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BOUNDED LINEAR AND COMPACT OPERATORS BETWEEN THE
HAHN SPACE AND SPACES OF STRONGLY SUMMABLE AND
BOUNDED SEQUENCES

EBERHARD MALKOWSKY, VLADIMIR RAKOCEVIC, VESNA VELICKOVIC

(Presented at the 5th Meeting, held on June 16, 2021)

Abstract We establish the characterisations of the classes of bounded linear op-
erators from the generalised Hahn sequence space hg, where d is an unbounded monotone
increasing sequence of positive real numbers, into the spaces w}, wP and w¥, of sequences
that are strongly summable to zero, strongly summable and strongly bounded by the Cesaro
method of order one and index p for 1 < p < oo. Furthermore, we prove estimates for the
Hausdorff measure of noncompactness of bounded linear operators from hg into wP, and
identities for the Hausdorff measure of noncompactness of bounded linear operators from
hq to wi. We use these results to characterise the classes of compact operators from hg to
wP and w¥. Finally, we provide an example for some applications of our results and visuali-
sations in crystallography.

AMS Mathematics Subject Classification (2020): 46A45, 40C05, 46B45, 47THOS.

Key Words: The Hahn sequence space; spaces of strongly summable and sequences;
bounded bounded linear operators; Hausdorff measure of noncompactness; compact opera-
tors.

1. Introduction and notation

The Hahn space h was originally introduced and studied by Hahn [8], and later
generalised by Goes [7]. Matrix transformations and bounded and compact operators
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the Hahn space have recently been studied in various papers, for instance in [17, 6,
11, 4]. A survey of these recent results can be found in [10].

We establish the characterisations of the classes 5(hg,Y) of bounded linear op-
erators and their norms from the generalised Hahn space h, into each of the spaces
Y € {wh, wP, wh}, formulas for the Hausdorff measure of noncompactness of op-
erators in B(hg,w!) and B(hg,wP), and the characterisations of their subclasses
K(ha,w}) and K(hq, w?) of compact operators. Since the operators can be repre-
sented by infinite matrices of complex numbers, in each case, the characteristaions
are expressed in terms of necessary and sufficient conditions on the entries of the
matrices. Since each one of these operators can be represented by an infinite matrix
of complex numbers, the mentioned characterisations are achieved by establishing
necessary and sufficient conditions on the entries of the reprenting matrices to map
between the respective spaces.

Measures of noncompactness are widely used in fixed point theory and applied
in the study of differential and integral equations. We refer the interested reader to
[1, 2, 3, 15, 22, 13]. Our results could also be used in the study of sequence spaces
equations and sequence spaces inclusion relations; for related results we refer to [5].

We use the standard notations w for the set of all complex sequences = = (x)5> 4,
and /o, ¢, cg and ¢ for the sets of all bounded, convergent, null and finite se-
quences, that is, sequences terminating in zeros. We denote by e = (e;)?2; and
e = (e,(cn))zozl (n € N) the sequences with e, = 1 for all k, and e™ = 1 and
e,(Cn) =0 for k # n.

We recall that a BK space X is a Banach sequence space with continuous coor-
dinates P, : X — C (n € N), where P,,(z) = z,, forall z = (z4,)72, € X. A BK
space X O ¢ is said to have AK if z = lim,,_,o 2™ for all z = (xr)p2, € X,
where ™ = S e

Let X C w. Then the set X# = {a € w: Y 32, axxy, converges for all z € X}
is the S—dual of X. Let A = (ank)f;kzl be an infinite matrix of complex numbers,
Ap = (ank), and AF = (@)%, be the sequences in the n'* row and the k"
column of A, and X and Y be subsets of w. Then we write A,z = 220:1 AnkTE
and Az = (Apx);2, for x = (x1)72, provided all the series converge. The set
X4 ={z € w: Az € X} is called the matrix domain of A in X, and (X,Y)
denotes the class of all matrix transformations from X into Y, thatis, A € (X,Y) if
and only if X C Y.

If X and Y are Banach spaces, we use the standard notation B(X,Y") for the
Banach space of all bounded linear operators L : X — Y with the operator norm
|IL|| = sup{|L(z)| : ||z|]| = 1}. Also K(X,Y’) denotes the class of all compact
operators in B(X,Y).
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For every sequence © = (7)72, € w, let Apr = xp, — w41 (K = 1,2,...).
Goes [7] introduced and studied the generalised Hahn space h, for arbitrary complex
sequences d = (dy);; with dj, # 0 for all k by

hg = {$EW1Z|dk"|Ak~’U| <oo}ﬂco,

k=1

with the norm

oo
2llny =D |di| - | Agz] forall 2 = (24)72, € ha. (L.1)
=1

Recent research on the Hahn space and its generalisations can be found, for in-
stance, in [19, 10, 20, 21, 4, 17, 6] and the survey paper [11].
Letl <p< o

1 n
p_ - lim = P _
wo—{a:Ew.nlgnnE || O},

k=1

wP =uwl®e={recw:xz—Eeecuw] forsome £ € C}

and
1 n
P , - p
woo—{wa.s%pnkE_lmk] <oo}

denote the sets of sequences that are strongly summable C'; to zero, strongly summable
C1 and strongly bounded C'y ([12]), with index p.

It is well-known ([13, Proposition 3.44]) that wg, wP and wh, are BK spaces

with
1 n 1/P
2]l,pz, = sup (5 > r:ck|p) : (12)

" k=1

w} is a closed subspace of w?, and w? is a closed subspace of wh; wh has AK and
every sequence x = ()52, € w” has a unique representation

v=Eet+ Y (wp—E)e®, (1.3)
k=1

where ¢ is the unique complex number such that z — e € w}), the so—called wP—limit

of x.
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2. The classes B(hq,Y) for Y € {wf ,wP,wh}

Throughout let d be an unbounded increasing sequence of positive real numbers
and 1 < p < 0.

In this section, we are going to characterise the classes B(hg,Y') and compute
the operator norm of L € B(hg,Y) for Y € {wh,wP,wh}. We will also establish a
formula for the wP-limit of L(x) when z € hgand L € B(hg, wP).

Since (hg, || - ||n,) is @ BK space with AK by [17, Proposition 2.1], and each
space Y is a BK space with respect to the norm || - ||, in (1.2), each operator
L € B(hg,Y) can be represented by a matrix A € (hg,Y') by [9, Theorem 1.9], that
is, there exists an infinite matrix A € (hg, Y’) such that

L(z) = Ax forall x € hy. 2.1)

We are going to use these facts and notations throughout the paper.

Theorem 2.1. We have
(@) L € B(hg,wb) if and only if

1 1 p\ 1/p
1Al (hy i) sup—<7 ) < 00; 2.2)

I,m dm

(b) L € B(hg, wP) if and only if (2.2) holds and

for each k € N, there exists oy, € C such that

A % nél |ang — aglP = 0; 23
(¢) L € B(hg, wh) if and only if (2.2) holds and
hm n 5 Z lank|P = 0 for each k. (2.4)
(@) IfL € B(hg,Y) for Y € {wh,wP,wh}, then
LN = 1Al (g o2, (2.5)

PROOF. We write [|A[| = [[Al| (1, .2 ), for short.
(a) Let L € B(hg, wh) and A be the 1nﬁn1te matrix that represents L as in (2.1).

Since the set .
E = {—e[m] :meN}
m
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is a determining set for hy by [17, Proposition 3.2], we have to show by [23, Theorem
8.3.4] that the following two conditions are satisfied:

(i) The columns of A belong to whe;
(i) L(F) is a bounded subset of wh,.

First we show (ii).

Let m € N be given and y™) = (1/d,,)el™ € E. Then we have
Any(m) = § anky(m) = i § ank
k dm )
k=1 k=1
hence
l l m p
1 1 1
A (m)}p =sup }An (m)’ =sup - — an :

So (2.2) is the condition in (ii).
It remains to show that the condition in (i) is redundant.

We have |ap;| = |dpAny™® — di_1Ap,y*—1| for all n and k, hence
L 1/p
k _ 2 P
[, =0 (S

1/p 1/p
< Sup< ’dkAny )‘ ) —i—sup( ‘dk 1Any(k 1)’ >

< 2d;, |A]| < oo forall k.

This completes the proof of Part (a).

(b) and (¢) Since hg is a BK space with AK and wg and wP are closed subspaces
of the BK space w5, by [13, Proposition 3.44], Parts (b) and (c) follow by [23,
Theorem 8.3.6].

(d) Finally we assume that L € B(hg,Y), where Y € {w{,wP, w5 }. Then
A, € hg for all n and by [17, Proposition 2.3]
< oo}

o

hg:bsd:{aEw sup




30 E. Malkowsky, V. Rakocevié, V. Velickovié

Writing L, (x) = Apx (x € hy) for all n we obtain from [6, (2.6)] and Minkowski’s
inequality for all x € hgand all | € N

1 l 1/p 1 1 1/p
(jZ!Ln(w)!p) - (iern:crp>
n=1 n=1

m P\ 1/p
< EZ Z dm|AmJ:| Zanj
n=1|m=1 j=1
1 9] l 1 m P\ /P
gmn;dmmmxy > i > an

n=1 moli=1

" 1/p
< sup —— Z Iy,
l,m n=1|j=1
hence
||LH < ||AH- (2.6)
Now let m € N be given and (™ = (1/d,,)el™. Then we have
2™, = Lidk ’Akm(m)’ _
T dy, dy
k=1
and

L 1/p
_ L (m) |P
= (13 )
p\ 1/p
) < ||L].

Since m € N was arbitrary, we conclude ||A|| < ||L||, and this and (2.6) imply
(2.5).

el

m
g Qpk

k=1

1 1
:“}pa(iz

n=1

Now we establish a formula for the w”-limits of L(x) and x € hgy, when L €
B (hd, wP )
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Theorem 2.2. Let L € B(hg, wP) and «y, for k € N be the complex numbers in
(2.3). Then the wP—limit n(x) of L(x) for each sequence x € hy is given by

- Z QR 2.7
k=1

PROOF. Let L € B(hg,w?). We define the matrix B = (bnk)?:kzl by
bk = Qnk — i,

for all n» and &, and show
B e (hd,wg). (2.8)

First we show
(ak)iZy € bsg. (2.9)

We have for all I, m € N by Holder’s inequality

m l m
DBt Sl
™ k=1 m n=1|k=1
1 1 l m 1 1 l m
S%j; ;(ank_ak) +%'7§:: ’;

)1/13

m l 1/p
1 1
<> (7; |k — ak|”> + |- (2.10)

Since the first term in the last inequality above tends to 0 as [ tends to infinity for each
fixed m by (2.3), it follows that

m l m
SiZ%Z!ank—aliri%-ll/q (g kz::

=
Il
i
3
Il
i

sup

-5

and so (2.9) is satisfied and (ay)72, € h by [17, Proposition 2.3]. Also A €
(hq,wP) implies A,, € hd for each n, and consequently B,, = A, — (ax)72; € hg
for each n.

< HAH hd,’woo 7
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We obtain by (2.10)

l
1 (1
< | A] +Supd— (7 Z

I,m WUm

1
< [|A|l + sup .
m m

< 2||A].

Thus, B € (hg,wb) by Theorem 2.1 (a).

Furthermore, lim;_,~.(1/1) 22:1 |bpi| = O for each k, by definition of the ma-
trix B, that is, the condition in (2.4) also holds, and so (2.8) is satisfied by Theorem
2.1 (c).

Finally (2.7) is an immediate consequence of (2.8).

3. The Hausdorff measure of noncompactness of operators

In this section, we establish an identity for the Hausdorff measure on noncom-
pactness of operators in B(h4, w}) and an estimate for the Hausdorff measure of non-
compactness of operators in B(hg, w?). We also characterise the classes K(hq, wf)
and KC(hq, w?).

We refer to [22, Definition 11.2.1] and [16, Definition 7.11.1] for the definitions
of the Hausdorff measure of compactness y on the class M x of bounded subsets
of a complete metric space, and the Hausdorff measure of noncompactness || - ||, of
operators between Banach spaces.

We need the following well-known results.

Theorem 3.1 (Goldenstein, Goh’berg, Markus [13, Theorem 2.23]). Let X be a
Banach space with a Schauder basis (by,). Then the function jn : Mx — [0,00)
defined by

m—00 z€EQ

1(Q) = limsup (sup HRm(a:)H> , (3.1
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with

Z Anbn foralla:—Z)\ by € X

n=m+1
satisfies the following inequality for every Q € Mx

~ @) <x(Q) = @), 62)

where a = limsup |R.,|| is the basis constant.
n—oo

Proposition 3.1. Ler X and Y be Banach spaces and L € B(X,Y) and Sx
denote the unit sphere in X. Then we have

IL|ly = x(L(Sx))  ([16, Theorem 7.11.4]) (3.3)
and L € K(X,Y) if and only if
|IL|ly =0 ([16, Theorem 7.11.5]). (3.4)

Proposition 3.2. (a) Let the operators R, : wP — wP for m € N be defined by
Ron(x) = > 0t i (Tr — €)e®) for all x € wP, where ¢ is the wPlimit of x. Then
we have for all Q € Myp

1 .
5 lim [ sup [[Rm(z)|lyz, | <x(Q) < lim | sup Ry (@)ll,z |- (3.5)
2 m—o0 z€Q m—00 \ zcQ

(b) Let the operators Ry, : wh — wh for m € N be defined by

o0

for all © = (z1)32, € wh. Then we have for all Q € Myp

x(Q) = lim (sup HRm(a:)Hwoo> . (3.6)
PROOF. We have by [14, Lemma 2 (a), (b)]

2 in Part (a),
1 in Part (b),

lim ||Ry,| = {
m—r00

and (3.5) and (3.6) follow from (3.1) and (3.2).
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Now we prove an estimate for || L||,, if L € B(hgy, wP), and an identity ||L||,, if
Le B(hd,wg).

Theorem 3.2. (a) Let L € B(hg, wP). Then we have

1 1 (1<~ P

R P (ZZ 2o =) ) = 1t

1 1 m p\ 1/p
< lim nfgr . (7 ; ;(ank —ay) > , (37

where the complex numbers oy, are defined in (2.3).
(b) Let L € B(hg, wh). Then we have
1 1 I | m p\ 1/p

1Ll = lim S g (7; ;ank ) : (3.8)

PROOF. Let A = (ank);%—; be any infinite matrix and r € N. We write A<~ =
(ayp” )5Sy—y for the matrix with the rows A" = 0 for 1 <n <rand A" = 4,
forn >r+1.

(@) Let L € (hg,w?), B = (byy)%._; be the matrix with b,,;, = api, — oy, for all
nand k, and L<"> € B(hg, wP) be the operator with L<"> = R,.0 L. We denote the
unit sphere in hy by S. Then L<">(z) = B<"~x for all z € hy by (1.3) and (2.7)
and we obtain by (2.5)

pu(r) = sup [[(Ry o L) (x)]|z,
TES

= 1B~ (gt

Z(ank - ak)

k=1

P) 1/p
p> 1/p

n=r+1

m

> (tnk — ar)

k=1
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Finally, (3.3) and (3.5) imply (1/2)lim, 00 pu(r) < [|Lfly < limy_yo0 pe(7),
which is (3.7).

(b) The proof is similar to that of Part (a) with o, = 0 for all k£ and (3.6) instead
of (3.5).

Finally the characterisations of the classes KC(hg, w?) and K(hg, w?) are imme-
diate consequences of (3.4) and Theorem 3.2.

Corollary 3.1. (a) Let L € B(hg,wP). Then L € K(hg, wP) if and only if

! p\ /P
e (s 2 () ) o

l>r m
(b) Let L € B(hg,w}). Then L € K(hq, w?) if and only if

m p\ 1/p
Z > = 0.
k=

We close with an application of our results.

Example 3.1. We consider the classical Hahn space h = hg, where d, = k for
all k = 1,2,..., and the Cesaro matrix C; = A = (an);",_; of order 1, where
any, = 1/nforl <k <manda,, =0fork>n(n=12,...).

Then we have | >_}" | ank| < m/n for all m and n, hence

1 (1 mo P\
Clm:E<7Z ;ank )

l 1/p
L (1 mp
m ln:1 n

m
> (tnk — ar)

k=1

where the complex numbers oy, are defined in (2.3).

ml>r m

l
i s - (120

<
1 1 1/p
- (7 2 n—> <1
n=1
and so
||A”(h,w§o) =sup ¢, < 1, (3.9)

Il,m
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that is, the condition in (2.2) is satisfied. Furthermore, for each k € N,

Tl 1<~ 1
0<7 Zlank’p_izﬁ 72

since A = C € (cp, ¢p). Thus the condition (2.4) is also satisfied and consequently
Cy € (h,w}) by Theorem 2.1 (c).

Now c11 = 1, and so we have ||A||(; .z ) = | Lc, || = 1 by Theorem 2.1 (d) and
(3.9).

Finally, we have

r 1 (1
el

ie.,

for all [ > r, m and r, hence

r—00 mil>r r—07r

1
0 < lim (Sup c§2> <lim - =0,

and so L¢, € K(h, w}) by Corollary 3.1 (b).

4. Visualisation of Wulff’s crystals

A surface energy function is a real valued function depending on a direction in
three—dimensional space. We visualise the surface energy functions given by the
norms of wh, and h, and the correponding Wulff’s crystals which are uniquely de-
termined by their surface energy functions according to Wulff’s principle [24]. Our
figures are created by our own software package.

Let

S = f: (1'1,1132,1133) € Rg . ”f”g = (Zl’%) =1

k=1
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and F': S — R. Writing
€ = ée(uy,uz) = (cosuy cos ug, cos uy Sin ug, sin uy )

for
(ui,uz2) € R=(—m/2,7/2) x (0,2m)

we consider the so—called potential surface with a parametric representation
PS = {Z = F(&(u1,u2))e(u1,uz) : (u1,uz) € R}
as a representation of the surface energy function F'.
The following result is known.

Proposition 4.1 ([18, Corollary 5.5]). Let || - || be a norm on R? and, for each
7 = (v1,v9,v3) € S, let ¢z : R — R be defined by ¢pz(x) = 22:1 vLT for all
# = (x1,72,23) € R3. Then the boundary OC). of Wulff’s crystal determined by

the surface energy function F' = || - || is given by
S .
8C||.H: szm-e.ees s
e

where ||pz||* is the norm of the functional ¢z, that is,

- |I* is the dual norm of || - ||.

In the following visualisations, we identify (x1,x2,x3) with the following se-
quence (z1, T2, 3,0,...).

Example 4.1. We consider the space wh, with the block norm || - ||, defined by

2u+1_1 1/p

1
z|ls = Sup | 3 PN (z € wk)
v k=2v

which is equivalent to || - [|,,»_ by [13, Proposition 3.44]. The dual norm || ||} is given
by ([13, Proposition 3.47])

0 vl La
lally => 277 [ D fanl® (a € (wh,)”)
v=0 k=2v

(see Figure 1).
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Example 4.2. We consider the generalised Hahn space (hg, || - ||n,). Then the

dual norm || - ||, = || - ||ss,» Where by [17, Proposition 2.3]
1 m
HaHbsd = Sgp - ;ak (a S b8d>

(see Figure 2).

e o,
S
e

%4,&%‘\
AR
N

P,

\

—/

4
77

o

s
s

U

(1] =

1

|
44““
AN

Figure 2: From left to right: Potential surface for || - ||5,, corresponding Wulff’s
crystal and both ford; = 1,ds = 2,d3 =3
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