to (62).

Similarly, it is possible to determine Δ(t) so that the temperature is limited, for example,
by the following formula

T(t) = T0

((
eθt − 1

)
H(t0 − t) + H(t − t0)

)
(76)

where θ = t−1
0 ln 2, and t0 is the time, when T(t) becomes T0 at t > t0. Using formula (22)

for TL(x, p) according to the above scheme, we obtain

TL(p) =
1 − ν

1 + ν

V̂
αh

ΔL(p)
hB′(h)
B(h)

NT(h, z)
R(z)

(77)

ΔL(p) is determined from (77) by the following formula

ΔL(p) =
1 + ν

1 − ν

αh
V̂

TL(p)
B(h)

hB′(h)
R(z)

NT(h, z)
(78)

After inverting (78), we obtain

Δ(t) =
1 + ν

1 − ν

αh
V̂

B(h)
hB′(h)

t∫
0

T(τ) · fT(t − τ)dτ (79)

fT(t) =
1

2πi

∫
Γ

R(z)
tκNT(h, z)

ezt̃dz (80)

where t̃ = t
tκ , tκ = h2

κ .
When Δ(t) is taken from the expression (79), not only will the temperature on the

contact be limited, but also the contact stress p(t). The wear is determined through Δ(t)
from (79) according to (62).

8. Discussion

The present study was aimed at solving the problem of wear-grinding of a FGM
coating with a depth-varying shear modulus. According to the results of the studies
presented in the paper, it becomes feasible to solve the inverse problem of determining
the law of distribution of the depth-varying shear modulus of the FGM l of the coating. It
will be necessary to find out what the minimum set of information is for the unambiguous
determination of the shear modulus varying by depth. The solution to this problem
is important for the design of FGM coatings with special properties (anti-friction, anti-
corrosion, wear-resistant, etc.).

71



Nanomaterials 2022, 12, 142

9. Conclusions

The considered thermoelastic contact problem of sliding wear by a hard abrasive
material at a constant speed over the surface of an elastic coating in the form of a strip
made of FGM with an arbitrary shear modulus varying with the depth of the coating made
it possible to establish:

− A dimensionless parameter η of the FGIM of the coating, which characterizes the FGM
of the coating and its presence in all formulas of the main parameters of the contact
with friction;

− Boundaries of the regions of thermoelastic instability in the space of dimensionless
parameters of the problem: kw, V̂, Bi, η;

− Features of the kinematic scheme of wear, which consists in setting an arbitrary law of
upsetting of a hard abrasive on the surface of a strip made of FGM and leading to an
uncontrolled increase in temperature and contact stresses;

− A special grinding scheme, consisting in the development of such a law of displace-
ment of a hard abrasive into the surface of a strip made of FGM, with the help of
which the growth of both the temperature at the contact and the contact stresses is
limited.
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Nomenclature

w(x, t) horizontal component of displacements in the coating
σxx(x, t) normal component of stresses in the coating
σxy(x, t) shear component of stresses in the coating
T(x, t) the coating temperature
h thickness of the coating
V sliding velocity of the abrasive (half-plane I)
μ(x) shear modulus of the coating material
ν Poisson’s ratio of the coating material
α coefficient of linear heat expansion of the coating material
κ the thermal diffusivity of the coating material
f the coefficient of friction
K∗ the proportionality coefficient between the work of friction forces and the volume of

removed material
K the thermal conductivity of the coating material
k the heat transfer coefficient through the coating–substrate interface
uw(t) coating wear
Q(t) the amount of frictional heat originated at the contact interface
Δ(t) the law of indentation of a hard abrasive (half-plane I) into the coating
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Abstract: Tuning the high properties of segregated conductive polymer materials (CPCs) by in-
corporating nanoscale carbon fillers has drawn increasing attention in the industry and academy
fields, although weak interfacial interaction of matrix-filler is a daunting challenge for high-loading
CPCs. Herein, we present a facile and efficient strategy for preparing the segregated conducting
ultra-high molecular weight polyethylene (UHMWPE)-based composites with acceptable mechanical
properties. The interfacial interactions, mechanical properties, electrical properties and electromag-
netic interference (EMI) shielding effectiveness (SE) of the UHMWPE/conducting carbon black
(CCB) composites were investigated. The morphological and Raman mapping results showed that
UHMWPE/high specific surface area CCB (h-CCB) composites demonstrate an obviously interfacial
transition layer and strongly interfacial adhesion, as compared to UHMWPE/low specific surface
area CCB (l-CCB) composites. Consequently, the high-loading UHMWPE/h-CCB composite (beyond
10 wt% CCB dosage) exhibits higher strength and elongation at break than the UHMWPE/l-CCB
composite. Moreover, due to the formation of a densely stacked h-CCB network under the en-
hanced filler-matrix interfacial interactions, UHMWPE/h-CCB composite possesses a higher EMI
SE than those of UHMWPE/l-CCB composites. The electrical conductivity and EMI SE value of the
UHMWPE/h-CCB composite increase sharply with the increasing content of h-CCB. The EMI SE
of UHMWPE/h-CCB composite with 10 wt% h-CCB is 22.3 dB at X-band, as four times that of the
UHMWPE/l-CCB composite with same l-CCB dosage (5.6 dB). This work will help to manufacture a
low-cost and high-performance EMI shielding material for modern electronic systems.

Keywords: interfacial interaction; conducting carbon black network; mechanical property; electromagnetic
interference shielding

1. Introduction

With the rapid advancement in electronic information technology, electronic equip-
ment and communication base stations have become an indispensable part of people’s
daily lives. Meanwhile, this originated from man-made electronic devices accompanied by
high-energy electromagnetic wave radiation pollution and electromagnetic interference
have become critical problems that need to be addressed [1,2]. Current electromagnetic
interference (EMI) shielding materials mainly include metal and their alloy materials,
but these materials have many shortcomings, such as high density, high cost, low corro-
sions and a complicated manufacturing process [3]. Therefore, the electrically conductive
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polymer composites (CPCs) containing conductive fillers were identified as one of the
excellent candidates for EMI shielding materials due to their excellent merits, such as
low density, regulable electrical conductivity and corrosion resistance, etc. [4–7]. To ef-
fectively reduce the impact of electromagnetic wave radiation on interfering with the
equipment and human health, especially, people paid widespread attention to the design
and fabrication of lightweight and highly electrical conducting carbon fillers filled CPCs.
In recent years, to obtain higher EMI shielding effectiveness (SE) value, CPCs must require
sufficient conductive loss and interface polarized loss. Additionally, a reasonable layout
of the conductive network is necessary [8–10]. The construction of stable, efficient and
integral conductive paths can be helpful for conductive loss. Unfortunately, highly efficient
conductive pathways always require high content filler loading, which inevitably affects
the mechanical properties and processibility of materials [11,12]. Thus, how to further
obtain an efficient and dense conductive network at low content loading for EMI shielding
polymer composites still remains a daunting challenge [13].

The segregated conductive pathway has proven to outperform in enlarging conduc-
tive loss mechanism, particularly for lightweight polymer-based EMI shielding materials
with segregated structure, multi-element composite structure, laminated structure and
multi-interface structure [13–17]. Unfortunately, the segregated conductive pathways may
cause low enhancement efficiency of mechanical properties. The choice of the polymer
matrices and electrically conductive fillers, and the interface microstructure of polymer-
filler are very important for solving undesirable mechanical properties and manufacturing
high-performance CPCs. Currently, tremendous efforts in overcoming the disperse and
weak interfacial interaction of nanocarbon filler, such as carbon nanotube (CNT) [18–22],
graphite (G) [23], carbon black [21,24] and graphene nanoplatelets (GNPs) [25,26], etc.
Numerous works have attempted to improve the interface interaction of CPCs by the
synergistic effect of different dimensional filler and surface modification of filler [27,28].
Li [23] et al. reported hybrid graphite/carbon black (CB)/ultrahigh molecular weight
polyethylene (UHMWPE) composite exhibited a high electrical conductivity and superb
EMI SE. The mechanical enhancement is attributed to the synergistic effect of the nano-
sized CB particles and large-aspect-ratio graphite platelets, providing a stronger interfacial
adhesion between UHMWPE domains. Nah, et al. [29] developed a highly scalable EMI
shielding material comprising nanostructured carbon black and poly (methyl methacry-
late) (PMMA) nanocomposites via solution mixing, followed by the compression molding
method. The obtained PMMA nanocomposite with 10 wt% filler loading possessed a
superior EMI SE value of ~28 dB at X band. Moreover, inspired by the microstructure of
the bio-structural materials [30–32], people learn from nacre to construct unique structural
polymer composites—that is, design the orderly morphology of multi-layered structural
polymer matrix and the alignment of inorganic fillers. The thermal conductivity, electrical
properties and mechanical properties of polymer/filler nanocomposites were improved
via interface engineering [33,34]. However, among these methods in enhancing the filler-
matrix, interfacial interactions is relatively complicated for the practical production process.
Thus, for CPCs with strong interface adhesion and small defects, whether they can sim-
ply employ low-cost and high-electrically conductive nanostructured carbon fillers for
developing EMI shielding materials has become a very perspective research hotspot [35,36].

In this work, UHMWPE with unique rheological property serves as a matrix of segre-
gated conductive polymer composites, and nanosized carbon black (CCB) with high and
low specific surface area acts as conductive fillers. A comparative study of CPCs with a
dense high specific surface area conductive carbon black (h-CCB) packing network and
a low specific surface area conductive carbon black (l-CCB) loose network based on an
UHMWPE matrix was fabricated through mechanical mixing and compression molding
methods. We found that h-CCB particles with the multi-nanopores and intensive polar
interaction can not only be used as a conducting agent to enhance the electrical conduc-
tivity of UHMWPE, but also as transition layer to improve the filler-matrix interfacial
interactions, which in turn effectively suppress interfacial defects between the adjacent
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UHMWPE and h-CCB domains, and greatly form a highly efficient dense conductive
network in the composite. The achieved high-loading UHMWPE-based CPCs exhibited a
significant improvement of EMI shielding performance and mechanical properties. Fur-
thermore, to meet the requirement of actual applications, the influence of h-CCB and l-CCB
content on phase morphology, interfacial bonding mechanism, thermal properties and
EMI SE of high loading UHMWPE/CCB composites beyond 10 wt% CCB dosage were
investigated comprehensively.

2. Materials and Methods

2.1. Materials

CCB (F900A) with a high specific surface area (h-CCB) of 380 m2/g were purchased
from Tianjin Ebory Chemical Co., Ltd., (Tianjin, China). CCB (Orion N990) with a low
specific surface area (l-CCB) of 8 m2/g was obtained from Shenzhen Securities Yoshida
Chemical Co., Ltd., (Shenzhen, China). Comparison of the specific surface area and
pore size distribution of two kinds of CCB nanoparticles were given in Figure S1 and
Table S1. UHMWPE, under the trade of SLL-2, with an average molecular weight of
3.00 × 106 g/mol, was supplied by Shanghai Lianle Chemical Industry Science and Tech-
nology Co., Ltd., (Shanghai, China). All raw materials were used as received without
further modification.

2.2. Preparation of UHMWPE/CCB Composites

The preparation schematic illustration of segregated UHMWPE/CCB composites is
presented in Figure 1. At first, h-CCB particles and UHMWPE powder were dried in a vac-
uum oven at 80 ◦C for 6 h. Then, UHMWPE powder and high specific surface area h-CCB
particles with compositions of 99.5/0.5, 99/1, 97/3, 95/5, 93/7, 90/10 and 85/15 were pre-
mixed by adopting the crusher high-speed mechanical mixing (800Y, Yongkang Platinum
Ou Hardware Products Co., Ltd., Zhejiang, China) at a rotation speed of 34,000 r/min for
50 s, obtaining the high specific surface area CCB-coated UHMWPE mixtures. Afterward,
the obtained compounds were compression molded at 200 ◦C for 20 min on a flat vulcaniz-
ing machine (ZG-80 T, Guangdong Zhenggong Electromechanical Equipment Technology
Co., Ltd., Guangdong, China), followed by cold compression molded to room temperature
at a pressure of 17 MPa. The final obtained specimens were denoted as UHMWPE/h-CCBx
composites, in which x means that the weight fraction of h-CCB nanoparticles. For com-
parison, l-CCB nanoparticles modified UHMWPE composites with the same weight ratios
were prepared via high-speed mechanical mixing and compression molding. The samples
were remarked as UHMWPE/l-CCBx composites.

Figure 1. Preparation schematic illustration of segregated UHMWPE/CCB composites.

2.3. Characterization

The morphologies of CCB nanoparticles and composites were investigated using a
cold field emission scanning electron microscope (FE-SEM, Regulus 8100, Hitachi, Japan)
at an accelerating voltage of 10 kV. All samples were fractured in liquid nitrogen and
sputter-coated with gold before observation.

The electrical conductivity was measured by a high-resistance meter (ZC-90G, Shang-
hai Taiou Electronics Co., Ltd., Shanghai, China) higher than 10−5 S/m, four-point probes
resistivity measurement (RTS-9, Guangzhou Four Probe Technology Co., Ltd., Guangzhou,
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China) below 10−5 S/m. The electromagnetic interference shielding performance of the
samples depended on scattering parameters, which corresponded to the reflection and
transmission of transverse electromagnetic waves, was performed by a Vector network
analysis (N5244A, Agilent Technologies, SCC, CA, USA) with the wave-guide method
at X-band frequency range (8.2–12.4 GHz) according to ASTM D5568-08, the resultant
scattering parameters were used to calculate EMI SE values.

The sheets were cut into dumbbell-shaped specimens for the evaluation of the me-
chanical properties using a universal testing machine (CMT4104, Shenzhen Sans Material
Inspection Co., Ltd., Shenzhen, China). The measurements were repeated five times to get
the average values.

The DSC analyses for the samples were performed on a TA Instruments Q20. The
samples were first heated up to 200 ◦C, and then annealed for 5 min to eliminate thermal
history, following by cooling down to 40 ◦C and then reheated up to 200 ◦C, at heating
and cooling rates of 10 ◦C/min. Thermal gravimetric (TGA) analysis of the samples was
performed by TA instrument Q50 from room temperature to 700 ◦C at a heating rate of
10 ◦C/min and a nitrogen gas flow of 90 mL/min.

The specific surface area of CCB particles was tested using a BELSOBP-miniII auto-
matic surface area Brunauer-Emmet-Teller (BET) analyzer (BELSOBP-miniII, MicrotracBEL,
Osaka, Japan). The specific surface area was calculated according to the Brunauer–Emmett–
Teller (BET) method.

To order to indicate intuitively the interface interactions between UHMWPE and CCB
particles with various structures, the Raman mapping images of UHMWPE/h-CCB and
UHMWPE/l-CCB composites were performed on a micro-laser confocal Raman spectrom-
eter (Thermo Scientific DXR2xi, Waltham, MA, USA). The test condition of Raman was that
the laser power is 1.5 mW, and the total exposure is 30 times with 0.025 s exposure time for
each spectrum, Raman mapping images with an area of 50 μm2 in step sizes of 1 m. The
imaging data is fitted through the Raman software “OMNICxi”, which gives each point a
corresponding Raman characteristic peak spectrum.

3. Results

3.1. Characterization of h-CCB, and l-CCB Nanoparticles

We investigated the microstructure and properties of two kinds of CCB nanoparticles.
These particles are often agglomerated into large aggregates due to the strong Van der
Waals force between particles, leading to a high-percolation threshold value (15–20 wt%)
for achieving the interconnected conductive networks [37]. This is mainly due to the
zero-dimensional shape of the filler, which is hard to construct highly efficient conductive
networks [38]. Figure 2 depicts the morphology and specific surface area of two kinds
of nanoscale h-CCB or l-CCB particles. In Figure 2a,b, compared to l-CCB materials, we
observed that the particle size of h-CCB is smaller than l-CCB, and most of h-CCB particles
aggregate each other, it shows that h-CCB possesses a high specific surface area and strong
polar interaction between particles. Figure 2c presents the N2 adsorption/desorption
isotherms of two kinds of different specific surface area CCB nanoparticles; it suggests that
the large specific surface area of h-CCB particles was attributed to its abundant porous
structure, and the abundant mesoporous structure and high specific surface area of h-CCB
particles enable the combined forces of numerous Van der Waals forces to become much
stronger, which is beneficial for forming the strong interface interactions of mechanical
interlocking between h-CCB and UHMWPE. Figure 2d indicates that Raman spectrum
of h-CCB and l-CCB particles is mainly composed of D and G peaks at 1348 cm−1 and
1587 cm−1, in which ID/IG value presented the level of the different graphitization and
defects structure. Moreover, h-CCB particles present an evident 2G peak value in the
Raman spectrum, the ID/IG value of h-CCB is lower than l-CCB particles, implying the
graphitization degree of h-CCB particles is higher than l-CCB particles. These results
suggested that h-CCB particles with high graphitization level serve as conducting fillers
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in CPCs at low filler content, which has more competitive value in industry applications,
owing to its outstanding electrical conductivity.

Figure 2. SEM images of CCB particles: (a) l-CCB particle; (b) h-CCB particles; (c) N2 adsorption/desorption isotherms,
(d) Raman spectroscopy of nanoscale h-CCB and l-CCB particles.

3.2. Microstructure of UHMWPE/CCB Composites

To vitally confirm the various dispersion and distribution characteristics of CCB
particles, we perform optical microscopy (OM) imaging analysis. Figure 3 shows the
cross-sectional optical microscopy of UHMWPE/l-CCB composites and UHMWPE/h-CCB
composites. The obvious bright parts (UHMWPE region) and dark region (h-CCB or
l-CCB rich region) that are connected can be observed clearly, indicating the formation of a
segregated h-CCB or l-CCB network. In Figure 3a–c, with the increasing l-CCB content,
some conductive networks are gradually constructed. Likewise, this phenomenon also
appears in h-CCB filled UHMWPE matrix, as shown in Figure 3e,f. Compared to the
loosely stacked l-CCB network, while the strong Van der Waals forces of h-CCB particle
are easy to aggregate each other, and gradually form a denser and denser developed
conductive network with increasing h-CCB concentrations. This may be attributed to
the strong mechanical interlocked interactions of h-CCB particles and UHMWPE matrix,
and the Brownian motion of CCB particles in the UHMWPE melt creates the distinctly
interfacial transition layer and strongly interfacial adhesion, forming the densely stacked
conductive network [35]. To sum up, the optical microscopy observations intuitively
confirm the formation of high-quality segregated conductive networks. An interfacial
transition layer with the small interface defect is achieved in UHMWPE/h-CCB composites
due to the strong interfacial effects. Moreover, we observed that a compacted and oriented
conductive pathway near the UHMWPE granules interfacial regions is formed at the
optical microscopy of UHMWPE/h-CCB composites (Figure 3e). This result is likely due
to the high viscosity of the UHMWPE matrix, which promotes the migration of h-CCB
particles during the hot-compression process. With the increase of h-CCB particles dosage,
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the migration of h-CCB particles attached to the UHMWPE granules interfacial regions
become dense and thick, which further reveals good interfacial adhesion between h-CCB
and UHMWPE.

Figure 3. Optical microscopy images of the cross-sectional surface of UHMWPE/CCB composites: (a) UHMWPE/1-CCB0.5,
(b)UHMWPE/1-CCB1, (c)UHMWPE/l-CCB3, (d)UHMWPE/h-CCB0.5, (e)UHMWPE/h-CCB1 and (f)UHMWPE/h-CCB3.

Using a reasonable approach of revealing perfect interfacial bonding in between
polymer domains is very important. Figure 4 displays the interfacial microstructure of
UHMWPE/CCB composites. The cryo-fractured surface of UHMWPE/CCB composites ap-
pears obviously the segregated h-CCB or l-CCB particles located at the interface between ad-
jacent UHMWPE granules. Moreover, the cryo-fractured surface morphology confirms that
there are no obvious agglomerates and clusters across the whole cryo-fractured surfaces of
two UHMWPE/CCB composites with higher CCB loading. In Figure 4a–c, the micrographs
revealed that the l-CCB dispersion and distribution morphology in UHMWPE/l-CCB com-
posites with different l-CCB content is a relatively sparse morphology, the fractured surfaces
become uneven, and some interfacial defects appear in the composites with the higher
l-CCB loading. In Figure 4a, the red circle indicated the recognized CCB particles, and the
phenomena of the selective dispersion and distribution at the interface can be detected
by a higher-magnification SEM image. With the increase of the addition of l-CCB, from
Figure 4c it can observed that l-CCB conductive pathways between UHMWPE particles
begin a loosely conductive networks at 3 wt% 1-CCB concentration. With the CCB content
increasing continually, many distinct interfacial voids appear in the cryo-fractured surfaces
of UHMWPE composites with high l-CCB concentration. We can obviously observe some
cracks of the composites with 5, 7, and 10 wt% l-CCB concentrations at higher magni-
fications, and two-phase interface of such composite is clear, which suggests the weak
interfacial adhesion and compatibilization (Figure S2). This is attributed to the low specific
surface area, poor polarity and physical adsorption ability of l-CCB particles. By contrast,
UHMWPE/h-CCB composite shows a unique dense segregated structure that h-CCB are
orderly distributed at the interfaces of UHMWPE granules. Moreover, the nanosized h-CCB
particles are easily decorated onto UHMWPE granules due to their large specific surface
area during the mechanical mixing, and then the rough UHMWPE granules experience
the plastic deformation under hot-pressing stress, and constrain UHMWPE molecular
chains diffusion in between granules. This synergistic interface effect forms a continuous
and dense segregated structure in the process of compression molding. In Figure 4d–f,
as the amount of h-CCB increases from 0.5 to 3.0 wt%, we observed that both h-CCB and
l-CCB particles were orderly dispersed at the interfaces of UHMWPE granules, this result is
attributed to the strong volume exclusion effect of the UHMWPE matrix with high viscosity.
Moreover, the SEM morphology images of UHMWPE/l-CCB and UHMWPE/h-CCB with
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different filler content are very similar, and no voids and interfacial defects are found.
These results suggested that UHMWPE/l-CCB and UHMWPE/h-CCB composites have
excellent mechanical properties at a low loading content. Meanwhile, beyond 3.0 wt%
h-CCB content, a unique segregated h-CCB conductive network composed of the mix-
ture of denser stacked h-CCB particles bridging UHMWPE matrix is observed, as seen in
Figure S3 at higher magnifications. The evolution of various microstructures two kinds of
UHMWPE/CCB composites is mainly attributed to the fabrication process of materials,
and interface interactions of CCB-CCB and CCB-polymer matrix. In particular, different
filler-matrix interfacial behavior was observed in the composites with CCB particles. In the
composite with l-CCB particles, obvious gaps can be found, suggesting that the interactions
between phases are relatively poor. By contrast, whereas the incorporation of h-CCB weight
fraction into UHMWPE beyond 3 wt%, a compact segregated conductive network between
the UHMWPE boundary regions is constructed. Furthermore, the low ratios of h-CCB filled
UHMWPE matrix not only greatly guarantees the mechanical properties of the composites,
but also realizes the construction of the segregated structure at low conductive percolation
threshold values of 0.5~1 wt%.

Figure 4. FE-SEM morphology of the cryo-fractured surface of UHMWPE/CCB composites: (a) UHMWPE/1-CCB0.5;
(b) UHMWPE/1-CCB1; (c) UHMWPE/1-CCB3; (d) UHMWPE/h-CCB0.5; (e) UHMWPE/h-CCB1; and (f) UHMWPE/h-CCB3.

Raman spectroscopy is a fast and useful tool for the characterization of interface
structure for carbon-filled polymer composites. To explore the orderly dispersion and
distribution of carbon fillers in a polymer matrix, we analyze the interface transition layer
structure of h-CCB and l-CCB filled UHMWPE composite via using Raman mapping
measurements. Figure 5 shows the polymer-filler interface structure of Raman mapping
surface morphology of different UHMWPE/CCB composites. As the CCB content increases
from 1.0 wt% to 3.0 wt%, we observed that the distribution of h-CCB or l-CCB significantly
affects the interfacial layer microstructure of composite, owing to the formation of the
different CCB networks. Moreover, the change of images color from red to blue represents
of Raman signal of the UHMWPE matrix phase and CCB particles, respectively. The middle
green color transition region is the UHMWPE-CCB co-existed phase, which becomes more
and more distinct with the increase of h-CCB content, and in which a distinctly interfacial
bonding layer is found. We also found that the segregated h-CCB lamella structures appear
a compact segregated structure and interfacial bonding layer with different thicknesses, its
h-CCB lamella thickness mainly depends on the content of h-CCB, as observed on the cross-
sectional surface of UHMWPE/h-CCB composites as shown in Figure 5c,d. In Figure 5c,d,
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as the h-CCB content increases from 1 to 3 wt%, the thickness of the compact segregated
h-CCB lamella increase from 4.44 μm to 22.65 μm, while the interfacial bonding layer is
slightly enhanced, but the increasing trend is no obvious. This implied the strong interfacial
interactions of h-CCB and UHMWPE are very helpful for the interfacial structure and
properties of the composites. To achieve deeper insights into the different interfacial effects
of CCB-filled composites, we analyzed that the presence of different colors represents the
different position of Raman spectrum in detail in Raman mapping images of UHMWPE/l-
CCB0.5, and UHMWPE/l-CCB0.5 composites, as is shown in Figure S4a–c. Figure S4b–d
displays the corresponding Raman spectrum of Raman mapping images of UHMWPE/l-
CCB0.5, and UHMWPE/l-CCB0.5 composites at the position of UHMWPE matrix materials
(A curve), UHMWPE-CCB interfaces (B curve) and CCB particles (C curve). We found that
the h-CCB-UHMWPE interfacial structure significantly constrains UHMWPE molecular
chains micromovement compared to l-CCB particles, thereby leading to the conformational
change of UHMWPE molecular chains in UHMWPE/h-CCB composites. This is related
to the existence of the different interface bridging effects of l-CCB-UHMWPE, h-CCB-
UHMWPE systems with the incorporation of CCB particles, which is consistent with
SEM results. More importantly, the Raman spectrum of UHMWPE/h-CCB composite
significantly presents an overlapped characteristic peak at 1348 cm−1 and 1587 cm−1. In
Figure S4b–d, from this characteristic peak shift change of Raman spectrum of composites,
the crystallinity of UHMWPE/h-CCB composite decreases with increasing h-CCB content,
we speculated that the addition of h-CCB particles is likely to impact their conformational
and crystalline structure of UHMWPE matrices. This further suggested that plentiful
h-CCB nanoparticles as an enhanced transition layer is embedded into the UHMWPE
matrices, which is contributed to the retention of the mechanical properties of high-loading
polymeric-based composites.

Figure 5. Raman mapping images of UHMWPE/CCB composites with different concentrations: (a) UHMWPE/1-CCB1;
(b) UHMWPE/1-CCB3; (c) UHMWPE/h-CCB1; and (d) UHMWPE/h-CCB3.
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DSC is one of the most effective methods for characterizing the effect of inorganic CCB
in polymer matrices on the crystallization performance and the interaction of filler/polymer
under the process of the crystallization of the crystal growth and nucleation. Therefore,
further discussion on the thermal property parameters regarding the melting point (Tm),
enthalpy of fusion (ΔHm) and crystallinity (χc) are necessary. Figure S5 shows the DSC
curves of pure UHMWPE, UHMWPE/l-CCB and UHMWPE/h-CCB composites. The
detailed information of these DSC curves is listed in Table S2. In Table S2, the crystallinity
(χc) of UHMWPE gradually decreases with an increase of CCB content, and the reason for
the decrease is mainly ascribed to the extremely high viscosity of the UHMWPE matrix;
rigid CCB particles are segregated and evenly dispersed in UHMWPE boundary regions
due to the volume exclusion effect of the matrix, limiting the alignment of UHMWPE chains
and decreasing the melting points (Tm) of the obtained composites, which is consistent
with the reported results of the crystallization properties of high specific surface area
MWCNT/UHMWPE [36], large aspect ratio graphene nanoplatelets/UHMWPE [39] and
multi-scale mesoporous structural bamboo charcoal/UHMWPE composites [40]. This
result further confirms that the crystal structure of UHMWPE is influenced by the h-
CCB content—that is, physically interlocking interactions of high polar CCB particles
impede the movement of UHMWPE molecular chains, which is also consistent with
Raman mapping results. In Figure S5a, the melting curves of DSC find only one melting
peak corresponding to that of UHMWPE, which indicates the incorporation of CCB does
not affect the crystalline structure of UHMWPE. Besides, the obtained results from the
cooling curves Figure S5b show the initial crystallization temperature (Tc, onset) value of
the crystallization temperature of UHMWPE is 121.16 ◦C, while is no obvious change
compared to UHMWPE/CCB composites. For instance, when CCB content is 5 wt%, the
Tc, onset of h-CCB or the l-CCB modified UHMWPE composites is 120.85 and 120.46 ◦C,
respectively, which is close to the initial crystallization temperature of pure UHMWPE
(121.16 ◦C).

To obtain a better understanding the impact of the interfacial interactions of the
addition of various CCB into UHMWPE matrix on the thermal stabilities of the composites,
we further evaluate the incorporation of h-CCB and l-CCB content on the thermal stabilities
of the composites via using TGA analysis, separately. Figure S6 depicts pure UHMWPE,
UHMWPE/h-CCB and UHMWPE/l-CCB composites of TGA curves and DTG curves. The
relevant thermal data, including the temperature of 5, 30, 50% weight loss (T5, T30, and T50)
of the composites, the temperature at maximum weight loss rate (Tmax), heat resistance
index (HRI) and charred residue quality are summarized in Table S3. In Table S3, the
initial decomposition temperature of UHMWPE/h-CCB and UHMWPE/l-CCB composites
with 0.5 wt% CCB concentration has been improved compared to pure UHMWPE, which
is due to the interfacial bonding between polar CCB particles and UHMWPE granules,
effectively hindering the transformation of heat in UHMWPE molecular chains, obviously
enhancing their thermal stabilities. This result is consistent with the microstructure of
the composite characterized by SEM. Moreover, the initial decomposition temperature
of UHMWPE/h-CCB composites significantly increases as the h-CCB content increases
compared to pure UHMWPE and UHMWPE/l-CCB, the T5, T30 and T50 of UHMWPE/h-
CCB10 composites are increased by 9.67, 11.5 and 13.19 ◦C, respectively. This is attributed
to high-quality CCB network structures that play a thermal barrier role, restrict the heat
transfer in the UHMWPE matrix and simultaneously delay the thermal decomposition
progress of composites as well. Furthermore, the T5, T30, T50 and heat resistance index
(HRI) of UHMWPE/h-CCB composites is greater than UHMWPE/l-CCB composites, and
these results further illustrate that h-CCB particles are conducive to enhance the interface
effect and thermal stability properties of composites.

3.3. Mechanical Properties

The mechanical properties of most polymer composites rely on various factors, includ-
ing polymer/filler type, method of preparation, dispersion or distribution of fillers [41] and
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polymer-filler interfacial interaction [42]. In addition, the excellent mechanical properties
play an important role in the industrial practical applications of shielding materials as well.
It is well-known that the mechanical performance is predominately determined by the in-
terfacial adhesion of the adjacent polymer domains in CPCs materials [43]. Figure 6 shows
the mechanical properties of pure UHMWPE, UHMWPE/h-CCB and UHMWPE/l-CCB
composites. In Figure 6, when CCB content is 1 wt%, it can be seen that UHMWPE/CCB
composites show higher mechanical properties compared to pure UHMWPE, due to the
incorporation of good-dispersion CCB particles into UHMWPE matrices as nucleating
agents [24], resulting in the stable conformation of the UHMWPE macular chains. Moreover,
high loading UHMWPE/h-CCB composites greatly maintain mechanical performance com-
pared to the same addition of UHMWPE/l-CCB composites, the elongation at break value
of UHMWPE/h-CCB composites is also significantly higher than that of UHMWPE/l-CCB
composites, further suggesting the interfacial adhesion of h-CCB nanoparticles is superior
to the interaction of l-CCB, Furthermore, when the increase of h-CCB or l-CCB content to
10 wt%, the tensile strength and elongation at break value of UHMWPE/h-CCB composites
are approximately two and six times that of UHMWPE/l-CCB composites, separately, as
shown in Figure 6. The mechanical properties improvement in the strength and fracture of
high-loading UHMWPE/h-CCB composite is thus attributed to the strong mechanical in-
terlocking in between adjacent UHMWPE granules and h-CCB nanoparticles, good wetting
interactions of h-CCB nanoparticles, leading to forming the dense and rigid h-CCB particle
networks that can greatly transfer stress and dissipate energy [44]. Numerous matrix fibrils
are formed on the tensile fractured surface of UHMWPE/h-CCB composite, and a typical
ductile fracture is found. Figure S7 further demonstrated that endowing the good interfa-
cial adhesion between UHMWPE and h-CCB nanoparticles, making the UHMWPE/h-CCB
composite more competitive as segregated conductive polymer materials, which can resist
high stress in some specific fields. These results are consistent with the above-obtained
SEM, OM, Raman mapping imaging and TGA characterization results.

Figure 6. (a) tensile strength and (b) elongation at break of UHMWPE/CCB composites.

To further elucidate fracture and enhancement mechanism, the tensile fractured
surfaces of UHMWPE/h-CCB, and UHMWPE/l-CCB composites, Figure 7 presents the
broken tensile surfaces of l-CCB particles filled UHMWPE-based composite compared to
a unique UHMWPE/h-CCB composite. The surface on the composite surface is rough
because of the presence of h-CCB nanoparticles. No obvious h-CCB particles agglomeration
can be observed in the composites, indicating that the dry-blending technique is an effective
method to uniformly disperse the h-CCB particles in the polymer matrix. Figure 7a–c show
that the surface of the composite material had some small voids, and some l-CCB particles
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are not well dispersed in the matrix, which was due to the poor interfacial mechanically
interlocked in UHMWPE matrix, resulting in the decrease of mechanical properties of
composites. Meanwhile, Figure 7d–f show that good interface quality is produced —that
is, perfect contact is observed (no voids).

Figure 7. SEM images of the tensile fractured surfaces of UHMWPE/l-CCB composites: (a) UHMWPE/l-CCB5;
(b) UHMWPE/l-CCB10; and (c) UHMWPE/l-CCB15, and UHMWPE/h-CCB composites: (d) UHMWPE/h-CCB5;
(e) UHMWPE/h-CCB10; and (f) UHMWPE/h-CCB15.

3.4. Electrical Conductivity

As one of the key parameters of the electromagnetic interference (EMI) shielding
material, high electrical conductivity (σ) plays a vital role in EMI shielding application
materials. Figure 8 shows the σ of UHMWPE/h-CCB and UHMWPE/l-CCB composites.
In Figure 8a,b, the σ increases gradually with the increase of h-CCB or l-CCB loading
weight ratios. Moreover, UHMWPE/h-CCB composites possess a higher σ than that of
UHMWPE/l-CCB composites with the same concentration, which should be attributed
to the improved conductive network of h-CCB particles. Besides, according to theoretical
percolation threshold [45,46]: σ = σ0 (ϕ − ϕc)t, for ϕ > ϕc, where ϕ is the volume fraction
of the fillers, ϕc is the volume percolation concentration, σ and σ0 represents the electrical
conductivity of the composites and the conducting fillers, respectively. t represents a critical
exponent reflecting the dimensionality of the system. To obtain the ϕc value, the linear
fits of log σ vs. log (ϕ − ϕc) is performed for each estimated “ϕc”, as presented in the
interior illustration of Figure 8b, and it is found that ϕc value of UHMWPE/h-CCB is far
less than UHMWPE/l-CCB composite, and the percolation threshold of UHMWPE/h-CCB
composite is 0.49 wt%. In comparison, we also found that the σ values of UHMWPE/l-CCB
composites as a function of CCB content display a linear increasing trend, the estimated
percolation threshold value of UHMWPE/l-CCB composite is more than 5 wt%. The ϕc
value UHMWPE/h-CCB composite is far lower than that of UHMWPE/l-CCB composite.
Furthermore, UHMWPE/h-CCB10 already gains a desirable electrical conductivity, and
it is exciting that an excellent σ of UHMWPE/h-CCB composites (0.12 S/cm) with low
h-CCB loading of 10 wt% far exceeds the target value (1.31 × 10−2 S/cm) for commercial
use as EMI shielding materials, which can fulfill the commercial EMI shielding application.
The achievement of outstanding σ values in UHMWPE/h-CCB10 can be correlated with
the different CCB networks formed in the UHMWPE matrix. For UHMWPE/h-CCB10
composites, the formation of the interconnecting and dense network reveals that a large
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number of h-CCB are concentrated at the interfaces of UHMWPE domains and closely
overlapped, which is more conducive to the transmission of electrons and interfacial
polarity. Moreover, for UHMWPE/l-CCB10 composites, the σ values of UHMWPE/l-CCB10
composites mainly rely on l-CCB loading to realize higher σ owing to inherent l-CCB’s low
electrical conductivity and poor interfacial energy characteristics. To further demonstrate
the potential application of conductive UHMWPE/CCB composites, in Figure 8c,d a basic
electronic setup based on a light-emitting diode (LED), together with various conductive
UHMWPE/CCB composites, was assembled. The circuit measurement was carried out
in UHMWPE/h-CCB3 composite and UHMWPE/l-CCB7 composite, and as expected,
the LED bulbs can be glowed by the circuit, demonstrating the percolation behavior of
UHMWPE/h-CCB segregated composite at a low percolation threshold, and have desirable
σ value. Overall, utilizing an appropriate amount of CCB can not only realize high
performance simultaneously, but also achieve the EMI materials with excellent EMI SE.

Figure 8. Comparation of σ of UHMWPE/CCB composites with the different CCB content: (a) UHMWPE/h-CCB; and
(b) UHMWPE/l-CCB; the actual conductive circuit of the glowing LED bulbs energized by (c) UHMWPE/l-CCB7; and (d)
UHMWPE/h-CCB3 composite.

3.5. Electromagnetic Interference (EMI) Shielding Performance

Figure 9a–f displays the EMI shielding performance and EMI shielding mechanism
diagram of segregated UHMWPE/l-CCB and UHMWPE/h-CCB composites with different
CCB content. In Figure 9a, it is clear that the EMI SE are continuously improved with
increasing CCB filler loading due to the improvement in well-connected conductive net-
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work and electrical conductivity in the UHMWPE matrix. For instance, at 10 wt% h-CCB
content, the EMI SE of the UHMWPE/h-CCB10 composite is found to be a satisfactory EMI
SE of 22.3 dB at X band (8.2–12.4 GHz), and which already exceeded the requirement for
commercial EMI SE (20 dB)—this signifies 99.9% blocking of the EM wave. Moreover, in
Figure 9a, we found that the extent of increase in EMI SE corresponds to the extent of h-CCB
incorporated in the UHMWPE matrix. The incorporation of h-CCB in UHMWPE matrix is
the most significant contributor to the EMI SE of the composite compared to UHMWPE/l-
CCB composite. To comprehend the EMI shielding mechanism for the UHMWPE/h-CCB
composite composites, the contribution of absorption SE (SEA)and reflection SE (SER) is
disassembled from the total SE (SET), and is shown in Figure 9b–d. The detailed SEA,
SER and SET Values at 8.2 GHz are summarized in Table S4. The relationship between
power coefficients [i.e., reflection (R), absorption (A) and Transmission (T)] and frequency
of the segregated UHMWPE/l-CCB15 and UHMWPE/h-CCB15 composites is illustrated in
Figure S8. For UHMWPE/h-CCB15 composite, the R value raises to 0.78, and the T value
keeps at quite a low level. A gradually decreasing trend is observed for A values caused
by the huge increase of R. Meanwhile, the UHMWPE/l-CCB15 shows a low R value of
0.49 at 8.2 GHz. Moreover, from Figure 9, it could be significantly observed that SEA
contributes overwhelmingly to SET, and this result suggests that absorption is the domi-
nant shielding mechanism. Furthermore, we use the mechanism diagram to vividly show
the entire process of electromagnetic waves passing through the composites, as shown
in Figure 9e,f. The main way for UHMWPE/h-CCB composites to shield EM waves is
absorption. When the electromagnetic wave reaches the surface of the composites, part
of the electromagnetic wave is reflected, owing to the impedance mismatch. According
to the impedance mismatch theory, the EMI SE of the segregated CPCs crucially depends
on its high electrical loss and interfacial polarization loss. The desirable EMI shielding
performance of CPCs often occurs synchronously with high electrical conductivity. The
strong interfacial interaction and compatibility between h-CCB–h-CCB, h-CCB–UHMWPE
is usually beneficial to forming more continuous conductive paths and subtle interface
polarization, leading to the low percolation threshold and high EMI SE. Moreover, the
obtained plentiful interconnecting conductive paths can impact the electrical conductivity
of composite and decrease the separation distance between conductive fillers to a great
extent. Overall, the high EMI SE of the segregated UHMWPE/CCB composites is attributed
to such a dense conductive network with the fine interfacial bonding interactions—such
interactions generate electrical loss and polarization loss, leading to the strong absorption
and multiple scattering of incident EM waves.

87



Nanomaterials 2021, 11, 2074

Figure 9. (a) SET; (b) SEA; and (c) SER of UHMWPE/h-CCB and UHMWPE/l-CCB composites with different CCB contents;
as well as (d) Comparison of EMI SE of UHMWPE/h-CCB and UHMWPE/l-CCB composites with different CCB weight
ratios at the thickness of approximately 1.5 mm; (e) EMI shielding mechanism diagram of UHMWPE/l-CCB; and (f)
UHMWPE/h-CCB composites.

4. Conclusions

UHMWPE/h-CCB and UHMWPE/l-CCB composites were prepared using simple
and effective high-speed mechanical mixing combined with the compression molding
method. The mechanical properties of high-loading UHMWPE/h-CCB composite were
maintained greatly, and much higher than that of UHMWPE/l-CCB composite, revealing
the strong interfacial interactions of UHMWPE matrix and h-CCB particles. The electrical
threshold mechanism reveals that a low percolation threshold (0.49 wt%) is obtained in
the UHMWPE/h-CCB composite due to the formation of a densely compacted h-CCB
network, which is far lower than that of the percolation threshold of UHMWPE/l-CCB.
UHMWPE/h-CCB exhibits an evident improvement of electromagnetic interference shield-

88



Nanomaterials 2021, 11, 2074

ing effectiveness (EMI SE) when the dosage of h-CCB exceeds its electrical percolation
threshold, the UHMWPE/h-CCB composite exhibits a satisfactory EMI SE value of 22.3 dB
at 10 wt% h-CCB content, which is as four times that of UHMWPE/l-CCB composite
with same l-CCB dosage (5.6 dB). Moreover, the tensile strength and elongation at break
value of UHMWPE/h-CCB10 composites are approximately two and six times that of
UHMWPE/l-CCB10 composites. In a word, the addition of h-CCB particles not only effec-
tively increases the thermal stability of segregated conducting UHMWPE-based composite,
but also ensures the excellent mechanical properties and acceptable EMI SE in practical ap-
plications. This low-cost and high-performance segregated conductive polymer composite
is a promising candidate for EMI shielding and antistatic fields, which will expect to open
the door for next-generation cost-effective EMI shielding materials to cater academic and
industrial applications in the future.

Supplementary Materials: The following are available online at https://www.mdpi.com/article/
10.3390/nano11082074/s1. Figure S1. Pore size distributions of h-CCB and l-CCB nanoparticles,
Figure S2. SEM morphologies of quenched section of the segregated UHMWPE composites with
the different l-CCB content: (a) UHMWPE/l-CCB5, (b) UHMPWPE/l-CCB7, (c) UHMWPE/l-CCB10,
Figure S3. SEM morphologies of quenched section of the segregated UHMWPE composites with the
different h-CCB content: (a) UHMWPE/h-CCB5, (b) UHMWPE/h-CCB7, (c) UHMWPE/h-CCB10,
Figure S4. (a) Raman mapping images of the UHMWPE/l-CCB0.5 composites, and (b) the correspond-
ing Raman spectrum of comparation of UHMWPE/l-CCB0.5 composite at the different position of
Raman mapping images, (c) Raman mapping images of UHMWPE/h-CCB0.5 composite, and (d) the
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Abstract: The construction of complex intertwined networks that provide fast transport pathways for
ions/electrons is very important for electrochemical systems such as water splitting, but a challenge.
Herein, a three dimensional (3-D) intertwined network of Cu2–xS/CNFs (x = 0 or 0.04) has been
synthesized through the morphology-preserved thermal transformation of the intertwined PEG-b-
P4VP/ HKUST-1 hybrid networks. The strong interaction between PEG chains and Cu2+ is the key
to the successful assembly of PEG-b-P4VP nanofibers and HKUST-1, which inhibits the HKUST-1
to form individual crystalline particles. The obtained Cu2–xS/CNFs composites possess several
merits, such as highly exposed active sites, high-speed electronic transmission pathways, open pore
structure, etc. Therefore, the 3-D intertwined hierarchical network of Cu2–xS/CNFs displays an
excellent electrocatalytic activity for HER, with a low overpotential (η) of 276 mV to reach current
densities of 10 mA cm−2, and a smaller Tafel slope of 59 mV dec−1 in alkaline solution.

Keywords: assembly; metal-organic frameworks; hydrogen evolution reaction; Cu2–xS

1. Introduction

Electrochemical water splitting is a critical energy conversion process for producing
clean and sustainable hydrogen, which is composed of two half-cell reactions: oxygen
evolution reaction (OER) and hydrogen evolution reaction (HER) [1–3] Electrolysis is a
process that consumes electricity, therefore a catalyst is needed to reduce the potential.
Pt-based electrocatalysts exhibit the best performance for H2 evolution in strongly acidic
electrolytes, however their HER activities are substantially diminished under alkaline
conditions [4,5] Consequently, considerable attempts have been devoted to developing
sustainable, highly efficient, and non-precious electrocatalysts to meet a target of Pt-based
catalysts replacement. In recent years, transition metal sulfides (TMSs) have been widely
investigated and have demonstrated their potential as HER catalysts due to their high
catalytic activity and chemical stability [6] Metal-organic frameworks (MOFs) are an in-
triguing class of porous crystalline materials constructed by the coordination of metal ions
or clusters with organic linkers [7–11] For example, HKUST-1({[Cu3(C9H3O6)2(H2O)3]}n,
aka Cu-BTC) is one of the very first permanently porous MOFs, which has been widely
studied for multiple applications [12–14] The microporosity and tunable functionality of
MOFs make them ideal template precursors to fabricate various transition metal-based
carbon composites, including TMSs, by means of the pyrolysis process under a specific
atmosphere [6,15,16] However, MOFs may undergo structural collapse during pyroly-
sis, resulting in the dramatic decrease in surface area, the wreck of well-defined MOF
pore/channel structures, and the uneven distribution of active components, which signifi-
cantly reduces the electrochemical performances of the MOFs derived materials. Therefore,
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the performance of the existing MOF derivatives’ electrocatalysts is still struggles to match
precious-metal-based materials.

One of the best ways to solve the above issues is the assembly of crystalline MOF
nanoparticles into well-aligned one, two, or three dimensional (1-, 2- or 3-D) superstruc-
tures, used as an appropriate template as both scaffold and directing agent for the epitaxial
growth of MOFs [17–19] After a pyrolysis process, the MOFs superstructures would be
converted into transition-metal-based materials with ordered stacking and porous nanos-
tructure. The choice of the template is vital to the success of the assembly. Commonly used
templates include metal-based materials (e.g., Te nanowire [20]), carbon materials (carbon
nanotubes (CNTs), carbon nanofiber (CNFs) and so on) and polymers [21–23] Among of
them, 1-D polymer nanowires or nanofiber templates with unique high surface-to-volume
ratio, adjustable size, and surface modifiability attract wide research interests [24,25] In
particular, 1-D polyacrylonitrile (PAN) nanowires substrate prepared by electrospinning is
the most widely used in many research studies [23,26] For instance, Centrone et al. reported
a microwave irradiation approach to grow MIL-47 on 1-D PAN nanowires [27] Han et al.
proposed that the uniform and stable growth of MOFs on PAN nanowires can be enhanced
through two types of chemical modification methods [23] These studies have shown that
the surface-exposed functional groups play a key role in the MOFs’ growth on the PAN
substrate, which act as binding sites for metal species of the target MOFs. Nevertheless,
due to the difficulties in controlling the number of functional groups, and the compatibility
between functional groups and MOFs, MOFs may fall off and be unevenly distributed on
the surface of PAN.

In 2012, Chen and coworkers reported 1-D poly (ethylene glycol)-b-poly(4-vinylpyridine)
(PEG-b-P4VP) nanowires composed of a PEG shell and slightly crosslinked P4VP core [28]
When the aspect ratio of nanowires is high enough, the 3-D intertwining network can be
formed. The follow-up research confirmed that the PEG-b-P4VP intertwined nanowires
are excellent templates for the nucleation and growth of small MOF crystals due to their
high aspect ratio (an average diameter of 30 nm and length up to several microns) and
original abundant nucleation sites for metal ions [29] In the electrochemical application,
the construction of complex intertwined conductive networks is desired, which would
provide fast transport pathways for mass and charge, and then enhance the performance
of catalysts [30,31] It is likely that a TMSs/carbon composite intertwining network could
be prepared by the vulcanization of the as-prepared PEG-b-P4VP@MOFs network; but this
hypothesis remains unexplored.

Herein, we have successfully constructed a novel intertwined Cu2–xS/CNFs (x = 0
or 0.04; CNFs = carbon nanofibers) network. The self-assembling strategy is used to
control the growth of HKUST-1 nanocrystals on the 1-D super long PEG-b-P4VP nanofibers
to form PEG-b-P4VP@HKUST-1 composites under room temperature. The PEG shell of
the PEG-b-P4VP nanofibers provide numerous nucleation sites for HKUST-1, while the
P4VP core with a positive charge repels the metal ions (precursor of the HKUST-1). As
a result, hybridization of the PEG-b-P4VP nanofibers by the HKUST-1 occurs selectively
in the PEG shell. Afterwards, the Cu2–xS/CNFs composite materials with an intertwined
network structure can be prepared with un-changed morphology by using in-situ thermal
calcination PEG-b-P4VP@ HKUST-1 precursors. Compared with Cu2–xS/C composites
derived from individual HKUST-1 crystal, Cu2–xS/CNFs significantly enhance the HER
performance, which is strongly related to the novel network superstructure.

2. Results and Discussion

Figure 1 shows the forming process of the 3-D network of Cu2–xS/CNFs nanocom-
posites. First, the core-crosslinked polymeric linear-like micelles with a PEG shell and a
slightly crosslinked P4VP core, designated as PEG-b-P4VP nanofibers (NFs), is synthesized
in a water/methanol mixed solvent according to a reported method [28]. Second, as the
assembly substrate, PEG-b-P4VP NFs are dispersed in mixed solvent of water and N,
N-Dimethylformamide (DMF) containing Cu(CH3COO)2·H2O (Cu(OAC)2). During this
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process, Cu2+ ions were favorably absorbed onto the PEG chain surface by the electrostatic
interaction. Along to the previous step, trimesic acid (BTC) ligands solutions are added
to assemble with Cu2+ ions via the coordination interactions [12–14]. Then, a uniform
PEG/HKUST-1 hybrid shell is generated in-situ on the surface of the P4VP core, resulting
in a PEG-b-P4VP@HKUST-1 composites with core-shell structure. Ultimately, the PEG-b-
P4VP@HKUST-1 composites are converted into a 3-D hierarchical network of Cu2–xS/CNFs
after the sulfurization reaction between PEG-b-P4VP@HKUST-1 and thiourea in an argon
flow. The Cu2–xS/CNFs hierarchical network have many advantages for HER in alkaline
solution including: (1) the continuous and conductive network of the CNFs with a hierar-
chically porous structure can enable fast charge and mass transfer; and (2) the high active
specific surface areas of the Cu2–xS/CNFs offer abundant electrocatalytic active sites that
are easily accessible in HER.

Figure 1. Schematic diagram of the synthesis of 3-D Cu2–xS/CNFs hierarchical network electrode.

Field emission scanning electron microscope (FESEM) and transmission electron
microscopy (TEM) in Figure 2a–c reveal that the PEG-b-P4VP nanofibers have a 3-D feature
assembled by a series of stacked 1-D entangled ultrafine nanofibers with uniform diameters
of about 30 nm and extra-long lengths above 2 μm. From the typical FESEM and TEM
images in Figure 2d–f, we can see the structure of PEG-b-P4VP@HKUST-1 composites
comprise a tightly crowded nanosized HKUST-1 crystal layer encapsulating the PEG-
b-P4VP nanofibers with uniform size and well-defined shape. Notably, the generated
composites inherit the intertwining network structure of their precursors. No unassembled
irregular HKUST-1 crystals are observed, suggesting that the nucleation and growth of
MOF crystals are localized on the surface of the PEG-b-P4VP templates. In addition, it
is found that the polymer chains penetrate the crystalline structure of HKUST-1, and the
particle size was less than 100 nm. Consequently, the interaction is PEG-b-P4VP nanofibers
and HKUST-1 crystals, as it is extended from the core surface to the deep crystalline
structure, which is important for the stability of HKUST-1 nanoparticles. The calculation
result shows that the HKUST-1 content in PEG-b-P4VP/HKUST-1 composites is around
91 wt % (experimental section, Supporting Information). Because the individual composite
nanofibers were dispersible in the suspension, the resultant architecture of the 3-D network
shows a loose morphology (Figure S1). Figure 3 shows the X-ray diffraction (XRD) patterns
of the PEG-b-P4VP/HKUST-1 composites. Based on the HKUST-1 structure data [12–14],
the observed pattern and the simulated pattern show high similarity, confirming the
formation of pure crystalline HKUST-1. It is found that the packing density of the HKUST-1
crystals be tuned by simply adjusting precursor concentration (Figure S2). In other words,
the number of nucleation sites are controllable. As the addition of Cu2+ and organic ligands
increased, the number of HKUST-1 nanoparticles on the surface of PEG-b-P4VP nanofibers
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gradually increased. In the end, the 0.24 g of Cu(OAC)2 and 0.21 g of BTC ligands were
selected to apply for defined PEG-b-P4VP@HKUST-1.

 
Figure 2. Morphology of the as-prepared (a–c) PEG-b-P4VP nanofibers and (d–f) PEG-b-P4VP@HKUST-1 hybrids as
observed by SEM and TEM with different magnifications. The inset TEM image in Figure 2c shows the diameter of
PEG-b-P4VP nanowire is approximately 30 nm.

Figure 3. (a) The structure diagram of HKUST-1. (b) XRD pattern of the PEG-b-P4VP@HKUST-1
composites.

Characterization using XRD confirmed the structural identity and phase purity of
the as-synthesized samples. As shown in Figure 4a, the XRD peaks of the final product
after thermal treatment are well matched to those of the typical crystalline structures of
Cu2S (JCPDS card no 09-0328) and Cu1.96S phase (JCPDS card no 29-0578). Therefore,
the value of x can be determined to be 0 or 0.04. SEM (Figure 4b) and TEM (Figure
4c) images show that the 3-D intertwining network structure can be well-maintained
for the Cu2–xS /CNFs even after calcination with the presence of thiourea under 400 ◦C.
Closer observation of the Cu2–xS /CNFs (Figure 4d) reveals that Cu2–xS nanoparticle with
coarse surfaces are uniformly packed along the ultra-long CNFs. No scattered Cu2–xS
nanoparticles are observed, suggesting that the nanoparticles are sturdily attached to the
CNFs. High-resolution TEM (HRTEM) (Figure 4e) observes clearly resolved and well-
defined lattice fringes, revealing the high crystallinity in agreement with XRD results.
The distance between the adjacent lattice planes is 0.339 nm, corresponding to standard
spacing of (302) plane of Cu2S. By contrast, for individual HKUST-1 crystals prepared
from the assembly of Cu(OAc)2 and BTC ligands without the PEG-b-P4VP template, the
collapse of the porous structure and random aggregation of the nanoparticles occurred
after sulfurization (Figure S3). The product of the individual HKUST-1 crystals after
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sulfurization treatment is denoted as Cu2–xS/C. The X-ray spectrometry (EDS) spectrum of
the Cu2–xS/CNFs (Figure S4a) shows Cu and S signals attributable to Cu2–xS and C signals
to CNFs. The corresponding EDS element mapping images (Figure S4b–e) demonstrate the
homogeneous distribution of Cu, S, and C elements in the hierarchical nanostructure.

Figure 4. (a) XRD pattern, (b) SEM, (c,d) TEM and (e) HRTEM images of Cu2–xS/CNFs composites (inset image is the
intensity plot of d-spacing for the (302) plane of Cu2–xS in e).

Electrochemical water splitting is a surface chemical process. The surface of mate-
rials plays a major role in determining catalysts behaviors. Consequently, the elemental
compositions and valence states of Cu2–xS/CNFs network are studied in detail by X-ray
photoelectron spectroscopies (XPS). Figure 5a displays clear a survey spectrum, which
confirms the successful synthesis of Cu2–xS/CNFs. Regarding the Cu(2p) XPS spectrum as
exhibited in Figure 5b, two strong peaks for Cu 2p orbit can be assigned to the Cu 2p3/2 and
Cu 2p1/2 [32,33]. The binding energy of Cu 2p3/2 can be fitted into two peaks simulated
at 932.7 and 934.6 eV [32,33]. The shakeup satellite peaks appearing at 943.7 eV might
result from the partial surface oxidation of the samples when they made contact with air.
In the S 2p region of the high resolution XPS spectra in Figure 5c, the binding energies
(BEs) at 162.8 and 161.8 eV are ascribed to S 2p3/2 and S 2p1/2, respectively [34]. The two
doublet peaks simulated at 163.7 and 164.9 eV correspond to the BEs of S-S bond. This
result provided further evidence of the surface oxidation of Cu2–xS nanoparticles caused
by air exposure. Raman spectroscopy in Figure S5 is used to investigate the nature of the
carbon of Cu2–xS/CNFs. The two peaks located at 1351 and 1582 cm−1 match well with
the D (disordered carbon) and G (graphitized carbon) bands of carbon, respectively. The
D-band to G-band intensity ratio (ID/IG) of the samples is calculated to be around 1.07,
implying the limited graphitization degree of Cu2–xS/CNFs.

Figure 5. XPS survey spectra (a) of Cu2–xS/CNFs. High-resolution (b) Cu 2p and (c) S 2p XPS spectra for Cu2–xS/CNFs.

The electrocatalytic HER performance of Cu2–xS/CNFs is tested in 1.0 M KOH in
a typical three-electrode setup with a scan rate of 5 mV s−1. Pt/C, bare glassy carbon
(GC) electrode, and Cu2–xS/C composites are also examined for comparison. Figure 6a
shows the linear sweep voltammetry (LSV) curves on the reversible hydrogen electrode
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(RHE) scale after iR correction. The bare GC electrode shows nearly no catalytic activity,
while Pt/C exhibits excellent activity for HER. Cu2–xS/C composites show the limited
HER performance with an overpotential of 432 mV at the current density of 10 mA cm−2.
However, the as-prepared Cu2–xS/CNFs exhibit much superior HER activity compared to
Cu2–xS/C composites, and only demand overpotentials of 276 and 337 mV to achieve cur-
rent densities of 10, and 50 mA cm−2, respectively, fully demonstrating the importance of
hierarchical intertwining network structures in the catalyst. The Tafel slope is an important
indicator of electron-transfer kinetics and the rate-determining step in the HER process.
The linear portions of the Tafel plots are fitted to the Tafel equation: η = b log j + a, where
j is the current density and b is the Tafel slope. As shown in Figure 6b, Pt/C, Cu2–xS/C
composites, and Cu2–xS/CNFs has Tafel slopes of 30, 102, and 59 mV dec−1, respectively.
Based on the kinetic mechanism for alkaline HER, the HER over Cu2–xS/CNFs follows a
Volmer−Heyrovsky mechanism, indicating that the Heyrovsky process (electrochemical
desorption of hydrogen atoms) is the rate determining step [4,5,35] Electrochemical stabil-
ity is another vital criterion to evaluate the new catalysts. As observed in Figure 6c, the
Cu2–xS/CNFs retained 94% of its initial HER activity after a 12 h test, while the overpo-
tential increase of the Cu2–xS/C electrode under the same condition was as high as 24%
after only 8 h electrocatalysis. Meanwhile, the cyclic voltammetry (CV) durability tests
of the Cu2–xS/CNFs electrode for HER in alkaline media is carried out at a scan rate of
100 mV s−1 (Figure 6d). After 2000 CV sweeps, the polarization curve shows a negligible
difference compared with the initial curve, suggesting superior stability of Cu2–xS/CNFs
in the long-term electrochemical process.

Figure 6. (a) LSV polarization curves and (b) corresponding Tafel plots of the Cu2–xS/CNFs, Cu2–xS/CNFs, 20% Pt/C, and
a bare glassy carbon electrode derived from the polarization curves. (c) Chronopotentiometric curves at 10 mA cm−2 for
Cu2–xS/CNFs and Cu2–xS/C composites over 10 h. (d) Accelerated HER polarization curves of Cu2–xS/CNFs. (e) Nyquist
plots of Cu2–xS/CNFs and Cu2–xS/C composites at 300 mV overpotential in 1 M KOH (inset image is the magnified Nyquist
plot of Cu2–xS/CNFs). (f) Capacitive current densities at 0.2 V vs. RHE as a function of scan rate of Cu2–xS/CNFs and
Cu2–xS/C composites.

To further study the influence factors of catalytic kinetics, electrochemical impedance
spectroscopy (EIS) and cyclic voltammetry (CV) are conducted. EIS analysis is performed
to investigate the electrode/electrolyte interface properties of two catalysts with different
structures. Figure 6e shows the Nyquist plots of the Cu2–xS/CNFs and Cu2–xS/C electrode
at an overpotential of 300 mV (vs. RHE) in the frequency range of 100 kHz to 0.1 Hz. It
can be observed that the charge-transfer resistance (Rct) is only 6.4 Ω for Cu2–xS/CNFs,

98



Nanomaterials 2021, 11, 1505

but 58 Ω for the Cu2–xS/C electrode, in accordance with the HER results. This reflects the
highly faradaic efficiency and fast electron transfer of the catalysts during the reaction.
The smaller value of Rct of Cu2–xS/CNFs electrocatalysts may be ascribed to their 3-D
hierarchical intertwining network structure, which increased the contact of the active sites
with the electrolyte, leading to a significant acceleration of the interfacial electrocatalytic
reactions. We further tested the electrochemical double layer capacitances (Cdl) (Figure 6f)
of the catalysts by a simple cyclic voltammetry method, to relate the catalytic activity
with the electrochemical surface area (ECSA) (Figure S6). The values are measured to
be 29.3 and 6.6 mF cm−2, for Cu2–xS/CNFs and Cu2–xS/C, respectively, revealing the
higher active surface area of Cu2–xS/CNFs. The large ECSA indicates that Cu2–xS/CNFs
exposes higher accessible active sites, which is one of the possible reasons for the excellent
HER performance.

3. Conclusions

In conclusion, Cu2–xS/CNFs with 3-D hierarchical intertwining network structures
have successfully been designed and fabricated. They are derived from a 3-D network
of PEG-b-P4VP@HKUST-1. The key to the successful assembly of the PEG-b-P4VP and
HKUST-1 is the strong interaction between Cu2+ ions and PEG chains. Benefiting from
the unique hierarchical structure and uniformly distributed active sites, the as-prepared
Cu2–xS/CNFs Cu2–xS/CNFs exhibit high intrinsic HER activity in alkaline medium. The
overpotential is 276 and 337 mV at the current of 10 and 50 mA cm−2, respectively. The Tafel
slope is calculated to be 59 mV/decade, and the high activity can be maintained for more
than 12 h. The assembly strategy of HKUST-1 and PEG-b-P4VP herein can be extended to
the hybrid of other MOF-based materials and copolymer, which shows great potential, not
only for catalysts, but also for gas sensors, energy storage, and environmental science.

Supplementary Materials: The following are available online at https://www.mdpi.com/article/10
.3390/nano11061505/s1, Figure S1: SEM and optical images of PEG-b-P4VP/HKUST-1; Figure S2:
TEM images of PEG-b-P4VP@HKUST-1 composites at different weight of Cu(OAc)2 and BTC;
Figure S3: SEM images of individual HKUST-1 crystals and Cu2–xS/C composites; Figure S4: EDS
spectrum of the Cu2–xS/CNFs and the corresponding element mapping image; Figure S5: Raman
spectrum of Cu2–xS/CNFs; Figure S6: CV curves of the Cu2–xS/CNFs and Cu2–xS/C composites
with different scan rates.
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Abstract: In recent years, the static and dynamic response of micro/nanobeams made of hyperelas-
ticity materials received great attention. In the majority of studies in this area, the strain-stiffing effect
that plays a major role in many hyperelastic materials has not been investigated deeply. Moreover,
the influence of the size effect and large rotation for such a beam that is important for the large
deformation was not addressed. This paper attempts to explore the free and forced vibrations of
a micro/nanobeam made of a hyperelastic material incorporating strain-stiffening, size effect, and
moderate rotation. The beam is modelled based on the Euler–Bernoulli beam theory, and strains
are obtained via an extended von Kármán theory. Boundary conditions and governing equations
are derived by way of Hamilton’s principle. The multiple scales method is applied to obtain the
frequency response equation, and Hamilton’s technique is utilized to obtain the free undamped
nonlinear frequency. The influence of important system parameters such as the stiffening parame-
ter, damping coefficient, length of the beam, length-scale parameter, and forcing amplitude on the
frequency response, force response, and nonlinear frequency is analyzed. Results show that the
hyperelastic microbeam shows a nonlinear hardening behavior, which this type of nonlinearity gets
stronger by increasing the strain-stiffening effect. Conversely, as the strain-stiffening effect is de-
creased, the nonlinear frequency is decreased accordingly. The evidence from this study suggests that
incorporating strain-stiffening in hyperelastic beams could improve their vibrational performance.
The model proposed in this paper is mathematically simple and can be utilized for other kinds of
micro/nanobeams with different boundary conditions.

Keywords: hyperelastic micro/nanobeam; extended modified couple stress theory; strain-stiffening
effect; nonlinear frequency response

1. Introduction

For many decades, vibration analysis of mechanical structures was a major topic
among scientists [1–10]. Over recent decades, a surge of interest in studying hyperelastic
materials was shown. The main characteristic of hyperelastic materials is that their strain-
stress diagram is nonlinear and may undergo large deformations [11–13]. Hyperelastic
materials play a vital role in soft systems and structures, e.g., soft robotics [14], human
organs [15,16], soft actuators [17,18], soft sensors [19,20], and soft energy harvesters [19–22].
Data from previous studies show that various mechanical structures such as beams, plates,
membranes, and shells were made of hyperelastic materials [23–35]. It was reported that
hyperelastic beams are an appropriate candidate to fabricate systems with high perfor-
mance. For this reason, this paper focuses on beams made of hyperelastic materials. In light
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of the applications and properties of hyperelastic beams, it is becoming extremely difficult
to ignore their investigation in different situations.

There are numerous published works that investigate dependent and time-independent
responses of hyperelastic beams. For example, the nonlinear postbuckling of a hypere-
lastic beam-like structure was investigated by Lubbers et al. [36]. They employed the
neo-Hookean hyperelastic model in conjunction with empirical tests and the finite ele-
ment technique in their study. Wang and coworkers [37] studied nonlinear vibration of
hyperelastic beams utilizing time history diagrams and frequency responses, who em-
ployed a compressible neo-Hookean constitutive law. He and coworkers [38] developed
the Euler–Bernoulli beam model in a new finite strain framework to model a neo-Hookean
hyperelastic beam. Xu and Liu [39] proposed an improved method to dynamically explore
the response of a beam-like hyperelastic structure, where a Yeoh model was utilized to
capture the material nonlinearity. Nonlinear dynamic characteristics of a soft hyperelas-
tic beam were investigated by Wang et al. [40], employing a compressible neo-Hookean
model and variational approach. Wang and Zhu [41] studied the nonlinear oscillation of a
harmonically excited hyperelastic beam. They utilized the frequency-amplitude response,
time histories, and a compressible neo-Hookean model in their investigation. The fi-
nite bending of a beam made of hyperelastic materials was analyzed by Bacciocchi and
Tarantino [42]. They utilized a compressible Mooney-Rivlin hyperelastic material model
to physical nonlinearity of the beam. Dadgar–Rad and Sahraee [43], by considering the
incompressibility condition, investigated the large deformation response of a beam made
of hyperelastic materials, where a neo-Hookean model was employed as the hyperelastic
constitutive model. Bacciocchi and Tarantino [44] conducted a finite anticlastic bending
analysis of hyperelastic beams using two hyperelastic models, namely Mooney–Rivlin and
Saint Venant–Kirchhoff. Lanzoni and coworker [45] studied the nonuniform bending of a
beam made of the hyperelastic beam, taking the Mooney–Rivlin into account. The large
deformation response of hyperelastic beams was explored by Dadgar–Rad and Firouzi [46].
They incorporated Fung’s quasilinear viscoelasticity theory and Mooney-Rivlin model.

Results from earlier studies demonstrate that few researchers addressed the modelling
of hyperelastic beams with the strain-stiffening effect. Furthermore, previous studies have
notably investigated a beam-like hyperelastic structure on a large scale and have not con-
sidered the hyperelastic beams in micro/nanoscales. However, fabrication of such beams
in smaller scales was feasible, and hence analyzing hyperelastic micro/nanobeam and
proposing more sophisticated theories should be developed for such structures. A chal-
lenging problem that arises in this domain is accurate modelling for hyperelasticity in
micro/nanoscales. More specifically, in nanoscale, it is necessary to capture the size effect.
Because hyperelastic materials may undergo large deformation and large rotation, these
conditions should be considered on micro/nanoscale. One of the problems that it investi-
gates in hyperelasticity is the strain-stiffening effect. This effect may improve or limit the
performance of hyperelastic micro/nanobeams. Therefore, incorporating strain-stiffening
with simple mathematical modelling in micro/nanoscale is essential. Specifically, to our
knowledge, no study has considered large deformation, strain-stiffening, and moderate
rotation for hyperelastic micro/nanobeams.

This paper aims to propose a sophisticated model for a micro/nanobeam made of
hyperelastic materials that incorporate the small-scale and strain-stiffening effects of nonlin-
ear elasticity. The nonlinear equations of motion are derived via Hamilton’s principle and
an extended von-Kármán theory. The frequency-amplitude plot and nonlinear resonance
plot are presented by considering different system parameters. The results are discussed
in detail, and influential parameters on free and forced vibrations of the hyperelastic
micro/nanobeam are identified.

2. Governing Equations

The schematic view of the hyperelastic micro/nanobeam is illustrated in Figure 1,
where the length, width, and height of the beam are denoted by L, b, and d, respectively.
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A clamped-clamped boundary condition is assumed to the beam, and a harmonic transverse
mechanical load is applied to it. It is considered that the length of the beam is much greater
than the depth. In addition, the shear deformation and rotary inertia are neglected. Thus,
we use the Euler–Bernoulli (E-B) beam theory to define the displacement field.

The displacement field for the beam is established according to the Euler–Bernoulli
beam equation, namely,

ux = −z ∂w(x,t)
∂x

uy = 0

uz = w(x, t)

(1)

where w(x, t) stands for the transverse displacement of any point on the neutral axis.
The strain-displacement relations originated for the Euler–Bernoulli beam theory are mod-
elled based on an extended von Kármán equation, in which large deformation, moderate
rotation, and transverse strain are included, namely [47,48]

Figure 1. Schematic representation of a clamped-clamped hyperelastic beam.

ε1 = 1
2

(
∂w
∂x

)2 − z ∂2w
∂x2

ε3 = 1
2

(
∂w
∂x

)2 (2)

Other components of the extended von Kármán equation are equal to zero.
The strain energy of the hyperelastic micro/nanobeam is decomposed into two parts,

i.e., the potential due to the hyperelasticity and the potential due to small-scale effects.
For hyperelastic materials, a strain energy function is used to obtain the strain energy

of the system. Numerous hyperelastic strain energy functions can capture the strain
stiffening, for instance, the standard Gent, the Arruda–Boyce, and modified versions of
the Standard Gent model [49–51]. In this work, for simplicity, a standard Gent model is
considered, in which the strain-stiffening effect is incorporated, namely [52,53]

Ψ1 =
μ

2

[
(I1 − 3) +

1
2 Jm

(I1 − 3)2 + . . . +
1

(n + 1)Jn
m
(I1 − 3)n+1

]
(3)

where μ is the shear modulus; I1 denotes the first invariant of the deformation tensor; Jm is
a dimensionless parameter that is called the stiffening parameter.

For simplicity, the second-order expansion of the standard Gent model is utilized,
such that

Ψ1 =
μ

2

[
(I1 − 3) +

1
2 Jm

(I1 − 3)2
]

(4)

The first principal invariant of the right Cauchy–Green deformation tensor in terms of
the extended von Kármán strains is formulated as [54]

I1 = 2(ε1 + ε2 + ε3) + 3 (5)
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Substituting Equation (2) into Equation (5), the first principal invariant is reformulated as

I1 = 2

[(
∂w
∂x

)2
− z

∂2w
∂x2

]
+ 3 (6)

Substituting Equation (6) into Equation (4), the Gent strain energy function as a
function of transverse displacement is obtained below

Ψ1 =
∫ L

0

[
μA

(
∂w
∂x

)2
+

μA
Jm

(
∂w
∂x

)4
+

μ

Jm
I
(

∂2w
∂x2

)2]
dx (7)

It is mentioned that Equation (7) was obtained by considering the following relations

I =
∫

A z2 dydz = b d3

12

A =
∫

A dydz = bd

0 =
∫

A z dydz

(8)

In Equation (8), A is the cross-section area, and I represents the second moment of
the cross-section.

The potential of the small-scale effect is considered through the use of an extended
modified couple stress theory, such that [47]

Ψ2 =
1
2

(
2μA�2

) ∫ L

0

(
∂2w
∂x2

)2

dx (9)

where � is a length-scale parameter.
Comparing Equation (9) with previous studies, for the moderate rotation, a coeffi-

cient 2 appears in the equation in comparison to the small rotation [55].
Finally, the total strain energy of the hyperelastic micro/nanobeam is written as

Us = Ψ1 + Ψ2 (10)

The moving beam generates the kinetic energy in the system, which is formulated as

Uk =
1
2

ρA
∫ L

0

(
∂w
∂t

)2
dt (11)

where ρ stands for the mass-density of the hyperelastic beam.
The transverse applied periodic loading does the work of the following form

WF =
∫ L

0
F cos(ωt)w dx (12)

in which F is the amplitude and ω indicates the excitation frequency.
The work generated from the viscous damping is expressed as

WD = −cD

∫ L

0

∂w
∂t

w dx (13)

where cD is the viscous damping coefficient.
To derive boundary conditions and governing equation, Hamilton’s principle is uti-

lized, namely

δ
∫ t2

t1

[Uk − US]dt + δ
∫ t2

t1

[δWF + δWD]dt = 0 (14)
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Substituting Equations (10)–(13) into Equation (14), we obtain the following equations

ρA ∂2w
∂t2 + CD

∂w
∂t + 2μI

Jm
∂4w
∂x4 + 2μA�2 ∂4w

∂x4 − 2μA ∂2w
∂x2 − 12μA

Jm

(
∂w
∂x

)2
∂2w
∂x2 = F cos(ωt) (15)

and boundary conditions for the double-clamped micro/nanobeam

w(0) = 0, w(L) = 0,
dw(0)

dx
= 0,

dw(L)
dx

= 0 (16)

The above equations are made dimensionless to simplify and generalize the vibration
analysis of the micro/nanobeam. The following nondimensional quantities are introduced,
such that

x̂ = x
L , ŵ = w

L , t̂ = t
√

μI
ρAL4 , ĉ = cL4

μI

√
μI

ρAL4 , Ω = ω

√
ρAL4

μI

η1 = 2μA�2

μI , η2 = − 2μAL2

μI , β = − 12μAL2

μI Jm
, F̂ = FL3

μI

(17)

Utilizing the above equations, the dimensionless partial differential equation gov-
erning the transverse vibration of the beams is obtained as (the hat notation is omitted
for convenience).

∂2w
∂t2 + c

∂w
∂t

+
1
Jm

∂4w
∂x4 + η1

∂4w
∂x4 + η2

∂2w
∂x2 + β

(
∂w
∂x

)2 ∂2w
∂x2 = F cos(Ωt) (18)

Subsequently, the boundary conditions become

w(0) = 0, w(1) = 0,
dw(0)

dx
= 0,

dw(1)
dx

= 0 (19)

The system is continuous, and therefore there are infinite modes of vibration. In this
paper, the first mode is considered only, with the aid of the separation of variable technique
and the Galerkin method. Based on the separation of variable technique, we assume the
transverse response is approximated as

w(x, t) = W(x)q(t) (20)

in which q(t) is the time-dependent coordinate of vibration; W(x) stands for the mode
shape of a double-clamped beam that is given below [56]

W(x) =

√
2
3
[1 − cos(2 π x)] (21)

The function expressed in Equation (21) satisfies conditions in Equation (19).
According to the Galerkin method, Equation (20) is substituted in Equation (18), and

the resulting equation is multiplied by Equation (21), and integration over [0 1] is taken,
which results in

..
q + c

.
q + ω2

0q + αq3 = f cos(Ωt) (22)

In which

ω0 =

(∫ 1
0

{
η1W ′′′′ W+ 1

Jm W ′′′′ W+η2W ′′ W
}

dx∫ 1
0 W2dx

) 1
2

α =
∫ 1

0 (βW ′W ′W ′′ W)dx∫ 1
0 W2dx

f =
∫ 1

0 (FW)dx∫ 1
0 W2dx

(23)

In Equation (23), ω0 indicates dimensionless linear natural frequency.
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3. Solution Method

This section is divided into two parts. In the first one, the forced vibration is solved
using the Multiple Scales Method (MSM) [57], and in the second one, the free vibration is
solved using Hamilton Approach (HA).

3.1. Forced Vibration Solution

To implement the MSM, the forced vibration equation, Equation (22), is converted to a
perturbated form by introducing the following parameters

c = 2ε cd, α = εα1, f = ε f1 (24)

where ε is a dimensionless quantity that measures the strength of the nonlinearity of the
beam and is called the gauge parameter.

Substituting Equation (24) into Equation (22), we obtain

..
q + 2ε cd

.
q + ω2

0q + εα1q3 = ε f1 cos(Ωt) (25)

In line with the MSM, the original time is replaced with new time scales as
Tn = εn t; n = 1, 2, . . . and therefore, the ODE is converted to a PDE.

New differential operators based on new time scales are Dn = ∂/∂Tn, and original
time first and second derivatives in terms of these operators are expressed as

d
dt = D0 + ε D1 + ε2 D2 + . . .

d2

dt2 = D0
2 + 2 ε D0D1 + ε2(D2

1 + 2 D0D2
)
+ . . .

(26)

The governing equation includes a nonlinear cubic term. Therefore, a first-order
perturbation approximation is accurate enough, such that

q = q0 + ε q1 (27)

qn, n = 0, 1 are independent of the gauge parameter ε. For this reason, we can equal
the coefficient of each power of ε to zero.

Combining Equations (25)–(27), and equating coefficients of ε0 and ε1 to zero, the
following PDEs are attained

Coefficients of ε0

D2
0q0 + ω2

0q0 = 0 (28)

Coefficients of ε1

D2
0q1 + ω2

0q1 = −2D0D1q0 − 2D0q0 − α1q0
3 + f1 cos(Ωt) (29)

The solution of Equation (28) takes the following form

q0 = A(T1)ei ω0T0 + A(T1)e−i ω0T0 (30)

in which A(T1) is a complex-valued function and A(T1) is its complex conjugate.
Substituting Equation (30) into Equation (29), the following equation is obtained as

D2
0q1 + ω2

0q1 =

[
−3α1 A2 A − 2icd Aω0 − 2iω0

dA
dT1

]
ei ω0T0 + f1 cos(Ωt) + CC + NST (31)

In the above equation, the terms inside the box bracket shows secular terms, CC stands
for complex conjugates of previous terms, and NST is an abbreviation for terms with higher
degrees of ei ω0T0 (nonsecular terms).

By equating secular terms to zero, the frequency-amplitude relation can be obtained.
However, the external loading can also give rise to secure terms. This fact is considered
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in two states, i.e., the primary resonance and the secondary resonance. In this paper, the
primary resonance is analyzed, which states that

Ω = ω0 + ε σ (32)

Writing the trigonometric function in Equation (31) and using Equation (32), we obtain

3α1 A2 A + 2icd Aω0 + 2iω0
dA
dT1

− 1
2

f1eiσT1 = 0 (33)

The complex-valued function A is written as

A =
1
2

aeiθ , A =
1
2

ae−iθ (34)

in which a and θ are the amplitude and phase, which are functions of T1.
Substituting Equation (34) into Equation (33) and then separating the resulting equa-

tion into real and imaginary parts yields
Imaginary parts:

da
dT1

= −acd +
1

2ω0
f1 sin(σT1 − θ) (35)

Real parts:

a
dθ

dT1
=

3
8ω0

α1a3 − 1
2ω0

f1 cos(σT1 − θ) (36)

Equations (35) and (36) are converted to an autonomous equation by introducing
γ = (σT1 − θ), which results in

da
dT1

= −acd +
1

2ω0
f1 sin(γ) (37)

a
dγ

dT1
= σa − 3

8ω0
α1a3 +

1
2ω0

f1 cos(γ) (38)

A bounded response is acquired while da
dT1

= a dγ
dT1

= 0, whereby one can obtain

acd =
1

2ω0
f1 sin(γ) (39)

σa − 3
8ω0

α1a3 = − 1
2ω0

f1 cos(γ) (40)

After some mathematical manipulation and using the fact sin2(γ) + cos2(γ) = 1, we
obtain the frequency-amplitude response as

[cda]2 +
[

σa − 3
8ω0

α1a3
]2

=

[
1

2ω0
f1

]2
(41)

3.2. Free Vibration Solution

In this subsection, the nonlinear frequency of the micro/nanobeam with neglecting
the external force and damping is obtained via Hamilton’s approach. The initial conditions
for the vibration of the hyperelastic beam are expressed as

q(0) = a0,
.
q(0) = 0 (42)
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where a0 stands for the maximum amplitude of the vibration. Based on Hamilton’s
principle, the nonlinear frequency is derived as [58]

ωnl =

√
ω2

0 +
49
70

αa2
0 (43)

4. Result and Discussion

The effects of several parameters such as the stiffening parameter, the length scale
parameter, and forcing amplitude and damping on the frequency response and nonlinear
frequency of the system are analyzed. The material and geometrical parameters of the
hyperelastic microbeam are given in Table 1.

Table 1. Material and geometrical parameters.

Parameters Value

Length L = 30 μm
Width b = 10 μm
Height d = 0.65 μm

Young’s modulus E = 3 GPa
Shear modulus μ = E/3 = 1 GPa

4.1. Frequency Response

Figure 2 depicts the influence of the gauge parameter ε on the frequency response
under the following parameter f1 = 0.5, � = 0, cd = 0.004, and Jm = 100. As the gauge
parameter ε is decreased, the nonlinearity of the system increases. Mathematically speaking,
with the decrease of ε, the value of nonlinear terms in the equation of motion becomes
higher in comparison to the value of linear terms. Depending on the accuracy, an arbitrary
value for ε can be adopted, which in this paper it is chosen as ε = 1.

 

Figure 2. Influence of gauge parameter (ε) on frequency response of system. Systems parameters:
� = 0; cd = 0.004; Jm = 100; f1 = 0.5.

Illustrated in Figure 3 is the influence of the damping coefficient cd on the frequency
response of the system while considering the following parameters � = 0, and Jm = 100.
From the figure, it is concluded that increasing the damping coefficient decreases the
response amplitude of the hyperelastic micro/nanobeam. The damping in hyperelastic
materials mainly originates from the viscosity of matter. In the remaining part of the
numerical simulation, as a test case, the damping coefficient is taken as cd = 0.004.
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Figure 3. Influence of damping coefficient (cd) on frequency response of system. Systems parameters:
� = 0; Jm = 100; f1 = 0.5.

Figure 4 represents the impact of the length scale parameter � on the nonlinear resonant
vibration of the hyperelastic beam. As seen, increasing the size effect, the response ampli-
tude decreases, and the hardening nonlinearity becomes weaker. This result is in agreement
with that shown in the literature for linear materials. Obtaining the accurate small-length
scall parameter in the experimental test is a crucial task for engineers. Finding an exact
value for the length scale parameter for the hyperelastic beam in the experimental test
should be carried out to improve the performance of hyperelastic microbeams.

 

Figure 4. Influence of length scale parameter (�) on frequency response of system. Systems parame-
ters: Jm = 100; f1 = 0.5; cd = 0.004.

The influence of the stiffening parameter Jm on the frequency-amplitude plot is shown
in Figure 5. It is concluded that as the stiffening parameter is decreased, the hardening
nonlinearity gets stronger. When the stiffening parameter is equal to Jm = ∞, i.e., the
conversion of the Gent model to the neo-Hookean model, the system’s response is linear.
It is noted that if the stiffening parameter is smaller, the strain-stiffening effect is stronger.
As reported by Amabili, a stiffening parameter in a range Jm = 30 − 100 stands for rubber
materials, and values less than them stand for biological tissues [12].
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Figure 5. Influence of stiffening parameter (Jm) on frequency response of system. Systems parameters:
� = 0; f1 = 0.5; cd = 0.004.

The influence of the amplitude of the external loading f1 on the resonant characteristics
of the hyperelastic micro/nanobeam is analyzed in Figure 6. Increasing f1 the response
amplitude increases, and the frequency response becomes wider. Moreover, the forcing
amplitude cannot alter the nonlinear nature of the system and only quantitatively alter the
resonant behaviour.

 

Figure 6. Influence of forcing amplitude ( f1) on frequency response of system. Systems parameters:
� = 0; Jm = 100; cd = 0.004.

We analyze the influence of the strain-stiffening parameter on the force-response in
Figure 7. The system parameters are � = 0; σ = 0.05; cd = 0.004. We can see that by
increasing the value of the strain-stiffening parameter, a higher value of forcing amplitude
is required to cause the jump phenomenon. Moreover, by increasing the strain-stiffening
parameter, the system becomes stable and for the neo-Hookean model.

We show the influence of the length-scale parameter on the force-response in Figure 8.
With the inclusion of the effect of size, the jump phenomenon arises for higher values of
forcing amplitude.
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Figure 7. Influence of stiffening parameter (Jm) on force response of system. Systems parameters:
� = 0; σ = 0.05; cd = 0.004.

 

Figure 8. Influence of stiffening parameter (�) on force response of system. Systems parameters:
Jm = 100; σ = 0.05; cd = 0.004.

4.2. Nonlinear Frequency

The previous section demonstrates the results for the forced vibration of the Gent
hyperelastic beam. Herein, the nonlinear frequency of the system given in Equation (42)
is evaluated.

Illustrated in Figure 9 is the nonlinear frequency versus the maximum amplitude
when � = 0, and Jm = 100. It is found that by increasing the maximum amplitude a0 the
nonlinear frequency increases.

As depicted in Figure 10, the nonlinear frequency for variations of the length of the
beam is presented. As the length is increased, the dimensionless nonlinear frequency
increases accordingly.

The nonlinear frequency versus the stiffening parameter Jm is presented in Figure 11.
Increasing Jm, the nonlinear frequency decreases.

As depicted in Figure 12, the nonlinear frequency versus the length scale parameter is
presented. As the size effect is increased, the nonlinear frequency increases accordingly.
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Figure 9. Influence of maximum amplitude (a0) on nonlinear frequency of system. Systems parame-
ters: � = 0; Jm = 100, L = 30 μm.

 

Figure 10. Influence of length of micro/nanobeam (L) on nonlinear frequency of system. Systems
parameters: � = 0; Jm = 100; a0 = 0.5.

 

Figure 11. Influence of stiffening parameter (Jm) on nonlinear frequency of system. Systems parame-
ters: L = 30 μm; � = 0; a0 = 0.5.
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Figure 12. Influence of length scale parameter � on nonlinear frequency of system. Systems parame-
ters: L = 30 μm; Jm = 100; a0 = 0.5.

5. Discussion on the Strain-Stiffening

Rubber-like materials can be deformed by stretching. In the beginning, we can stretch
rubbers easily, but if the stretch is large enough, the stretching process becomes difficult.
This is due to the strain-stiffening effect in rubber-like materials. The strain-stiffening is
a nonlinear behavior that is seen even in soft biological materials such as liver and brain
tissue [59]. We can use this property in hyperelastic materials so as to evade damage.
The strain-stiffening can also be connected to the molecular-statistical point of view in
nonlinear elasticity. The stiffening parameters Jm in the Gent model relates to the number
of rigid links in a single chain N using Jm = 3(N − 1). N is also called the classical number
of Kuhn segments [60]. The results of Figures 5, 7 and 11, can also be interpreted based
on molecular-statistical point of view. We see that altering Jm, the number of segments
changes accordingly. Therefore, this change affects the frequency/force response of the
hyperelastic microbeam. Taken together, the results of this paper can help researchers who
would like to analyze the hyperelastic microbeam via molecular-statistical hyperelastic
models such as generalized neo-Hookean model.

6. Conclusions

In this paper, nonlinear, free, and forced oscillations of a hyperelastic micro/nanobeam
were investigated with the inclusion of the small-scale effect, strain-stiffening effect, and
moderate rotation. A developed Euler–Bernoulli beam theory was utilized to model the
beam, and the energies and works that appeared in the system were formulated. The equa-
tion of motion was derived using Hamilton’s principle and the Galerkin decomposition
method. Frequency-amplitude curves and the nonlinear natural frequency diagrams were
illustrated by analytically solving the equation of motion. This paper concludes that:

• Increasing the strain-stiffening effect leads to increasing hardening nonlinearity.
• For the neo-Hookean model with Jm = ∞, the nonlinearity vanishes, and the response

is transformed into a linear type.
• As the stiffening parameter Jm is increased, the nonlinear natural frequency decreases.
• The length of the micro/nanobeam, the damping, and size effects were identified as

influential parameters in the system.
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Abstract: The impetus of writing this paper is to propose an efficient detection mechanism to scan
the surface profile of a micro-sample using cantilever-based atomic force microscopy (AFM), oper-
ating in non-contact mode. In order to implement this scheme, the principal parametric resonance
characteristics of the resonator are employed, benefiting from the bifurcation-based sensing mecha-
nism. It is assumed that the microcantilever is made from a hyperelastic material, providing large
deformation under small excitation amplitude. A nonlinear strain energy function is proposed to
capture the elastic energy stored in the flexible component of the device. The tip–sample interaction
is modeled based on the van der Waals non-contact force. The nonlinear equation governing the
AFM’s dynamics is established using the extended Hamilton’s principle, obeying the Euler–Bernoulli
beam theory. As a result, the vibration behavior of the system is introduced by a nonlinear equation
having a time-dependent boundary condition. To capture the steady-state numerical response of
the system, a developed Galerkin method is utilized to discretize the partial differential equation
to a set of nonlinear ordinary differential equations (ODE) that are solved by the combination of
shooting and arc-length continuation method. The output reveals that while the resonator is set to
be operating near twice the fundamental natural frequency, the response amplitude undergoes a
significant drop to the trivial stable branch as the sample’s profile experiences depression in the order
of the picometer. According to the performed sensitivity analysis, the proposed working principle
based on principal parametric resonance is recommended to design AFMs with ultra-high detection
resolution for surface profile scanning.

Keywords: atomic force microscopy; hyperelastic microcantilever; softening resonance; non-contact
cantilever; shooting and arc-length continuation method; developed Galerkin method

1. Introduction

Atomic force microscopy (AFM) is a device used to study materials’ properties and
surface structure in micro- and nanometer dimensions [1–3]. Flexibility, multiple potential
signals, and the ability to operate the device in different modes have enabled researchers to
study AFMs at different levels and under different environmental conditions. This device
makes it possible to examine conductive or insulating surfaces, soft or hard, cohesive or
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powdery, biological and organic or inorganic. The general architecture of an AFM includes
a microcantilever with a sharp tip at the free end contacting with the surface of samples [4].
The AFMs are applicable devices that have been widely used in so many scientific purposes,
such as chemistry [5], materials science [6], medical and biophysics [7], and biological and
colloidal applications [8].

Such as many structures that are influenced by the time [9–12], the operation of AFMs
may be time-dependent and, consequently, under dynamic conditions. Thus, most previous
studies in this field have focused on the dynamic performance of AFMs. The chaotic motion
and bifurcation of a tapping mode AFM were examined by Yagasaki [13]. Bahrami and
Nayfeh [14] explored the nonlinear oscillation of a tapping mode AFM by using a high-
dimensional Galerkin discretization technique and a four-step Adams–Moulton method.
They modeled the microcantilever based on the Euler–Bernoulli beam theory. The flex-
ural and torsional vibrations of an AFM were investigated by Kahrobaiyan et al. [15],
who performed a sensitivity analysis. Arafat and co-investigators [16] analyzed the
frequency–amplitude response of a contact mode AFM analytically using the multiple
time-scale method. Dastjerdi and Abbasi [17] studied the free vibration of a cracked AFM,
incorporating the influence of crack size and its location. They utilized the transfer matrix
method to solve the cracked system. Also, they concluded that existing a crack (with a
specific size and location) on the AFM cantilever can be beneficial for controlling some
unwanted phenomena. Mahmoudi et al. [18] studied the resonance of a non-contact AFM
using harmonic balance and multiple time-scale methods. Saeidi et al. [19] explored forced
vibrations of an AFM, taking the temperature and contact effects into account. Ahmadi and
co-workers [20] studied free and forced oscillations of AFM with rectangular and V-shaped
and employed the finite element analysis. Kouchaksaraei and Bahrami [21] proposed a new
multifrequency excitation for AFM in a non-contact regime. They analyzed the sensitivity
to the Hamaker constant and the initial tip–sample distance to enhance the performance
of the AFM. In most previous studies investigating dynamic characteristics of AFMs, the
structural materials have been a linear type. This means that the linear elasticity governs
their behavior with small strain and deformation.

There has been an increasing interest in soft and hyperelastic materials in recent
decades, because they are lightweight, cheap, compatible with many flexible structures,
and show ease of fabrication. The relation between the strain and stress for hyperelastic
materials is nonlinear. Besides, the strain in hyperelastic materials is moderate or large,
and they undergo large deformation. These are the main differences between hyperelastic
materials and linear elastic materials. Hyperelastic materials are structural materials of
many electromechanical systems such as actuators, sensors, and energy harvesters. More
specifically, hyperelastic materials have been widely used for electro-active-based sys-
tems [22–25]. Up to now, hyperelastic materials have been designed in different geometries,
e.g., beams [26–29], plates [30,31], and shells [32,33]. Reviewing the previous studies shows
a growing body of literature on using hyperelastic materials in different systems. Due
to these advantages of hyperelastic materials and their broad applications, this paper
proposes an AFM made of such materials, unique in simulation and application. Most
recently, the dielectric elastomer actuators have been proposed [34] for AFM, and because
these kinds of actuators are hyperelastic, exploring hyperelastic-based AFM may be of
significant importance.

As is reported in the literature review, it can be seen that there is a lack of nonlinear
study on vibration analysis of AFM cantilevers made of hyperelastic material. Consequently,
thorough research on nonlinear frequency analysis of AFM cantilevers has been conducted
based on the hyperelasticity approach. This paper is structured as follows. Section 2 derives
the equation of motion based on a mathematical model containing material and geometrical
nonlinearities, size effects, and finite rotations. In Section 3, the governing equation is
discretized with a developed Galerkin decomposition method and solved through the
shooting method combined with the arc-length continuation method. Finally, in Section 4,
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numerical results have been provided to study different dynamical behaviors of the AFM
cantilever under the assumed conditions.

2. Mathematical Modeling

Figure 1 demonstrates the schematic view of an AFM cantilever simulated in this
paper. The system consists of a hyperelastic microcantilever with a sharp tip at the free end.
A Cartesian coordinate system (x, y, z) is employed to define the configuration of the AFM.
The base vectors in x, y, z−directions are e1, e2, and e3, respectively. The microcantilever’s
length, thickness, and width are denoted via L, d, and b, respectively.

Figure 1. The schematic view of an AFM’s cantilever scanning a sample. (a) 3D view of the AFM.
(b) 2D view of the cantilever.

Figure 1a is a 3D schematic and perhaps does not provide more details. On the other
hand, Figure 1b gives more details. The AFM consists of a microcantilever mounting on
a base with piezoelectric patches as the excitation source (see Figure 1b). As depicted in
Figure 1b, Ẑ is the distance between the tip and the sample when the microbeam is located
at rest, and w(x, t) is the transverse displacement of the microcantilever with respect to
the base frame. The transverse base excitation is Zb(t) = d0 sin(ωt), in which d0 and ω are
the amplitude and frequency, respectively. The total deflection is u(x, t) = w(x, t) + Zb(t).
Regarding these parameters, the instantaneous tip–sample separation is indicated by
ẑ(t) = Ẑ − w(L, t)− Zb(t).

The governing equations are derived under the following assumptions: (1) the effect
of rotary inertia and shear deformation is disregarded, i.e., the microbeam is modeled
based on the Euler-Bernoulli beam theory. (2) both geometric and material nonlinearities
are considered. (3) the rotation of the microcantilever is considered to be a moderate
type, which means that ∂w/∂x is moderate. In other words, the rotation is of order

√
ε, in

which ε � 1 stands for a small parameter (for more details on deriving moderate rotation
see [35]). (4) the size effect is considered using the modified couple stress theory. (5) the
axial displacement is neglected.

In reality, a sample subjected to probing may have an inhomogeneous surface, thus
leading to surface depression or an increase in surface height. During probing, these
increases in surface height may affect the performance of the hyperelastic AFM. As shown
in Figure 2, the location of surface depression and increase in surface height assumed in the
system are shown. In Figure 2, δ refers to any variation in the height of the sample profile
with respect to the baseline, i.e., Ẑ + δ = Ẑ + 0 = Ẑ.
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Figure 2. Schematic representation of the increase and decrease in surface profile.

2.1. Beam Theory with Finite Rotation and Deformation

The components of the displacement vector u = u1ê1 + u2ê2 + u3ê3 can be given
as [36]. ⎧⎪⎨⎪⎩

u1 = zθx, u2 = 0
u3 = w(x, t)
θx ≡ − ∂w

∂x

(1)

In Equation (1), θx is a defined parameter, namely, the minus of the slope of the
transverse displacement.

The strain–displacement relations for the system are obtained according to the finite
deformation. To this end, the von Kármán theory originated from Green’s strain theory is
used as follows [37] {

Exx = εxx
(0) + zεxx

(1)

Ezz = εzz
(0) (2)

in which ⎧⎪⎪⎨⎪⎪⎩
εxx

(0) = 1
2

(
∂w
∂x

)2

εxx
(1) = ∂θx

∂x

εzz
(0) = 1

2 θx
2

(3)

In Equation (2), Exx is the strain in the x-direction, and Ezz stands for the strain in the
z-direction.

The potential energy is expressed in terms of the strain energy function for hyperelastic
materials. The strain energy can be formulated based on the displacement as mentioned
above and strain components incorporating the finite deformation, finite rotation, and size
effect as follows [38,39].

Ψ =
1
2

(
a1E2

xx + a2E2
zz + a3

(
θx

′)2
+ 2a4ExxEzz

)
(4)

in which ⎧⎨⎩
a1 = a2 = 2μ + λ
a4 = λ
a3 = 2μ�2

(5)

In Equation (5), � is the internal length-scale parameter capturing the size effect, which
is defined as the square root of the ratio of the moduli of curvature to the shear [38,40]
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and is generally quantified as one-half or one-fourth of the thickness of the structure in
theoretical analyses. It is noted that the value of this parameter from experimental evidence
for hyperelastic microstructures seems to be rare. For more details on experimental methods
of calculating �, you may refer to [41].

Moreover, in Equation (15), μ = E/2(1 + ν) stands for the shear modulus, and
λ = [Eν]/[(1 + ν)(1 − 2ν)] is the Lamé’s constant (ν is the Poisson’s ratio). It is mentioned
that Equation (5) has shown its applicability for hyperelastic structures in previous literature.

The hyperelastic potential energy is therefore calculated as:

Uel =
∫

V
ΨdV (6)

where V is the volume of the microcantilever.
Substituting Equation (2) into Equation (4), then inserting it into Equation (6), the final

form of the hyperelastic energy is presented as:

Uel =
∫ L

0

[
1
8 a1 A

(
∂w
∂x

)4
+ 1

2 a1 I
(

∂2w
∂x2

)2
+ 1

8 a2 A
(

∂w
∂x

)4
+ 1

2 a3 A
(

∂2w
∂x2

)2

+ 1
4 a4 A

(
∂w
∂x

)4
]

dx
(7)

With the cross-section area A = bd and the second moment of area I = bd3/12.

2.2. Tip–Sample Interaction

At the free end of the microcantilever, there is the interaction force between the tip and
sample. In the present paper, as a test case, a non-contact tip–sample interaction so-called
the van der Waals non-contact force is applied, i.e., [14],

FvdW = −HR
6ẑ2 (8)

in which FvdW stands for the van der Waals non-contact force, H is the Hamaker constant,
and R is the radius of the spherical tip apex.

The system’s potential energy due to the tip–sample interaction is Vtp = − ∫
FvdW dẑ.

By calculating this integration, the final form of the tip–sample interaction potential energy
for the non-contact region will be formulated as [14]:

UvdW = − HR
6
[
Ẑ − w(L, t)− Zb(t)

] (9)

2.3. Kinetic Energy

The total kinetic energy of the AFM cantilever can be expressed below (ρ is the mass
density of the microcantilever).

Uk =
1
2

∫ L

0
ρA

[(
∂w
∂t

)
+

(
∂Zb(t)

∂t

)]2

dx (10)

2.4. Surrounding Damping Force

The constitutive material of the AFM is hyperelastic, for example, it is rubbery or
elastomeric. For such materials, viscoelasticity plays a major role that should be considered
in the analysis. In this paper, a linear damping model is assumed, while other complicated
types of damping can also be used.
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The amount of work created by the viscous surrounding medium is formulated as
(cd is the viscous damping coefficient).

WD = −cd

∫ L

0

[(
∂w
∂t

)
+

(
∂Zb(t)

∂t

)]
wdx (11)

2.5. Hamilton’s Principle and Equation of Motion

The governing equation can be easily derived using variational approaches by ob-
taining the energies and works that appear in the system [42–44]. The partial differential
equation governing the motion of the AFM is derived using the following Hamilton’s
principle as one of the variational approaches:∫ t2

t1

[Uk − Us]dt +
∫ t2

t1

δWDdt = 0 (12)

where Us shows the total potential energy of the system, which for the non-contact region
is: Us = Uel + UvdW.

Eventually, substituting the expression of the kinetic and potential energies and the
work of damping force into Hamilton’s principle gives the following formulation:

ρA ∂2w
∂t2 + ρA ∂2Zb(t)

∂t2 + cd
∂w
∂t + cd

∂Zb(t)
∂t − 3

2 a1 A
(

∂2w
∂x2

)(
∂w
∂x

)2

+a1 I
(

∂4w
∂x4

)
− 3

2 a2 A
(

∂2w
∂x2

)(
∂w
∂x

)2
+ a3 A

(
∂4w
∂x4

)
−3a4 A

(
∂2w
∂x2

)(
∂w
∂x

)2
= 0

(13)

It is noteworthy that the mathematical definition of the boundary conditions is ob-
tained from Hamilton’s principle. Consequently, the boundary condition definition can be
formulated as the following equations.⎧⎪⎪⎪⎨⎪⎪⎪⎩

w(0, t) = ∂w
∂x (0, t) = 0

∂2w
∂x2 (L, t) = 0

a1 I ∂3w
∂x3 (L, t) + a3 A ∂3w

∂x3 (L, t) = − HR
6[Ẑ−w(L,t)−ŷ(t)]

2

(14)

The boundary conditions for cantilevers state that the deflection and slope at the point
x = 0 (at the fixed end) are equal to zero, and the bending moment and shear force at x = L
(at the free end) are equal to zero. From Equation (14), it is observed that the difference
between the boundary conditions of the cantilever and AFM appears in the shear force in
such a way that for the AFM it is not equal to zero any longer and is nonhomogeneous and
time-dependent due to tip–sample interaction.

2.6. Nondimensionalization

In this section, the equation of motion and boundary conditions are made dimension-
less. Hence, the dimensionless parameters can be presented as follows [45]:

x∗ = x
L , w∗ = w

Ẑ
, d0 = d0

Ẑ
, t∗ = t

√
EI

ρAL4 , c = cd L4

EI

√
EI

ρAL4 , Ω = ω

√
ρAL4

EI

d1 = a1 I
EI , d2 = a3 A

EI = 2μA�2

EI , d3 = 3a1 AẐ2

2EI , d4 = 3a2 AẐ2

2EI , d5 = 3a4 AẐ2

EI

Z = Ẑ
Ẑ

, d6 = HRL3

6EIẐ3

(15)
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The non-dimensional form of the equation of motion and boundary conditions are
obtained as (the asterisk notation is disregarded for simplification):

∂2w
∂t2 + c ∂w

∂t − d0 Ω2 sin(Ωt) + cd0 Ω cos(Ωt) + (d1 + d2)︸ ︷︷ ︸
α

∂4w
∂x4

−(d3 + d4 + d5)︸ ︷︷ ︸
β

(
∂2w
∂x2

)(
∂w
∂x

)2
= 0

(16)

with the dimensionless boundary conditions for the non-contact region

w(0, t) = ∂w
∂x (0, t) = ∂2w

∂x2 (1, t) = 0

(d1 + d2)︸ ︷︷ ︸
α

∂3w
∂x3 (1, t) = − d6

[(Z)−w(1,t)−d0 sin(Ωt)]
2

(17)

3. Discretization of the Governing Motion’s Equation

In this section, the governing partial differential equation is discretized by using the
Galerkin method. Because the boundary condition is time-dependent, implementing the
Galerkin method directly may be difficult. To solve such non-homogeneous boundary
conditions, the following process is implemented.

It is assumed that the deflection has the following form [46]

w(x, t) = W(x, t) + F(t) G(x) (18)

in which F(t) is obtained from non-homogeneous boundary conditions. F(t) can be
expressed as the following formulation.

F(t) = − d6

α
[

Z − w(1, t)− d0 sin(Ωt)
]2 (19)

In Equation (18), G(x) is an arbitrary function satisfying the following conditions:

G(0) =
dG
dx

(0) = G(1) =
dG
dx

(1) =
d2G
dx2 (1) = 0,

d3G
dx3 (1) = 1 (20)

A suitable assumption for the function G(x) is chosen as

G(x) =
−1
6

x2 +
1
2

x3 − 1
2

x4 +
1
6

x5 (21)

Substituting Equation (18) into Equations (16) and (17), the governing equation is
derived as:

∂2W
∂t2 + c ∂W

∂t +α ∂4W
∂x4 − β

(
∂2W
∂x2

)(
∂W
∂x

)2
+ G d2F

dt2 + cG dF
dt + αF d4G

dx4

−2βF dG
dx

(
∂2W
∂x2

)(
∂W
∂x

)
− βF2

(
dG
dx

)2(
∂2W
∂x2

)
−βF

(
d2G
dx

)(
∂W
∂x

)2 − 2βF2
(

dG
dx

)(
d2G
dx

)(
∂W
∂x

)
−βF3

(
dG
dx

)2( d2G
dx

)
= d0 Ω2 sin(Ωt)− cd0 Ω cos(Ωt)

(22)

Also, the corresponding boundary condition for Equation (22) is as follows:

W(0, t) = W′(0, t) = W′′(1, t) = W′′′(1, t) = 0 (23)

The prime notation is derivative with respect to the dimensionless axial coordinate.
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It is seen that the non-homogeneous boundary condition has been transformed into a
homogeneous one. Now, the Galerkin method is applied to Equations (22) and (23). Since
the contribution of the first mode is dominant in comparison to higher modes, the first
mode is adopted in the present work.

By applying the variables separation technique, the response of the new variable U(x, t)
is supposed to be as:

W(x, t) = q(t)φ(x) (24)

in which q(t) denotes the generalized coordinate, and φ(x) stands for the eigenfunction for
a clamped-free beam, given by

φ(x) = {cos(β1x)− cos h(β1x)}
−

( {cos(β1)+cos h(β1)}
{sin(β1)+sin h(β1)} {sin(β1x)− sin h(β1x)}

) (25)

where β1 = 1.8751.
Substituting Equation (24) into Equation (22) and multiplying the resultant equation

by φ(x), then integrating with respect to x from 0 to 1, the following governing equation in
the time domain is derived as:

..
q + c

.
q + ω2

0q − r2q3 + r3
..
F + cr3

.
F + r4F − r5Fq2 − r6F2q − r7Fq2

−r8F2q − r9F3 = r10 Ω2 sin(Ωt)− cr10 Ω cos(Ωt)
(26)

in which
r1 =

∫ 1
0 α φφ′′′′dx = ω2

0, r2 =
∫ 1

0 βφφ
′′
(φ′)2dx

r3 =
∫ 1

0 φ Gdx, r4 =
∫ 1

0 α φ G′′′′dx

r5 =
∫ 1

0 2βφG′φ′φ′′dx, r6 =
∫ 1

0 βφG′G′φ′′dx

r7 =
∫ 1

0 βφφ′φ′G′′dx, r8 =
∫ 1

0 2βφφ′G′G′′dx

r9 =
∫ 1

0 βφG′G′G′′dx, r10 =
∫ 1

0 d0φ dx

(27)

We now simplify the equation of motion by expanding the function F(t) around zero
point, i.e.,

F(t) = k1 + k2q(t) (28)

in which

k1 = − h1

(Z−g(t))
2 , k2 = − h2

(Z−g(t))
3 , g(t) = d0 sin(Ωt), h1 = d6

α ,

h2 = 2d6φ(1)
α

(29)

Substituting Equation (28) into Equation (26), we get

M
..
q + C

.
q + Klq + Kqq2 + Kcq3 = r10 Ω2 sin(Ωt)− cr10 Ω cos(Ωt) (30)

in which

M = 1 − h2r3

(Z−g(t))
3

C = c − c h2r3

(Z−g(t))
3

KL = r1 +
3h2

1h2r9

(Z−g(t))
7 − h2

1r6

(Z−g(t))
4 − h2

1r8

(Z−g(t))
4 − h2r4

(Z−g(t))
3

Kq =
3h1h2

2r9

(Z−g(t))
8 − 2h1h2r6

(Z−g(t))
5 − 2h1h2r8

(Z−g(t))
5 +

h1r5

(Z−g(t))
2 +

h1r7

(Z−g(t))
2

Kc = −r2 +
h3

2r9

(Z−g(t))
9 − h2

2r6

(Z−g(t))
6 − h2

2r8

(Z−g[t])
6 +

h2r5

(Z−g[t])
3 +

h2r7

(Z−g(t))
3

(31)
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To distinguish between parametric and non-parametric resonances, the resultant
equation is multiplied by

(
Z − g(t)

)9, resulting in

M
(
Z − g(t)

)9 ..
q +C

(
Z − g(t)

)9 .
q + Kl

(
Z − g(t)

)9q + Kq
(
Z − g(t)

)9q2

+Kc
(
Z − g(t)

)9q3

= r10 Ω2 sin(Ωt)
(
Z − g(t)

)9 − cr10 Ω cos(Ωt)
(
Z − g(t)

)9

(32)

Simplifying the equations by assuming that d0 is too small compared to Z = 1.

M1
..
q + C1

.
q + KL1q + Kq1q2 + Kc1q3 = r10 Ω2 sin(Ωt)− cr10 Ω cos(Ωt) (33)

in which

M1 = 1 − h2r3 +
(

6d0h2r3 − 9d0

)
sin(Ωt)

C1 = c − c h2r3 +
(

6d0c h2r3 − 9d0c
)

sin(Ωt)

KL1 = 3h2
1h2r9 − h2

1r6 − h2
1r8 − h2r4 + r1

+
(
−6d0h2

1h2r9 + 5d0h2
1r6 + 5d0h2

1r8 + 6d0h2r4 − 9d0r1

)
sin(Ωt)

Kq1 = 3h1h2
2r9 − 2h1h2r6 − 2h1h2r8 + h1r5 + h1r7

+
(
−3d0h1h2

2r9 + 8d0h1h2r6 + 6d0h1h2r8 − 7d0h1r5 − 7d0h1r7

)
sin(Ωt)

Kc1 = −r2 + h2r5 + h2r7 − h2
2r6 − h2

2r8 + h3
2r9

+
(

3d0h2
2r6 + 3d0h2

2r8 − 6d0h2r5 − 6d0h2r7 + 9d0r2

)
sin(Ωt)

(34)

4. Result and Discussion

In this section, the numerical results for the system under consideration shown in
Figures 1 and 2 are illustrated. Unless stated otherwise, the material and geometrical
parameters of the AFM cantilever are listed in Table 1. Because the influence of the size
effect has been well addressed in previous studies, the material length-scale parameter is
taken as zero in the numerical simulation and only has been expressed in the mathemat-
ical formulation. The main aim of this section is to investigate the principal parametric
resonance of the system [47].

Table 1. The material and geometrical parameters of the AFM cantilever.

Parameter Value

Modulus of elasticity, E 3 GPa
Length, L 225 μm

Cross-section area, A 7.02 × 10−11 m2

The second moment of area, I 3.57 × 10−23 m4

Hamaker constant, H 2.96 × 10−19 J
Tip radius, R 10 nm

Initial tip–sample distance, Ẑ 60 nm
Poisson’s ratio ν 0.49

As seen in Equations (33) and (34), the combination of van der Waals force and
base-excitation results in time-dependent linear inertia, stiffness, damping terms, and
harmonically time-varying nonlinear stiffness terms, creating parametric parameters ex-
citations. Moreover, the AFM is affected by two external excitations having the same
frequencies, which are equal to the frequency of the base excitation. It is observed that
the frequency of all parametric excitations appearing in the linear, quadratic, and cubic
nonlinearities is equal to that of the external excitation. In this work, the quality factor
of the system is assumed to be 200, defining a low-damped vibrating system. Under this

127



Nanomaterials 2022, 12, 2598

condition, if the frequency of the parametric excitation varies twice the fundamental natural
frequency of the AFM, principal parametric resonance is activated for small values of the
base-excitation amplitude, d0. In other words, for the quality factor of 200, the activation
level of parametric resonance is reached at small values of d0 that can let us neglect the
contribution of the time-varying term existing in the inertia term. Another point that is
worth mentioning is that, while the frequency of the base excitation is close to two times
the first natural frequency, the sub-harmonic resonance of the first mode can be activated
by the external excitation; however, its activation level is much greater than that of the
principal parametric resonance. Therefore, it can be concluded that this type of nonlinear
resonance does not contribute to the system’s response within the variation range of d0,
which results in parametric resonance. With this in mind, the frequency-response behavior
of the AFM is captured for different values of the base excitation amplitude and illustrated
in Figure 3.

Figure 3. Frequency-response behavior of the AFM in the neighbor of its principal parametric
resonance for different values of the base-excitation amplitude.

The figure shows that the frequency–response curves are composed of trivial stable,
trivial unstable, nontrivial stable, and nontrivial unstable branches. The term trivial refers
to the periodic response with zero amplitude; however, nontrivial phrase returns to the
periodic orbit with non-zero amplitude. Moreover, the term stable clarifies that the system’s
states are absorbed by the periodic orbit after the system is disturbed; however, this is not
the case for the unstable term, meaning that any small disturbance applied to the system’s
dynamics causes the system’s states to get off the periodic orbit without the ability of
returning back to it. The system’s dynamics begin with stable zero-amplitude solutions and
continue until primary Hopf bifurcation (sub-critical) occurs, and the stable branch loses its
stability. Further increasing the parametric frequency, the unstable trivial solutions retrieve
their stability at super-critical Hopf bifurcation points. In addition, for the smallest value of
d0 parameter close to the activation level, the stable and unstable nontrivial branches meet
at the cyclic-fold bifurcation point at Ω ≈ 29.07; however, this is not the case for larger
values of the parameter. As the parametric pump enhances, the resonance bandwidth
becomes broader. The non-zero stable and unstable solutions meet at a displacement value
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beyond the gap distance between the microbeam and the substrate. Furthermore, it can be
inferred that the quadratic and cubic nonlinearities arising from the intermolecular force
induce a softening effect on the steady-state dynamics of the AFM, making the nontrivial
solution branches bend to the left. It should be mentioned that Wmax is the displacement of
the cantilever tip. For better describing the frequency–response curves, it should be noted
that there has been considered a set of two curves corresponding to each color. For instance,
the blue plot drawn in Figure 3 is composed of two curves; the one which is marked by a
star showing the stable solution, and the one that is mark-free shows the unstable solution
branch corresponding to the same value of d0.

Figure 4 demonstrates the loci of the primary Hopf bifurcation points for different
values of the excitation amplitude. The vertical axis shows the ratio between the excitation
amplitude to its threshold, leading to parametric resonance activation. As seen in the
figure, while this ratio is close to one from below, there is still no bifurcation in the system’s
dynamics. However, while this ratio is close to one from above, two bifurcation points are
occurring at two frequencies so close to each other that the left ones return to the sub-critical,
and the right ones introduce the position of the super-critical Hopf bifurcation points. As
the amplitude of the parametric excitation grows, the distance between these two points
increases. The grey area bounded by the fitted blue curve displays the parametric resonance
region, known as the instability tongue. It is worth noting that if the parametric excitations
are not accompanied by external excitation, the parametric noise squeezing effect is potent
to happen while the excitation amplitude is below the activation level. However, this
phenomenon cannot occur in the present dynamics, because the parametric excitation
is collaborated by external excitation with the same excitation frequency. Inspecting the
numerical values on the vertical axis, one can find that the parametric resonance bandwidth
is extremely sensitive to the excitation amplitude.

Figure 4. Instability tongue. The loci of both sub- and super-critical primary Hopf bifurcation points
define the boundary of the parametric resonance region, where the threshold value for the base
excitation amplitude is dth = 0.222 nm.
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Figure 5 illustrates the influence of the incompressibility (ν) on the frequency-response
behavior of the AFM system by choosing two different values for Poisson’s ratio, for
d0 = 0.23 nm. Increasing the value of Poisson’s ratio causes the structure to become stiffer
and more rigid, and therefore, its natural frequencies grow remarkably. With this in mind,
the frequency of the parametric excitation is swept in the neighbour of twice the first natural
frequency, which is evaluated for that specific Poisson’s ratio. In order to have a precise eval-
uation of how the impact of Poisson’s ratio influences the slope of the frequency–response
curve, the displacement amplitude is plotted versus the difference between the excitation
frequency and two times the natural frequency. It is found from the figure that, not only
the resonance region becomes more expansive, but also the softening trend is intensified.
At the same time, the resonator is made from a more incompressible material.

Figure 5. The impact of Poisson’s ratio on the frequency-displacement behavior of the AFM, for
d0 = 0.23 nm. The dashed and solid lines are unstable and stable branches, respectively.

Profile Height Detection Mechanism

In this section, a sensing mechanism to detect the height of a sample’s profile that is
implemented based on the principal parametric resonance characteristics is proposed. First,
it is shown that while the AFM is operating near its parametric resonance, the bifurcation
points’ position is highly affected by the gap distance between the microcantilever and its
sample underneath. Figure 6 demonstrates the frequency-response behavior of the AFM for
the excitation amplitude of d0 = 0.23 nm. Here, the initial gap distance is set to be 60 nm.
As seen in the figure, the sub-critical and super-critical Hopf bifurcation points shift to the
left and to the right, respectively, while there is a 1 nm rise in the height of the sample profile
(orange curve). An increment in the height of the sample profile causes the gap distance
between the cantilever tip and the sample top surface to decrease. Therefore, the impact of
van der Waals’s force enhances, and consequently, the activation level decreases so that
the resonance region becomes broader while the excitation amplitude is kept constant.
This 1 nm rise in the height of the sample causes a 0.01 nondimensional frequency shift
at primary Hopf bifurcation points. On the other hand, if the sample profile undergoes a
1 nm surface depression, extending the gap between the cantilever tip and the top surface
of the sample, weakening the van der Waals force, the activation level of the parametric
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resonance increases. Hence, the resonance region shrinks while the parametric pump is
kept constant, meaning the sub-critical and super-critical Hopf bifurcation points shift to
the right and the left, respectively (black curve). As observed in the figure, the frequency
shift caused by the rise in the height of the sample profile is quite a bit smaller than that
caused by surface depression. Here, the frequency shift at bifurcation points caused by
a 1 nm profile depression is obtained at about 0.0125. In Figure 6, PH stands for primary
Hopf bifurcation.

Figure 6. The influence of the surface profile variations on the primary Hopf bifurcation points near
parametric resonance for the base excitation amplitude of 0.23 nm. The dashed and solid lines are
unstable and stable branches, respectively.

The frequency-response behavior of the AFM device near the primary resonance of
its first mode is illustrated in Figure 7. To monitor the steady-state dynamic response
of the system near its primary resonance, the external excitation frequency is set to be
changing in the vicinity of the first natural frequency, and the displacement amplitude
of the periodic orbit is recorded for each specific value of the excitation frequency. As
seen in the figure, the frequency-displacement behavior does not experience bifurcation
for the excitation amplitude of d0 = 0.15 nm; however, cyclic-fold bifurcation occurs
beyond the gap distance for larger values of the base excitation amplitude, which is not
meaningful, and we prevented presenting that result here. It is worth mentioning that for
this case, the secondary parametric resonance of the first mode (Ω ≈ ωn) of oscillation
is probable to happen because, as stated before, the frequency of the parametric terms is
identical to that of the external stimulus. While the excitation frequency varies near the
natural frequency of the first mode itself, the system has the potential to experience the
combination of both primary resonance (due to external/direct excitation) and secondary
parametric resonance (due to parametric excitation) of the first mode. However, the
secondary parametric resonance (Ω ≈ ωn) requires a higher level of activation compared
to the primary parametric resonance (Ω ≈ 2ωn). Therefore, it cannot be motivated for the
proposed AFM, because the cantilever experiences tapping mode, which is caused by large-
amplitude oscillation due to direct excitation. Inspecting the figure, it is seen that while
there is a 1 nm increase in the height of the sample profile, the resonance amplitude grows
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slightly (orange curve) compared to the case in which there is no variation in the surface
height (blue curve). On the other hand, the displacement amplitude at resonance drops
quite a bit while the surface of the sample undergoes a 1 nm depression. Conversely, these
variations in the profile configuration do not result in a change in the primary resonance
frequency. In this work, the authors propose an effective detection mechanism based on
amplitude shift at bifurcation points that are highly sensitive to detecting the high variations
of samples’ surface profiles. The AFM needs to be run near its parametric resonance zone
instead of the primary resonance region.

Figure 7. The influence of the surface profile variations on the resonance amplitude of the microcan-
tilever near primary resonance, for d0 = 0.15 nm.

Figure 8 depicts the frequency-displacement amplitude of the AFM near its parametric
resonance for a parametric pump which is slightly above the activation level, d0

dth
= 1.001.

For the case in which there is neither bulge nor surface depression on the surface profile
(violet curve), a cyclic-fold bifurcation exists at Ω = 29.068. This dynamic behavior
corresponds to the case where the cantilever tip is precisely on top of the sample area
from which the initial gap distance, Ẑ, is measured. This profile status is considered the
surface baseline, provided that any variation in the height of the sample profile concerning
this baseline is denoted by δ. As observed in the figure, the frequency–response curve
shifts to the right once the distance between the microcantilever tip and the surface profile
increases by 15 pm; namely, the AFM faces a surface depression of 15 pm on the sample
profile. Because the AFM is already set to be operating at point A, this right shift in the
steady-state behavior of the device causes a significant drop in the displacement amplitude,
jumping from point A down to point B with zero amplitude. The AFM’s sensitivity can
be obtained by evaluating the dimensional displacement drop to the change in the profile
height. Accordingly, the sensitivity of the proposed method is as follows:

SD
w
δ =

Δw
Δδ

=
0.71 × 60 nm

15 pm
= 2840

amplitude (nm)

δ (nm)
(35)
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Figure 8. The influence of the surface profile variations on the amplitude of the resonator’s displace-
ment at cyclic-fold bifurcation near parametric resonance, for d0

dth
= 1.001. The dashed and solid lines

are unstable and stable branches, respectively.

On the other hand, the frequency–response curve shifts to the left while there is a 15 pm
rise in the sample profile, so the resonator’s response experiences a jump up to point C.
Although this enhancement in the displacement amplitude is smaller than what is achieved
for surface depression, the detection sensitivity is still considerable compared to the case
where the cantilever is actuated near its primary resonance (comparing Figures 7 and 8).
Similarly, for the case in which the distance between the AFM tip and the sample profile
diminishes, the sensitivity of the device is obtained as follows,

SR
w
δ =

Δw
Δδ

=
(0.8 − 0.71)× 60 nm

15 pm
= 360

amplitude (nm)

δ (nm)
(36)

Scientifically speaking, because of the softening behavior of the AFM, the response
amplitude drops from the stable nontrivial branch down to the stable trivial branch. At
the same time, there is a positive variation in the height of the sample (surface depression),
leading to ultrahigh sensitivity. However, this is not the case while there are negative varia-
tions in the height of the sample profile, meaning that the system’s response jumps from a
stable nontrivial branch up to a new generated stable nontrivial solution branch, degrading
the AFM sensitivity. This can be improved by designing a tuneable AFM that can show
both softening and hardening behavior near its parametric resonance regime. It is worth
noting that the most challenging part in achieving ultrahigh sensitivity in AFMs returns to
the employment of the base excitation amplitude. The finer the resolution of the parametric
pump (parametric excitation amplitude), the higher the possibility for the implementation
of the proposed detection mechanism. This means that the suggested method requires the
capability of changing the base excitation amplitude with fine resolution. The proposed
method can be feasibly employed once this concern is responded to.
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In this paper, a micropolar model Equation (4) suitable for hyperelastic materials
was utilized. However, other hyperelastic models can be utilized for hyperelastic mi-
crocantilevers; for example, the Gent model [48], generalized neo-Hookean models [49],
Gent-Gent model [50], etc.

The foremost aspect of the analysis in the present work is that the system operates in
parametric resonance regime. We have identified such a regime for non-contact AFM that
is common in many real setups. For other kinds of AFM, it is essential to seek the presence
of parametric resonance in the system first. Then, the analysis of the current study can be
developed for the system.

5. Conclusions

This work examined the nonlinear resonance of a hyperelastic-based cantilever AFM
in the non-contact region so that the non-contact force is modeled using the van der Waals
force. A vertical base excitation is used to vibrate the AFM. A hyperelastic model combined
with the modified couple stress theory is proposed to incorporate the elastic energy stored in
the microcantilever caused by deformation. The obtained equation of motion is discretized
via a developed Galerkin method. Furthermore, an efficient detection mechanism based
on principal parametric resonance, assessing surface depression and height increase of a
sample profile, is proposed. The following concluding remarks can be deduced from the
presented numerical results.

• The hyperelastic microcantilever of the AFM device undergoes softening behavior
near its principal parametric resonance.

• The frequency–displacement curve governing the resonator’s dynamics comprises
stable trivial, unstable trivial, stable nontrivial, and unstable nontrivial branches.

• The resonance of the AFM exhibits both super- and sub-critical Hopf bifurcations for
the considerable value of d0, and cyclic-fold bifurcation, for a small value of d0.

• Increasing the incompressibility condition (higher values of the Poisson’s ratio) results
in stronger softening nonlinearity, and the resonance bandwidth becomes wider.

• Surface profile depression and rise in the height of a surface profile can be detected by
inspecting the bifurcation points’ position.

• According to the sensitivity analysis presented in Equation (35), the proposed AFM can
detect surface depression in the order of a picometer, providing ultrahigh sensitivity.
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Abstract: In this work, we discuss the free vibration behavior of thin-walled composite shell struc-
tures reinforced with carbon nanotubes (CNTs) in a nonlinear setting and resting on a Winkler–
Pasternak Foundation (WPF). The theoretical model and the differential equations associated with
the problem account for different distributions of CNTs (with uniform or nonuniform linear patterns),
together with the presence of an elastic foundation, and von-Karman type nonlinearities. The basic
equations of the problem are solved by using the Galerkin and Grigolyuk methods, in order to
determine the frequencies associated with linear and nonlinear free vibrations. The reliability of the
proposed methodology is verified against further predictions from the literature. Then, we examine
the model for the sensitivity of the vibration response to different input parameters, such as the
mechanical properties of the soil, or the nonlinearities and distributions of the reinforcing CNT phase,
as useful for design purposes and benchmark solutions for more complicated computational studies
on the topic.

Keywords: CNT; elastic foundations; nonlinear free vibration; nonlinear frequency; shallow
shell structures

1. Introduction

The fast development of nanotechnology in recent years has encouraged the pro-
duction of nanotubes, increasing their application in many engineering areas. The CNTs
produced for the first time by Iijima in 1993, are increasingly used in various industries and
commonly proposed as novel material due to their great potential [1,2]. One of the most
important application areas of CNTs stems from their large use as reinforcement phase in
traditional composites and polymers. The mechanical, thermal and electrical properties of
composites reinforced with CNTs are significantly improved compared to more classical
composites, along with an increased level of strength in their structural application [3–5].
For such reasons, CNTs are used in some areas of the defense industry, especially in rocket,
aerospace and aviation industries, where high-precision computations are required [6–8].
Among various problems is the linear and nonlinear vibration behavior of composite shell
structures involving the presence of different distributions of CNTs. Composite shells,
indeed, can include uniform or nonuniform patterns of CNTs, depending on the desired
mechanical properties of the structures [9–24]. In this framework, a pioneering work on the
nonlinear vibrations of composite shell structures was represented by [9], which considered
a linear distribution of CNTs within the material. Following this work, some linear and
nonlinear free vibration problems were proposed in [10–17] and [18–24], respectively, for
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unconstrained shallow shells and panels reinforced by CNTs, while proposing different
numerical methods to solve the related problems.

The technological evolution of artificial materials and their manufacturing has ex-
panded the application areas for such materials, improving the interest towards even more
complicated and coupled problems, as well as the possible interactions of a structural
member with its surrounding medium. Composite CNT-based shell structures resting on
elastic foundations can be found in different civil and mechanical engineering applications,
in nuclear power plants, etc. Among different possibilities to model an elastic foundation,
the Pasternak and Winkler models are two common ways of describing its mechanical
behavior, based on a different number of input parameters [25,26]. When modeling the
vibrations of structural members containing CNTs, it is important to study the effect of the
reinforcement phase and elastic foundations on the frequency–amplitude relationships.
Up to date, most works from the literature have been devoted to the solution of linear
vibration problems, by means of different numerical techniques [27–35]. More specifically,
Tornabene et al. [27] examined the influence of Winkler–Pasternak foundations on the
static and dynamic analysis of laminated double-curved shells and panels using the dif-
ferential quadrature method. The same numerical approach was successfully proposed
in [28] to study the vibration response of functionally graded carbon nanotube reinforced
composite (FG-CNTRC) spherical shells on an elastic foundation. Zhang and Liew [29]
applied an element-free approach to study the large deflection response of FG-CNTRC
plates. Dinh and Nguyen [30] applied a fourth-order Runge–Kutta method and Galerkin
method to solve the dynamic and vibration problem of FG-CNTRC truncated conical shells
on elastic foundations. Shen and He [31] performed a large amplitude vibration analysis of
FG-CNTRC double-curved panels on elastic foundation by applying a two-step perturba-
tion approach, as also implemented in [32] to analyze the large amplitude vibration of FG
shallow arches on a nonlinear elastic foundation. A further linear formulation was pro-
posed by Sobhy and Zenkour [33] to study the vibrations of FG graphene platelet reinforced
composite double-curved shallow shells on an elastic foundation; Sofiyev et al. [34,35]
investigated the stability of CNTRC conical shells resting on an elastic foundation under
hydrostatic pressure and combined loads in different settings.

Despite the considerable attention paid by the scientific literature to the linear vibra-
tion of shell structures, the nonlinear vibrations of CNT shallow shells resting on elastic
foundations have not been adequately investigated. In this context, this paper aims to
study the nonlinear free vibration behavior of thin-walled shell structures reinforced with
CNTs and resting on an elastic Winkler- or Pasternak-type foundation, while proposing a
Grigolyuk method to handle the problem. The organization of the rest of the paper is as
follows: Section 2 recalls the basic theoretical aspects for both the shell-foundation inter-
action and nonlinear structural problem. Section 3 illustrates the analytical methodology
applied to solve the problem, whose numerical investigation is presented and discussed in
Section 4, while Section 5 closes the work with main comments and remarks.

2. Theoretical Formulation

2.1. Description of Shell-Foundation Interaction Model

Let us consider a composite spherical and hyperbolic paraboloidal (hypar) shallow
shell reinforced with CNTs with length a, width b, thickness h and curvature radii R1
and R2, respectively (see Figure 1a,b). The Cartesian coordinate system (x1, x2, x3) is
here assumed to define the shell geometry in its length, width and thickness direction,
respectively. As also shown in Figure 1, both the spherical and hypar shallow shells are
immersed in an elastic WPF, here modeled as follows [25,26]:

K(w) = kww − kp

(
∂2w
∂x2

1
+

∂2w
∂x2

2

)
(1)
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where kw (in Pa/m) is the Winkler spring stiffness and kP (in Pa · m) refers to the shear
layer stiffness. When kP = 0, the foundation reverts to a Winkler-type elastic foundation
(WF). The FG-CNTRC shell structures feature the following properties [9]

Yx3
11 = η1Vx3

CNYCN
11 + VmEm, η2

Y
x3
22

=
V

x3
CN

YCN
22

+ Vm
Em , η3

Y
x3
12

=
V

x3
CN

YCN
12

+ Vm
Ym ,

ν12 = V∗
CNνCN

12 + Vmνm , ρx3
1 = V∗

CNρCN + Vmρm , x3 = x3/h

(2)

where the elastic properties for CNTs and matrix denoted as YCN
ij (i, j = 1, 2), and Ym,Gm,

respectively; ηj(j = 1, 2, 3) refers to the efficiency parameters for CNTs; Vx3
CN and Vm

stand for the volume fraction of CNTs and matrix, respectively, such that Vx3
CN + Vm = 1.

The density can be defined as

V∗
CN =

wCN
wCN + (ρCN /ρm)(1 − wCN)

(3)

whereas the volume fraction for shallow shells takes the following form (see Figure 2)

Vx3
CN =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎩

UD at V∗
CN

VD at (1 − x3)V∗
CN

OD at (1 + x3)V∗
CN

XD at 4|x3|V∗
CN

(4)

The strain field on the reference surface is governed by the following kinematic
relations [36]

ε11 = ∂u
∂x1

− w
R1

+ 1
2

(
∂w
∂x1

)2
, ε22 = ∂v

∂x2
− w

R2
+ 1

2

(
∂w
∂x2

)2

γ12 = ∂v
∂x1

+ ∂u
∂x2

+ ∂w
∂x1

∂w
∂x2

(5)

and the constitutive relations accounting for the von Karman nonlinearity within a classical
shell framework are defined as [21]⎡⎢⎢⎢⎢⎣

τ11

τ22

τ12

⎤⎥⎥⎥⎥⎦ =

⎡⎢⎢⎢⎢⎢⎣
Ex3

11 Ex3
12 0

Ex3
21 Ex3

22 0

0 0 Ex3
66

⎤⎥⎥⎥⎥⎥⎦
⎡⎢⎢⎣

e11 − x3
∂2w
∂x2

1

e22 − x3
∂2w
∂x2

2

γ12 − 2x3
∂2w

∂x1∂x2

⎤⎥⎥⎦ (6)

with

Ex3
ii =

Yx3
ii

1 − νijνji
, Ex3

ij =
νjiY

x3
ii

1 − νijνji
= Ex3

ji , Ex3
66 = Yx3

ij (i, j = 1, 2) (7)
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(a) 

 
(b) 

Figure 1. (a) Spherical and (b) hypar shallow shells reinforced with CNTs, resting on elastic foundations.

 
(a) (b) (c) (d) 

Figure 2. Cross-section of shallow shells with uniform and linearly patterned CNTs (a) UD, (b) VD, (c) OD and (d) XD.
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2.2. Nonlinear Structural Model in the Presence of a PF

By using relations (1), (2), (5) and (6), the nonlinear governing equations for doubly
curved shallow shells reinforced with a linear pattern of CNTs and resting on a WPF, attain
the following form

L11(F) + L12(w) + L13(F, w) + K(w) = 0 (8)

L21(F) + L22(w) + L13(w, w) = 0 (9)

where F is a stress function and Lij(i = 1, 2, j = 1, 2, 3) are differential operators defined as

L11(F) = h
[

u12
∂4

∂x4
1
+ (u11 − 2u31 + u22)

∂4

∂x2
1∂x2

2
+ u21

∂4

∂x4
2
+

(
1

R2
∂2

∂x2
1
+ 1

R1
∂2

∂x2
2

)]
,

L12(w) = −u13
∂4

∂x4
1
− (u14 + 2u32 + u23)

∂4

∂x2
1∂x2

2
− u24

∂4

∂x4
1
− ρ1

∂2

∂t2 ,

L13(F, w) = h
(

∂2

∂x2
2

∂2

∂x2
1
− 2 ∂2

∂x1∂x2
∂2

∂x1∂x2
+ ∂2

∂x2
1

∂2

∂x2
2

)
, K(w) = kw − kp

(
∂2

∂x2
1
+ ∂2

∂x2
2

)
L21(F) = h

[
q11

∂4

∂x4
2
+ (q12 + q21 + q31)

∂4

∂x2
1∂x2

2
+ q22

∂4

∂x4
1

]
,

L22(w) = −q23
∂4

∂x4
1
− (q24 + q13 − q32)

∂4

∂x2
1∂x2

2
− q14

∂4

∂x4
2
+
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1

R2
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1
+ 1

R1
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2
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,

L23(w, w) = −
(

∂2

∂x1∂x2

)2
+ ∂2

∂x2
1

∂2

∂x2
2

(10)

being t the time variable, and ρ1 =
h/2∫

−h/2
ρx3

1 dx3. Moreover, uij are defined as

u11 = A1
11q11 + A1

12q21, u12 = A1
11q12 + A1

12q11, u13 = A1
11q13 + A1

12q23 + A2
11,

u14 = A1
11q14 + A1

12q24 + A2
12, u21 = A1

21q11 + A1
22q21, u22 = A1

21q12 + A1
22q22,

u23 = A1
21q13 + A1

22q23 + A1
21, u24 = A1

21q14 + A1
22q24 + A1

22, u31 = A1
66q35,

u32 = A1
66q32 + 2A2

66.

(11)

with
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22
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12
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ij =
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Ex3
kk x3
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ij =

h/2∫
−h/2

νjiE
x3
ii x3

i1 dx3, (i, j = 1, 2).

(12)

3. Solution Procedure

In what follows, we provide an analytical solution to the problem of a simply-
supported doubly-curved shell. Thus, the structural deflection can be approximated
as [21,36]

w = w(t) sin(α1x1) sin(α2x2) (13)

where w(t) is a function of time, α1 = mπ
a , α2 = nπ

b , in which m and n are the wave numbers
in directions x1 and x2, respectively. By substitution of Equation (13) into Equation (9), we
get the following expression for the stress function F

F = w(t)[c1w(t) cos(2α1x1) + c2w(t) cos(2α2x2) + c3 sin(α1x1) sin(α2x2)] (14)

where cj(j = 1, 2, 3) are defined as

c1 =
α2

2
32α2

1q22h
, c2 =

α2
1

32α2
2q11h

, c3 =
q23α4

1 + (q24 + q13 − q32)α
2
1α2

2 + q14α4
2 + α2

1/R2 + α2
2/R1

h
[
q11α3

2 + (q12 + q21 + q31)α
2
1α2

2 + q22α4
1
] (15)
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By substituting Equations (13) and (15) into Equation (8) and by applying the Galerkin
procedure in the domain 0 ≤ x1 ≤ a and 0 ≤ x2 ≤ b, we obtain

L(t) ≡ d2w̃(t)
dt2 +

(
ωL

wp

)
w̃(t) + θ1w̃2(t) + θ2w̃3(t) = 0 (16)

where w̃(t) = w(t)/h, the quantities θ1, θ2 are defined as

θ1 = 64h2

3ab
1
ρ1

(
u12α4

1c1+u21α4
2c2

α2α1
− α1α2c3

8 − c1
4R2

α1
α2

− c2
4R1

α2
α1

)[
1 − (−1)m − (−1)n + (−1)m+n

]
θ2 =

2h3α2
1α2

2(c1+c2)
ρ1

(17)

and ωL
wp is the frequency associated to the shallow structure resting on the PF at small

deflections, defined as

ωL
wp = 1√

ρ1

{[
α2

1
R2

+
α2

2
R1

− u12α4
1 − (u11 − 2u31 + u22)α

2
1α2

2 − u21α4
2

]
hs3

+u13α4
1 + (u14 + 2u32 + u24)α

2
1α2

2 + u24α4
2 + kw + kp(α2

1 + α2
2)

}1/2 (18)

The approximate solution of Equation (16) reads as follows

w̃(t) = w0 cos(�NLt) (19)

where w0 is the dimensionless amplitude, �NL is the nonlinear frequency and the initial
conditions are defined as

w̃(t)
∣∣∣∣ t = 0

= w0 and
dw̃(t)

dt

∣∣∣∣ t = 0
= 0 (20)

By combining the relations (16) and (19), we obtain an equation of the type L(t) = 0.
Thus, by applying the Grigolyuk method [37], one obtains

π/2�NL∫
0

L(t) cos(�NLt)dt = 0 (21)

After integrating this last relation, we obtain the following nonlinear amplitude–
frequency dependence

�NL
wp =

√(
ωL

wp

)2
+

8
3π

θ1w0 + 0.75θ2w2
0 (22)

and
�NL

1wp = �NL
wp h

√
ρm/Ym (23)

The rational nonlinear-to-linear free vibration frequency (NLFVF / LFVF), �NL
wp /ωL, becomes

�NL
wp

ωL
=

√√√√(
ωL

wp

ωL

)2

+
8

3π

θ1w0

ω2
L

+
0.75θ2w02

ω2
L

(24)

where the linear-free vibration frequency ωL for the unconstrained structure is defined as
(18) and kw = kp = 0 represents a special case. Based on Equations (22) and (24), we can
treat different cases, namely shallow spherical shells (for R1 = R2) or shallow hypar shells
(for R1 = −R2) resting on a PF, as well as shallow cylindrical panels ( R1 → ∞ ) or plates
( R1 → ∞, R2 → ∞ ), on a WPF.

142



Nanomaterials 2021, 11, 2090

The lowest values of �NL
wp , �NL

1wp and
�NL

wp
ωL

for shallow spherical and hypar shells on a
PF are determined by minimizing Equations (20)–(22) depending on the vibration modes
(m, n), for fixed values of the dimensionless amplitude w0.

4. Results and Discussion

The numerical investigation starts with a comparative evaluation of the dimensionless
linear frequency parameters, ω1L = ωLh

√
ρm/Ym, for isotropic shallow shells with respect

to predictions from the literature [38] (see Table 1).

Table 1. Comparative evaluation with the literature of ω1L for different shallow structural members
made of an isotropic material.

Structural Members
a

R1
b

R2

ω1L=ωLh
√

ρm/Ym

Alijani [38] Present Study

Spherical shell 0.5 0.5 0.0779 0.0781
Hypar shell 0.5 −0.5 0.0597 0.0600

Thus, we use the expression (18), while keeping kw = kp = 0, Ym
11 = Ym

22 = Ym = 70 Gpa,
ν12 = ν21 = νm = 0.3177,ρm = 2.702 × 103 kg/m3 and the geometrical ratios a/b = 1,
a/h = 10. As visible from Table 1, our results match very well predictions from [38], for
both spherical and hypar shell members; this proves the reliability and consistency of the
proposed formulation. A further comparison with the literature [39,40] is also provided in
terms of dimensionless linear frequencies for isotropic square plates resting on PFs with
h/b = 0.01, a/b = 1, kw = 100Dm and kp = 10Dm. For this subcase, the relation (16)
is computed for R1 → ∞, R2 → ∞ and the dimensionless linear frequency parameter is
determined as ΩLwp = ωL

wp(b/π)2√ρmh/Dm in which Dm = Ymh3

12[1−(νm)2]
, see [40]. Table 2

summarizes the results based on different approaches, with a consistent agreement between
our formulation and findings from [39,40].

Table 2. Comparison of dimensionless frequency parameters for square plates on a PF (h/b = 0.01,
a/b = 1, kw = 100Dm, kp = 10Dm ).

Studies
Mode Number

Ω
Lwp
1,1 Ω

Lwp
1,2 Ω

Lwp
2,1

Zhou et al. [39] 2.6551 5.5717 5.5717
Wang et al. [40] 2.6551 5.5717 5.5717
Present study 2.6557 5.5761 5.5761

After this preliminary validation, we continue the analysis by computing the NLFVF
of shallow spherical and hypar shells reinforced with a uniform and linear distribution of
CNTs, and resting on a WF and PF. The selected shell members are made of polymethyl
methacrylate (PMMA), as matrix, and single-walled CNTs, with geometrical properties
r1 = 9.26 nm, a1 = 6.8 × 10−1 nm, h1 = 6.7 × 10−2 nm, as reinforcement. The mechanical
properties for the CNT phase are YCN

11 = 5646.6 Gpa, YCN
22 = 7080 Gpa, YCN

12 = 1944.5 Gpa,
νCN

12 = 0.175, ρCN = 1.4 × 103 kg/m3; for PMMA, it is Ym = 2.5 Gpa, νm = 0.34,
ρm = 1.15 × 103 kg/m3. In line with [9], we also consider different efficiency parame-
ters of CNT/matrix depending on the selected value of V∗

CN , as summarized in Table 3.
As also listed in Table 4, we check for the variation of NLFVFs for both the selected shallow
shells, while keeping different distributions of CNTs (i.e., UD, VD, OD and XD), and by
varying the stiffness constants (kw, kp) for the elastic foundation under the three fixed
values of V∗

CN (0.12, 0.17, and 0.28). The frequency values are computed for R1 = 20h, a = b,
a = 20h, (m, n) = (1, 1) and w0 = 1.5, with a clear increase in results for an increased value
of the stiffness parameters, kp and/or kw, for all the reinforcement assumptions. For fixed

143



Nanomaterials 2021, 11, 2090

values of kp, kw, and V∗
CN , it also seems that OD and XD patterns of CNTs always pro-

vide the lowest and highest frequency values, respectively, independently of the selected
shell geometry.

Table 3. Typical properties of CNT/matrix efficiency parameters depending on the volume fraction
of CNTs.

V*
CN η1 η2 η3

0.12 0.137 1.022 0.715
0.17 0.142 1.626 1.138
0.28 0.141 1.585 1.109

Table 4. Variation in NLFVF for shallow spherical and hypar shells with CNTs resting on a W-EF and PF with various
foundation elastic parameters, versus V∗

CN .

�NL
1wp×10 (R2=R1)

V*
CN 0.12 0.17 0.28

kp kw UD VD OD XD UD VD OD XD UD VD OD XD

0 0 0.445 0.388 0.362 0.540 0.569 0.506 0.476 0.680 0.615 0.517 0.493 0.782

0
0.7 × 109 0.503 0.452 0.431 0.589 0.614 0.557 0.530 0.719 0.656 0.566 0.544 0.815
1.0 × 109 0.526 0.478 0.457 0.608 0.633 0.577 0.551 0.735 0.673 0.586 0.564 0.829
1.3 × 109 0.548 0.502 0.482 0.627 0.651 0.597 0.572 0.750 0.690 0.605 0.584 0.843

9 × 104
0.7 × 109 0.583 0.540 0.522 0.658 0.681 0.629 0.605 0.776 0.717 0.636 0.66 0.685
1.0 × 109 0.602 0.561 0.544 0.676 0.697 0.647 0.624 0.791 0.733 0.653 0.634 0.878
1.3 × 109 0.622 0.581 0.565 0.693 0.714 0.665 0.642 0.805 0.748 0.670 0.652 0.891

11 × 104
0.7 × 109 0.599 0.557 0.540 0.672 0.694 0.644 0.621 0.788 0.730 0.650 0.631 0.876
1.0 × 109 0.618 0.578 0.561 0.690 0.711 0.662 0.639 0.803 0.745 0.667 0.649 0.889
1.3 × 109 0.637 0.598 0.581 0.706 0.727 0.679 0.657 0.817 0.760 0.684 0.666 0.901

13 × 104
0.7 × 109 0.615 0.574 0.557 0.687 0.708 0.659 0.636 0.800 0.743 0.664 0.646 0.886
1.0 × 109 0.634 0.594 0.578 0.703 0.724 0.676 0.654 0.815 0.758 0.681 0.663 0.899
1.3 × 109 0.652 0.614 0.598 0.720 0.740 0.693 0.671 0.829 0.773 0.698 0.680 0.912

�NL
1wp×10 (R2=−R1)

0 0 0.911 0.878 0.878 0.960 1.095 1.055 1.055 1.155 1.376 1.325 1.324 1.453

0
0.7 × 109 0.941 0.909 0.909 0.988 1.119 1.080 1.080 1.178 1.395 1.345 1.344 1.471
1.0 × 109 0.953 0.921 0.922 1.000 1.129 1.091 1.091 1.188 1.403 1.353 1.352 1.479
1.3 × 109 0.965 0.934 0.934 1.012 1.140 1.101 1.101 1.198 1.411 1.361 1.361 1.486

9 × 104
0.7 × 109 0.986 0.955 0.955 1.031 1.157 1.119 1.119 1.214 1.425 1.375 1.375 1.499
1.0 × 109 0.997 0.967 0.967 1.043 1.167 1.129 1.129 1.223 1.433 1.384 1.383 1.507
1.3 × 109 1.009 0.979 0.979 1.054 1.177 1.139 1.140 1.233 1.440 1.392 1.391 1.514

11 × 104
0.7 × 109 0.995 0.965 0.965 1.041 1.165 1.127 1.128 1.122 1.431 1.382 1.382 1.505
1.0 × 109 1.007 0.977 0.977 1.052 1.175 1.138 1.138 1.231 1.439 1.390 1.390 1.513
1.3 × 109 1.018 0.989 0.989 1.063 1.185 1.148 1.148 1.240 1.447 1.398 1.398 1.520

13 × 104
0.7 × 109 1.005 0.975 0.975 1.050 1.173 1.136 1.136 1.229 1.438 1.389 1.388 1.512
1.0 × 109 1.016 0.987 0.987 1.061 1.183 1.146 1.146 1.239 1.445 1.397 1.396 1.519
1.3 × 109 1.028 0.999 0.999 1.072 1.193 1.156 1.156 1.248 1.453 1.405 1.405 1.527

The highest sensitivity of the response to the CNT dispersion within the matrix is
observed for a fixed value of V∗

CN = 0.28, with a maximum percentage variation with
respect to a UD of 21.6%. At the same time, the largest foundation effect on �NL

1wp occurs
at V∗

CN = 0.12 and OD patterns with a percentage variation of 51.5%. A PF also seems to
affect the response more significantly compared to a W-EF, reaching the highest sensitivity
with an OD-type reinforcement and V∗

CN = 0.12, whereas the lowest sensitivity is obtained
for a XD of CNTs with V∗

CN = 0.28.
As far as the sensitivity to the volume fraction is concerned, the largest influence is

noticed for structures on a PF reinforced by XD CNTs with V∗
CN = 0.28 and the lowest
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effect is obtained with an OD pattern and V∗
CN = 0.12, respectively. In Figure 3, we plot

the variation in NLFVFs for shallow spherical and hypar shells reinforced with a UD and
VD of CNTs versus w0, for a fixed value of V∗

CN = 0.28, for three different geometrical
ratios R1/a = 2.0, 2.5, 3.0, accounting (or not) for the presence of a surrounding WPF.
The other parametric data are: a/b = 0.5, a/h = 15, (m, n) = (1, 1), kw = 4 × 109(N/m3)
and kp = 1.6 × 104(N/m). As visible in Figure 3, the NLFVF for hypar shells resting on
a PF increases monotonically with w0, whereas it varies non-monotonically for spherical
shells on a PF with an initial decrease for w0 ≤ 0.5, and a further increase for w0 > 0.5.
By comparing results among unconstrained spherical and hypar members, it seems that
NLFVFs for hypar shells always reach higher values than spherical ones for all w0; the
NLFVFs for shallow spherical shells are usually higher for w0 ≤ 0.5.

Figure 3. Variation in NLFVF for shallow spherical and hypar shells with UD- and VD-patterned CNTs on a PF versus w0,
with different geometrical ratios R1/a.

The magnitude of NLFVFs for shell members with and without a PF can vary signifi-
cantly under the same geometrical assumption R1/a and the same value of w0. In addition,
for an increasing rational value of R1/a, the NLFVF values of spherical shells decrease for
w0 ≤ 0.5 and increase for w0 > 0.5. The influence of CNT patterns on the NLFVF of hypar
shells in the presence, or not, of a PF, decreases with a varying w0. For spherical shells,
instead, such an effect increases for w0 ≤ 0.5 and decreases for w0 > 0.5. Such sensitivity
becomes more pronounced for w0 > 0.5. More specifically, the influence of CNT patterns
on the NLFVF for unconstrained hypar shells decreases from −16.71% to −5.41% due
to the increase in w0. For unconstrained spherical shells, the influence of CNT patterns
increases from −15.20% to −17.51% in the range of w0 ≤ 0.5, and decreases from −17.51%
to −10.82% for w0 > 0.5, under a fixed ratio R1/a = 2. The influence of different CNT
patterns is more pronounced for unconstrained hypar shells, with the largest difference
being approximately 1.00%; for spherical shells on a PF, the largest difference becomes
approximately 1.8% due to an increased ratio R1/a.

The influence of CNT patterns on NLFVFs reduces with a maximum percentage of
4.76% and 4.61%, for spherical and hypar shells on PF, respectively. A pronounced effect of
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CNT patterns is also observed for both shallow shells in the presence, or not, of a PF, which
is quantified as a percentage by 4.63% and 7.19%, respectively. The effect of a PF on NLFVF
for both shells is approximately 6% greater for a VD pattern compared to a UD pattern.

Variation in the NLFVF / LFVF ratio, for shallow spherical and hypar shells with UD
and OD patterns versus w0, is plotted in Figure 4, for V∗

CN = 0.12; 0.17; 0.28, while
keeping a/h = 10 R1/a = 2, a/b = 2, (m, n) = (1, 1), kw = 3 × 109(N/m3) and
kp = 1.5 × 104(N/m). As clearly visible in Figure 4, the NLFVF / LFVF ratio varies
nonmonotonically for shallow spherical shells and monotonically for hypar shells, with an
increased value of w0 for all selected values of V∗

CN .

Figure 4. Variation in the NLFVF / LFVF ratio for shallow spherical and hypar shells with UD- and OD-patterned CNTs, in
the presence/absence of a PF versus w0, with different V∗

CN .

Based on a comparison of the NLFVF / LFVF ratio for hypar shells with UD and OD
patterns, in presence or absence of a PF, a higher variation is noticed for an OD pattern.
More specifically, the NLFVF / LFVF ratio for spherical shells with an OD pattern becomes
higher for all w0 in presence of a PF, and for w0 > 0.5 in the absence of a surrounding elastic
medium. When the NLFVF / LFVF ratio is evaluated comparatively for spherical shells
with different V∗

CN , the largest NLFVF / LFVF ratio for unconstrained spherical shells
occurs at V∗

CN = 0.28, and for spherical shells on PF at V∗
CN = 0.12. For hypar shells in

presence or not of a surrounding elastic medium, the highest NLFVF / LFVF ratio is always
obtained for V∗

CN = 0.28. It is also noticeable that this ratio becomes higher for hypar
shells with and without the PF, as spherical and hypar shells are compared. The pattern
effect on the NLFVF / LFVF ratio increases for unconstrained spherical shells (4%) and
unconstrained hypar shells (5%), whereas the pattern effect on the �NL

wp /ωL ratio in both
shells on PF increases with w0, accordingly. The most pronounced increase seems to be
approximately equal to 2.5% for spherical shells, and approximately equal to 2.1% for
hypar shells. In absence of a surrounding elastic medium, the influence of a CNT pattern
on �NL

wp /ωL for hypar shells becomes 1.9% more pronounced than unconstrained spherical
shells on a PF.
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The effect of a PF on �NL
wp /ωL ratio decreases for an increased value of w0, for both

spherical and hypar shells, with a maximum percentage variation of 6% and 10%, respectively.
The variation in �NL

wp /ωL with the PF is about 3.5% for spherical shells with an OD
pattern of CNTs; this effect is 2.4% more pronounced for hypar shells. In addition, for
a reinforcement phase with V∗

CN = 0.12, the percentage variation of �NL
wp /ωL for both

shells under a PF is approximately 6% (or 9%) greater than that one for V∗
CN = 0.17

(or V∗
CN = 0.28).
Figure 5 shows the variation in the NLFVF / LFVF ratio of spherical shells on PF,

reinforced with UD- and XD-patterned CNTs, against w0, for V∗
CN = 0.17. In this para-

metric study we also consider different values of a/b (i.e., a/b = 0.5, 1.0, 1.5), along with
R1/a = 2, a/h = 15, (m, n) = (1, 1), kw = 3 × 109(Pa/m) and kp = 1.5 × 105(Pa.m).
As visible in Figure 5, for an increased value of a/b, the NLFVF / LFVF ratios of spherical
shells with and without a PF vary nonmonotonically, with an increase after an initial
decrease up to a minimum value. The NLFVF / LFVF ratio for UD patterns is larger than
XD patterns for all w0 (in presence of PF) and for w0 > 1 (in absence of an elastic ground).
The same ratio, for XD patterns, is larger than UD patterns, as w0 ≤ 1 only in the absence
of ground.

Figure 5. Variation in the NLFVF / LFVF ratio for shallow spherical shells containing UD- and XD-patterned CNTs in the
presence/absence of a PF versus w0, with different values of a/b.

For an increased value of a/b, the NLFVF / LFVF ratio of unconstrained spheri-
cal shells decreases for both patterns, while it decreases (or increases) when w0 > 1.25
(or w0 ≤ 1.25), for spherical shells on a PF. It is also observed that XD patterns effect on the
NLFVF / LFVF ratio is higher in presence of a PF; it decreases/increases depending on the
value of w0, while it continuously decreases depending on the increase in a/b. Although
the effect of PF on NLFVF / LFVF ratio is more pronounced for UD patterns, it decreases
depending on the increase in w0 and increases for an increased value of a/b. The minimum
and maximum influence of PF on the NLFVF / LFVF ratio for spherical shells corresponds
to a percentage variation of 10.24% and 24.71%, respectively.
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Finally, in Figure 6 we plot the variation of NLFVF / LFVF ratio for UD- and VD-
patterned spherical and hypar shells (in the presence or absence of a PF), versus w0 for dif-
ferent R1/a ratios (i.e., R1/a = 2.0, 2.5, 3.0), while keeping V∗

CN = 0.28, a/b = 0.5, a/h = 15,
(m, n) = (1, 1), kw = 3 × 109(N/m3) and kp = 1.5 × 105 (N/m). The NLFVF / LFVF ra-
tio of hypar shells on PF increases with w0, while it varies nonmonotonically with R1/a.
Similarly, the NLFVF / LFVF ratio of spherical shells on PF decreases first and then in-
creases for an increased value of w0, while always increasing for an increased R1/a ratio.
The NLFVF / LFVF ratio of hypar shells for VD patterns with and without a PF, as well
as for spherical shells resting on a PF, is greater than the same shells reinforced uniformly
by CNTs. The NLFVF / LFVF ratio of unconstrained spherical shells with VD patterns
is higher than those with UD patterns, at least when w0 ≤ 0.75; the contrary occurs for
w0 > 0.75. Based on a comparative evaluation of both geometries, the NLFVF / LFVF
ratios of UD- and VD-reinforced spherical shells on a PF are lower than hypar shells.
The influence of VD patterns on �NL

wp /ωL for spherical shells is higher than hypar shells,
with a maximum increase of 3.2% or 0.6%, respectively, depending on the increase in R1/a.
Looking at the influence of the foundation on �NL

wp /ωL for spherical shells with a UD of
CNTs, it decreases first, up to a minimum value, then increases for an increased value
of w0. A monotonic decrease is differently observed for hypar shells. Depending on the
increase of R1/a, the effect of PF is lower than 2% for spherical shells, and lower than 1.5%
for hypar shells.

Figure 6. Variation in the NLFVF/LFVF ratio for shallow spherical and hypar shells with UD- and VD-patterned CNTs, in
the presence/absence of a PF versus w0 with different values of R1/a.

5. Conclusions

In this work, the Donnell’s nonlinear shell theory is applied to study the free vibration
behavior of composite shell structures reinforced by uniform and linearly patterned CNTs
resting on a PF. Once the basic relations for composite shallow shells reinforced by CNTs
on WPFs are established, the partial differential equations of nonlinear motion are derived,
taking into account the von Karman nonlinearity. These equations are solved here by means
of the Galerkin and Grigolyuk methods in terms of linear and nonlinear free vibrations for
inhomogeneous nanocomposite construction members such as plates, panels, spherical and
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hyperbolic paraboloidal (hypar) shallow shells. The accuracy of the results in the current
study has been confirmed by means of a successful comparison with reliable predictions
from the literature. After this preliminary validation, a detailed numerical analysis is
performed, including the effect of nonlinearity, CNT patterns and volume fraction on the
nonlinear frequency response. Based on a large systematic investigation, the analytical
results could serve as valid benchmark solutions for further computational studies on
the topic, as well as for design purposes. Among the most useful insights, it is found
that the variation rate of NLFVFs for both shallow shells with linearly patterned CNTs
decreases, while remaining constant for different elastic foundations with an increased
stiffness. For both shallow shells, a single- or dual-parameter elastic foundation yields
an increase in NLFVFs, where the NLFVF decreases for VD, OD and XD patterns, as
foundation coefficients increase. Moreover, the influence of PF on the �NL

1wp for shallow
spherical and hypar shells reinforced with CNTs has revealed as more pronounced than
that of a WEF. The highest influence of PF on NLFVF values is observed with an OD
pattern of CNTs for V∗

CN = 0.12, whereas the smallest effect is observed with an XD
pattern of CNTs for V∗

CN = 0.28, respectively, when the influences of PF on NFVFs for
spherical or hypar shells are compared to each other. Based on a comparative evaluation
of the nonlinear vibration response for both shallow shells, the largest effect of the PF on
NLFVFs is observed for a XD CNT-based reinforcement with a volume fraction, V∗

CN = 0.28,
whereas the smallest effect occurs for an OD pattern and V∗

CN = 0.12. At the same time,
the NLFVF of hypar shells on PF increases continuously for an increased w0; it decreases
when w0 ≤ 0.5 for spherical shells on PF and increases for w0 > 0.5. The pattern effect on
�NL

wp /ωL ratio for spherical shells (4%) and hypar shells (5%) increases with w0 in absence
of a PF. Based on the parametric study, the influence of the PF on �NL

wp /ωL ratio seems
to be more pronounced for a UD pattern, but it decreases depending on the increase in
w0 and increases for an increased geometrical ratio a/b. Moreover, the rational value of
�NL

wp /ωL for a UD pattern is higher than a XD pattern, for all w0 in presence of an elastic
medium, and for w0 > 1 in absence of an elastic medium. The same ratio for an XD pattern
is larger than the one for a UD pattern, as w0 ≤ 1 only in absence of an elastic ground.
Finally, for a VD pattern, the rational value of �NL

wp /ωL for spherical shells is greater than
the hypar shells, with a maximum increase of 3.2% in lieu of 0.6%, as found for hypar
shells, depending on the increase in the geometrical ratio R1/a.
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Abstract: This paper presents forced vibration analysis of a simply supported beam made of carbon
nanotube-reinforced composite material subjected to a harmonic point load at the midpoint of
beam. The composite beam is made of a polymeric matrix and reinforced the single-walled carbon
nanotubes with their various distributions. In the beam kinematics, the first-order shear deformation
beam theory was used. The governing equations of problem were derived by using the Lagrange
procedure. In the solution of the problem, the Ritz method was used, and algebraic polynomials
were employed with the trivial functions for the Ritz method. In the solution of the forced vibration
problem, the Newmark average acceleration method was applied in the time history. In the numerical
examples, the effects of carbon nanotube volume fraction, aspect ratio, and dynamic parameters
on the forced vibration response of carbon nanotube-reinforced composite beams are investigated.
In addition, some comparison studies were performed, with special results of published papers to
validate the using formulations.

Keywords: carbon nanotube-reinforced composite; forced vibration; dynamic analysis; beam;
harmonic load

1. Introduction

Composite material refers to any solid that consists of more than one component, in
which they are in separate phases. The main advantages of composite materials are excel-
lent strength-to-weight and stiffness-to-weight ratios. The fibrous composites, consisting of
carbon, glass, aramid, and basalt fibers, have a wide range of applications in many modern
engineering and industries, such as civil, automotive, bicycle, mechanical, defense, marine,
aviation, and aerospace [1–9].

In the early 1990s, carbon nanotubes (CNTs) were studied by Sumio Iijima [10]. CNTs
can be considered as one of the key building blocks of nanotechnology. Interest of the
scientists and researchers in CNTs’ potential engineering and its industrial applications,
such as in aerospace, composites, electronics, computers, energy, medicine, sensors, and
air and water purifications, have grown rapidly due to the unique material properties of
CNTs [11–18].

Due to extraordinary electrical, thermal, and mechanical properties, besides providing
good interfacial bonds, CNTs can be ideally suited for the next generation of composite
materials and have recently been used instead of the traditional fibers for the reinforcing
element in the reinforced composites. Some studies on the bending, buckling, and vibration
responses of carbon nanotube-reinforced composite (CNTRC) beams are mentioned below.

Free vibration analysis of functionally graded single-walled CNTs reinforced alu-
minum alloy beam was performed by Selmi and Bisharat [19]. They obtained the natural
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frequencies by both the Rayleigh–Ritz method and ANSYS, a software package that im-
plements the finite element method. Pure bending and local buckling behaviors of a
nanocomposite beam reinforced by a single-walled carbon nanotube were investigated
by Vodenitcharova and Zhang [20]. Ke et al. [21] surveyed the nonlinear free vibration re-
sponse of functionally graded carbon nanotube-reinforced composite (FG-CNTRC) beams
on the basis of first-order shear deformation beam theory with von Kármán geometric
nonlinearity assumption. The Ritz method with a direct iterative method was used to
obtain solutions for different boundary conditions. Yas and Heshmati [22] investigated the
vibrational characteristics of FG-CNTRC beams reinforced by randomly oriented CNTs sub-
jected to a moving load, based on Bernoulli–Euler and Timoshenko beam theories by finite
element method. Yas and Samadi [23] analyzed the free vibration and buckling problems
of embedded nanocomposite beams resting on an elastic foundation. SWCNTs were used
as reinforcement elements. Four different CNTs distributions along the height were taken
into consideration. The governing equations were derived by implementing Hamilton’s
principle, and the resulting equations were solved by generalized differential quadrature
method. Deepak et al. [24] developed a spectral finite element formulation for uniform
and tapered rotating CNTRC polymer beams. The obtained results were comparatively
presented with the results of carbon fiber-reinforced laminated composite rotating beams.
Ke et al. [25] examined the dynamic stability analysis of FG-CNTRC beams subjected to
axial loading. The related governing equations were derived based on Timoshenko beam
theory and they were solved by differential quadrature method.

Heshmati and Yas [26] perused the free vibration characteristics of FG-CNTRC beams
by using an equivalent fiber based on the Eshelby–Mori–Tanaka approach via the finite
element method. The influences of agglomeration and distribution of carbon nanotubes
were investigated in detail. Wattanasakulpong and Ungbhakorn [27] performed the static
bending, free vibration, and buckling analyses of embedded CNTRC beams lying on the
Pasternak elastic foundation. Analytic solutions were achieved by Navier’s solution tech-
nique for simply supported CNTRC beams. Linear and nonlinear vibrations of CNTRC
beams were comprehensively studied on the basis of first and third-order shear deforma-
tion beam theories [28–32]. Mayandi and Jeyaraj [33] investigated the static and dynamic
behaviors of FG-CNTRC beams subjected to various non-uniform thermal loads by em-
ploying the finite element method. Fattahi and Safaei [34] performed stability analysis
of CNTRC beams based on three different beam theories. The obtained equations were
solved by generalized differential quadrature method. Babu Arumugam et al. [35] sur-
veyed the free and forced vibration responses of CNTRC beams with constant and variable
cross-sections by using the finite element method. A detailed parametric work was made
to show the influences of slenderness ratio, percentage of CNT constituent, ply orienta-
tion, and boundary conditions. Mohseni and Shakouri [36] studied the free vibration and
buckling responses of tapered FG-CNTRC beams surrounding an elastic medium based
on Timoshenko beam theory. Dynamic analysis of the pre-twisted FG-CNTRC beams
subjected to thermal loading was carried out by Shenas et al. [37]. A higher-order shear
deformation beam theory was employed to derive the constitutive equations, and the
Chebyshev–Ritz method was applied to solve the resulting equations for various end
conditions. Khosravi et al. [38] performed the thermal stability analysis of rotating CNTRC
beams. Timoshenko beam theory was used in the derivation of the governing differential
equations. Generalized differential quadrature method was employed to obtain some
numerical results. Additionally, buckling and vibration responses of micro-and nano-
composite beams were investigated [39–41]. On the other hand, there have recently been
many studies on the mechanical behaviors of CNTRC plates and shells [42–56].

As mentioned above, such structures may be subjected to various loads. Due to this
fact, it is very important to understand the dynamical behavior of these structures subjected
to the harmonic loads. Additionally, the aforementioned review reveals that researchers
have so far examined the bending, buckling, and free vibration responses of CNTRC beams.
In particular, to the best of the authors’ knowledge, forced vibration of CNTRC beams due
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to harmonic loads has not been investigated in detail. The main purpose of the present
study is to fill this gap.

In this paper, forced vibrational behavior of CNTRC beam is examined. It was consid-
ered that CNTRC beams are made of a polymeric matrix reinforced by the single-walled
carbon nanotubes and is subjected to a harmonic point load at the middle. Three different
distributions of CNTs are considered in the analysis. The governing equations of problem
have been derived by using the Lagrange procedure based on Timoshenko beam theory.
The Ritz method, in conjunction with algebraic polynomials with the trivial functions, was
utilized to solve the resulting equation. Additionally, the Newmark average acceleration
method was used in the time history for the solution of the forced vibration problem.
A detailed parametric study was carried out to peruse the influences of CNTs volume
fraction, slenderness ratio, and dynamic parameters on the forced vibration response of
CNTRC beam.

2. Theory and Formulation

Consider a simply supported beam made of CNTRC material under a dynamic load,
as shown in Figure 1. The composite beam was subjected to a dynamic point load, Q(t),
at the midpoint. The geometry of the beam was indicated as the length, L; the height, h;
and width, b. Additionally, three different patterns of CNTs, such as uniformly distributed
(UD), Λ- and X- type distributions, were considered throughout the thickness of the
composite beam.

Figure 1. A schematic illustration of a simply supported carbon nanotube-reinforced composite
(CNTRC) beam under a harmonic load and three different patterns of CNTs.

The dynamic point load (Q(t)) was assumed to be sinusoidal harmonic in time do-
mains, such as in the following:

(t) = Q0 sin(ωt), 0 ≤ t � ∞ (1)

where Q0 and ω denote the amplitude and frequency of the dynamic load, respectively.
The effective material properties for CNTRC beams are given below [27,57]:

E11 = η1VCNTECNT
11 + VpEp (2)
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η2

E22
=

VCNT

ECNT
22

+
Vp

Ep (3)

η3

G12
=

VCNT

GCNT
12

+
Vp

Gp (4)

VCNT + Vp = 1 (5)

v = VCNTvCNT + Vpvp (6)

ρ = VCNTρCNT + Vpρp (7)

where E, G, v, and ρ are the material properties that represent the Young’s modulus of
elasticity, shear modulus, Poisson’s ratio, and density, respectively. The superscripts of CNT
and p respectively symbolize the related material properties of the carbon nanotube and
polymer matrix. η1, η2, η3 can be indicated the efficiency parameters of CNT. Additionally,
VCNT and Vp define the volume fractions for CNT and polymer matrix, respectively.

The axial strain (εz) and shear strain (γzy) are given according to the first-order shear
deformation beam theory, as follows:

εz =
∂u0

∂z
− Y

∂∅

∂z
(8a)

γzy =
∂u0

∂y
+

∂v0

∂z
(8b)

where u0, v0, and ∅ are axial and vertical displacements, and rotation, respectively. The
constitute relation is given below:

σz = E(Y)
[

∂u0

∂z
− Y

∂∅

∂z

]
(9a)

σzy = G(Y)Ks

[
∂v0

∂z
−∅

]
(9b)

where E is the Young’s modulus, G is the shear modulus, σz is the normal stress, σzy is the
shear stress, and Ks is the shear correction factor.

The strain energy (Ui), the kinetic energy (K), the dissipation function, and potential
energy of the external loads (Ue) are presented as follows:

Ui =
1
2

∫ L

0

[
A0

(
∂u0

∂z

)2
− 2A1

∂u0

∂z
∂∅

∂z
+ A2

(
∂∅

∂z

)2
]

dZ +
1
2

∫ L

0
KsB0

[(
∂v0

∂z

)2
− 2

∂v0

∂z
∅+∅

2

]
dZ (10a)

K =
1
2

∫ L

0

(
I0

(
∂u0

∂t

)2
− 2I1

(
∂u0

∂t

)(
∂∅

∂t

)
+ I2

(
∂∅

∂t

)2
+ I0

(
∂v0

∂t

)2
)

dZ (10b)

Ue = −Q(t) v
(
zp, t

)
(10c)

where

(A0, A1, A2) =
∫
A

E(Y)
(

1, Y, Y2
)

dA, (11a)

B0 =
∫
A

G(Y)dA (11b)

(I0, I1, I2) =
∫
A

ρ(Y)
(

1, Y, Y2
)

dA (11c)
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The Lagrangian functional of the problem is presented as:

I = K − (Ui + Ue) (12)

In the solution of the problem in the Ritz method, the approximate solution is given
as a series of i terms, as in the following:

u0(z, t) =
∞

∑
i=1

ai (t)αi(z) (13a)

v0(z, t) =
∞

∑
i=1

bi (t)βi(z) (13b)

∅(z, t) =
∞

∑
i=1

ci (t)γi(z) (13c)

where ai, bi, and ci are the unknown coefficients, and αi(z, t), βi(z, t), and γi(z, t) are
the coordinate functions depending on the end conditions over the interval [0, L]. The
coordinate functions for the simply supported beam are given as algebraic polynomials:

αi(z) = zi (14a)

βi(z) = (L − z)zi (14b)

γi(z) = z(i−1) (14c)

where i indicates the number of polynomials involved in the admissible functions. After
substituting Equation (7) into Equation (4), and then using the Lagrange’s equation, the
following equation can be derived:

∂I
∂qi

− ∂

∂t
∂I
∂

.
qi

= 0 (15)

where qi is the unknown coefficients which are ai, bi, and ci. After implementing the
Lagrange procedure, the motion equation of the problem was obtained as follows:

[K]{q(t)}+ [M]
{ ..

q(t)
}
= {F(t)} (16)

where [K], [M], and {F(t)} are the stiffness matrix, mass matrix, and load vector, respec-
tively. The details of these expressions are given as follows:

[K] =

⎡⎣ K11 K12 K13
K21 K22 K23
K31 K32 K33

⎤⎦ (17)

where

K11
ij =

n

∑
i=1

n

∑
j=1

∫ L

0
A0

∂αi
∂z

∂αj

∂z
dz (18a)

K12
ij = 0, (18b)

K13
ij = −

n

∑
i=1

n

∑
j=1

∫ L

0
A1

∂αi
∂z

∂γj

∂z
dz (18c)

K21
ij = 0, (18d)

K22
ij =

n

∑
i=1

n

∑
j=1

∫ L

0
KsB0

∂βi
∂z

∂β j

∂z
dz (18e)
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K23
ij = −

n

∑
i=1

n

∑
j=1

∫ L

0
KsB0

∂βi
∂z

γjdz (18f)

K31
ij = −

n

∑
i=1

n

∑
j=1

∫ L

0
A1

∂γi
∂z

∂αj

∂z
dz (18g)

K32
ij = −

n

∑
i=1

n

∑
j=1

∫ L

0
KsB0γi

∂β j

∂z
dz (18h)

K33
ij =

n

∑
i=1

n

∑
j=1

∫ L

0
A2

∂γi
∂z

∂γj

∂z
+

n

∑
i=1

n

∑
j=1

∫ L

0
KsB0γiγjdz (18i)

[M] =

⎡⎣ M11 M12 M13
M21 M22 M23
M31 M32 M33

⎤⎦ (19)

where

M11 =
n

∑
i=1

n

∑
j=1

L∫
0

I0αiαjdz (20a)

M12 = 0 (20b)

M13 = −
n

∑
i=1

n

∑
j=1

L∫
0

I1αiγjdz (20c)

M21 = 0 (20d)

M22 =
n

∑
i=1

n

∑
j=1

L∫
0

I0βiβ jdz (20e)

M23 = 0 (20f)

M31 = −
n

∑
i=1

n

∑
j=1

L∫
0

I1γiαjdz (20g)

M32 = 0 (20h)

M33 =
n

∑
i=1

n

∑
j=1

L∫
0

I2γiγjdz (20i)

{F(t)} = Qβ j (21)

The constitutive equation of motions was solved by implementing implicit Newmark
average acceleration method with α = 0.5 and β = 0.25 in the time domain. By this
procedure, the dynamic problem will be transferred to a system of static problems in each
step, as in the following: [

K(t, X)
]{dn}j+1 =

{
F(t)

}
(22)

in which [
K(t, X)

]
= [K] +

[M]

βΔt2 +
[C]α
βΔt

(23a)

{
F(t)

}
= {F(t)}j+1 + B1{dn}j + B2

{ .
dn

}
j
+ B3

{ ..
dn

}
j

(23b)

where

B1 =
[M]

βΔt2 , B2 =
[M]

βΔt
, B3 = [M]

(
1

2β
− 1

)
(24)
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After evaluating {dn}j+1 at a time tj+1 = tj + Δt, the acceleration and velocity vectors
can be expressed as:{ ..

dn

}
j+1

=
1

βΔt2

(
{dn}j+1 − {dn}j

)
− [M]

βΔt

{ .
dn

}
j
−

(
α

2β
− 1

){ ..
dn

}
j

(25a)

{ .
dn

}
j+1

=
{ .

dn

}
j
+ Δt (1 − α)

{ ..
dn

}
j
+ Δt α

{ ..
dn

}
j+1

(25b)

3. Numerical Results

In the numerical study, the effects of carbon nanotube volume fraction, aspect ratio,
and dynamic parameters on the forced vibration response of CNTRC beams are presented
and discussed. The five-point Gauss rule was employed to calculate the integration. In
the numerical results, the number of terms is taken as 10. Volume fractions of CNTs as
functions of thickness direction for different patterns of CNTs [27] are presented in Table 1.
In this table, V∗

CNT is the given volume fraction of CNTs.

Table 1. Volume fractions of CNTs as a function of thickness direction for different distributions of
CNTs [27].

Patterns of CNTs VCNT

UD V∗
CNT

FG-V V∗
CNT

(
1 + 2 z

h
)

FG-Λ V∗
CNT

(
1 − 2 z

h
)

FG-O 2V∗
CNT

(
1 − 2 |z|

h

)
FG-X 4V∗

CNT
|z|
h

In this study, it is notable that CNTs are parallel to the longitudinal direction of the
composite beam. Additionally, the efficiency parameters of CNTs for three different values
of V∗

CNT were considered as [23]:

η1 = 1.2833, η2 = η3 = 1.0556 for V∗
CNT = 0.12 (26a)

η1 = 1.3414, η2 = η3 = 1.7101 for V∗
CNT = 0.17 (26b)

η1 = 1.3238, η2 = η3 = 1.7380 for V∗
CNT = 0.28 (26c)

In the numerical results, the following dimensionless displacement was used:

v =
Epbh3

PL3 v (27)

In the present analysis, the material properties for reinforcement and matrix con-
stituents were [23,27]: ECNT

11 = 600 GPa, ECNT
22 = 10 GPa, GCNT

12 = 17.2 GPa, vCNT = 0.19,
ρCNT = 1400 kg/m3, Ep = 2.5 GPa, vp = 0.30, and ρp = 1190 kg/m3.

In order to validate the present formulations and analyses, some comparative results
are listed in Tables 2 and 3. Firstly, a comparison of non-dimensional fundamental fre-
quencies (λ = L2

h /
√

ρa/Ea) of simply supported functionally graded CNT/Aluminum
(Al)-alloy composite beams with ANSYS results [19] is presented in Table 2. Here, k is
the power-law index, and Ea and ρa represent the elastic modulus and density of pure
Al-alloy material, respectively. It can be observed (according to Table 2) that the present
results agree well with the ANSYS results [19]. The dimensionless fundamental frequencies
(ωb = ωL/

√
I0/A0) of simply supported CNTRC beams were calculated with different

volume fractions of CNTs for L/h = 15 and VCNT = 0.12 compared with those of Wat-
tanasakulpong and Ungbhakorn [27], corresponding to the first-order shear deformation
theory. To obtain the vibration frequency in this study, the eigenvalue process is im-
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plemented in Equation (16). It is seen from Table 3 that the present results are in good
agreement with that of the results of Wattanasakulpong and Ungbhakorn [27].

Table 2. Comparison of non-dimensional fundamental frequencies of simply supported functionally
graded CNT/Al-alloy composite beams with ANSYS results.

k 0 0.4 1 2 5 10 Al-Alloy

ANSYS [19] 3.4668 3.2718 3.1496 3.0795 3.0084 2.9546 2.8500
Present 3.663 3.459 3.342 3.271 3.193 3.134 2.971

Table 3. Comparative results for dimensionless fundamental frequencies of a simply supported
CNTRC beam for L/h = 15, VCNT = 0.12.

Volume Fractions of CNTs Present Wattanasakulpong and Ungbhakorn [27]

UD-Beam 0.9905 0.9976
Λ-Beam 0.8562 0.8592
X-Beam 1.1373 1.1485

In order to investigate the effects and compare different reinforcement patterns on
dynamic responses, time responses of the simply supported CNTRC beams are presented
in Figures 2–4 for volume fractions of CNTs of VCNT = 0.12, VCNT = 0.17, and VCNT = 0.28,
respectively. In these figures, the dimensionless midpoint displacements (vm) of the beam
are obtained within time history for aspect ratio L/h = 7 and the external load frequency
ω = 10 rd/s. In addition, the dynamical dimensionless displacements of the midpoint
(vm) and the frequency of the dynamic load (w) relations are presented for different rein-
forcement patterns for L/h = 10 and t = 1 s in Figures 5–7 for volume fractions of CNTs
VCNT = 0.12, VCNT = 0.17, and VCNT = 0.28.

Figure 2. Time responses of the CNTRC beam with different reinforcement patterns for VCNT = 0.12.
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Figure 3. Time responses of the CNTRC beam with different reinforcement patterns for VCNT = 0.17.

Figure 4. Time −responses of the CNTRC beam with different reinforcement pattern for VCNT = 0.28.

It is shown, according to Figures 2–10, that the dynamical displacements of the Λ-Beam
are the biggest of all. In Λ-Beam, the reinforcements spread only at the bottom surface, not
upper surface. However, the reinforcements spread at both surfaces on the UD-Beam and
X-Beam. It was known that the upper and lower surfaces of the beam have high stresses
and strains. Therefore, the Λ-Beam model had the lowest rigidity in all models. As a result,
more displacements occured in the Λ-Beam model. This situation could be observed in
Table 3. The vibration frequency of the Λ-Beam was lower than the frequency of the other
models. Additionally, the dynamical displacements of the UD-Beam were bigger than
those of the X-beam. This is because of the reinforcements spread at both surfaces in the
UD- and X-Beams, the X-beam has the biggest specific strength in all patterns. Therefore,
dynamic response of the X-Beam is lower than all.
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Influence of volume fractions of CNTs on the resonance frequencies of the reinforced
composite beam with different distribution patterns are revealed in Table 4. It was found
that an increase in volume fractions of CNTs gives rise to an increment in resonance
frequencies. Additionally, the highest resonance frequencies occur in the X-Beam, while
the lowest ones occur in Λ-Beam.

Table 4. The resonance frequencies of reinforced composite beams for various volume fractions of
CNTs (L = 2 m, b = h = 0.1 m).

VCNT

¯
w (rd/s)

UD-Beam Λ-Beam X-Beam

0.12 592.98 445.39 692.32
0.17 723.80 538.75 850.10
0.28 881.36 664.42 1028.80

In Figures 5–7, the resonance phenomenon can be observed in the vertical asymp-
tote regions. In the Λ-Beam, the resonance frequency is the lowest for all reinforcement
distribution models, because the rigidity of the Λ-Beam is lowest for all. Increasing the
volume fractions of CNTs (VCNT) yields increased resonance frequency and decreased
displacements. It can be interpreted that, by increasing the volume fractions of CNTs, the
beam gets more strength. Therefore, the resonance frequencies increase and dynamically
displacements decrease naturally.

Figure 5. The relationship between the displacements and the frequency of the dynamic load (w) for
VCNT = 0.12.
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Figure 6. The relationship between the displacements and the frequency of the dynamic load (w) for
VCNT = 0.17.

Figure 7. The relationship between the displacements and the frequency of the dynamic load (w) for
VCNT = 0.28.

Figures 8–10 display the frequency of the dynamic load (w)-dimensionless vertical
displacements relationship for L/h = 10 and t = 1 s for different values of VCNT for the
UD-beam, Λ-Beam, and X-Beam. It was observed that the increase in values of VCNT cause
a decrease in the amplitudes of displacements. In the X-beam, the resonance frequencies
obtained were the lowest values, in contrast with other values of reinforcement patterns.
Another result is that the difference among values of VCNT is the highest in the Λ-Beam.
It can be concluded that the effects of volume fractions of CNTs were more effective in
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Λ-Beams. It shows that the distribution of the reinforcement plays an important role on
dynamic responses of CNTRC beams.

Figure 8. The relationship between the displacements and the frequency of the dynamic load (w) in
the simply supported uniformly distributed (UD)-beam for different values of VCNT.

Figure 9. The relationship between the displacements and the frequency of the dynamic load (w) in
the simply supported Λ-Beam for different values of VCNT.
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Figure 10. The relationship between of the displacements and the frequency of the dynamic load (w)
in the simply supported X-Beam for different values of VCNT.

4. Conclusions

The forced vibration response of a simply supported CNTRC beam subjected to a
harmonic point load was investigated. It was considered that the composite beam was
composed of a polymeric matrix (Poly methyl methacrylate) and a reinforcing material
(single-walled carbon nanotubes). Timoshenko beam theory was employed in order to
take into consideration the effects of shear deformation. The Ritz and Newmark average
acceleration methods were used to obtain the numerical results. The effects of volume
fraction and distribution patterns of CNTs, aspect ratio, and dynamic parameters on the
forced vibration behavior of CNTRC beam were investigated in detail. It was observed
that the greatest dynamical displacements occurred in the Λ-Beam, dependent on having
the smallest rigidity. Additionally, it was found that the lowest resonance frequencies
were obtained in the X-Beam. In addition, it was revealed that an increase in the values
of VCNT gave rise to a decrement in the amplitudes of displacements. Moreover, it was
emphasized that the distribution pattern of the reinforcement plays an important role on
dynamic responses of CNTRC beams.

Author Contributions: Conceptualization, Ö.C. and Ş.D.A.; methodology, Ş.D.A.; software, Ş.D.A.;
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