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Abstract

In this paper we establish a multiplicity result for a class of unilateral, nonlinear, nonlo-
cal problems with nonsmooth potential (variational-hemivariational inequalities), using the
degree map of multivalued perturbations of fractional nonlinear operators of monotone type,
the fact that the degree at a local minimizer of the corresponding Euler functional is equal
one, and controlling the degree at small balls and at big balls.
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1 Introduction

Over the past few years, nonlocal operators have taken increasing importance, due to the
fact that they appear in a number of applications, in such fields as game theory, finance,
image processing, and optimization, see [2, 7, 9, 41] and the references therein.

One of these operators is the fractional p-Laplacian, with p € (1, 00), a nonlinear and
nonlocal operator, defined by

() = uWP 2 @) = u(y)) d
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for s € (0, 1) and any sufficiently smooth function # : R¥Y — R and all x € R" . In the
linear case, p = 2, the (1.1) gives the fractional Laplacian up to a dimensional constant
C(N, p,s) > 0 (see [8, 19]).

In [44] Teng studies hemivariational inequalities driven by nonlocal elliptic operator
and he shows the existence of two nontrivial solutions, by applying critical point theory
for nonsmooth functionals, while in [42] Servadei and Valdinoci prove Lewy-Stampacchia
type estimates for variational inequalities driven by nonlocal operators. In [45] Xiang con-
siders a variational inequality involving nonlocal elliptic operators, proving the existence
of one solution, by exploiting variational methods combined with a penalization technique
and Schauder’s fixed point theorem. In [1] Aizicovici, Papageorgiou and Staicu study the
degree theory for the operator dc¢ + d¥, where dc g is the Clarke generalized subdifferen-
tial of a locally Lipschitz functional ¢, and 91 is the subdifferential in the sense of convex
analysis of a proper, convex and lower semicontinuous functional . Their result regards
the degree of an isolated minimizer for Euler functionals of the form ¢ 4 1 and allows
to study nonlinear variational inequalities with a nonsmooth potential function (variational-
hemivariational inequalities). In the last decade hemivariational inequalities have been
actively studied through employing the techniques of nonlinear analysis (including degree
theory and minimax methods), see [11, 31, 35, 36, 39] and the references therein. Further-
more hemivariational inequalities can be naturally applied in problems of mechanics and
engineering, taking into account more realistic laws which involve multivalued (nonsmooth
potential) and nonmonotone (nonconvex potential) operators, see [35].

A natural obstacle problem is given by an elastic membrane, with vertical movement u
on a domain €2, which is bound to its boundary (# = 0 along 92) and it is forced to stay
below some obstacle (1 > y). Afterwards, at the equilibrium, everytime the membrane
does not come into contact with the obstacle, the elasticity provides a balance of the tension
of the membrane, that, geometrically, reflects into a balance of the principal curvatures
of the surface described by u. At the same time, whenever the membrane sticks to the
obstacle, its principal curvatures are supposed to adapt to those of y. In addition, when an
external force w appears, the elastic tension of the membrane will balance up the force.
These physical arguments are reflected in the following variational inequality in the case of
Laplacian operator

/ Vu(x)(Vv(x) — Vu(x))dx > / wx)(vx) —u(x))dx (1.2)
Q Q

for any test function v, with v > y and v = 0 along 92 (see [42]). While in the case of
p-Laplacian operator, looking at nonlinear elastic reactions of the membrane, the inequality
becomes the following

/ |Vu|p_2Vu(x)(Vv(x) — Vu(x))dx > / wx)(vx) —u(x))dx
Q Q

with p € (1, 00) (see [1, 13, 40]). Likewise, one may take into account the long range
interactions of particles, changing the local elastic reaction in (1.2) with a nonlocal one, for
example substituting the Laplacian with the fractional Laplacian, hence (1.2) becomes the
following nonlocal variational inequality

f (u(x) —u(y)(x) —v(y) —ulx) +uy))
R2N

x — y[NH

dxdy > / wx)(wx) —ulx))dx.
Q

These type of obstacle problems have been intensively investigated in [10, 32, 43] and in
[29, 30, 42] for other integrodifferential kernels.
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The Obstacle Problem at Zero for the Fractional p-Laplacian

Motivated by the above mentioned works, in this paper we study the following obstacle
problem at zero driven by the fractional p-Laplacian operator

-1 |
Jreay ERZHON OGO g

‘xfy‘Ners
> [qw@) ) —ux)dx forallve Wy (Q)y,
wkx) e Nw) ={w € L”/(Q) s w(x) € Icj(x,u(x)) forae. x € 2},

s,p 1 1 _
weWy' @y, (L+4=1),

(1.3)

where @ € RY, N > 1, is a bounded domain with a C 1’1—b0undary d€2, j is a nonsmooth
potential that satisfies suitable assumptions (see (H) from Section 4), and W(‘)W (2) is the
fractional Sobolev space (that will be defined later). The main result of this paper is the
following:

Theorem 1.1 If assumptions (H) hold, then the problem (1.3) admits at least two nontrivial
solutions uo, U € Wg’p(ﬂ).

In order to prove it we used a combination of degree theory, based on the degree map
for specific multivalued perturbations of (S)+— nonlinear operators (see [1, 23]), and vari-
ational methods, we are able to prove that problem (1.3) admits at least two nontrivial
solutions.

The paper has the following structure: in Section 2 we collect some basic notions from
nonsmooth critical point theory, as well as some useful results on the degree theory, while
in Section 3 we gather the results concerning the fractional weighted eigenvalue problem.
In Section 4 we consider the obstacle problem at zero and we show our main result.

2 Preliminaries

In this section, we collect some basic definitions and results from nonsmooth and nonlinear
analysis, as well as some useful results on the degree theory, which we will be required for
our purposes (see [1, 3, 14, 16, 17, 21, 46]).

Let (X, ||I-I) be a reflexive Banach space and (X*, ||-||,) be its topological dual. We
denote by (-, -) the duality pairing between X* and X, and by 2X \ {@} the family of all
nonempty subsets of X.

By I'o(X) we indicate the cone of all proper (not identically 4-00), convex and lower
semicontinuous functions ¢ : X — R U {+o00}.

Let C be a nonempty, closed convex subset of X, the indicator function of C is defined
by

0 ifuecC,

ic: X = RU{+o0} i =
‘e oo} e =1, o ituec.

If C # @, thenic € I'y(X).
Given ¥ € T'o(X), the subdifferential of  in the sense of convex analysis is the
multifunction 8y : X — 2% given by
) ={u* e X*: (u*,v—u)< Y@ — Y forallve X}.

Regarding the properties of the subdifferential of ¥ in the sense of convex analysis, we
refer the reader to [33] and the references therein. We stress that if ¢ € I'g(X) is Gateaux
differentiable at u € X, then 0y (u) = {w’(u)}. Moreover we note that the subdifferential
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in the sense of convex analysis 0y : X — 2X" of a function Y € Tp(X) is a maximal
monotone operator.

If ¢ coincides with ic, the indicator function of C € X, then we obtain a closed convex
cone, called the normal cone to C at u, defined by

dic(u) = {u* e X*: <u*, u> =ou*; C) = sup <u*, v>} .
veC
A function ¢ : X — R is said to be locally Lipschitz, if for every u € X there exist a
neighborhood U of u and L > 0 such that
lp (V) —pW)| <L|lv—wl| forallv,w € U.

For such function ¢, we define the generalized directional derivative of ¢ at u along v € X
in the following way
¢ (U +20) —¢ ()

. )

<p0 (u;v) = limsup
w—u =0t

(see [21, Propositions 1.3.7]). The Clarke generalized subdifferential of ¢ at u is the set
dcp) ={u* € X*: (u*,v) < ¢°(u; v) forallv € X}.

If ¢ is continuous and convex, then ¢ is locally Lipschitz and the generalized and convex

subdifferentials coincide.

We say that u is a critical point of ¢ if 0 € dc@(u). The following Lemma states some
useful properties about dc ¢, see [21, Propositions 1.3.8-1.3.12].

Lemma 2.1 Ifp, ¥ : X — R are locally Lipschitz continuous, then

(i)  dce(u) is convex, closed and weakly* compact for all u € X;
(i) the multifunction dc@ : X — 2X" is upper semicontinuous with respect to the weak*
topology on X*;
(iii) ifp e CY(X), then dcou) = {¢' ()} forallu € X;
(iv)  dcp)(u) = Ldceo) forallr e R, u € X;
(v)  Oc(e+¥)w) S dceWw) + dcy (u) forallu € X;
(vi) ifu is a local minimizer (or maximizer) of ¢, then 0 € dcp(u).

In the sequel we focus on the study of critical points of the functional ¢ + , for this
purpose we mention the following facts (see [28, 34]).

Definition 2.2 Let ¢ : X — R be a locally Lipschitz functional and ¢ : X — R U {oco} be
proper, convex and lower semicontinuous. We say that u € X is a critical point of ¢ + i if
v —uw) + @)~y =0 YveX,
where ¢%(u; z) is the generalized directional derivative of ¢ at the point u € X in the

direction z € X.

Proposition 2.3 An element u € X is a critical point of ¢ +  if and only if 0 € dco(u) +
oY (1), where dc ¢ is the Clarke generalized subdifferential and o is the subdifferential in
the sense of convex analysis.

Now, we introduce the degree map that we will use in the sequel. For a fuller treatment
we refer the reader to [1, 6, 23, 33] and the references therein.
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The Obstacle Problem at Zero for the Fractional p-Laplacian

Since X is a reflexive Banach space, by the Troyanski renorming theorem (see [21, The-
orem A.3.9]), we can equivalently renorm X in such a way that both X and X* are
locally uniformly convex with Fréchet differentiable norms. Therefore, in the following, we
suppose that both X and X* are reflexive and locally uniformly convex.

From [33, Theorem 2.46, Proposition 2.70], the duality map F : X — X*, defined by

Fu) = [u* € X*:(u*, u)= lul|* = H”*”i] ’

is single-valued, strictly monotone, a homeomorphism and a (S) - operator.
An operator A : X — X™* satisfies the (S)-property if for every sequence (u,), C X
such that

U, ~uin X and limsup(A(up,),u, —u) <0,
n—0o0

it follows that
u, — uin X.

A multifunction G : X — 2X" belongs to class (P) if it is upper semicontinuous with
closed, convex nonempty values and such that

G =|JGw
ucA
is relatively compact in X* for any bounded subset U of X.
Let U be a bounded open subset in X, S : U — X* abounded, demicontinuous operator
of type (S)yand A : D(A) € X — ZX*\ {2} a maximal monotone operator with 0 € A(0),
then for every A > 0, the operator S + A, is a bounded, demicontinuous operator of type
(S)4. Forevery u™ ¢ (S + A)(dU), degy(S + A, U, u*) is defined by

dego(S+ A, U, u*) =degs), (S+ Ay, U, u™)

for all sufficiently small A > 0, where A (1) = — %]—" (v — u) is everywhere defined, single
valued, bounded and monotone.

In addition we have a multifunction G in the class (P), then for u* ¢ (S + A+ G)(dU),
deg(S+ A+ G, U, u*) is defined by

deg(S+A+G,U,u™) =dego(S+ A+ g, U,u")

for ¢ > 0 small, where g is a continuous ¢ —approximate selection of G (see [12, Cellina’s
approximate selection Theorem], [24, Theorem 4.41]).

Concerning the degree maps deg sy and deg, we refer the reader to [6], while for the
degree map deg we refer to [23]. The degree map preserves the usual properties: normal-
ization, domain additivity, homotopy invariance, excision and solution property. One of
such properties is the homotopy invariance with respect to a certain class of admissible
homotopies. Now we introduce the admissible homotopies for the maps S, A and G (see

[1D.

Definition 2.4 The admissible homotopies for the maps S, A and G are defined in the
following way.

® A one-parameter family {& }tefo,17 of maps from U into X* is a homotopy of class
(8)+, if for any (u,), € U such that u, — u in X, and for any (¢,), < [0, 1] with
t, — t for which

lim sup (Sy, (up), un — u) < 0,
n— 00

we have that u, — u in X and S;, (u,) — S;(u) in X*.
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® A family {A"};¢[0,1] of maximal monotone maps from X into X* such that (0,0) €
GrA! (graph of A”) for all ¢ € [0, 1] is a pseudomonotone homotopy, if it satisfies the
following mutually equivalent conditions

- ift, > tin [0, 1], up — win X, u}} — u* in X*, u} € A" (u,) and

lim sup (u: U, — u) <0,
n—o0

then (u, u*) € GrA’ and (u* un> — (u*, u);

n’
— (tu*) > EG,u*) = (A'+ F)” @*) is continuous from [0, 1] x X* into
X, where both X and X* are equipped with their respective norm topologies;
- forevery u* € X*,t — £(t,u*) = (A’ —{—.7-')_1 (u*) is continuous from
[0, 1] into X endowed with the norm topology;
- ift, > rin [0, 1] and u* € A’(u), then there exist sequences (u,), and (i),
such that u € A" (u,), up — u in X and u* — u* in X*.

® A one-parameter family {G,};¢[0,1] of multifunctions G, : g — 2X*\ {2} is a homo-
topy of class (P) if (¢, u) — G,(u) is usc from [0, 1] x U into ZX*\ {2}, for every
(t,u) €[0,1] x U, G,(u) € X* is closed and convex and

J{Giw):€0.1], ueT}

is compact in X*.

Therefore the homotopy invariance of the degree map “deg”, can be expressed in the
following way.

If {S}seq0,17 is @ homotopy of class (S)4 such that each S; is bounded, {A"};¢[0,17 is a
pseudomonotone homotopy of maximal monotone operators with 0 € A’(0) for all 1 €
[0, 11, {G:}tef0,17 is @ homotopy of class (P) and u* : [0, 1] — X™* is a continuous map
such that

u;k ¢ (S + A+ Gy) (U)

for all # € [0, 1], then deg(S; + A; + G;, U, uf) is independent of ¢ € [0, 1]. (This is the
meaning of admissible homotopy for us in this paper.)
Now, we identify another class of pseudomonotone homotopies (see [1, Lemma 15]).

Lemma 2.5 Let A : X — X* be a bounded demicontinuous operator of type (S)+ and
Y € I'o(X). Then
t,u) = h(t,u) = Aw) + 1oy ), (t,u)el0,1]1xX

is a pseudomonotone homotopy.

3 Fractional Weighted Eigenvalue Problems

Let @ € RY(N > 1), be a bounded domain with a C'-!—boundary 8%, p > 1 and
s € (0, 1) are real numbers such that N > ps. In this section we focus on the study of the
following weighted fractional eigenvalue problem (see [15, 22])

(=AY, u = Am()|ulP2u in L,

3.1
u=0 on Q°, 3.1
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The Obstacle Problem at Zero for the Fractional p-Laplacian

where m € L®(Q)4, m # 0 is a weight function, A a real parameter and Q¢ = RV \ Q.
The Dirichlet boundary condition is given in ¢ and not simply on 9£2, accordingly with the
nonlocal character of the operator (—A); .Foralll < g < o0, | - |l; denotes the standard

norm of L4(2) (or L(RY)), which will be clear from the context.
As a first step, we fix a functional-analytical framework. For all measurable functions

u:RY - R we set
p_ [u(x) —u(y)|?
(uls,p = /2N T dxdy.

Then we define the fractional Sobolev spaces (see [19]) as follows

WP (RN) = {u e LP(RY) : [uls,, < oo},

Wyl (@) = {u e WPRY) :u(x) =0ae. in QY
this last one is a separable, uniformly convex (hence;, reflexive) Banach space, endowed
with the norm [|u|| = [u];,,. We denote by (W57 (Q), || - ||+) the topological dual of
(WP (), 1] - |I) and by (-, -) the duality pairing between W=7 (Q2) and W;'”(£2). The
critical exponent is defined as p} = N}K ’; -, and the embedding W”(Q) < L4(Q) is
continuous for all ¢ € [1, p}] and compact for all ¢ € [1, p¥) (in particular, we will use
q = p), see [19, Corollary 7.2]. Furthermore, we introduce the positive order cone

Wy ()4 = {u e Wy"(Q) : u(x) > Oforae. x € Q},

which has an empty interior with respect to the W(‘; "7 (Q)— topology.

Remark 3.1 Since Wg’p (£2) is a reflexive Banach space, applying the Troyanski’s renorm-

ing theorem, such space can be equivalently renormed so that both Wg P (Q) and WP (Q)
are locally uniformly convex (and thus also strictly convex) and with Fréchet differentiable
norms.

The operator (—A);7 can be represented by the nonlinear operator A : Wé’p Q) —
WP () defined for all u, v € W, () by

@) —u@)P~ WE) —v(y)
(Aw), v) = /RZN T dxdy. (3.2)

Moreover, we define the operators Jy, K, : Wy'” () — W57 () by
(K (u),v) = / m(x)|u(x)|p_2u(x)v(x) dx, withm € L*(Q)y, m # 0, 3.3)
Q

(Jo ), v) = (A(u) — AKu(u), v), with A € R, (3.4)

forany v € Wg "P(). In the sequel we will change the function m in (3.3) with a suitable
function, but the definition of the operator K.y remains the same. In the following lemma
some important features of such operators are stated.

Lemma 3.2 The operators A, K, j)\ : Wg’p(Q) — W_S’p/(Q), defined above, satisfy the
following properties:

(i) A : Wé’p(Q) — W"”’/(Q) is a maximal monotone, bounded and continuous

operator of type (S)+,
(ii) Ky : W(‘;’p(Q) — W™5P () is a bounded, continuous and compact operator,
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(iii) Ji Wg'p(Q) — W*S’p’(Q) is a bounded, continuous operator that satisfies the
condition (S)+ .

Proof We start proving the first assertion. The operator A is odd, (p — 1)— homogeneous,
and satisfies for all u € Wy”(Q)

(A, u) = [lull”,  |A@)|lx < |lul]P~".
Hence, A is bounded (see [25]). Since W(‘;’p (€2) is uniformly convex, by [37, Proposition
1.3], A is an operator of type (S)+. Now we show that A is a continuous operator. In order
to do this, we define a support mapping f(u) = H:\TZZZ for every u € 9B1(0) C Wg’p(Q)
(for definition and properties we refer the reader to [18]). Recalling Remark 3.1, we obtain
that the norm of W57 () is Fréchet differentiable and, applying [18, Theorem 1], we
obtain that f : 9B(0) C Wy "(Q) — 3B1(0) C WP () is continuous. Hence, by

definition of f, A is continuous in Wé’p (2) \ {0}. Indeed, we suppose that v, = HZ—:H

strongly converges to v = ﬁ in WS’P(Q). Hence,

A(up) = A(lunllvn) = [luallPPA@n) = [un P71 £ (W) = Nul|P71 f(v)
= P~ () = MullP=2 £ @) = A

as n goes to infinity. The continuity in the origin is trivial, then A is continuous in the whole
space Wg’p(Q). By [38, Lemma 3.3], A is strictly monotone and by [21, Corollary 1.4.2] it
is maximal monotone.

Now we show the second point. By Schwarz and Holder inequalities, we get
(Km @), v)] < llmllcollul|”~ ||v]l, hence [|Knu@)ll« < c|lu||P~". Therefore, Ky is
bounded. Let (u,), C Wé’p (£2) be bounded, we may assume, passing to a subsequence,
U, — uin Wé’p(Q), u, — u in LP(2), hence, by [5, Theorem 4.9], up to a subsequence,
up(x) = u(x) a.e.on Q and |u,(x)| < h(x) a.e. on 2, with & € L?(2). Now, applying the
dominated convergence Theorem, we obtain that

(Km(up), v) = (Kpn(u),v) asn — o0.

Hence, K, is compact. Similarly, we see that K, is also continuous.

Using the previous fact, we get the third assertion. From (i) and (ii) we obtain that Jy. is
a bounded, continuous operator. Moreover, by [20, Lemma 1.2] and using again (i)-(ii) we
get that J, is an operator of type (S)... O

Definition 3.3 A function u € Wg’p (€2) is called a (weak) solution of (3.1) if for all v €
Wy'? (), we have

(A(u), v) = A(Kp(u), v).
In an equivalent way, u € Wy'¥ () solves (3.1) if J (u) = 0in W=7 ().

We say that A is an eigenvalue of (—A); related to the weight m if (3.1) has a nontrivial

solution u € Wé’p (2) \ {0} and such solution u is called an eigenfunction corresponding
to the eigenvalue A. In the following proposition we focus on the properties of the first
eigenpair of (3.1), that will be required in the sequel to prove our main result (see [15, 22]).
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The Obstacle Problem at Zero for the Fractional p-Laplacian

Proposition 3.4 Let m € L°° ()4, m # 0. The first eigenvalue is given by
[ul|”

A(m) = _—
ueW P @\(0} Jom(x)|ulP dx

Then,

(i)  A1(m) is positive, simple, isolated and it is attained by some positive a.e. eigenfunc-
tionu| € Wé’p(Q) such that me(x)uf dx =1;
(ii)  if u is an eigenfunction of (3.1) associated with an eigenvalue . > Xi(m), then u
must be nodal (sign-changing);
(iii)  the first eigenfunction satisfies the so-called unique continuation property (u.c.p.)
and hence, we have the strict monotonicity of the map m +— A1(m).

Proof We refer to [15, 22] for the proof of 1) and ii).

We show the third point. Let m, my € L®(R2)+ be such that my, my # 0, mj(x) <
mo(x) for a.e. x € Q, m; % my. Let u; and u> be the first eigenfunctions corresponding to
the weights m and m, respectively. By i) such eigenfunctions are positive a.e., hence u
and u; clearly satisty the u.c.p. From the definition of A1, we obtain

[urll? - [luill?
Jomiuy dx ~ [oma(x)uy dx

So Ai(my) > Ai(mp). O

Ar(my) =

> A1(m2),

When m = 1 we will just write A1 (1) = A1.

The following result about the degree of the operator J, is fundamental for the sequel,
whose proof closely follows that of [20, Theorem 3.7]. Moreover we point out that fk is a
monotone map, so we can apply the properties of the degree for generalized monotone maps
(see [20]).

Proposition 3.5 Let A, K, J, : Wy (Q) — WP (Q) be defined by (3.2), (3.3), (3.4)
and § > 0. Then

deg(f,\, B, (0),0) =1 for » € (0, A1(m)),
and
deg(J, By (0),0) = —1 for A € (h1(m), k1 (m) + 8).

Proof From the variational characterization of A; (m) we have that
(Jn(u), u) >0,

for A € (0, A1(m)) and any u € WS”’(Q) with ||u|| # 0. Hence, by [20, Theorem 1.5],

the degree deg(j)\, B, (0), 0) is well defined for any A € (0, A1(m)) and any ball B,(0) C
Wg "7(2), moreover, applying [20, Theorem 1.6], we obtain

deg(Jy, B, (0),0) = 1 for & € (0, A1 (m)).

Now we show that deg(f,\, B,(0),0) = —1 for A € (A1 (m), A1 (m) + ). On account of
Proposition 3.4 there exists § > 0 such that the interval (11 (m), A (m)+§) does not include
any eigenvalue for the problem (3.1). Therefore the degree deg(J,, B (0), 0) is well defined
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also for & € (A1(m), L1(m) + &). Let us compute Ind(f,\, 0) for A € (A1 (m), A (m) + 95).
We introduce a function ¢ : R — R by setting

ift <k

0
D=1 2 oy ifr =3,

A1(m)

for a fixed number k£ > 0. We note that ¢ (¢) is continuously differentiable, positive and
strictly convex in (k, 3k).
Now we can introduce the functional

1 A 1
() = —(AQw), u) — — (K@), u) +¢ (*(A(u), u)) ,
p p p
that is Fréchet differentiable and its critical point ug € Wg’p (2) coincides to a solution of

the equation

A(uo) — K (uo) = 0.

L+¢' ($(Awo). uo) )

Nevertheless, since A € (A1(m), A1(m) + §), the only nontrivial critical points of &, turn
up if

1 A
/
—(A(uo), Mo)) =——-1 (3.5)
? (P Ay (m)
Owing to the definition of ¢ it follows that %(A(uo), ug) € (k,3k) and because of (3.5)
and the simplicity of Aj(m), it deduces that either ug = —u; or up = uj, where u; > 0is

the first eigenfunction (which is not necessarily normed by 1). Therefore, we may conclude
that for A € (A1 (m), A1 (m) + 8) the derivative <b:\ has precisely three isolated critical points
{—u1, 0, u1} (in the sense of [20, Definition 1.2]).

We now show that @, is weakly lower semicontinuous. Indeed, suppose that u, — iig
in Wy'”(Q2). Owing to the compactness of K,,, we get

(Km(un), un) — (Kp(itg), itg), (3.6)

and recalling that liminf,,_, & ||un || > ||#o||, (3.6) holds, and ¢ is nondecreasing, we obtain

liminf[l(A(un), Un) — &(Km(un), Un) + ¢ <1<A(un), un)ﬂ = @, (o).
n=oo | p P P

Furthermore, ®;, is coercive, i.e. limjj;||— 00 Py (u) = oco. Indeed, we get
1 A1(m) A(m) — A 1
Dy (u) = ;(A(u), uy — (KmW), u) + ————(Kn(u), u) + ¢ ;(A(u), u)

and, by the variational characterization of A1 (m),

(AQu), u) — Ay (m){(Kp (u), u) > 0 (3.7
for any u € Wg’p(Q). From (3.7) we have that
A(m) — A 1 A(m) — A 1
— (K@), u) + ¢ <*(A(u), u)) > ———(A(w),u) +¢ (*(A(u), u))
p b4 pAi(m) P

268 1

for ||u]| — oo because of the definition of ¢. Therefore we obtain the coercivity. We
observe that ®, is even, the minimum of @, is achieved exactly in two points —uy, uj,
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while the origin is an isolated critical point, but it is not a minimum. Indeed, by definition
of @, and ¢, we get that

1 A tP
Dy (tuy) = (*(A(ul), ur) — —(Kpm(u1), ul)) t’ +¢ (*(A(Ml), M1>>
p p p
tP
= ;(M(m) — MK (1), u1) <0Vt € (0, 1).
In accordance with [20, Theorem 1.8] we get
Ind(®;, —u;) = Ind(®}, uy) = 1.

At the same time, we have (® (), u) > 0 for any u € W(‘)w’(Q), [lu]| = k, withk > 0
large enough. Indeed

1
(@5 (), u) = (Au), u) — MKp (), u) +¢' (;(A(u), u)) (Au), u)

1
= (A@), u) — 21 (m){Kp (u), u) + ¢’ (;(A(u), M))

A —Ai(m)
(A, u) —— =1 gy w)
¢ ($1aw,w)
> 2 <<A(u>,u> _ hlm) <Km<u),u>) o0 as |[u]| = oo.
Ap(m)

We again used the variational characterization of A (m) and the definition of ¢. Then, [20,
Theorem 1.6] and (@', (u), u) > 0 imply

deg(®), B¢(0),0) = 1.

We pick « > 0 so large that +u; € B,(0). By [20, Theorem 1.7] and Ind(®), —u;) =
Ind(®), u1) = 1, and deg(®’,, B (0), 0) = 1, we have

Ind(®5, 0) = —1. (3.8)
Furthermore, by the definition of ¢, we have
deg(Jy, B,(0),0) = Ind(®4, 0) 3.9
for » > 0 small enough. Then we deduce from (3.8), (3.9), that
Ind(Jy, 0) = —1 for & € (A1 (m), A1 (m) + 8).
It follows from the previous relations that

deg(Jy, B;(0),0) = —1.

4 The Obstacle Problem at Zero

In this section, we study the obstacle problem at 0 and we show that such problem admits
at least two nontrivial solutions. In order to do this, we need to prove some facts about
the degree theory, extending the results proved in the nonlinear local case in [1]. For this
purpose, let @ € R be a bounded domain with a C1"! —boundary 92, p > 1 and s €
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(0, 1) are real numbers such that N > ps, and recalling (3.2), we can rewrite the obstacle
problem (1.3) at O in the following way

(A(), v —u) > [quwx)(v(x) —ux))dx forallve Wy (Q)4,
w(x) e Nu) ={w € LP,(Q) :w(x) € dcj(x,u(x)) forae. x € 2}, “4.1)
ue Wyt Q).

We assume the following hypotheses on the nonsmooth potential

H): j:Q2 xR — Ris afunction such that j(-,0) = 0 a.e. on €, j(-, t) is measurable
in Q forallt € R, j(x, -) is locally Lipschitz in R for a.e. x € 2. Moreover

@ €] < ax) + clt|P~! witha € L®(Q)4+, ¢ > 0, for a.e. x € Q, all
teR,andall& € d¢cj(x, 1),
(ii)  there exists 0 € L°°(R2)4 such that® < Ay, 0 # A, and

0< llmmfi < lim sup T < 0(x)

t—+oo tP~1 t——400

uniformly for a.e. x € Q and all £ € d¢cj(x, 1);
(iii)  there exist n, 7 € L°°(2)+ such that .y < n, n # A1, and

nx) < hmmfil < lim sup 5
-0+ tP t—0+ tP—

T =)
uniformly for a.e. x € Qand all £ € d¢cj(x,1).

Remark 4.1 We denote by A, the first eigenvalue of (—A)j, with Dirichlet conditions in €2
(see Section 3), hence (H) (ii)-(iii) invoke nonuniform nonresonance conditions at +oc0 and
at 0F. The condition at +o00 is from below A and the condition at 0T is from above with
respect to Aj.

Example 4.2 A nonsmooth locally Lipschitz potential satisfying hypotheses (H) is defined
as follows, which for simplicity we dropped the x —dependence:

, Lie|P — L cos |7|P if 7] < 1,
J()—{ »

0 141p n—60 _ 1 :
p|t| + » pcosl if 1] > 1,

with 6 < A; < 7.
Now we define the integral functional J:LP (2) - Rby
Tw) =f j (e, u(x)) dx forall u € LP (). 4.2)
Q

From (H) (i) such functional 7 is Lipschitz continuous on bounded sets, hence it is locally
Lipschitz (see [21, Theorem 1.3.10]).

Let N : LP(Q) — 2L pe defined by
Nu) ={w e L",(Q) cw(x) € 9cj(x,u(x)) ae.onQ}, ue LP(Q).

Let us mention an important result about N, for the proof of the following proposition we
refer to [1, Proposition 3, Corollary 4].

Proposition 4.3 Let (H) (i) hold. Therefore
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® N has nonempty, weakly compact and convex values in LP/(Q) and it is upper
semicontinuous from LP(2) with the norm topology into LP (2) with the weak

topology.
®  Moreover, N : WS’F(Q) — 2V \ {2} is a multifunction of class (P).

For the second point we take into account that Wg’p (R2) is embedded compactly and
densely in L”(£2), and Lp/(Q) is embedded compactly and densely in W_S’p/(Q).

Now we can introduce the Euler functional associated to problem (4.1), which is given
foru € Wy'” () by

@ WyP(Q) > RU {400} pu) = @u) + ¥ (u)
where

A full? 0 ifu e Wy ()4

oo ifu ¢ Wyl(Q)4.

) —/ jGxu(x))dx  and lﬁ(u)=iwgvﬂ(9)+(u)={
Q

From (H) (i), @ is locally Lipschitz (see [21, Theorem 1.3.10]). Furthermore, W(‘;’p Q)+ <
Wy'” () is closed, convex, hence ¥ € To(Wy ().

The next Lemma emphasizes the importance of the hypothesis (H) (ii) (for the proof we
refer to [27, Proposition 2.9]).

Lemma 4.4 Let 0 € L®(Q), be such that 0 < 11, 0 % Ay, and ¢ € C'(Wy"(Q)) be
defined by

v = Jull” — [ 6wl d.
Then there exists 0y € (0, 00) such that for all u € Wg’p(Q)
T(u) = Oollull?.
The next proposition shows the existence of a minimizer, which belongs to WS ()

Proposition 4.5 Let (H) (i)-(ii) hold, then there exists ug € Wy'" (Q)4 such that
@(ug) = inf  @(u).
ueWy’(Q)

Proof By (H) (ii), given € > 0, there exists M, > 0 such that for a.e. x € Q, all r > M,
and all £ € d¢j(x,t), we obtain

£<(Ox)+enP ! 4.3)

Moreover, by (H) (i), we can find B € L°°(€2)4+ such that for a.e. x € Q, all r € [0, M(]
and all £ € dcj(x, 1), we get

] = Be(x). 4.4)

By Rademacher’s theorem for a.e. x € €2, j(x, -) is differentiable almost everywhere and

d
Ij(x, r) € dcj(x,r).
’
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Therefore, for a.e. x € Q and for all ¢+ > 0, we have

td
Jjx, 1) = / — j(x,r)dr
0 dr

IA

t
/ [(0(x) +rP™! + B (x)]dr  (by (4.3), (4.4))
0

%(9()6) + e)tP + Be(x)t. 4.5)

We stress that ¢ coincides with ¢ for allu € Wé’p (2) 4, since ¥ (1) = 0. Moreover, by (4.5)
we have for every u € Wg’p(Q)Jr

1
pu) = *Ilullp—/ J (s u(x))dx
p Q

p
> /(m )u+<9(x>+e)—' ") ax
p

1 €
f(nunp—f 0 ul” dx) = 1Bl el — = ull}
p Q p

%

v

1
(60 = 5wl = el @, e > 0,

where in the final passage we have used Lemma 4.4, and the continuous embedding
Wy”(Q) < LY(Q). If we choose € € (0, o), the latter tends to +o0 as [lu]| — oo,
hence ¢ is coercive in W ¥ (Q).

Moreover, recalling the definition of ¢, the functlonal u +— |lu||?/p is convex, hence
weakly lower semicontinuous in W P (), while 7 is continuous in L? (€2), which, by the
compact embedding Ws P(Q) — Lp (£2) and the Eberlein-Smulyan theorem, implies that J
is sequentially weakly continuous in Wg "P(Q). Hence, ¢ is sequentially weakly lower semi-
continuous on Wé "7 (Q). Therefore, by the Weierstrass theorem, there exists ug € Wg P(Q)
such that ¢(ug) = infuewg"’(sz) o(u). O

Remark 4.6 By Proposition 4.5 we observe that uq is a minimizer of @, hence, by Lemma
2.1 (vi) 0 € 3c@(up), i.e. there exists w € N (ug) such that A(ug) = w in W"”’/(Q). By
[27, Definition 2.4] ug is a weak solution of (—A); u € dcj(x,u)in Q, u = 0in Q°.
Moreover, exploiting (H) (i) and (iii), and arguing as in the proof of Proposition 4.8, we
deduce that

€] < c1]¢1P~! for some ¢; > 0,

fora.a.x € Q,allr € Rand all £ € d¢j(x, t). Therefore, from [27, Lemma 2.5], we obtain
that ug € L*°(2), hence, w € L*(2). By [27, Lemma 2.7] there exist « € (0,s],C > 0
such that ug € C%() with ||u()||ca(§) < C(1+[lugl]). In particular, by [26, Theorem 1.1],
if p > 2thenug € Cf () and it holds the following estimate ||”0||cg(§) < C( 4+ [luoll),

where C§(Q) = {u € C*(Q) : u/8* € C*(Q)} with € (0, 1) and §(x) = dist(x, Q°).

A fundamental result for the sequel is a generalization of Amann’s theorem to operators
which are the sum of a Clarke generalized subdifferential and a subdifferential in the sense
of convex analysis, that allow us to know the degree in an isolated local minimum (see
[1, Theorem 8]). In order to do this, it is better clarifying some important facts. First of
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[ull”

all, we observe that A is the Fréchet derivative of u +—> TR viewed as a functional on

Wg’p (£2), moreover we know by Lemma 3.2 that A is a bounded, (§)-operator. We set
J=17 lWS'p(Q) and ¢ = w — J, then it makes sense to talk about the degree of dcp =
A — N with

N =0cJ = 3c.7

(see [21, Proposition 1.3.17], for the last equality). Now we can state the extension of
Amann’s theorem for our problem.

Proposition 4.7 Let ¢ : Wy"(Q) — R 9o(u) = W — J(u) be locally Lipschitz and
Y e l"o(Wg’p(Q)), Y >0 Ifug € Wg’p(ﬂ) is an isolated minimizer of ¢ + Vr, then there
exists r > 0 such that

deg(dc@ + 3y, B, (up), 0) = 1.

Now, exploiting the hypothesis (H) (iii), we prove that for small balls the degree map of
dc@ + 9y is equal to —1.

Proposition 4.8 Let (H) hold. Then there exists pg > 0 such that for all 0 < p < pog, we
obtain

deg(dc@ + 9y, B,(0),0) = —1.

Proof Let m € L*°(), be such that n(x) < m(x) < 7(x) a.e. on Q. Let look at the
homotopy £ : [0, 1] x Wy'” () — 2W ™" D\ {&} defined by

h(t,u) = Au) —tN@w) — (1 — ) Ky, (u) + t3y (u).
From Proposition 4.3 and Lemma 3.2 (i)-(ii), we obtain that iy (t, u) = A(u)—(1—1)K,, (1)
for (¢, u) € [0, 1]1x Wy'"(Q) is a (§)+ — homotopy, h (¢, u) = —t N (u) for (¢, u) € [0, 1] x

Wy'?(Q) is a (P)— homotopy and h3(t,u) = 10y (u) for (t,u) € [0,1] x Wy''(Q) is a
pseudomonotone homotopy (see [1]), hence % is an admissible homotopy (see Section 2).

Claim There exists pg > 0 such that forallt € [0, 1],all0 < p < ppandallu € dB,(0) C
WP () we get
0¢h(t, u).

By contradiction, we can find (), < [0, 1] and u, € Wy'”(Q)4,n > 1, such that

t, > tin [0, 1], ||uul| = 0
and
0€ Auy) — taN@up) — (1 — 1) K (un) + 1,0% (un), n>1. (4.6)
We set
— un
= Tunll” ’

hence, passing to a suitable subsequence, we can deduce that
v, = vin Wg’p(Q), vy, — vin L7 () and v, (x) — v(x) a.e. in Q,

hence v > 0 a.e. in Q.
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From (4.6), we have that there exists w, € N (u,) such that
—A(up) + tywy, + (1 — 1)Ky (uy) € 1,00 (uy),

therefore,
(A(up), v — uy) — tn/ wy (U —up)dx — (1 — tn)/ m|un|p72’/tn(l_) —uy)dx = 0.
Q Q
forall v € Wg "P (). Dividing the last inequality with ||u,||?, we have

(A(v), U —vp) — tn/ Ll(ﬁ_ vp)dx — (1 — tn)/ m|vn|p_zvn(ﬁ_ v,)dx >0,
@ llunllP~ Q
4.7)
forall v € Wy'" (Q)+.
By (H) (iii), there exists § > 0 such that for a.e. x € , all # with || < § and all
& € dcj(x,t), we obtain

&l < @) + DeP~" (4.8)
While, from (H) (i), fora.e. x € Q, and all € R with |[t| > § and all £ € 9¢c j(x, t) we get
61 < a() +clr|P™! < (:ﬁ%iﬂ) [ 4.9)

The expressions (4.8) and (4.9) imply that for a.e. x € Q, allt € Rand all £ € d¢cj(x, 1),
we obtain

€] < c1]¢/P~! for some ¢; > 0. (4.10)

Therefore, from (4.10), we deduce that (W)n C Lp/(Q) is bounded and, passing to a
subsequence, we can state that
Wy
17 Lt

For every € > 0 and n > 1, we define the set

{er:un(x)>0,n(x)—€§%Sﬁ(x)‘f‘f}-

Since ||u,|| — 0, we may suppose (at least for a subsequence) that

—~ foin LY ().

cr =

€,n

Uup(x) — O0a.e.on Qasn — oo.
Hence, by (H) (iii), we get
Xcs, (x) — la.e.on {v > 0}.

We observe that

(=) 2] o
< Nun 1P~ Lo’ (usop
then
wn(x) . /
Xt ———— — foin L? ({v > 0}).
Cenluy ||P=1
Recalling the definition of the set C 2’ »» We obtain
wp (x) wp (x) _1
Xer () ———= = xcr () ———= W (x))P",
Con un||P=1 7 e @y )y =1
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therefore
Xer, @) =)W, ()P~ < Xcixx)ﬂgﬁﬁ;%T
<

X, (@) +€) (v ()~ ae. on Q.
Passing to weak limits in L‘D/({U > (0}) and applying Mazur’s lemma, we have
() =@ < fox) = @) + )W) ae. on fv > 0).

Since € > 0 is arbitrary, we let ¢ — 0 and get

N )P < folx) <F) )P ae. on {v > 0}. (4.11)
Further, from (4.10), we get that

fo(x) =0a.e.on {v =0} 4.12)
Hence, the conditions (4.11) and (4.12) imply that
fo@) = go) ()P ?v(x) ae. on 2,

with gg € L>®(Q2)4 such that n(x) < go(x) < 7j(x) a.e. on . In addition, if we set? = v
in (4.7), then since

/ ) () — w()) dx = 0
@ llunll?
and
/ m () |va () [P0, (1) (0(x) — v (x)) dx — 0,
Q
from (4.7) we deduce
limsup (A(v,), v, —v) <0,
then

vy — vin Wy P(Q)

(we are using the fact that A is a (§)4-map). Hence, if n goes to oo in (4.7), we have
(A(v), 7 —v) —z/ golv|P2v@ = v)dx — (1 — r)/ mlv|P2v(@ —v)dx >0
Q Q

for all 7 € Wy'"(Q)4. We set
g =180+ (1 —0)m,

hence we can rephrase the last inequality as
(A(v), v —v) — /;Zg(x)(v(x))p_](ﬁ(x) —v(x))dx > 0forallv e Wy"(Q)4. (4.13)
Let w € Wy’ (Q)4 and set D = v + w, then we can rewrite (4.13) as
(A(v), w) > /ng;(x)(v(x))l’—lw(x) dx forall w € Wy P (Q)4.

Hence, applying the strong maximum principle [25, Proposition 2.2], we obtain that v > 0
a.e. in Q.
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Let z € Wg’p(ﬂ),e > 0 and consider (v + €z)T = v + €z + (v + €z)~. We take
V= (v+e)t € WyP(Q)4 in (4.13) and we get

(A(w) — K5 (v), v+ €)™ —v) >0,
hence
(A(v) — K5, (v), €2) = — (A(v) — K5,(v), (v +€2)7). (4.14)
We observe that

—<A(U) — Kz (v), (v+ GZ)7> = —(A(U), (v+ GZ)7> —l—/ﬂ@(x)v(x)(v(x) +e€z(x))” dx
and, since g;, v > 0, we have that

/ giv(v+e€z)” dx > 0.
Q

Now, we want to study the sign of — (A(v), v+ EZ)_>. In order to do this, we introduce the
sets

Q. ={v+ez<0}and Q. ={(x, y) € QxR : v(x)+ez(x) <0<v(y)+ez(y), v(x)>v(y)}
By applying definition of A (3.2), we have that

/ @) =) (v + ) () — (W +€2)” () drd
R2N

- (A(v)’(v+ez)_): - |x — y|N+ps

_ / W) — v VE) +ezx) —v(y) — €2() dxdy
Qe xQe

|x — y|N+ps

¥ / (00) — v w0 +e)
QI x(Q\QF)

lx — y|N+ps

PRSI dedy

_ / @@ v ) + ez
Q\Qe ) x Qe

N / W@ - W Fez() | dxdy— / W@ =) M +ez() | dxdy
Qr xQe |x — y|N+ps Qo xQr |x — y|N+ps
3 lv(x) — v(y)I? (@) = VN @) =2
- /Q car X —y|NEPs d’“d”e/g—xg— I — NP
) —vONP T E) + ezw)
dxd
* /Q x(Q)° |x — y|N+ps Y
_ / W) — v M) + )
Q) xQr |x — y|N+ps
3 lv(x) — v(y)|? 0@ —vo)’ @@ —20)
- /Q o X — [N dXdy_'—e/Q;ng I — y[N P
v (00 — o) 00 Fe@)
Q% (Q0)° |x — y|N+ps
@) =P () —2(1)) @ —vON" @) @)
= 6/9 ‘o x — yNTrs ddye2 ], ¥ =y

= o(l)ease — 0T,
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In the last passage we use the fact that [2_| — Oase — 07 for the first integral, while for
the second integral we note that for every (x, y) € Q.

0 < v(x) —v(y) < e(z(y) — z(x))

and
0> v(x) +ez(x) = v(x) +ez(x) — (v(y) +€z(y))
= (v(x) —v(y) +e(z(x) — z2(¥) > €(z(x) — z(y)).
Then,
() — v () + €2(x))] < €Plz(x) — ()17,
integrating,
— p—1 — I4
/6 [(v(x) v(|)yc))_y|151jr(;) +€ez(x))| dxdy < ¢ /RZN |(|Z)C(J€_)y|§iyp)s| dxdy = o(€).

Going back to (4.14), we have that
€(A() — Kg (v). 2) = o(De,
hence, taking the limit when € — 0, we get
(A) — Kz, (v). 2) = 0.
Since z € Wg’p(Q) is arbitrary, it follows that A(v) — K5, (v) = 0, hence

A(v) = K5, (v),
therefore
(=AY, () = & @ WE)P k) inQ “15)
v(x) =0 on Q€.
Since ||v|| = 1, we deduce that v # 0 and hence v is an eigenfunction of the weighted

eigenvalue problem (4.15), with weight g, € L*°(Q)... Since
2:(x) = n(x) a.e.on Q,
by exploiting Proposition 3.4, we have that
gD =m0 <r() =1,

so we discover that v cannot be the principal eigenfunction of the weighted eigenvalue prob-
lem with weight g; € L°°(2)4, hence, v must be nodal, but v € Wg P (€2)+, a contradiction.
Therefore, the claim is true.

Applying the homotopy invariance property of the degree map, we deduce that

deg(A — N + 0v, B,(0), 0) = degg, (A — K, B,(0),0)

forall0 < p < pyp.
But from Proposition 3.5, we know that

Therefore, we get
deg(dc@ + 3y, B,(0),0) = —1
forall0 < p < pp. O

Analogously, we show a corresponding result for big balls.
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Proposition 4.9 Let (H) hold. Therefore there exists Ry > 0 such that for all R > Ry, we
obtain

deg(dc@ + 3y, Br(0),0) = 1.

Proof We take into account the homotopy
h(t,u) = A(u) — tN(u) + 13y (u) for (¢, u) € [0, 1] x Wy"(Q).

From Proposition 4.3 and Lemma 2~.5, we have that iz\(t, u) = —tN(u) for (t,u) € [0, 1] x
WP (Q) is a (P)—homotopy and /1 (¢, u) = A(u) + 13y (u) for (t,u) € [0, 1] x Wy (Q)
is a pseudomonotone homotopy, hence 4 (¢, 1) is an admissible homotopy.

Claim There exists Ry > 0 such that for all # € [0, 1], all R > Rp and all u € 0 Bg(0), we
have
0¢h(t,u).

By contradiction, we can find (#,), € [0, 1] and u,, € Wg’p(9)+, n > 1, such that
t, — tin [0, 1], [lu,|| = coand O € h(t,, u,), n >1.
Hence, there exists w, € N (uy) such that
—A(uy) + tywy € 4,0¥ (uy,), VYn=>1,
then
(A(up), v —up) — ty /Q wy (x)(W(x) —uy(x))dx = O0forallv e WS’”(Q)+. (4.16)

Un
[unll”

Set v, = n > 1 and, passing to a subsequence, we can suppose that

v, — vin Wé’p(Q), v, — vin LP(Q) and v, (x) — v(x) a.e.in Q,
hence v > 0 a.e. in Q. Dividing (4.16) by ||u,||?, we have

(AQ), T — vn) —m/ﬂ%(ﬁm — v () dx = 0 @.17)

for all € WP();. Using (4.10), we obtain that( wy ) C LP(Q) is bounded,
n

luan]1P=1
hence, we can suppose that
Wn
-
a7

For every € > 0 and n > 1, we define the set

— fooin LP (), asn — o0.

D:nZ{xeﬂtun(x) >0,—€e=< %)159()6)—%-6}.
, (un (x))P~
From (H) (ii), we get
Xp#,(®) —> lae. on{v > 0}
We observe that

—0
LP ({v>0})

3

Wp
1= xps, () o
H< Den™ ) Vun [P~
therefore,

X, () — fooin L7 ({v > O).

_n
lotn |1P1
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By the definition of D", , we get that

€,n>

wy (x) B
Wjﬁ = XDg,,(x)%(vn(x))P 1
n

< Xpz, (O @) + ) (v (x)?"" ae. on Q.

X, () (=)@ ()P 7! < xppe (x)

Passing to weak limits in L? ({v > 0}) and applying Mazur’s lemma, we have

—e()P! < foolx) < B(x) +€)(v(x))’ " ae. on {v > 0}.
Let ¢ — 0, we obtain

0< folx) < O(JC)(U()C))P_1 a.e.on {v > 0}.
While, by (4.10), we obtain that
foo(x) =0ae.on{v =0}
Since Q = {v > 0} U {v = 0} (recalling that v € W;”(Q)), we get
0 < foolx) <Ox)(v(x))? " ae. on L,

hence
Foo = 8oo0? ! With goo € L®(2)4, goo(x) < 6(x) a.e. on .
Since v € Wy'” ()., then in (4.17) we can set D = v to obtain

(A(Up), vy — V) < zn/ Wm0 ) — v()) d,

@ llun||P~1
therefore
limsup (A(vy), v, —v) <0,

n—o0o
and since A is of type (S)+,
v — vin Wy P (Q).

If n goes to oo in (4.17), we get
(A(0), v —v) > t/ Zoo (M) W) @(x) —v(x)) dx, VU e Wyl ()4
Q

Set g; = 1gs0(x). Using the test function 7 = (v + €z)™* for any z € Wg'p(Q) and € > 0,
then, as in the proof of Proposition 4.8, we have

(A(v) — kg (v),2) > 0,
by the arbitrariety of z, it follows that

A(v) = Kg, (v),
therefore
(=), v =18 ()P0 inQ, “.18)
v=20 on Q°.
Since ||v|| = 1, we deduce that v # 0 and hence v is an eigenfunction of the weighted

eigenvalue problem (4.18), with weight g, € L (£2)4. Since
0 <780 <80 <0,
by Proposition 3.4, we obtain
M (t8oc) = A1(8oo) = A1(0) > A1(A1) = 1.

Then from (4.18) we deduce that v = 0, a contradiction.
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Therefore, from the homotopy invariance of the degree map, we obtain that
deg(A — N + 9y, Bg(0), 0) = degg, (A, Bg(0), 0)forall R > Ro. (4.19)
We take the (S)+—homotopy (see [33, Proposition 4.41])
hi(t,u) = tA) + (1 — ) F (u) for all (1, u) € [0, 1] x Wy ().

We have that (h(t,u),u) # 0 for all u # 0 and hence, by the homotopy invariance of
degg), , we have

degs), (A, Br(0),0) = deg s, (F. Br(0),0) = 1. (4.20)

(The last passage follows from the normalization property). From (4.19) and (4.20), we can
state that

deg(dc@ + 9y, Br(0),0) =1
for all R > Ry. O

Now, we can prove our main result Theorem 1.1, which states that if assumptions (H)
hold, then the problem (1.3) admits at least two nontrivial solutions ug, # € W(‘; P(Q).

Proof of Theorem 1.1 By Proposition 4.5, there exists ug € W,,'” () such that

o) = inf (). @21)
ueWy?(Q)

Since ug is a minimizer, by applying Proposition 4.7, there exists » > 0 such that
deg(dc@ + Y, By (uo), 0) = 1. (4.22)
Therefore, (4.22) and Proposition 4.8 imply ug # 0. We choose pp > 0 small such that
B, (ug) N Bp,(0) = @

and Ry > 0 large such that
B, (0), B, (o) € Bg,(0).

Exploiting the additivity of the domain property of the degree map and applying Proposi-
tions 4.7, 4.8 and 4.9, we get

deg(dc@ + 3y, Bgy(0),0) = deg(dc@ + 3y, B, (uo), 0) + deg(dc@ + 3y, By, (0), 0)
+deg(dc@ + 3y, Bry(0) \ (B, (uo) U By, (0)), 0),
therefore
1 = deg(dc@ + 3y, Bry(0) \ (By(uo) U By, (0)), 0).
Hence, by the existence property of the degree map we deduce that there exists
w0 € BRy(0) \ (B (uo) U By, (0))
hence & # ug, u # 0, such that
0 € dcp@) +dy @) = A@w) — N@) + 9y (u),

namely, there exists w € N (i) such that

—A@) +w € Iy ().
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From the latter we deduce
(A@), v — 1) — / w(x)(v(x) —u(x))dx > 0 forallv e Wy¥ ()4,
Q

hence u € Wg’p (€2) is a nontrivial solution of (4.1).
Now we have to show that u is a critical point of ¢ and it is a second nontrivial solution
of (4.1). By (4.21), for all A > 0 and all v € W'’ (Q) one has

0 < ¢(ug + Av) — p(ug) = @(ug + Av) — @(ug) + ¥ (ug + Av) — ¥ (up)

hence
0 < 3 @o + 2v) = §uo)) + 3 (¥ (uo + 1v) — ¥ (uo))
< H@wo + Av) — Puo)] + (¥ (uo + v) — ¥ (up))
(since ¥ is convex). When X goes to 0, we get
0 < @ (uo; v) + Yo + v) — Y (uo)- (4.23)

Letz € Wé’p(Q), we set v = z — ug in (4.23) and we obtain

0 < @%(uo; z — uo) + ¥ (2) — ¥ (uo).

Therefore, by Definition 2.2, ug € W;'” () is a critical point of ¢ = @ + ¥, hence, by
Proposition 2.3

0 € dc@(ug) + 3y (uo).

Therefore we can deduce that there exists w € N (ug) such that
—A(uo) + w € Y (uo),

hence

(A(uo), v — uo) —/ w(x)(v(x) — ug(x))dz = 0 forall v e Wy’ (Q)4.
Q
Consequently ug € W, (Q) is a second nontrivial solution of (4.1). O

Remark 4.10 In the linear case (p = 2), a solution % of problem (1.3) belongs to C(R),
under the additional assumptions that €2 satisfies the exterior ball condition and w € N ()
such that w € L2(Q) with N < 4s (see [4, Proposition 2.12]). Regularity results of solutions
of (1.3) can be obtained by strengthening the assumptions of w, moreover, in the case of
a general obstacle it is necessary that such obstacle has some regularity properties (see
[4, Proposition 2.12] and the references therein).
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