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Abstract

In a posthumously published work, Euler proved that all even perfect numbers are of
the form 2P~1(2P —1), where 2P — 1 is a prime number. In this article, we extend Euler’s
method for certain a-perfect numbers for which Euler’s result can be generalized. In
particular, we use Euler’s method to prove that if N is a 3-perfect number divisible
by 6; then either 2 || N or 3 || N. As well, we prove that if N is a 3-perfect number
divisible by 5, then 2% || N, 5% || N, and 31% | N. Finally, for p € {17,257,65537}, we

prove that there are no pzfl -perfect numbers divisible by p.

1 Introduction

A perfect number is equal to the sum of its proper divisors. These numbers have been
studied since the ancient Greek times. An old known result is Proposition 36 of Book IX
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in the Elements, where Euclid showed that if 2”7 — 1 is a prime number then 2°~1(2F — 1) is
perfect. Around two thousand years later, L. Euler [2, p. 630] proved that every even perfect

number is of Euclid’s form. In the same page, there is Euler’s formula for an odd perfect
number. If o(N) = 2N and N is odd, then

N =pk?, (1)

where p is a prime number, (p,k) =1, and p=e =1 (mod 4).
Let o to be the sum of divisors function and

to be the index function of N. Clearly, I(/N) is multiplicative. For p a prime number
and a a non-negative integer, the index function I(p®) is monotonically increasing in a but
monotonically decreasing in p. Also, for any prime number p and any positive integer a, we
have

p+1 P
DT <1 < L 2
< < 2 2)
Moreover, if I(N) = § and ged(c,d) = 1, we have
if p is a prime number and p | d, then p | N; (3)
and
if p is a prime number and p | ¢, then p | (V). (4)

For any rational number «, a positive integer N is an a-perfect number if I(N) = a. We
say « is an abundancy indez if a € Im(I). The case a = 2 corresponds to a perfect number
and, when « is an integer, N is a multiperfect number. More than 5700 multiperfect numbers
have been found (see Achim Flammenkamp’s The Multiply Perfect Numbers Page [3]). Many
other rational values for a were studied, some of them with connections with odd perfect
numbers [7, 11]. When a rational « is not in the image of I(N), « is called an abundancy
outlaw. Holdener and Stanton [5] gave a list of abundancy outlaws as well as rational numbers
for which their abundancy status is unknown. Given a prime p, we say that a rational « is
a p-abundancy outlaw if there are no a-perfect numbers divisible by p.

We will present a generalization of Euler’s result on perfect numbers that can be applied
to certain a-perfect numbers. In particular, it can be applied to the 3-perfect numbers and
g—perfect numbers. For p € {17,257,65537}, we also prove that pzfpl is a p-abundancy outlaw.

The only known 3-perfect numbers are the following

23.3.5,25.3.7,29.3.11-31, 213.3.11-43-127,

28.5.7.19-.37-73, and 2 -5.7-19-31 - 151.

Dickson [1, p. 33] gives a historical account of the 3-perfect numbers. It is conjectured the
numbers above are the only 3-perfect numbers. Clearly, N is a 3-perfect number with 2 || N
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if and only if % is an odd perfect number. Therefore, if the above list of 3-perfect numbers
is complete, then there are no odd perfect numbers. Also, it is easy to see that g is not an
abundancy outlaw, since I(24) = 2.

In order to apply our generalization of the Euclid-Euler theorem we will need to find all
solutions of certain two and three-variable exponential diophantine equations. We will use
the general method developed by Styer [10] which formalizes and extends a method used by
Guy, Lacampagne, and Selfridge [4] (also see the paper [8] for similar results).

2 Generalizing Euler’s method
Let « be a rational number and N > 1 be an a-perfect number, then I(N) = a. Using (2)

and the multiplicativity of I(N), there exist positive integers r and m, prime numbers p;,
and positive integers a;, with 1 <7 < r; such that

N=m Hp?i, (5)
i=1

T Z_]_
« | | P <1, (6)

p.
and
ged (m, pr) =1.
i=1
Therefore,

r a;+1 1

am [ vt = o(N) = o(m) ]| %
i=1 i=1 ¢

Hence, for some integers k£ and d, we have

Bk 17
om) = = T (7
i=1
and
m=S [T =), ®)
i=1
where .
pi — 1
b=« <1
g Pi
and

d = ged (5 f[pé““,]i[ (it - 1)) :
=1

i=1



We will try to find a lower bound for o(m), by summing divisors of m that are explicitly
indicated in Eq. (8). A comparison of the lower bound with Eq. (7), will give us contradictions
or conditions on the form of N. From now on, we will always consider g = 1.

3 The Euclid-Euler theorem: =1 and o = }%

Suppose N = p®m is an a-perfect number, where p is a prime number and o = p%l satisfies
Condition (6) with equality. Then I(N) = a.
By (3), if p # 2 then 2 | N. Therefore,

3 1
(N2, P
2 p p—1
Hence, p = 2 and we have the case studied by Euler [2]. The Euler theorem is a well known
result, but we write its proof here to give context for our results.

Theorem 1 (Euler). If N is an even perfect number, then N = 2°P~1(2P — 1), where p and
2P — 1 are prime numbers.

Proof. Suppose N = 2%m and o(N) = 2N. Then
2" = o(N) = (2 — 1)a(m).

Since ged (2911 —1,291) = 1, then there exists a positive integer k such that m = k(2°t1 —1)
and o(m) = k2°T'. Since k and m divide m, and o(m) = k + m, then 2°™! — 1 is a prime
number and & = 1. Now, 2¢"1 — 1 can only be a prime number if a + 1 is a prime number
p. Therefore, N = 2P=1(2F — 1). O

4 3-perfect numbers divisible by 6: » =2 and a =3

In this section, we will consider r = 2, p; = 2, and p, = 3 in Eq. (5). We will prove that if a
3-perfect number N is divisible by 6, then either 2 || N or 3 || N. Although Steuerwald [9]
prove this result in 1954, we will use the method introduced in Section 2. Before we proceed,
we need results about the difference between powers of 2 and 3. These results are special
cases of Pillai’s conjecture and Mihailescu’s theorem [6], which proves the Catalan conjecture.
It is worth noting that the solutions of equation [2% — 3°| = 1 were first determined by Levi
ben Gershon, also known as Gersonides (1288-1344), in his treatise De Numeris Harmonicis.

Lemma 2. The only solutions of the diophantine equation
2t — 3" =1 (9)
are (1,1) and (3,2). Also, the only solutions of the diophantine equation
2% — 3P =2¢ 1, (10)
are (2,1,1), (4,2,3), and (a,0,a), for all a € Z.
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Proof. We start by solving the equation [2% — 3%| = 1. Since 2 is a primitive root of 3°, for
any b > 1; then the solutions of 2* = +1 (mod 3b) are x = 3b_1k:, for £k > 0. But, for b > 3
we have

2 > 2.3

Therefore, b € {0, 1,2} and so we obtain the solutions (a,0,a) and (2, 1,1) of Eq. (10). Also,
we obtain the solutions (1,1) and (3,2) of Eq. (9).

Now, suppose ¢ > 2. If ¢ is even, then 3 | 2° — 1 and we obtain a contradiction. If ¢ is
odd, we have 2* = 1 (mod 3) so a is even. Therefore, there exists a positive integer a’ such
that a = 2a’. As ¢ = 2¢ + 1, for some positive integer ¢/, we have 220" — 3b = 22¢+1 _ 1 So
(—1)**t = —1 (mod 4). Hence, b is even and we have b = 2¥, for some non-negative integer

b’. Then we have
22(1/ o 3217/ — 226’—0—1 o 1

Therefore,

!

(-1) — (1) =2 (=1)° =1 (mod 5).
If a’ and b’ have the same parity we have a contradiction. If ¢’ is odd and ¥ is even we have a
contradiction as well. Therefore, a’ is even and b is odd. So we have 4 | @ and b = 2 (mod 4),
which implies 1 — (—=1) =2 (=1)¢ — 1 (mod 5). Hence, ¢ is odd and ¢ = 3 (mod 4). Since
¢ > 1, then a > ¢. Therefore, we have 2¢(2*7¢ — 1) = 3” — 1. Hence, 2° || 3" — 1.

Since b = 2 (mod 4), then 23 || 3° — 1. Hence, ¢ = 3 and we can rewrite Eq. (10) as

(28 —3%) (28 +38) =7,
Therefore, a = 4 and b = 2. Hence, if ¢ > 2, the only solution of Eq. (10) is (4,2, 3).
Therefore, we obtain the stated result, [

We can now state and give a new proof of Steuerwald’s theorem on 3-perfect numbers.

Theorem 3. Suppose N is a 3-perfect number of the form N = 23"m, where a,b > 1 and
ged(6,m) =1. Thena=1andb# 1, ora#1 and b= 1.

Proof. Let N = 2%3%m such that a,b > 1, ged(6,m) = 1, and o(N) = 3N. Then

3b+1 -1

3N =2°3""'m = o(N) = (2™ — 1) 5

o(m).

Therefore,
o (m) 2a+1 3b+1

m (2a+1 _ 1)(3b+1 _ 1)'

Let d = ged (297 301 (2071 — 1)(3°F — 1)). It is easy to see that d = 2° 3, where 1 < s <
a+1and 0 <t <b+1. Since

4 2a+13b+1 (2a+1 _ 1)(3b+1 o 1)
C
g 2s 3t 7’ 2s 3t
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then
2a+1 3b+1 2a+1 -1 3b+1 -1

o(m) = 25—3‘5k and m = 50 5 k,

for some positive integer k.
Let us consider the following three cases, which will establish the claim.

Case A: Suppose that t # 0 and let

2a+1_1 b+1_1
M:max( 3 )

3t ) 9s
Then we have

O'(m) B 2a+13b+1

ko 283t

(@ -+ (3 1) +1)
o 9s 3t

2a+1 —1 3b+1 —1 2a+1 ~11 3b+1 —-11 1
= + — -+

3t 28 3t 28 28 3t 283t

<4 M + M +1

k 2 3
< + M+ 1.

k

Therefore,
o(m) <m+ Mk + k. (11)

ga+1_1 3b+1_1

By definition of M, we have m = uMk, with u € { T (-

we have v € Z. Then Mk | m. If Mk # m and M # 1, then m, Mk, and k are different
divisors of m. Thus,

By definition of s and t,

o(m) >m+ Mk + k. (12)

The combination of inequalities (11) and (12), give us a contradiction.
If Mk =m or M =1, then

2a+1 -1 3b+1 -1

T =1or T =1.
Therefore, 207! — 3! =1 or 3**! — 2° = 1. By Lemma 2, we have a = 1 or b = 1.
Case B: Suppose that ¢ = 0 and

3b+1 -1

20t _q
# 5



Let

b+1_1
M, = min (2a+1 — 1, 3T) .

If M' =1 then
3b+1 -1

2@“—1:1orT:1.

Therefore, 297! = 2 or 3+ — 2% = 1. As a,b > 1, by Lemma 2, we conclude that b = 1.
If M’ # 1 then

3b+1 -1
m, (2a+1 — 1) k, Tk’, and k’,
are different divisors m. Therefore,
3 —1
o(m) >m+ (27 — 1)k+Tk’+k

3b+1 -1 2a+1 -1 3b+1 -1 3

> (2071 -1 k k k+ —

( ) 25 + 25 + 23 + 23

- U(m)v
where the strict inequality results from s > 1. So, we obtain a contradiction.

Case C: Suppose that t = 0 and

3b+1 -1
a+1 o
2 —1= o

Then 201+ — 3b+1 = 25 1. By Lemma 2, we have (a,b) € {(0,0),(0,1)}. Since a,b > 1
we obtain a contradiction.
Hence, we must have a =1 or b = 1.

Next, we prove that we cannot have a = 1 and b = 1, simultaneously.
If a=1,let N =2N’, where N’ is odd. Then

6N’ =3N =o(N) =30(N')

Therefore, o(N') = 2N'. So N’ is an odd perfect number. By Euler’s formula (1), if 3 | N’
then 3% | N’. Hence, we cannot have b = 1. Thus, we have a = 1 and b # 1, or a # 1 and
b=1. O

5 Fermat prime numbers: »r =2 and a = %

In Eq. (5), if r = 2, p; = 2, and ps # 3, then « is not an integer. Moreover, if ps is not a
Fermat number, then we must have a prime p ¢ {p;,p»} such that p | 221, Using (3), we
obtain p | N. For this reason, and in order to keep r = 2 without any other known prime
divisors of N, we will only consider the cases where ps # 3 and ps is a Fermat prime number.
Let F, = 2%" 4+ 1 denote the n-th Fermat number, for any non-negative integer n. The next
result states some properties of Fermat numbers that will be used later.
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Lemma 4. Let n be a non-negative integer and F, be the n-th Fermat number. Then
1. Fy | F¥ —1, forn>1;
2. ordgenys(F),) = 2%, forn > 1 and s a non-negative integer.

Proof. Let n > 1. Clearly, F,, = (F,—; — 1)2 + 1. So there exists an integer ¢, such that

F —1=(Foa—12+1)" -1
= 1+ ((F2, = 2F, 1) +2)"

2m n )
3 ()t —amye
=0

= 1+ tF,_ +2%
=tF,_1+ FoFy - F_q.

Hence, F,,_; | FZ" — 1.
The statement 2. is clearly true for s = 0. We prove by induction that

FZX =142 (mod 2%"**), (13)

n

for any s > 1.
Since F,, = F,, (mod 2*"*1), the congruence (13) is valid for s = 1. Now, suppose (13) is
valid for s. Then there exists an integer ¢ such that

P2 = (F3“>2
_ (1 + (22n+s—1 + 22"+st))2
— ] 492 920l 4 92T I2s=2 | 9274252 | 92" 428y
=1+2%7" (mod 22" 5.
Therefore, Eq. (13) is true for any s > 1. So we have
ordgznss (F,) #2571
Since ordyens(F,) is a power of 2 and

F* =1 (mod 22"%),

n

then statement 2. is obtained. O

Before applying Euler’s method we still need two technical results about some exponential
diophantine equations. Our proof of these results is inspired by Styer’s work [10].



Lemma 5. Letn > 1 and F,, be the n-th Fermat number. Suppose there exists a non-negative
integer s and a prime number q,, such that

g | F¥ — 1 (14)

and

ordg, (2) | ord,, (2). (15)
Then the exponential diophantine equation

2" — FP =2°—1, (16)
has no solutions (a,b,c) with b > 1 and ¢ > 2" + s.

Proof. Suppose there exists a non-negative integer s and a prime number ¢, satisfying
Cond. (14) and (15). Also, suppose that exists a solution (a, b, c) of Eq. (16) with b > 1 and
c>2"+s. Since b > 1, we have a > c¢. Therefore, we have

F’ =1 (mod 2%"%%).

By Lemma 4, we have ordger+s(F,) = 2°. Hence, 2° | b. Now, Cond. (14) and Eq. (16) imply
20 —1=2°—1 (mod ¢,). Let t = ord,,(2). Then a = ¢ (mod t). Hence, exists a’ such that
a = c+ d't. But, by Eq. (15), ordg,(2) | ¢, which implies

2 —1=2"=2° (2)" =2 (mod F,).

Since the previous equation has no solutions, we obtain a contradiction. Thus, we obtain
the stated result. O]

Lemma 6. Let F,, be the n-th Fermat number and consider the following exponential dio-

phantine equations
2 — [P = 1 (17)

and
2% — [P =2° 1. (18)

Then
(a) when n € {1,2,3,4}, Equation (17) only holds for (a,b) = (2",1);
(b) when n € {2,3,4}, Equation (18) only holds for

(a,b,c) € {(a,0,a) | a € Z} U{(2" +1,1,2")};

(¢) when n =1, Equation (18) only holds for

(a,b,c) € {(a,0,a) | a € Z} U{(3,1,2),(7,3,2),(5,2,3)}.
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Proof. Suppose n € {1,2,3,4}, 2* — F? = —1, and a > 2" + 1. Therefore, 22"+ | F* — 1. So
b is even and we have b = 20, for some positive integer ¥'. But, since 3 | 5% —1, 9| 17> — 1,
43| 257* — 1, and 11 | 655372 — 1, we always obtain a contradiction. Therefore, (2", 1) is the
only solution of Eq. (17), and we obtain statement (a).

Now, we consider Eq. (18) with n € {1,2,3,4}. Notice that we always have a > ¢. If
b = 0 then a = ¢ and so we have (a,b,¢) = (a,0,a). Since 2¢(2¢7¢ — 1) = F’ — 1 and
22" | F? — 1, for any positive integer b, we have ¢ > 2". Therefore, if b = 1 then ¢ = 2" and
a=2"+1.

From now on, we assume b > 2. Since F), is a Fermat number, we have a > 2"*! +1. As
2" +n < 2" then Eq. (18) implies

FP=1—2°(mod 2%"™). (19)

By Lemma 4, we have ordgenn (F,,) = 2". Then, for each ¢, exist integers b, and b/, such that

b = b, + 2"b.. Notice that b. and b/, also depend on which n we are considering. By Lemma
4, we have F,,_; | F2" — 1. Hence,

2% — [ =2°—1 (mod F,_,). (20)
As ordg, ,(2) = 2", then exist integers a. and a,, such that a = a. + 2"a.. But then
2% (—1)% = 2° — 1 (mod F},). (21)

We now analyze Eq. (18) for each n € {1,2,3,4}.

Suppose n = 1.

Since s = 2 and ¢; = 13 satisfy the conditions of Lemma 5, then Eq. (18) has no solutions
for ¢ > 4. Therefore, ¢ =2 or ¢ = 3.

Clearly, (7,3,2) is the only solution of Eq. (18), with ¢ = 2 and a < 7. If @ > 8 and
c =2, then 5 = —3 (mod 256). Therefore, b = 35 (mod 64), i.e., there exists a non-negative
integer 0’ such that b = 35 + 640’. Then

20 _ 535 . 5641)' = 3.
As 641 | 55% — 1 and 5% = 516 (mod 641), then
2¢ =519 (mod 641).

But this congruence has no solutions.

If c =3 and a < 5, then (5,2,3) is the only solution of Eq. (18). Suppose ¢ = 3 and
a > 6, then 5°* = —7 (mod 64). Therefore, we have b = 10 (mod 16); i.e., there exists a
non-negative integer ' such that b = 10 4+ 16b’. Then

20 _ 510 . 5166’ =7.
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As 13| 5% — 1 and 5'° = —1 (mod 13), then
2¢ = 6 (mod 13).

Therefore, a = 5 (mod 12). On the other hand, since 5'° =9 (mod 17) and 17 | 5'¢ — 1, then
2¢ = —1 (mod 17).

Hence, we have a = 4 (mod 8), which gives us a contradiction. Thus, we obtain statement
(c).

Let us now consider n = 2.

Since s = 4 and ¢; = 18913 satisfy the conditions of Lemma 5, then Eq. (18) has no
solutions for ¢ > 8.

For each ¢ € {4,5,6,7}, consider b = b, 4+ 2"b. to be the solutions of Eq. (19) and
a = a. + 2"al, to be the solutions of Eq. (20) (when these equations have solution). The
values of b, and a. are given in Table 1.

c b, Qe
4 3 3
5 2 No solutions
6 0 2
7 0 2

Table 1: Solutions of Eq. (19) and Eq. (20) for n = 2.

Hence, when ¢ = 5, Eq. (20) has no solutions. Also, when ¢ € {4,6,7}, Eq. (21) has no
solutions.

Next, we consider n = 3.

Since s = 4 and g3 = 193 satisfy the conditions of Lemma 5, then Eq. (18) has no
solutions for ¢ > 12.

For each ¢ € {8,9,10, 11}, consider b = b. + 2"b.. to be the solutions of Eq. (19) and
a = a, + 2"al, to be the solutions of Eq. (20) (when these equations have solution). The
values b. and a. are given in table 2.

c b, Qe

8 7 7

9 6 No solutions
10 4 1

11 0 3

Table 2: Solutions of Eq. (19) and Eq. (20) for n = 3.

Hence, when ¢ = 9, Eq. (20) has no solutions. Also, when ¢ € {8,10,11}, Eq. (21) has
no solutions.
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Finally, consider n = 4.

Since s = 5 and ¢4 = 38899171806337 satisfy the conditions of Lemma 5, then Eq. (18)
has no solutions for ¢ > 21.

For each ¢ € {16,17,18,19,20}, consider b = b. + 2"/, to be the solutions of Eq. (19)
and a = a. + 2"a,, to be the solutions of Eq. (20) (when these equations have solution). The
values b. and a. are given in table 3.

c b, Qe
16 15 15
17 14 No solutions
18 12 No solutions
19 8 No solutions
20 0 4

Table 3: Solutions of Eq. (19) and Eq. (20) for n = 4.

Hence, when ¢ € {17,18,19}, Eq. (20) has no solutions. When ¢ € {16,20}, Eq. (21) has
no solutions.
Thus, statement (b) is obtained. O

We are now in conditions to prove a generalization of the Euclid-Euler theorem for F?nF—TH

perfect numbers, when n € {1,2,3,4}. The proof of the next theorem follows the same steps
as the proof of Theorem 3.

Theorem 7. Let F,, be the n-th Fermat number. Then

1. if exists N such that # =L and Fy | N, then 2* || N, F} | N, and 31* | N.

2. ifn € {2,3,4} then

},gFfl 15 a F,-abundancy outlaw.
n

Proof. Let n € {1,2,3,4} and F,, = 22" + 1. We can write N = 2¢F’m such that a,b > 1,
ged(2F,,m) = 1, and

2F,
N) = N
oWN) =71
Then
2F,  o(N) 2¢t'—1 FM'—1 o(m)
F,—1 N 20 [YF,—1) m

Therefore,

O'(m) B 9a+1 F'erl

m (201 — 1)(Fb+l — 1)

Let

d = ng (2a+1 _Z_;vfl)—i-l7 <2a+1 . 1)(FTIZ+1 . 1)) )
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Aan—1|F£+1—1, then d =25 F', where 2" <s<a+1and 0 <t <b+ 1. Since

2a+1Fb+1 2a+1_1 Fb+1_1
ot (ZpE” DR DY,

25 Ft 25 Ft
then +1 b+1 +1 b+1
g+l b gatl _ 1 fu+l ]
a(m) = 25—}7’71;]6 and m = Fﬁ s k,

for some positive integer k.
Let us consider the following three cases, which will establish the claim.

Case A: Suppose that ¢t # 0 and let

2a+1_1 Fb+1_1
M:max( L )

Ft 7 28
Then we have that

O'(m) B 2a+1 F£+1

k- 25F¢
_2a+1—1Fg+1—1+2a+1—11 Fg+1—11+ 1
R 28 Ft 25 25 Ft 0 2s
<y M +M+1
k EF,—1 F,
<T+M+L
k
Therefore,
o(m) <m+ Mk + k. (22)

If Mk # m and M # 1, then m has at least the divisors m, Mk, and k. Thus,
o(m) >m+ Mk + k. (23)

The combination of inequalities (22) and (23), give us a contradiction.
If Mk =m or M =1, then
2a+1 -1 Fb-‘rl -1
Té = 1 or T = 1
Thus 2°** — F! =1 or F'*! — 2% = 1. By Lemma 6, the only solutions of these equations
are (a,t) = (0,0) and (b, s) = (0,2"). Hence, we obtain a contradiction because a,b > 1.

Case B: Suppose t = 0 and
b+1 1

P [ A N—
# 5
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Let

M' = min (2““ —1, %) .

If M" =1 then
b+1 1
20 —1=1lor 22— =1.
25
Thus 2971 =2 or F**1 — 2% =1. Asa,b > 1, by Lemma 6, we have a contradiction.
If M’ # 1 then m has at least the divisors

) Jqma |
m, (2“Jrl — 1) k, ———Fk and k.
23
Therefore,
Fb+l 1
o(m) >m+ (27" — )k + ok +k

Fb+1 -1 2a+1 -1 Fb+1 -1 k‘
> (20t 1) 2 k k4~ k4 —
( ) 28 + 25 + 25 + 28

- U(m)v

where the strict inequality results from s > 2". Hence, we obtain a contradiction.

Case C: Suppose t = 0 and
Fit—1
ST

Then 201+ — Fb+l = 95 — 1. By Lemma 6, we have

2a+1 -1

(F,a,b,s) € {(5,—-1,-1,1), (5,0,0,2), (5,1,1,3), (5,4,2,2), (17,0,0,4),
(257,0,0,8), (65537,0,0,16)}.
Since a,b > 1, we only have solutions for F,, = 5 and then (F},,a,b) = (5,1,1) or (F,,,a,b) =

(5,4,2).
If (F,,a,b) = (5,1,1) then

Therefore, 9 | m. But then

Hence, (F,,a,b) = (5,4,2) and so 31? | N.
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