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IMPROVED ENERGY BOUNDS FOR SCHRODINGER OPERATORS

LORENZO BRASCO AND GIUSEPPE BUTTAZZO

ABSTRACT. Given a potential V' and the associated Schrédinger operator —A+ V', we consider
the problem of providing sharp upper and lower bound on the energy of the operator. It is
known that if for example V or V! enjoys suitable summability properties, the problem has
a positive answer. In this paper we show that the corresponding isoperimetric-like inequalities
can be improved by means of quantitative stability estimates.

1. INTRODUCTION

1.1. Aim of the paper. Let Q € R be an open set not necessarily with finite measure (it
could be @ = RY) and V : © — R be a potential. We consider the associated Schrodinger
operator —A +V defined on the homogeneous Sobolev space VVO1 2(Q) The latter is the closure
of C§°(Q) with respect to the norm

1/2
o 2
lull gy = (/Q|Vu| da:) .

We also denote by W~12(Q) its dual space and by (,-) the duality pairing between T/VO1 2(Q)
and W~12(Q). In this paper we are concerned with the following problem: given a source
term f € W=12(Q), find lower and upper bounds on the energy of the relevant Schrodinger
operator, i.e.

1 1
5f(V):_2/Q|vuV|2dx—2 /QVU%/d:E.

Here the state function uy is a W,(£2) solution of
—Au+Vu=f, in Q.

In the recent paper [10], this problem has been solved for summable potentials or for confining
potentials, i.e. for potentials blowing-up at infinity such that 1/V enjoys some summability
properties. For example, the harmonic—like potential

V=) s>,

belongs to this class, for suitable v > 0. In order to provide a deeper insight into the scopes
of this work, it is useful to briefly recall some of the results in [10]. In that paper it has been
shown that £¢(V') can be universally bounded from above in the class (see [10, Proposition 5.1])

Vlz{V:/|V|p§1},
Q

and from below in the class (see [10, Proposition 5.4])

vzz{vzo:/vpél}-
Q

The value 1 above plays no special role and can be replaced by any constant ¢ > 0. Indeed,
one can show that there exist two potentials Vj and Uy such that

/|vorpd:c=1=/ Uo| " da,
Q Q
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and
(1.1) Er(V) < Er(Vo), for every V e Vy,
(1.2) Er(V) > E(Uy), for every V € Vs.

In both the estimates (1.1) and (1.2), the equality sign holds if and only if V' =V and V' = Uy,
respectively. Moreover, the extremal potentials 1y and Uy can be characterized in terms of the
solutions vy and wug of the semilinear non-autonomous PDEs

(p+1)/(p—1) _ f

—Avg + cvg (p—1)/(p+1) _ f,

and — Aug + cuy

through the relations

-1/ 1/
Vo = (/ |vo\2p/(p‘1)dx> ' v |/ P~ 1) and Uy = (/ |ug |22/ (P+1) d:v) ' |ug| =2/ P+D),
Q Q

For completeness, we point out that a special class of potentials from the sets V; and Vs, are
given respectively by

Bl-1/p E E|l/P E

0, otherwise 400, otherwise,

and V(z) = {

where £ C Q is an open set and |E| denotes its N —dimensional Lebesgue measure. If we
suppose for simplicity that |F| = 1, the corresponding operators are given by

Wol’Q(Q) Sur— —Au+tu-lg and W&’Q(E) Sur— —Au+u.
Thus from (1.1) and (1.2) we get

min [1/|Vu]2dx+1/\u|2daz—<f,u>] <& (W),
2 Q 2 E

ueW,*(Q)
and
min |- [ [Vul*de+ < | |ul*de — (f,u)| > Er(Up),
E) L2 JE 2 JE

u€W01 2
for every £ C Q with |E| = 1. Observe that for the second problem the set €2 simply acts as a
design region where the admissible domains E have to be contained.

The problem of finding sharp bounds on energetical quantities linked to a Schrodinger oper-
ator is quite classical, with many studies devoted to the ground state energy or first eigenvalue

A(V) = min {/ |Vu|? da —l—/ Vu?de lullL2(0) = 1}.
uew,?(Q) LJa Q

For example, the pioneering paper [22] by Keller considers the problem of finding sharp lower
bounds on A;(V) in the class Vi, in the case of space dimension N = 1 and 2 = R. Related
problems have been considered by Ashbaugh and Harrell in [2] in higher dimensions. There is
a vast literature on the subject, considering optimal bounds for other spectral quantities, like
the first excited state or second eigenvalue A2(V') and the fundamental gap Aa(V) — A1 (V). We
also mention the recent paper [8], where the case of successive eigenvalues A\ (V') for k > 2 is
considered, for the non-compact case of @ = RY. Actually this kind of problems is even older:
indeed, we observe that for potentials of the second form in (1.3), we have

M(V)=  min {/ \Vu!Qda:—l—/ fuf? da HuHLQ(E):1} — M(B) + 1,
ueWy?(E) \JE E

where A\ (F) now stands for the first eigenvalue of —A with Dirichlet boundary conditions on
OFE. Thus the celebrated Faber-Krahn inequality (see [21, Chapter 3])

M(E) > M\ (B), with B any ball such that |B| = |E| =1,

can be seen as a particular instance of these problems. A more general overview on optimization
problems of spectral type can be found in [9] and [21], to which we refer the interested reader.
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We wish to point out that on the contrary the case of the energy £;(V') appears to be less
investigated.

1.2. Main results. In this paper, we improve the previous sharp bounds (1.1) and (1.2) on the
energy of a Schrodinger operator, by means of a quantitative stability result. In other words,
we will prove that the energy gap £¢(Vo) —E¢(V) or £¢(V') —E¢(Up) controls the deviation from
optimality of a potential V. Thus it is possible to add a reminder term in the right-hand side
of (1.1) and (1.2), which measures the distance of a generic potential V' from Vj or Uy. The
relevant results are summarized in the following couple of theorems, which represent the main
results of the paper. We refer the reader to Sections 4 and 6 for the precise statements.

Theorem A (Stability of the maximizer). Let 1 < p < oco. There exists a constant o1 > 0
such that for every V € Vi we have

2
£(V) < & (Vo) = o V12V = [Vl 2 Vo[, i1 <p <2

In the case of inequality (1.2) we need to distinguish between the case |Q] < +oo and
|| = +o00.

Theorem B (Stability of the minimizer). Let @ C RY be an open set such that || = +oo.
Let 1 <p<oo,r>N/2, and let f € L"(2) be a function decaying to 0 at infinity as O(|x|~%)
with « > 1+ N/2. Then there exist a constant oo > 0 and an exponent = $(p) > 2 such that
for every V€ Vo we have

1 17

> -
Er(V) 2 & (Uo) + 02 |3 Ue

(@)
If |9 < +o0, the same result holds for every f € W—12(Q) without any additional hypothesis.

Stability results of this type have attracted an increasing interest in recent years. As a non-
exhaustive list of works on the subject, we point out for example [13] and [17] dealing with
the classical isoperimetric inequality, the papers [5, 6, 7, 20] and [23] concerning sharp bounds
for eigenvalues of the Laplacian and [4, 11, 15] about quantitative versions of the Sobolev and
Gagliardo-Nirenberg inequalities with sharp constant.

Among these papers, the recent one [12] is very much related with the subject here consid-
ered. In [12] a quantitative stability estimate for A;(V') is proved, for potentials belonging to

the class (here r > N/2)
v’:{v : / |V_|7"§1},
RN

where V_ is the negative part of V. In this case A\;(V) admits a sharp lower bound, corre-
sponding to the negative potential

—1/r
WO - _ / ’wo‘Qr/(rfl) |w0|2r/(r71)
RN ’

where wg is an extremal of the Gagliardo-Nirenberg inequality

(r=1)/r 1-9 9
(/ w27/ (=D dac) <C (/ |Vul|? dx) </ ]u\%lm) .
RN RN RN

The parameter 0 < 9 = ¥(N,r) < 1 above is uniquely determined by scaling invariance.
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1.3. Plan of the paper. Along all the paper, for the sake of simplicity, we assume N > 3. In
this way the Sobolev exponent 2* is finite; all the results also apply, with minor modifications,
to the cases N =1 and N = 2 by using the corresponding Sobolev embeddings.

We start with Section 2 where we fix the main notations and prove some basic results which
will be used throughout the whole paper. Then Section 3 is concerned with maximization
problems for £, under a constraint on the LP norm of the admissible potentials. The relevant
quantitative stability result (Theorem 4.3) is then considered in Section 4. Minimization prob-
lems are adressed in Section 5, while the last section of the paper contains the corresponding
stability result (Theorem 6.6). Finally, a self-contained Appendix on sharp decay estimates for
finite energy solutions of

—Au+cui =7, fore>0, 1<gqg<2,
concludes the paper (Theorem A.1).

2. PRELIMINARIES
In the paper we mainly focus on the following three model cases:
e O =RV,
e O =w xR, with w ¢ R¥~! open set with finite Lebesgue measure (waveguide);

e O C RY with finite Lebesgue measure (compact case).

For N > 3, we define
2N

p
N -2
The following embedding properties of I/VO1 ’Q(Q) are well known.
Proposition 2.1. Let N > 3; then
i) if @ = RN, we have the continuous embedding W01’2(Q) — L¥(Q), but WOLZ(Q) 74
L*(Q2) for s # 2*;
i1) if Q = w x R is a waveguide, we have the continuous embedding Wol’Z(Q) — L*(2) for
every 2 < s < 2%;

iii) if || < 400, we have the continuous embedding W&’Z(Q) — L5(Q) for every 0 < s < 2%,
Moreover, this is compact for 0 < s < 2*.

In what follows, for N > 3 we set

(2.1) Ty :=  inf {/ |Vol?dx - [v][ 2= mvy = 1} < +o0.
ueWy?(RY) LJRN

This infimum is finite by Proposition 2.1 and attained on VVO1 2(RN), see for example [26].

Let f € W~12(Q); for every potential V belonging to the admissible class
V= {V 1 Q0 — (—o0,+0c] : V Borel measurable, |[V_|[,v/2q) < TN} ,

we define its energy by

1 1

(2.2) (V)= min / ]Vu|2d:1c+/ Vu?dr — (f,u).
uewl?() 2 Ja 2 Ja

Proposition 2.2. For every V € V the minimization problem (2.2) admits a solution uy €

W01’2(Q). Moreover the energy inequality

TN

2.3 , < ~1, .
( ) HUVHV[/'O1 2(9) = Ty — ”V—HLN/Q(Q) ||f||W 1,2(Q)

holds.
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Proof. At first we observe that, taking v = 0 gives £;(V) < 0. Moreover, since V € V, the
energy functional is bounded from below, because

IVl w2
(2.4) / Vu?dx > —/ V_u?dr > —V=llvre (e HUH%Q*(Q) > — ZE()/ \Vul? dz,
Q Q N Q
and thus

1 1
/ ]Vu\2d$+/Vu2d:1:—<f,u)
2 Jo 2 Jo

L IV
22<1_ 0O ) [ VuP e s

for every 0 < § < 1. Thus &f(V) is finite. Let now {uy,}nen C Wol’Q(Q) be a minimizing
sequence; we can assume that

1 1
2/]Vun| dr + = /Vu de — (fiun) < Ep(V) + 1.

(2.5)

By (2.5), if we take § < 1 the sequence {uy, }nen is bounded in Wol’z(Q), so uy, weakly converges

(up to a subsequence) in WO1 2() to a function u € VVO1 2(2). Moreover, by the compact Sobolev
embedding of Proposition 2.1 iii), we have strong convergence in L*(€), for every (smooth)
2 e Q and every 1 < s < 2*. In particular, u, converges almost everywhere (up to a
subsequence) in 2 to u. Also observe that still by Proposition 2.1 we have weak convergence
of u2 to u? in L?"/?(Q). By using this and the Fatou Lemma, we get

liminf [ Vu?dz = liminf [/ V+uidx—/Vuidm} Z/Vqum.
Q Q Q

n—o0 (o) n—oo

Finally, the weak lower semicontinuity of the norm implies
1
2/ |Vu|? de + = 5 / Vuldr — (f,u)
o 1
< hnrr_lgoréf [2/Q|Vun|2d1:+ 2/9Vu72z dx — <f,un>] =&¢(V),

which gives the existence of a minimizer uy .

This function uy satisfies the Euler-Lagrange equation

/(Vu,V<p>dfv+/Vus0dw=<f,w>,
Q 9]

for every ¢ € C§°(Q) N L*(Q; V), where for V € V we set

L2(Q;V):{ap : /|V|<p2dx<+oo}.
Q

By density, the previous equation holds for every ¢ € I/VO1 2(9) N L?(Q;V). By taking uy as a
test function and then appealing to

1 2 6 2
)] < o 1 yvagy + 5 Il -

we have the estimate

1) 2 2 1 2
(1 — 2> /Q\Vuv\ da:+/QVqu$ < ﬁ”fnw—lv?(m'

By using (2.4) and choosing

s 1. V-1l Lvrz
TN ’

we get (2.3). O
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Remark 2.3. If |V_||;~n/2 > T, in general problem (2.2) is not well-posed. Indeed, take
Q = R" and indicate by U € WO1 ’Z(RN ) a positive function such that

/ IVU|*dz = Ty and / U do = 1.
RN RN

We then take
V= -—TyUYN=2),
and f € L)' (RN) such that

/ fUdx > 0.

RN

By evaluating the functional in (2.2) on the sequence u,, = nU, we get
1 1
[ VP dot g [ Vi de = () = < {.0)
2 Jao 2 Jo

thus the functional is unbounded from below.

Lemma 2.4. Let Vi, V5 € V be two admissible potentials and let uq, us € WOLZ(Q) be solutions

of (2.2). Then
/Vlu%daz/Vgu%daz
Q Q

TN TN
C=1+ + .
Tn = |(Vi)-llpwre T = 1(Va)=llpnre g

In particular C' = 3 if V1, Vo are nonnegative.

(2.6 < Cf sy i =zl

where

Proof. From the respective PDEs, we obtain

/|Vui|2d1‘+/%u?dac:<f,ui), i=1,2,
Q Q

< ‘/ Vullzda;—/ |V |? dz
Q Q

19011220y = V0232 | = (IVutllzzge) + VU2l 20y (1901l 22(0) = [ Vu2lz2(0)]

so that

/Vlu%d:c—/‘/gu%da;
Q Q

Finally, we observe that

[ fllw—r2@llur = uallyr2q)

< (IVurlzzo) + [Vl 20y ) llur = wally2 gy,
then we can conclude by using (2.3). O

Lemma 2.5. Let Vq, V5 € V be two admissible potentials. Let uy,ug € Wol’Q(Q) be solutions of
(2.2) such that

ui € (Vi) N LA Ve),  i=1,2.

Then we have
1
(2.7) Ef(‘/i) - gf(VQ) = 5 / (Vi - Vz) Ul U dz.
Q

In particular there holds

1 1/2 1/2
289 lgn-g0al <5 ([ v-vlda) ([ m-wda)
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Proof. We first observe that, from the hypothesis on the potentials, we can use u; — ug as a
test function for the equations solved by u; and us, i.e.

(2.9) /(Vui,V@ dl‘+/ Viuipdx = (f, p), for every ¢ € W01’2(Q)HL2(Q; Vi), i=1,2.
Q Q
We have

1 1
&)~ &3 =5 [ IVufdo+ 5 [ Viddde — (o)

1 1
—5 [ Vwlde- 5 [ Vadde s (fum)
2 Ja 2 Ja
On the other hand

1 1 1
/ |Vuq|? do — / |Vug|? dz = / (Vuy, V(ur — ug)) dx
2 Jo 2 Jo 2 Jo

1

~3 /Q<VU2,V(U2 —uy))dx,

thus by appealing to (2.9), we get

1 1 1 1
/ \Vu1]2dx—/ \Vu2]2dx:—/V1u1 (ug —ug)dx + = (f,u1 — ua)
2 /o 2 /o 2 Jq 2

1 1

+2/QVQu2(u2—u1)dx—2

<f,’l,L2—U/1>
1 2 1 2
2 Q 2 Q

1
+/(V1—V2)U1U2d33~
2 Ja

This concludes the proof of (2.7). The estimate (2.8) just follows by applying Holder inequality.
[l

Remark 2.6. Observe that if Vi, Va € LP(Q) with p > 1 and uy,us € L?/?P=D(Q), then the
hypotheses of the previous Lemma are verified and (2.8) gives the Lipschitz estimate

1
E5(V1) = Er(Va)] < 5 IV = Vellpogoy o/l oo gy 4 luzll oo g,
By Proposition 2.1, the condition uy, uy € L?*/®P=1(Q) is verified for example if
e |Q = +oo and p = N/2;
e ) =w x R is a waveguide and p > N/2;
o |Q] < 400 and p > N/2.

3. MAXIMIZATION PROBLEMS

In this section we fix p > 1 and we consider the optimization problem for potentials

(3.1) max{gf(V) : /Q|V|deg1}.

Vey

We also introduce the strictly convex functional

1 9 1 9 1 (p—1)/p 1.9
32 Gy =g [Fudos g ([P0 nae) T ifn, wewEo),

where it is intended that G, f(u) = +oo if u ¢ L2/~ (). We recall the following existence
result from [10]. We give the proof for the reader’s convenience.
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Proposition 3.1. The problem (3.1) admits a solution and is equivalent to

(3.3) max{gf(V) V>0, /QVpdle}.

Vey

The solution Vy is unique and is of the form

-1/p
(3.4) Vo = ( /Q (g |27/ dm) W2/ D).

where vy € W01’2(Q) N L2P/P=1)(Q) is the unique minimizer of Gp,r. Moreover, we have
(3.5) £1(Vo) = G s(v0).

Proof. We start by proving that we can restrict the optimization to positive potentials that
saturate the constraint on the LP” norm. We have

sup {Ef(V) : V>0, / |[VIPdx = 1} < sup {8f(V) : / [VI|Pdx < 1}.
Vey Q vey Q

On the other hand it is immediate to see that

Er(V) <& <W|) , for every V € LP(Q2) \ {0} with / |[VIPdx <1,
IVILe () Q

thus the two suprema coincide.

In order to characterize the optimal potential Vp, we observe that for every u € L2P/(?=1)((Q)
and every admissible potential, we get

(r—1)/p
(3.6) /Vu2 dr < </ |u2p/(p_1)dx> )
Q Q

thanks to Holder inequality. By appealing to the definition of the energy £¢(V'), we then get

1 1 (p—1)/p L
V)< / yvu|2czgc+5 </ |u) 2P/ (=D dx) —(fyu),  YueW,Q).
Q Q

By taking the infimum on u, we obtain

E(V)< min Gps(u), for every V' admissible.
ueWy % (Q)

On the other hand, we see that if vy is a minimizer of G, y and (V,vp) achieves equality in
(3.6), we have equality in the last inequality. By appealing to the equality cases in Holder
inequality, we get the characterization (3.4). O

Remark 3.2. For the sake of completeness we observe that by a standard homogeneity argu-

ment
2
. (f,u)

(V) =—3
ueW, *(Q \{0}/ |Vu|2dx—|—/Vu d:c

1
2

By using (3.6) we can infer

1 (f,u)
&)< e—/p’
e 20} / Tl de + ( / 20/ dm)
Q

for every V € LP(Q) with unit norm. This implies that

2
U
sup {Sf / |[VIPdx = 1} sup (f,w) o
eW&’2<Q>\{0}/ Vul do + (/ ‘u|2p/<p—1>>
Q Q
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so that £¢(Vp) is related to the best constant in a Poincaré-Sobolev type inequality, i.e.

\k 2p/(p—1) v/ 1 2 1,2

u dx—l—(/upp_ dx) > u, ), vu € Wi (9Q),
/Q’ | Q| | 2|5f(V0)|< i) 0 ()
with equality holding if and only if u is proportional to vg.

4. STABILITY FOR MAXIMIZATION PROBLEMS

In what follows ¢; will denote the constant

(r—1)/2p
¢ = (/ v |2/ =1 d:n) ’
Q

where v is the unique minimizer of G, y. In this section we prove a quantitative improvement
of the inequality

Er(Vo) > E¢(V), for every V € V such that / |[VIPde <1.
Q

At this aim, we need the following result, see [12, Theorem 3.1] for a proof. An earlier related
result could be found in [14, Proposition 2.6].

Lemma 4.1 (Quantitative Holder inequality). Let 2 < ¢ < oo and ¢' = q/(q¢ — 1). For every
fe L) and g € LY (Q) such that IfllLao) = HgHLq/(Q) =1, we have

(4.1) /Qfgdw Sl—cllél_lHlflq_Qf—g‘;,m),
and
(4.2) /Qfgd:v <1- q;_l Hf— Iglq'_QquLq(Q)-

Remark 4.2. In the case ¢ = co no quantitative inequality of the previous kind may hold. In
fact, by taking 2 = (0,1) and the functions

1
n = 1 —1/n d =5 /0
J [0,1-1/n] an g 2z
we obtain
lim <'/ fogde 1) =0  while ‘fng = [lfn — Ullze(@) =1
n— 00 Q !g\ Loo(Q)

4.1. Stability of the potentials. This is the main result of this section.

Theorem 4.3 (Stability of maximal potentials). Let V be the optimal potential achieving the
mazimum in (3.1). Then for every V €V such that ||V | rrq) < 1 we have

2

(4.3) £ (Vo) —&(V) 2 oy [|[VI2V =Wl L forp >,
and
(4.4) E1(Ve) — (V) 2 0% IV ~Vilduy,  Jorl<p<2,

where oy, > 0 and o, > 0 are two constants depending only on p and ci (see Remark 4.4
below).

Proof. We start observing that by hypothesis

IV =Vollzr) <2, and [IVIP=2V — VP~ Vg <2

‘ ‘ LP' (Q)

thus we can always suppose

02
(4.5) £(Ve) - &(v) <min { %1},
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because otherwise (4.3) and (4.4) are trivially true, with constants

By using vy as a test function in the variational problem defining £;(V') and recalling the

definition (3.2) of G, ¢, we get
(r—1)/p
/ Vol dr — </ |vo 2P/ (P—1) da:)
Q Q

(»—1)/p
/ Vg dr — (/ |vg |22/ (P~ 1) dw) .
Q Q

The optimal potential Vj and vy are linked through (3.4), thus by substituting above we get
2 2
‘1

gf(V)—Ef(VO)SCl/(V—Vo)VOp_ldcc: vagy‘ldx—l].
2 Jq 2 g

From the previous inequality we obtain
2 1/p .
+ = (/ |V|de> —/VVOP dz| .
2 Q Q

2 1/p
(4.6) Er(Vo) — Ep(V) = 51 1-— </ VP dx)
Q
The two terms inside the square brackets are both positive, since ||V || 1) < ||V0p_1 v () = 1

1
Er(V) < Gp,f(”O) + 3

1
=& (Vo) + 3

The previous estimate in particular implies that

(47) ( / rwpdx)l/p -1

since otherwise we would contradict (4.5). We now distinguish two cases.

Case p > 2. By applying (4.1) with the choices

% _
f=i—— g=V"' q=p and ¢ =Y,
IV e
we get
1/p r 1 |2 2
(4.8) </ |V|P d:):) _ / V%p—l do > p . V] p—]_V _ Vop—l ,
0 0 V1o .

where we used (4.7) to estimate the LP norm of V' from below. We now observe that by the
triangle inequality and convexity of t — t2, we get

2 2
Vip2vy B 1|2 VP2v
| | p_l o g) 1 Z - |V|p—2V _ ‘/Op 1 Lp, 0 o ’ | p_l o |V‘p—2V
Vo) e @ VI )
1 2 2
_ = p—271, _ y/p-1 11 p—1
=5 WV =g~ [T VI
1 2 2\2 2
> |||[VP2v -yt —p=1%(Z) (&) —ErVe
> |Iv Uy -2 (5) (&0 -&0w)

where we used that for p > 2
1—tP 1< (p—1)(1—1t), for every 0 <t <1,

and (4.6) in the last inequality. By inserting this information in (4.8), combining with (4.6)
and using that £¢(Vy) — E¢(V) < 1, we end up with (4.3).

Case 1 < p < 2. By applying (4.1) this time with the choices

i 1%
=V, g g=p and ¢ =p,

Ve
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we get
1/p 1 174 2
(4.9) (/ VP d:c> - / Vv lde > 2 ‘ -V :
Q Q 8 IVilzr () LP(Q)
where we used again (4.7). We can estimate the remainder term as before
1% 2 1 ) 1% 2
e~ | 25V = Vol - | -V
H HVHLP(Q) LP(Q) 2 Lr ||V||LP(Q) LP(Q)
1 2
=3 IV - %H%p(ﬂ) — 1= IVr ]
1 ) 2\ 2 2
> 5 IV =Ville ~ (3) (B0 -&01)"

where we used again (4.6) in the last inequality. We can obtain the desired result by combining
(4.6), (4.9) and the previous estimate. O

Remark 4.4. From the proof, we can see that a possible value for o/, is

2

4
Unglmin (p/_l)c—lvlaﬁ 9 p>27
4 82 +2(p—1)" " 4 -

while for o/, we could take

r— D mind 1) ‘i ), 1<p<?
oy =~ -1)—2*t 1 1 .
Remark 4.5. We point out that we could have used (4.2) in place of (4.1). In this way, one
could obtain stability estimates of the type

(4.10) E1(V0) — E4(V) 2 &y [V~ Villlyy.  forp>2,

and

/

£ (Vo) — E4(V)) > &, H|Vyp—2 vevel " frl<p<a

v (@)

We also notice that these estimates are asymptotically worse than (4.3) and (4.4). Indeed,
when V is of the form V. =V + e, for e < 1 and ¢ € LP(R), it is not difficult to see that

~ ¢,

Ve~ Vol e amd [ Wepve gt

so that we have

_ —112 .
Va2 Ve = V0 iy > IV = Vol g if p > 2,

_ —111p’ .
Ve =VollZoqy > Va2 Ve =W |y ifl<p<2

4.2. Stability of the state functions. We have the following stability result for the mini-
mization of G, ;.

Proposition 4.6. Let 1 < p < oo and let vy be the unique minimizer of Gp y defined by (3.2),
then for every u € WOI’Z(Q) we have

1
(4.11) G () = G g(0) = 2 [l = o0
Proof. We first observe that if u ¢ L?/(P=1)(Q), then G, ;(u) = +00 and (4.11) trivially holds.
Thus, let us take u € W01’2(Q) N L2/(=1)(Q) with u # vy and set

u— v
d= HU—’UOHWOLQ(Q) and o=
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Then u can be written as u = vg + d ¢ and ¢ has unitary norm in W01’2(Q). We then get

—1/p
Gy p(u) — Gy (o) > d [ 0. 9gpdo+ ( [t/ dz) [l e - G, )
Q Q Q

d? 9
2 Jo

where we used the convexity of the C'! map

(»-1)/p
(s) = |lvo + 530||i2p/(p71)(g) = (/Q |vg + s |27/ P~ D) dﬂf) ) s eR,

so that
d(d) > ®(0) + ®'(0)d.

It is now sufficient to observe that

—-1/p
/Q<Vvo, V) dx + </Q |ug 2P/ (P~ 1) dx) /Q wol” PV vy g dz — (£, ) =0,

by minimality of vg, thus we directly get (6.2). O

As a consequence of the previous result, we get that if (u, V') is almost realizing the equality
in (3.6), then u is near to the optimizer vy in the I/VOI’2 norm.

Corollary 4.7. Let V be an admissible potential for (3.1) and u a corresponding energy func-
tion. Then

-1/
(4.12) = w012 1,y < </ 22/ 1) dw) _/Vuzdx .

Proof. We already observed that
Er(V) <Gy p(v), for every v € Wol’2(Q).

By taking the energy function vy corresponding to Vy, we get

1
gf(V) < GP»f(UO) < Gp,f(u) - 5”“’ - UO||12/V0172(Q)’

where we used (4.11). Thus we have

=l < G = V) = 5 | ([ jupr/ = ds v [y e
9 0 W01’2(Q) >~ o,f f 2 0 0 )

which concludes the proof. O

In general, for an admissible potential V' the corresponding energy function is not in L2/ (»—1) (Q).
When this is the case, we can infer stability of the energy functions as well.

Proposition 4.8. Let V' be admissible in (3.1). If a corresponding energy function u belongs
to L*/P=1)(Q), then

1
9(p)
(4.13) (gf(VO) - 5f(V)) o lJu— U0||L2P/<p—1)(9) > clu— U0||€V01,2(Q)>
where ¥(p) = max{2, p} and ¢ > 0 is a constant depending only on c1, p and |[V_|[ v/2(q)-
Proof. We first observe that since v € L?/(P=1)(Q) and uy € L?>?/?=1(Q) as well, we have
¢ =u—vg € Wy(Q) N LA(Q; V).

The function v verifies

/(V?/),ch)dx—i—/(V—Vg)vggpdx—i-/ngodac:O,
Q Q Q
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for every ¢ € I/VO1 2(Q) By using v itself as a test function, we get

/!W!de+/vw2dxs/\V—vouvouww:c
Q Q Q

1/p 1) (r=1)/p
< (/ |v—vo|f’dx) (/ (Ivo] [0])"' dx>
Q

< IV = Voll o) o0l 2wy 1962 sy
By noticing that from (2.4)

V.
/V¢\2dx+/vwzdx2 (1—””1?/2(“)) /]Vz/J]Qda:,
Q Q N Q

and recalling that ¢ = u — vy, we get

IVl
(1 — ) e = vl gy < e IV = Vol lu = vollano-a

Appealing to (4.4) (for 1 < p < 2) or to (4.10) (for p > 2), we then get the conclusion. O
Remark 4.9. Observe that for p = N/2, we have 2p/(p — 1) = 2* and (4.13) simply becomes

_1
(£70%) = £,01) ™ = ellu = voll a2

by Sobolev inequality, possibly with a different constant ¢ > 0. When {2 has a finite measure or
is a waveguide and p > N/2, by Proposition 2.1 we can always assure that the energy function
u belongs to L?/P~1)(Q) and thus we have a similar stability estimate in these cases as well.

5. MINIMIZATION PROBLEMS

In this section we consider, for a fixed p > 0, the minimization problem

(5.1) inf{sf(V) . V>0, /Qvl,pda: < 1}.

Remark 5.1. Observe that this time, it is not clear whether the minimization problem on V

without sign hypothesis, i.e.
1
inf : <1
v”év{gf(v) Lvp }

is well-posed or not, since it may happen that no admissible V' < 0 exist (for example if €2 is
unbounded). If an optimal potential W exists for the previous problem, this should be such
that W, # 0 and W_ # 0. This seems to be an interesting issue, which we leave for future
research.

We collect a couple of technical results which are needed in the sequel.

Lemma 5.2. Let V >0 be such that V=1 € LP(Q)). Then we have

(r+1)/p 1 1/p
(5.2) (/ |u|?P/(P+1) dm> < (/ Vu? dx) </ vr dm) ) for every u € C§°(Q).
Q Q Q

In particular we have the continuous embedding L*($; V) C L2p/(p“)(Q).

Proof. If u ¢ L*(Q; V), there is nothing to prove. So let us assume that the first integral in
the right-hand side of (5.2) is finite. By Holder inequality with exponents ¢ = (p+ 1)/p and
¢ = p+1 we have

Vp/ (p+1) p/(p+1) 1 1/(p+1)
2p/(p+1) _ 2p/(p+1) 2 _
/ | dx = / |u VID dx < (/Q Vu da;) (/Q v dx) ,

which concludes the proof. O
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Remark 5.3. By standard interpolation in Lebesgue spaces, under the hypothesis of the
previous result we have the continuous embedding

L*(Q;V) c L¥(Q),

for every 2p/(p+1) < s < 2*. In particular L?(£2; V) is embedded into L?(Q2), since 2p/(p+1)
is always strictly less than 2. It is then not difficult to show that the operator —A + V has a
discrete spectrum on L%().

The following energy estimate will be needed in the sequel.

Lemma 5.4. Let f € W=12(Q), V be an admissible potential for (5.1) and u its energy
function. Then we have

N
(53) ([ 1Prods) ™ < SRy

Proof. By using the equation and Young ienquality, we have
1 1
/ |Vu|? d +/ Vutde = (fiu) < S | fllfy-120) + 5 / \Vul|? dz.
Q Q 2 2 Ja
From the previous we obtain
1
2 2

| vt < SR,

then it is sufficient to apply (5.2). O

Let 1 < p < 00, in what follows we set for simplicity

1 1
Jp,f(U) = 2/Q]Vu‘2 dxr + 3 </Q ‘u|2p/(p+1) da

where it is intended that J, ;(u) = 400 if u ¢ L?/PHD(Q). Again, it is not difficult to see
that J,, ; admits a unique minimizer. We recall the following result from [10].

(p+1)/p L
) —(f,u) Yu € Wi (Q),

Proposition 5.5. The problem (5.1) admits a unique solution Uy of the form

1/p
(5.4) Uy = </ |ug| 2/ P+ D) d;v) |ug| 2/ @HD),
Q

where ug € W01’2(Q) N L#/+D(Q) is the unique minimizer of J ;.

Proof. Let u be the energy function corresponding to V', then we have

(p+1)/p
/Vu2 _ (/ ‘u|2p/(p+1)) .
Q Q

By using (5.2) and the minimimality of ug, we get

Er(V) = Jpf(uo) = m11121 Ip. £ (u).
u€W,*(Q2)

E1(V) = sw) +

By appealing again to the equality cases in Holder inequality, we get the characterization of
the optimal potential Vj. O

Remark 5.6. As in Remark 3.2, by applying (5.2) we can infer
(f,u)®

sup
wewg 2 (@)\{0) / Vul dr + ( / 22/ +)
Q Q

for every V admissible, so that

1
Er(V) > 3

>(p+1)/p’

1 2
inf {Ef(V) : V>0, / VPdr < 1} =5 sup (f,u) T
o wewd @)\ {0} / Vuf? di 1 < / ,u‘zp/<p+1)>
Q Q
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Thus we have

(p+1)/p 1
/Q \Vul|? dz + ( /Q |u| 2P/ (+D) d:z:) > W<u’ N2 we Wr(Q) n L/ Q)

with equality if and only if u is proportional to ug.

6. STABILITY FOR MINIMIZATION PROBLEMS

In this section we take p > 1 and we still denote by ug the unique minimizer of .J, . We
also set

(p+1)/2p
(6]_) cy 1= (/ ‘UO’2p/(p+1) dl‘) )
Q

6.1. Preliminary results. We start with a stability result for the minimization of .J,, . The
proof is the same as that of Lemma 4.6, thus we omit it.

Proposition 6.1. Let 1 < p < oo and let ug be the unique minimizer of Jy, y. Then for every
1,2
u € Wy () we have

(62) T () = Ty o) > 3 w02

We also need the following result, asserting that the energy gap controls the difference of
the L?P/(P+1)(Q) norms.

Lemma 6.2. Let f € W—12(Q) and let V be an admissible potential for (5.1). If we suppose

that E¢(V') — E¢(Up) < 1, then
(p+1)/p (p+1)/p
(/ |ug |22/ (P+1) dx) _ (/ |u|?P/ (P+D) da:)
Q

for a constant c3 > 0 depending only on | f|lw-1.2(q)-

(r+1)/p
/ Vu? dr — </ |u|?P/ (PFHD) da:) ,
Q Q

and both terms inside the square brackets are positive. In particular we get

(r+1)/p
/ Vu?dr — </ |u|?P/ (PF+D) d:v) .
Q Q

By using the estimate on the weighted L? norms (2.6), we then get

(6.5)
+1)/p] 3
/ UO u(2) dr — </ |u|2p/(P+1) d,’L‘) — §||f||W_1,2(Q)Hu—uonl,z(Q).
Q Q

We now use that by (5.4) Uy and ug are linked through

1/p
Uy = ( / g 22/ 51 dx) g |2/ )
Q

(63)  \J&/(V)—E(Up) > c5

)

Proof. We first observe that

(64) E5(V) ~ £(U0) = [Jpp(u) — Jp, )] + 5

Er(V) = &1(Uo) = 5

&(V) - &1y = 5

so that

(p+1)/p
(6.6) / Upud dx = </ |ug 2P/ (P+1) dw) .
Q Q
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If we use this in (6.5), we end up with

3
Er(V) = &r(U0) + 5 1 fllw-r2(0) llu = uollwr20)

1 (p+1)/p (p+1)/p
> = /,uO’2p/(p+1) dx — /’u‘Qp/(erl) dx _
2 Q Q

By recalling (6.2), (6.4) and using the hypothesis £¢(V) — £¢(Up) < 1, we then get

1 (r+1)/p (p+1)/p
VEHV) = E(Uo) > e ( /Q g 2/ ) da;) - ( /Q 2P/ B+ D) dm) _

On the other hand, we have

(p+1)/p (p+1)/p
(/ |u|?P/ (PHD) dx> _ (/ |u0\2p/(p+1)dx> < / Vil d _/ Up 2 dz,
Q Q Q Q

where we used (5.2) and (6.6). If we now apply (2.6), we get

(p+1)/ (p+1)/
[(/ \u|2p/(p+1) d:):) S — (/ ’uOPp/(erl) dw> e
Q Q

and again we can conclude thanks to (6.4) and (6.2). O

<3| fllw-r20) llu = uolly12q)

Remark 6.3. A closer inspection of the previous proof ensures that we can take

. V2 1
c3 := min , .
V2+3 | flw-r2@) 3V21Iflw-r2

The following result guarantees that it is sufficient to prove stability for potentials saturating
the constraint [, V77 < 1.

Lemma 6.4 (Reduction Lemma). Let V be admissible in (5.1) and such that [,V P dx < 1.
Let us suppose that its energy function u satisfies

(6.7) /Vu2da;zﬁ>o.

Q
Then there exists a potential U > 0 with fQ U Pdx =1 such that
(6.8) Er(V) = Ep(Uo) = €;(U) = &¢(Uo),
and

1 1

(6.9)

VU

<

Proof. Let A = ||V_1||LP(Q) < 1, then we set U = AV. It is clear that U < V, so that
Er(U) < &(V) by the definition of the energy and the first property (6.8) follows. In order to
prove the second, we observe that by (6.4), we have

(r+1)/p
/Vu2dx— </ |u|?P/ (PHD) d:c>
Q Q
1/p
2 - 1 2
/Vudx 1—</Vpdx> :(/Vu dx)]l—)\|,
Q Q 2 \a

where we also used (5.2) in the second inequality. By using the hypothesis on u and the
definition of U, we get

’ 1 1

2
iy T3 (EV) = E00).

£(V) - £5(U0) >

>

N

1-A1< 5 (57 - &h),
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and since by the triangle inequality

1 1 1 1
e IS -~ IR
V Uo LP(Q) U Uo Lr(Q)
we get the desired conclusion. O

Finally, the following very simple estimate will be quite useful.

Lemma 6.5. Let 1 <r,s < oo and g,g0 € L"(Q2) N L*(?). Then we have
|7‘—1‘

g0 L (Q)
(6.10) lgollzr) < llgllzr) + 119 — gollLs () ————1——
HQOHU(Q)

Proof. We can suppose that |go|" ™! € LS/(Q), otherwise there is nothing to prove. For every
©e L"(Q)N LY (Q) we have

’/ go p dx
Q

S/Ig—gollsodwr‘/gsodw
Q Q

<llg- 90\|LS(Q)H<P||LS’(Q) + ||9||Lr(sz) ”SDHLT’(Q)-
If we now choose
v = lgol" % g0,
and then simplify by ||go||7};(1m on both sides, we obtain (6.10). O

6.2. Stability of the potentials. The following is the main result of this section, which is
proved under the integrability assumption (6.11) on ug. For a discussion on this hypothesis,
we refer the reader to Remark 6.7 below.

Theorem 6.6 (Stability of minimal potentials). Let Uy be the optimal potential achieving the
minimum in (5.1). Let us suppose that the optimal function ug is such that
— (p—l)/(p+1>H
(6.11) ca: H|u0| T
Then for every positive potential V' such that [|1/V||Lpq) < 1 we have

1 1 2p(p+1)/(p71)
VU ’

(6.12) E¢(V) = E(U0) > om H

Lr(Q)
for a constant 0,5, > 0 depending only on N,p,ca,cq and || f|lw-12(q) (see Remark 6.8 below).

Proof. We divide the proof into various steps.

Reduction step. Let V be a potential admissible in (5.1). We set

P 2
(6.13) ¢s = min {1, <62263> } :

where we recall that ¢y is the L2?/(PT1)(Q) norm of ug and c3 is the constant in (6.3). Since by
hypothesis

<2

— Y

Lr(Q)

1 1
VU

we can alWayS assuime
Er(V) = &¢(Uo) < 5,

otherwise (6.12) is trivially true with the constant o, = ¢5 4~PP+1)/(P=1) Under this assump-
tion, by definition of ¢5 and Lemma 6.2 we have that the energy function v of V' verifies

(p+1)/ (p+1)/ 2
(/ |v\2p/(p+1)dx> ’ pzl </ \uo!2p/(p+1)dx) ’ pzc—z.
Q 2 Q 2
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This in turn implies that v verifies (6.7) with 3 = ¢2/2 thanks to (5.2). From the Reduction
Lemma 6.4 we thus obtain that there exists a positive potential U with ||1/U||»(q) = 1 such

1 1

<]
LP(Q) U Uo

1 1
VU

+ 5 (&)~ &)
@) ©2

and

Er(U) = E4(Un) < E¢(V) = E7(U0)-
We are going to prove the stability estimate (6.12) for the potential U. Observe that since the
energy gap has decreased, we still have

(6.14) E5(U) — Ex(Us) < cs.
and thus again
+/p 2
(6.15) < / |u|?P/ (PHD) dx) > 52
Q

where u is now the energy function of U. From (6.4) and Proposition 6.1, we have
1
(6.16) £1(U) - E4(U0) > 3 (T + ),

where we introduced the notation

, 0/ o +1) (p+1)/p ,
T :/QUu dx — (/Q |u| PP ) and Iy = HU_UOHW(}Q(Q)'

We proceed to estimate Z; and Zy separately.

Estimate on Z;. For this we use the quantitative Holder inequality (4.2) with

. p+1 |2/ (p+1) gp/(p+1)

g=p+1, =—  [f=UPE

D 97 /(D)
</ U u? dx>
Q
Thus we get

p/(p+1)
</ U u? da:) / |u| 2/ P+ g
Q
pH

1 | < / 0 dx)” N /e e

= 2 (p + 1 1/(p+1) '
(/ U u? dm)
Q Lr+1(Q)
By using (5.2) and (6.15) we have

_Db _Dp
/Uu2 dx o > é r
Q —\2 ’

and by convexity of the function ¢ — t®+t1)/P we have
2 P 22
Uu®dx — [ |u|p*T dx| .
Q Q

2p 1
/Uu2 dz— </ \u|p2f1 dx> : p+ </ |u|p+1 da:>
Q Q
p+1

Thus, for the moment we obtained

21
c3 |u|p+1 Ur+t 1
S

~ portl </ 207 g )w Ut ’
u X
0 Lr+1(Q)

(6.17)
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where we used again (6.15) to estimate the norm of u from below. Observe that we have

p+1 p+1
| 74T T 1 | 741 1
1 T D = i 77
9 1 Upr+Hl ) a1 U
u* U dx u* U dx
Q LrT1(Q) Q Lr+1(Q;U)
p+1 (12
2
[l 747 1
2 o U
u” U dx
Q L2(U)

then by applying (5.2) we get

p+1 p+1

_1 P = 1 U .
9 p+1 UP+1 9 p+1
u“ U dx u“ U dx
Q Lr+1(Q) Q Lr(Q)

We now use the triangle inequality and the convexity of ¢t — tP*1 so that

21 2
]u|p+1 U r+i 1 S |u|p+1 1

p+1 p+1
2 2
|u| P+1 1 1 |u| P+T 1
1 77 > 1 77
2 m U 2p 2p ; U
uw* U dx |u| P+ dx
Q LP(Q) Q Lr()
p+1
2 2
u| P+ |1

(forosn)™ ()],

The last term simply gives

p+l 2p : , ="
) (/ |u|P+T dac) — (/ u Ud:c)
|u|p+1 jul5# Ve 0

p+1

B 2
u de (/ \u]PH d:):) /Qu Udz
Lr(Q)

By keeping everything together, we have obtained

p+1

jul 71 1

Il Z p22p+1 . % - E

(6.18) (/ \UIP“dx>
Q Lr(Q)
1 1 ptl
1 2p P 9 p+1
- — </ |u| PH1 d:1:> —</u Uda:) ,
p2P Q Q
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where as always we used (5.2) and (6.15) to estimate the L?(2; U) norm of u. By using (6.16)

and the convexity of t — tPT1, we get
1 1
2 ptl 2p P
(/u de> —(/ |u| P+ dw) ]
Q

i (3) ([ ([

By using the latter, from (6.18) we can infer

ﬂ&W%&ww>L>@+DLW@Ww

p+1

c3 \u|P+1 1

U
(/ |u|P+1 dx)
Lr(Q)

(ER(U) — EpUO)H.

22p+1

p(p+ 1) ((p+ 1)02>
We now insert the previous estimate in (6.16), use that £¢(U) —E¢(Up) < 1 and take the power
1/(p+ 1) on both sides. The resulting estimate is

1

(6.19) (sf(U) sf(UO)) s .

\u|?+1 1

1 TT )
1U
(/ 7% dm)
Lr(Q))

where cg > 0 is the following constant depending only on p and co

1 1

2 2 PNTHT (g \

6.20 =1+ 2 .
(6.20) “ < p(p+1) ((p+1)03>> (p4p“>

Estimate on Iy. Again by combining the triangle inequality and the convexity of ¢ — t2, we
have

U uo
To = llu=wollyazioy = & || = ol
LPH(Q) L@ w2 ()
2
1 u "o
6.21 56
(6.21) =22 Tl 20 HuoH 25
LPHT(Q) L7 (0) Wy ()
2
el 0 2
W (@) lull 2p = fluoll =2 :
lull 25 LPHT(Q) )
L1 (Q)

We also observe that, by recalling the energy estimate (2.3) and (6.15), we get

[l 1.2
(6.22) ZIWe @)
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In order to estimate the negative term on the right-hand side in (6.21), we can simply use
Lemma 6.2. Indeed, we have

ul| 25 [uoll 25
LPF1(Q) LpFT
lull, 2 T(Q) = lwol +(Q)‘ HUHLT(Q) il +(Q)‘ luol| 2
LT (Q)
1
(6.23) S ||u||27 — Jluoll® 2,
”“OHL%(Q) 2() L7 (Q)
1

< _
< —VEW) - &)
where we used (6.3) (recall that we are assuming (6.14)). By using (6.22) and (6.23) in (6.21),

a further application of Sobolev inequality leads us to

U [

ull 25 ol =
()

)

(6.24) VEHU) — & (U0) > &
71(9) L2 ()

where the constant ¢; > 0 depends only on N, f and co

T 3
(6.25) o7 = \/ . al 8%

g+ I5-12q) 2

Stability estimate for U. We now use Lemma 6.5 with the choices

2
r= erl, s=2%,

and

UQ 1 U UQ
(6.26) 9o = : 9=73 +

[uoll =2 2 | lull 25 l[uoll =2

Lr+1(Q) Lr+1(Q Lr+1(Q)

Thus we get
lfp
HgllL%(Q) >1—cacd™ [lg—goll 2 (g -
since
lgol"" -1 p
Ll T
”gOHLT(Q L) (Q)

which is finite by hypothesis. By combining the previous with (6.24), we obtain!

p+1

4 02
(6:27) loll, 28, o = 1= G/ E50) — &(T0)

1 2
. 2cr QH
Er(U) — &5 (Uo) < min { cs, e )
4

we can assume that the right-hand side of (6.27) is positive.

1Up to further suppose that
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The previous estimate is crucial in order to estimate g — go in L2P/®+1)_ Indeed, by Clarkson
inequality? and (6.27) we can infer

1-p p27p1
prl f C4C§+1

lo =gl 2, <1-fgl’h, <1 (1= VEO) -5 |
LPH () PH(Q) 2¢7

and thus

2p p+
= P c4c
lg — gl "%, < -— 2 \/gf(U)—sf(Uo),

thanks to the convexity of ¢ — t27/(*=1) We now go back to the definition (6.26) of g and go,
so that the previous finally gives

2p
2p p—1
1\ 71
029 (5) A — < L ad \/5f ~&(U0),
2) Tl 2e Tl 2 || s
LT (@) L7 @ || L7 o)

Recall that 2/(p + 1) < 1, thus the function t — [¢t|*®*1) is 2/(p + 1)—Hélder continuous and
we have
p

2 2
|u| 1 |ug|P+1 u ug

< _
2p lull | 2z [ull 25
(/ |u‘p? d;p) </ |u0|P+1 dx) +1 (V) Lr+l(Q)
Q

Thus from (6.28) we obtain

ju| 7T Jug| 74T

(6.29) [Er(U) = E7(Uy)] G > cg - T ’

2p
</ |u| PH1 dm)
Q

p—1 % I
—1 cred®?

where the constant cg is given by
1

6.30 = | -

( ) “ 4 p C4

If we now use the relation (5.4) between Uy and ug, the triangle inequality, (6.19) and (6.29)

we get

ju| 7T ju| P | 74T

Q : ’ z

Lp 2

S TR N (VTP ).
Lr(Q) Q Lr(Q)

(é’f(U) 5f(U0)>p+1 (@(U)—gf(Uo))zf@iw

Ce &

o1
U

IN

et 1< g <2 and hi, he € LI(Q) be two functions with unit norm. Then we have

’h1+h2q h1— hz2||?

<1
D) =

L1(Q)

)

2

La() '
see [16, Theorem 2].
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Observe that since p > 1, we have
-1 1
p _ ,
2p(p+1) p+1
thus it is now sufficient to use hypothesis (6.14) to get (6.12) for U.

Conclusion: stability estimate for V. We now go back to our potential V. By using (6.9), the
previous step and (6.8), we get

1 1 1 1 4
== <= - + = (& (V) = & (U
Vo Uollpeq ‘U Uoll o 3 ( 1V) =&l 0))
< T8 (g,U) - £5(U ))Qﬁf’i”+4 (&r(v) = &ru0)
s & 7o 2 & 7o
ce+cg 4 D)
< _ _
< |2 5 (e - gstww) 7
where we also used that £¢(V') — £¢(Up) < 1. This concludes the proof. O

Some comments on the previous result are in order.

Remark 6.7 (Integrability assumption on ugp). We point out that
p—1
0< (29— <2, for every p > 1,
@) o y P

thus the condition (6.11) of Theorem 6.6 is always satisfied if 2] < +00. When || = +o00, this
is still verified if f decreases sufficiently fast at infinity. For example, by appealing to Theorem
A1 in the Appendix this holds true for f € L"(Q2) with » > N/2 and

1 N+2
|f(x)|:O<|x|a>, for |z| = oo, a>T+.
Observe that the condition on « is the minimal assumption for ||~ to be (2*)'—integrable at
infinity.

Remark 6.8. A closer inspection of the previous proof informs us that a possible value for
the constant oy, in (6.12) is

_2p(pt+1) LH 2
cgt+cg 4 p1 —petn [ 2c7cy s
y €5 P 5 E—

C6 C8 C% C4

where the constants cs, cg, ¢7 and cg are defined in (6.13), (6.20), (6.25) and (6.30).

6.3. Stability of the state functions. By suitably combining some of the estimates we used

so far, we also get a stability result for the energy functions in the natural space VVO1 2((2) N
L2P/ (et (),

Proposition 6.9. Under the hypotheses of Theorem 6.6, we have

p—1
2p 2 2
(6.31) (&)= &%) ™ = [nu ~ uolfaagy + lu = woll? 25 ]

for some constant ¢ > 0 depending on N,p,c2,ca and || flyw-1.2(q)-
Proof. We first observe that by (2.3) we have

[|u — UOHWOLQ(Q) < HUHWOLQ(Q) + HUOHWOLQ(Q) <2 ||f”W—172(Q)7
and by (5.3)

- < < V2 - .
=0l zg, o <l 2, ) + ol 25, ) < V2 IS lw-200)
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Thus we can assume without loss of generality that
Er(V) = &r(Vo) <1,

otherwise the result is trivially true. From (6.4) and (6.2) we already know

1 2
£1(V) ~ (V%) 2 5 llu — ol Zn

and by (6.28)

Ap
p—1
U U
9 <& (V) = &M,
[ull 25 [uoll 25 2
Lr+i(Q) Lrti(Q) |l L1 ()
with
p—1 2 4p
p—1credt! (1)1'—1
cg=|——=— = .
p C4 2
Moreover, by the triangle inequality it is not difficult to see that
lu—wuoll 20  <|llull 20 —lluoll 2o
Lp+1 Lp+1 Lr+1(Q)
u U
+ 2 — 0
[ull 2 [uoll 2 2y
Lr+1(Q) Lt (Q) || 1p I(Q)

By combining these estimates and using (6.23), we get the desired conclusion.

O

Remark 6.10. By interpolation, it is easy to obtain a stability estimate like (6.31) in L"(Q)

for every 2p/(p+1) <r < 2* and in WOS’Q(Q) for every 0 < s < 1.

APPENDIX A. SHARP DECAY ESTIMATES FOR NON AUTONOMOUS SCHRODINGER EQUATIONS

Given 1 < p < oo, we set for simplicity ¢ = 2p/(p + 1) which is always between 1 and 2. In

what follows we still denote by ug the unique minimizer of

Iostw) = [ ulass g ([ urac)” - (0

The aim of this Appendix is to prove some decay properties for the optimal function ug, in the

case |Q2] = 4+-00. We can confine ourselves to consider the case Q = RV,

Theorem A.1l (Properties of ug). Let r > N/2 and f € L"(RYN) be such that there exist

C,R>0 and o > (N +2)/2 with

[f(@)] < Clz|™, for |z] = R.
Then there exists M = M(||f| p»®~y, c2, C, R, ) > 0 such that
(A.1) lup(z)| < M, r e RV,
Moreover, if we denote by w € W&’Q(RN) the unique minimizer of

U

1 21
=2 [ |VuPde+ 22— 74 —/ S N— )
I () 2/RN‘ ulde = f M L T e

then there exists T =T(M,C, R,«) > 0 such that

(A.2) lug(z)] < T2 (%) . zeRY.
In particular, we get

(A.3) [ug(w)| < C' ||~/ 17D, for |z| > 1,

for some constant C' > 0.
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Proof. We first observe that if f > 0, then the unique minimizer ug is positive since Jj, ¢(|u|) <
Jp¢(u). We also notice that it is not restrictive to prove the result for f > 0. Indeed, if f is
not positive, by using the minimality of ug and the fact that f < |f], it is not difficult to see
that

lug| < wo,

where 4 is the unique minimizer of J, ;. We thus assume f > 0 in what follows and divide
the proof in three parts.

Boundedness of ug. The integrability of f already implies that ug € L?OOC(RN ), see [18, Chapter
7]. Also, since ug solves

2—q, q-1 _
—Aug+cy “uy = f,

it is the unique minimizer of the functional

~ 1 2—q
pf(u) == / \Vu]Qdm—i-cL / \u|qu—/ fudz,
’ 2 RN q RN RN
as well. Let M > 0, by testing the minimality of uy against ¢y = min{ug, M}, we get

_ _ 2—q 2—q
Jp7f(g0M)—Jp,f(uo)§CQ— qum—CQ— / ugdx+/ f(ug— M) dx
q {uo>M?} q {uo>M} {uwo>M?}
2—q
__2 / (l — M9 de+ [ f (uo— M) da.
q {uo>M} RN

We then observe that

ud — M9 > g M (ug — M).
If we take

_ 1/(q—1)
M:max{HuOHLw(BR), (Cg 2CR—a) }7
then we have
{up > M} C {x : |z| > R},
so that
fle) <Clz *<CR™“ §c§7qu_1, on {ug > M}.

In conclusion, by using the choice of M and the decay of f, we get

T, (@ar) = Tp,p(uo) < /N (f — 2 Mq—l) (ug — M) 4 dz < 0.
R
By uniqueness of the minimizer of uy we get that ¢j; = ug and thus ug < M in RV,

Comparison. In order to prove the second assertion, we start observing that o > (N + 2)/2
guarantees

h(z) = (1+ |a:\2)‘°“/2 e L&V (RN c W 12(RY),

thus a function w minimizing J exists, is unique and radially decreasing. Moreover, it solves

—Aw+ ¢ Twit = h, in RY.
The rescaled function
wy(z) = 2/(2=9) 4 (%) ) t>0,
then solves
—Awy; + cg_q wg_l = hy, where  hy(z) = t2(07)/C=0) p, (%) )

Since by the first part of the proof ug is bounded and w;, > wy, for t1 > to, we can find a Ty
sufficiently large such that

(A.4) we(z) > up(z), for x| <R and t>1T.
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In addition, if we define
T} = max {R, (202 C R~)(2-9)/(2 q—2)} :

by hypothesis on f we get?
2q—2+a 2q—2
t 2-4q t2-¢ R® C
> > > f(x), for x| >R and t>T.
(12 + [2|2)/2 ~ 2072 |z]> ™ |z

(A5) () =

We now define T' = max{Ty, 71} and test the minimality of uy against the function ¥ =
min{ug, wr}. Thus we get

-~ ~ 1
02 Foglun) = o) 2 5 [ (Vuol = [Vurf?) do
{wT<u0}

21
+ 2 / ul —wl) dx
7 oo (ug — wf)

- / f (up — wy) dz.
{’LUT<’LL0}

By using the convexity of the functions involved and the equation solved by wr, we thus get
0> / (Vwr, V(ug — wr) ) de+ 377 / wh ™ (up — wr)y da
RN RN

[ F o - wr)y de = / (h — £) (o — wr)s do.

RN RN
By combining (A.4) and (A.5), we have
hr(x) = f(z), on {ug > wr},

thus we would obtain that ¢ is a minimizer of jp7 ¢. By uniqueness, {7 = ug and thus (A.2)
holds true.

Decay estimate for ug. Finally, the estimate (A.3) simply follows from (A.2) and Lemma A.3
below, applied to the rescaled function wr. O

Remark A.2. A different way to compare ug with a radial function and obtain (A.3) could be
that of using symmetrization techniques. More precisely, one could look at the radial solution
of the symmetrized problem
—Av + cg_q it =

where f* denotes the Schwarz rearrangement of f (see [21, Chapter 2] for the relevant defini-
tion). There is a huge literature on results which permit to compare u§ and v (see for example
[1, 26]), but the presence of the nonlinear term cg_q v?~! complicates the task. An interest-
ing result covering this case is contained in the recent paper [19] by Hamel and Russ, which
however deals with the case of a bounded domain €. Since it is not clear whether this strategy
could work or not, we decided to take a different path, which just uses the minimality of ug.
We also refer to the related discussion in [27, Sections 5.2 and 5.3].

Lemma A.3 (Sharp decay estimate). Let N > 3,1 < q¢ <2 and o > (N +2)/2. Let us suppose
that u € W(}’Z(RN) N LARN) is a smooth positive radial function verifying

—Au+au?t <blz|7, for |z| > R,

3For the first inequality, we just use that for x,¢ > R we have

2>\ % ER s
14+ — <1+ — <2 —_—
( T =\!tR) = Re
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for somea, R > 0 andb > 0. Then there exists a constant C > 0 depending on o, q, R, a, Hu||W1,2(RN)
0
and ||u| awny such that

(A.6) 0 < u(z) < C a7/ @), for x| > 1.
Proof. We divide the proof in two parts: in the first we prove that if
—Au+au?t <blz|7, |x| > R,
for v > (N + 2)/2, then the following weaker decay estimate holds
(A.7) 0 <u(z) < Celz|777e, for x| > 1,

for every ¢ > 0. Then we will get (A.6) by using a contradiction argument and a suitable
maximum principle.

Part 1: weak decay. We first observe that Lemma A.5 below already implies that

2
u(p) < o™, where =(N-1)——.
(0) S e Bo = ( )54
If v < o, then (A.7) holds and there is nothing to prove. We can thus assume that v > f.
We are going to prove (A.7) by using a recursive argument, namely we will prove the following

implication:

(A.8) |u(o)] < cgfﬁ, for o > rg and 8 > By = lu(o)| < o W?B, for o > 7”6.

By starting from 8 = 3y and iterating a finite number of times (A.8), we will get the desired
result. Indeed, observe that since v > (g, the sequence

+ .
Bi+1 = 7 2&

is monotone increasing and converges to -.

To prove (A.8) we adapt a classical argument that can be found for example in [3, Lemma 2],
but some care is needed in order to deal with the non-autonomous term. Also, for notational
simplicity we give the proof just for a = b = 1. Then by hypothesis we have that u verifies

N -1
o
The function v(0) = o™ =1/2 u(p) verifies

u”(0) + u(0) —u(e)”'>-077,  o>R.

N—-1

C
v > []QV + (u+ 1)‘12} v—o 2 7, 0> R.
Q

We then make the further substitution w = v?

1

C _
% > (V) +w [;V—i-(l—i-u)qﬂ — 0T Y, 0> R
Y
As we already know that u — 0 as ¢ — 0, we have

Cn

R R 0>R

m

2 )

where m > 0 is a suitable constant. Thus we obtain that w verifies
N—

(A.9) W —mw>—-20 7 7, 0> R.

We then set
2(0) =e V™ (W' (0) + Vmw()), o>R,
thus we get
2 (o) = e~Vme (w"(g) — mw(g)) > -2 e*‘/ﬁgg%”’ Vw, o> R.
where we used (A.9). In order to prove (A.8), we assume that

lu(o)| <co™®,  o>ry>R,
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for B > By, then by recalling that w = o™V~ u? we get

N-1_
Vw(e) <coz P, o>

Thus for 2z’ we can infer
(A.10) Z(0) > —ce Ve NI g s,
Let us now take the (negative) function 7 defined by

+o0o
n(o) = —c / [e_‘/ﬁs SN_I_V_B} ds, 0> Trp.
)

Observe that 7 is strictly increasing and 7 goes to 0 as g goes to co. Then from (A.10) we get
Z(0) = —ce VTN = —if(0), 0>y,
that is z + 1 is non decreasing on (79, +00). Let us suppose that there exists 71 > rg such that
z(r1) +n(r1) >0,
then by monotoncitiy of z + 1 we obtain
eV (2(0) +n(0) = /™ (2(r) +n(r1)) >0, o>

The previous gives a contradiction, since the right-hand side is not integrable on (71, +00),
while the left-hand side is. Indeed, observe that?

eV 2(0) = w'(0) + Vmw(o) € L}((r1, +00)),

and eV 7 is integrable at infinity by construction, since
+o0o
/ [efms sNﬁl*W*B] ds
0

e—\/mg =0
and the latter is integrable on (r1,400) thanks to the fact that v > (N 4 2)/2 and 8 > fp.
From the previous argument, we get

z(0) < —nl(o), 0 > 70,

(A11) eVmen(g) ~ N=1=y=6

that is
(e‘/mé’w(g)y = Ve (w'(0) + vmw(o)) = 2V 1) < —e2V™2 (), 0> Tp.

This in turn implies

0
0 <w(p) < e"Vme [C —/ ezﬁsn(s) ds} , 0> rp.
R

By recalling the definition of n, we get

0 2y/mo
—vmo 2y/ms ~ € 77(@)
e /R e n(s)ds ~ e

thanks to (A.11). This finally implies the following decay of w at infinity
w(e) <C NI 0>,
and by going back to u, we can finally infer
we)=vwe' s <VCo7 o7 E =V0eH, o>l
This concludes the proof of (A.8) and thus of (A.7), as already explained.

~eVmen(o) ~ NI o1,

4We have that w = ¢V ~'u? which is integrable near oo since u € Wy 2(RY) N LYRY) ¢ L*(RY). On the
other hand, w’'(p) = 2v(0) v'(g), with

v(0) = vw(o) € L2((r1, +0)),
and
W () S [ule)+o 7 [ (o) € L*((r1,+00)).
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Part 2: sharp decay. We now prove (A.6). Let us assume by contradiction that u verifies

(A.12) lim u(z) |z = 400

|z| =00
This implies that for every € > 0 there exists a radius R. such that
lz| ™ < eu(x)r, |z| > R..
By taking € = a/2, we thus get that u verifies
a
—Au + 3 ul™! <0, |z| > R..

Thus by (A.7) we get that v = o(|x|™7) for every v > 0, as |z| goes to oco. This clearly
contradicts (A.12), thus

0 < liminf u(z) |20V < 400

|z|—o00

This implies that there exists a sequence {7y }ren of radii converging to oo and a constant
A > 0 such that

u(z) < A ‘xy_a/(q_l), for ke N and |z| = rg.

We now take @(z) = A|z|~*/(@=1 where A > A is a constant large enough such that there

exists a radius R > 1 for which
~AU+au?t > bz, for |z| > R.
We take ko = min{k : r, > R}, then we claim that
(A.13) u(z) < u(z), for rp < |z| <rpy1 and k> ko.
If (A.13) were not true, there would exist a radius rj such that

u(y) —u(y) == min (a(z) - u(z)) <O0.

Tk§|$\§7“k+1
Since by construction we have
0 <u(z) —u(x) for |z| =1k and 0 <u(z)—u(x) for |z| =1k,

then y would be an interior minimum point of @ — uw. By using this and the differential
inequalities verified by u and @, we would get

0 < Aufy) — Auly) <a(a(y)™" —u(y)™!) <0,

thanks to the strict monotonicity of ¢ — 91, This gives the desired contradiction, thus (A.13)
holds true and the decay estimate on w is proved. O

Remark A.4. Observe that the last part of the previous proof also shows that estimate (A.6)
is the best possible.

In the previous proof we used the following result, which is essentially due to Strauss, see
[24, Radial Lemma 1]. The statement is slightly more general (the original case corresponds to
g = 2), the proof just relies upon Holder inequality.

Lemma A.5 (Strauss lemma). Let N > 2 and u € Wol’Q(RN) N LYRYN) be a radial function,
where 0 < q < co. Then we have

(A.14) lu(z)[2T1 < Sy n || 2N </ |Vu]2d:c> </ |u]qu>, zeRY,
RN RN

where
1 2+44¢\?
Sy N = —_—
N (NWN 2 >

and wy s the measure of the N-dimensional ball of radius 1.
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Proof. Let u € C§°(RY) be a radial function, for every p > 1 we have (with a small abuse of
notation)

+oo +o0
wep=- [ Ghu@Pd=-p [ d@@P u@d o>

By taking p = (2 + ¢)/2, we thus get

2 too
(@) < 228 [ @) )
4

<2%4 1N I o/ (8)| # VD72 (Ju(t)| /2 ¢V -D/2) gt 0

S5 u u(t)| , 0> 0.
0

We now use Holder inequality, then for every o > 0

2+q +oo 1/2 +o00
(A15)  |u(p)|?H9/? < — ot ( / |/ (£) 2tV 1 dt> ( / ()| ¢V 1 dt)
e 4

By noticing that for a radial function

1/2

1/2

(/]RN ‘Vu!2dx> v =+/Nwy (/O+OO ! (1) ¢! dt) 7

</R” u|qu)l/q = (Vo) ( / e dt>1/ :

from (A.15) we finally get (A.14) for smooth functions. The inequality for u € Wy *(RN) N
Li(RY) is obtained by a standard density argument. O

and
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