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Abstract In this paper we study fractional powers of the Bessel differential
operator. The fractional powers are defined explicitly in the integral form without
use of integral transforms in its definitions. Some general properties of the fractional
powers of the Bessel differential operator are proved and some are listed. Among
them are different variations of definitions, relations with the Mellin and Hankel
transforms, group property, evaluation of resolvent integral operator in terms of
the Wright or generalized Mittag—Leffler functions. At the end, some topics are
indicated for further study and possible generalizations. Also the aim of the paper
is to attract attention and give references to not widely known results on fractional
powers of the Bessel differential operator. This class of fractional operators is in
close connection with transmutation theory and classic transmutational operators.
We also study connections of Bessel fractional operators with different kinds of
integral transforms.
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1 Introduction

We study the differential Bessel operator in the form

sV d
B,:=D"+ D, v>0, D:= , (1)
X dx
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and its fractional powers (B,,)“, « € R. This operator has essential role in the theory
of differential equations both as a radial part of the Laplace operator and also as
involved in partial differential equations with Bessel operators. Such equations were
called B-elliptic, B-hyperbolic and B-parabolic by I.A. Kipriyanov and intensively
studied by his scientific school and many others researchers, now the term “Laplace—
Bessel equations” is also used. For equations with Bessel operators and related
topics cf. [1-3].

Of course fractional powers of the Bessel operator (1) were studied in many
papers. But in the most of them fractional powers were defined implicitly as a
power function multiplication under Hankel transform. This definition via integral
transforms leads to many restrictions. Just imagine that for the classical Riemann—
Liouville fractional integrals we have to work only with its definitions via Laplace
or Mellin transforms and nothing more without explicit integral representations. If
it would be true, then 99% of classical “Bible” [4] and other books on fractional
calculus would be empty as they mostly use explicit integral definitions! But for
fractional powers of the Bessel operator at most papers implicit definitions via
Hankel transform are still used.

Of course such situation is not natural and in some papers different approaches
to step closer to explicit formulas were studied. Let us mention that in [5] explicit
formulas were derived as compositions of Erdélyi—Kober fractional integrals [4]
on distribution spaces, in this monograph results on fractional powers of Bessel
and related operators are gathered of McBride’s and earlier papers. An important
step was done in [6] in which explicit definitions were derived in terms of the
Gauss hypergeometric functions with different applications to PDE, we also use
basic formulas from [6] in this paper. The most general study was fulfilled by
I. Dimovski and V. Kiryakova [7-10] for the more general class of hyper-Bessel
differential operators related to the Obrechkoff integral transform. They constructed
explicit integral representations of the fractional powers of these operators by using
Meijer G-functions as kernels, and also intensively and successfully used for this
the theory of transmutations. Note that in this and others fields of theoretical and
applied mathematics, the methods of transmutation theory are very useful and
productive and for some problems are even irreplaceable (see e.g. [11]). In [12, 13]
simplified representations for fractional powers of the Bessel operator were derived
with Legendre functions as kernels, and based on them general definitions were
simplified and unified with standard fractional calculus notation as in [4], and
also important generalized Taylor formulas were proved which mix integer powers
of Bessel operators (instead of derivatives in the classical Taylor formula) with
fractional power of the Bessel operator as integral remainder term, cf. also [14, 15].

This class of fractional operators is in close connection with transmutation theory
and classic transmutational operators such as Sonine and Poisson ones [16, 17].
We also study connections of Bessel fractional operators with different kinds of
integral transforms: Hankel, Mellin, Erd’elyi—-Kober, Mejer, integral transforms
with Wittaker, Wright, Mittag—Leffler and hypergeometric kernels.
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2 Definitions

2.1 Special Functions and Integral Transforms

In this subsection we give definitions of some special functions. Special functions
enable us to introduce integral transforms connected with these functions such that
a new problem can be attacked within a known framework, usually in the context of
differential equations and their generalizations.

Let start with normalized Bessel functions.

The symbol jy is used for the normalized Bessel function:

2°T(a + 1)
tO{

Ja(t) = Ju (1), Ja(0) =1, Ja(0) =0, 2

where J, (¢) is the Bessel function of the first kind of order « (see [18]):

e¢]

(_1)’" X\ 2m+a
Jal¥) =) m! T (m + a + 1)<2> '

m=0

Function J,, first defined by the mathematician Daniel Bernoulli and then general-
ized by Friedrich Bessel (see [18]).

Using formulas 9.1.27 from [19] we obtain that the function j,(¢) is an
eigenfunction of a linear operator B,:

(By)rjusa (1) = —zzjvgl (t1). (3)

We also will need some other normalized Bessel functions. Normalized Bessel
functions of the second kind y, is

22T (e + 1)
tO{

Ya(l) = Yo (1), “)

where Y, is the Bessel functions of the second kind. Function Y, for non-integer o
is related to J by:

Jo(x) cos(am) — J_g(x)

Yo(x) = sin(ar)

In the case of integer order n, the function Y, is defined by taking the limit as a
non-integer « tends to n,

Yo (x) = lim Y (x).
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Normalized modified Bessel functions of the first and second kind I, (x) and
Ko (x) are defined by

29T (a + 1) 29T (a + 1)
o

io(t) = 1o (1), ko (1) = Ky (1), &)

tO{
where modified Bessel functions of the first and second kind I, (x) and K, (x) are
> 1

I, (x) =i %y (ix) = Z

m=0

)

X\ 2mto 7T I _o(x) — I(x)
) Keo=D
m!I'(m+a+1) \2 2 sin(ar)
when « is not an integer and when « is an integer, then the limit is used.

Next we consider generalized hypergeometric functions which have many
particular special functions as special cases, such as elementary functions, Bessel
functions, and the classical orthogonal polynomials.

A generalized hypergeometric function is defined as a power series

o]

@n--- (ap)n 7"
F (ai,...,a,;b1,...,by;2) = .
prath e S e T ;)(bl)n---(bq)n !

The functions of the form ¢ Fi(; a; z) are called confluent hypergeometric limit
functions and are closely related to Bessel functions J, and I,. The relationships
are

Ja(x) = r(fle o (e+1:-%).
_ G g
L) = [ P 0 (at1:y)

or
%2 . ) .
oF (;06+1;—4>=Ja(x), oFi (;06+1; 4)=la(x)-
Beside we need function | F»(; a; z). It is known (see [20]) that for ¢ > 0, & > 0,

t>0

t

20 22
2 N\ &7t 1°§
"= Jy ué)dt = PBlLat+ly+1;—

/( u) u—"Jy () 2 +igr(y + 1) 12 at+ly+ 4

0
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andfory <2, >0,£>0,r>0

t

2a 242
2\ &7t 17§
== I dt = 1 1, 1; .
/( ! ) T MR REc] G AL
0

Next we present Whittaker functions which are appear in kernel of integral
transform connected with fractional Bessel integral.

Whittaker functions M, ,(z) and W, ,(z) are special solutions of Whittaker’s
equation

d*w 1« 1/4—pu?
- =0.
dz? +< 4~|_zjL z2 )w

They are modified forms of the of Kummer’s confluent hypergeometric functions
were introduced by Edmund Taylor Whittaker by

1 1
My, (z) =exp(—z/2)Z" 2 M (u — K+ 5 1 +2u;z>,

1 1
Wien (2) = exp (—z/2) 2" T2U (M —Kk+ 5 1+ 2u; z>, (6)
where
X (n),n
aVz
Maby=3 " =1Fi@bz).
n=0
and
ra-—-»anr re-1 ,_,
Ua,b,z2) = M(a,b, M 1—-b,2-b,72).
(a,b,z) Fa+1-b) (a,b,z)+ I'(a) Z (a + 2)

are Kummer’s functions.

The Whittaker functions M, ,(z) and W ,(z) are the same as those with
opposite values of w, in other words considered as a function of p at fixed « and
z they are even functions. When « and z are real, the functions give real values for
real and imaginary values of u.

2.2 Integral Transforms

In this subsection we give definitions of integral transforms which can be used in
dealing with differential equations with fractional Bessel derivatives on semi-axes.
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The Mellin transform of a function f : Ry — C is the function f* defined by
o
76 = M) =[x feoar
0

where s = 0 + it € C, provided that the integral exists.

Following to [21] as space of originals we choose the space Pf ,—00 <a<b<
oo which is the linear space of R, — C functions such that ¥ f(x) € Li(Ry)
foreverys € {p e C:a <Rep < b}.

If additionally f*(c + it) € L;1(R) with respect to T then complex inversion
formula holds:

c+ioo

1
[Mlef o =rw =, [ xPewas

c—ioo

For functions €LY (R ) the Hankel transform of order ”51 > —é is

FLf1E) = f&) = /jvgl (x§) f(x)x"dx.
0

Let feL](R4) and of bounded variation in a neighborhood of a point x of
continuity of f. Then for v > 0 the inversion formula

e¢]

/ Joy (6) F(6)8" de

v+1
2 0

1—v

—~ 2
FUf100) = fx) =
2 (

holds.
For functions f the integral transforms involving Bessel function Kv-1, v > 1
2

as kernel is the Meijer transform defined by

o]

Kulf16) = F§) = fkvgl (x§) f(0)x"dx.

0

Let f € Lll"C(RJr) and f(t) = 0(#3’5) ast — +0 where g > J —2ifv > 1
and B > —1if v = 1. Furthermore let f(t) = O(e*') as t — +o00. Then its Meijer
exists a.e. for Re& > a (see [21, p. 94]).

Ifo<v < 2 and F (&) is analytic on the half-plane H, = {p € C : p > a,
a<O0ands2 'F(§) —, |§] > +oo, uniformly with respect to arg s then for any
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number ¢, ¢ > a the inverse transform K ! is

c+ioco
e (N .
ifim = s = [ P aoeae.
c—i0o
Generalized Whittaker transform is

8]

WE F)00 = f (xtfe' S W, (22 f(di

0

with p, y € C and k € R, containing the Whittaker function (6) in the kernel.

2.3 Fractional Bessel Integrals and Derivatives on Semi-axes

In this section we give definition of the fractional Bessel integrals on semi-axes
following to [5, 6, 12, 13, 22, 23].

Definition 1 Let f is integrable by (0, co) with the weight p(x), « > 0. The
integrals

x 2a—1
—a o 1 yy\V x2_y2
(B, 04+ NX)=UBy, oy [)x) = F(2a)/<x> ( 2x
0
v—1 y?
2Py (ot e 2as 1= ) F()dy )
and
(B f)o0) = UBS_ o) = ) fyz_xz A (e T w2e1- ) o
w2 ) = UBy _ f)x = raw | < 2 ) 2 1<0t y %2 _yz)fy) Y
(®)

are called left-sided fractional Bessel integral and right-sided fractional Bessel
integral on semi-axis [0, co) of order «, accordingly. In the case of the integral (7)
the weight p(x) = x***" and in the case of the integral (7) the weight p (x) = x*.

In Definition 1 function > Fi(a, b; c; z) is the hypergeometric function defined
for |z| < 1 by the power series

o0

2F1(a,b;c;z) = Z

n=0

(@n()n 2"
() n! .
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For complex argument z with |z| > 1 function 2 Fi(a, b; ¢; z) can be analytically
continued along any path in the complex plane that avoids the branch points 1 and
infinity.

Using formula 22 p. 64 from [24] of the form

2Fi(a,b;c;20) =1 —2)"%2F <a,c —b;c; ¢ 1)
7 —
we can rewrite (7) as
x*—y 201 v—1 x2
(B, o, )x) = I )f< ) 2 Fy <a+ ) % 2a;1—y2)f(y)dy-

€))

In [12, 13, 15] was shown that formulas (7) and (8) can be simplified using
formula 15.4.7 p. 561 from [19]

2F1(a, b; 2b; z) =

_ 2b-1 U 1, M (ba)) b _z 1
=2 F(b+2>z2 (1 z)< 2)P2 2[(1 2>\/1—z]

So, we can write fora > 0

r b 11
B, ¢, [x) = 22/17;(00 /(x2 e ()yc)z P [2 <;C + i)} FO)dy
0

and

—a W7 oo2 rww! (VN2 a1l (x y
(B, )(x) = 22a,lw)/(y —aems (V) P [2 (y +x)}f(y)dy

where f(x) € Li1(0,00). Here the kernels of the fractional Bessel integrals on
semi-axes are expressed using two-parameter Legendre functions instead of three-
parameter Gauss hypergeometric functions.

Next we give some known facts proved in [22, 23].
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2.3.1 Basic Properties of the Fractional Bessel Integrals on Semi-axes

1. For v = 0 we have

(Bye, () = r(z : / (= 2 f )y = (2 ), (10)
1 o
BoZ N = Loy / v =0X 7 (dy = T2 (), (11)

where Ig_""_ is the left-sided Riemann-Liouville fractional integrals (see formula

5.1 on p. 94 in [4]) and I?* is the Liouville fractional integral (see formula 5.3
on p. 94 in [4]).
2. When a=1 if limog(x)zo, lim0 g'(x)=0 the left-sided fractional Bessel
x—+ x—+

integral on semi-axis is the left inverse to the differential Bessel operator

(By 4y Bug(x)(x) = g(x)
and when a=1 if lim g(x)=0, lim g (x)=0 the right-sided fractional
Bessel integral B_ is the left inverse to the differential Bessel operator

(B, LBug(x)(x) = g(x).

3. The formula for integration by parts is valid on proper functions:

e¢]

/f(X)(B,, 0+8)(x)x"dx = fg(X)(B.IO_‘f)(X)XUdX- 12)

0

Definition 2 Let « > 0. The left-sided fractional Bessel derivative and right-
sided fractional Bessel derivative on semi-axis [0, o) of order « are defined by
the next equalities, accordingly

(B} o /)(x) = (DB} o [)(x) = By(IB, 7, [)(x), n=la]+1 13)

and

(By _f)(x) = (DBy _f)(x) = By(IB} * f)(x), n=[a]+ 1 (14)
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In [5] spaces adapted to work with operators of the form B;‘ opand By o €R
were introduced:

dkg

F,,:{(peC"o(O,oo):xkd & eL”(O,oo)fork:O,l,Z,...}, 1 <p< oo,
X

k

d
Foo = {(peC"o(O,oo) 2 ¥ - 0asx — 0+ andasx — oofork:O,l,Z,...}
X

and
Fp,uz{(p:xf“go(x)er}, 1 <p<oo, u e C.

We present here two theorems that are special cases of theorems from [5].

Theorem 1 Let « € R. For all p,u and v > 0 such that ,u;é[l)—Zm,

o
y,0+

Sfrom Fyy, winto Fp ,—2q. If also 200 # 1 — 11) +2mandy — 20 # 11) —p—2m+1,

m=1,2..., then B;‘ 04 @ homeomorphism from Fp, v onto F), ;2o with inverse

y;é}) —u—2m+1, m=1,2... the operator B is a continuous linear mapping

B;;‘()[)+'
Theorem 2 Let « € R. For all p,u and y > 0 such that ,u;ﬁ}lj—Zm + 1,

y;é}) —u—2m, m=1,2... the operator By _ is a continuous linear mapping from
Fy — 420 into Fy ,, where ; =1- [17 If also 200 # p — [1) 4+ 2m — 1 and
Yy +2a #u— 11) +2m,m=1,2.., then B}‘f,_ a homeomorphism from Fy ;124

o —
onto Fg —,, with inverse B, ”.

3 Factorisation

Following [6] and [5] we present next results.
LetRe(2n+ ) +2 > 1/p,and ¢ € F, .. For Rea > 0, we define 1;"*¢ by
formula

X
2
L(x) = @) x T2 /(x2 —u?)* WP y(w)du. (15)
0

Let Re(2n — ) > —1/p, and ¢ € Fp . For Rea > 0, we define K¢ by
formula

oo
2
K] “p(x) = r@ x? /(u2 —x)* T2 0 g ) du. (16)
X
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The definitions are extended to Re « < 0 by means of the formulas

1 d
% = (p+ o+ DI Hg 4 prett 49 (17)
2 dx
and
, atl 1 e+l do
Kl = (n+a) K (p—ng"‘* x (18)

Theorem 3 The next factorizations of (7) and (8) are valid

o 1 [ u\v [ x? —u?
B0+ D=1 54 / (x) < 2 )
0

20—1 v—1 M2
2 F (cx + ’ yo 2051 — x2> o)du =

X\ 2o Ufl’
=(3) B B (19)
00 _
B ) = / Yo\ H [ L P fod
xX) = o ,o; 20 1— =
V= I (2a) 2y 20 2 y2 ) I
X
1—v
=272K,? Ky xM (20)

where
X
IO,Ol(p(x) — 2 ‘x720[ /(X2 _ uz)aflu(p(u)du
2 T'(a) ’
0

X
2
122 ,Ol(p(x) _ I )xl—v—Za/(x2 _ uz)“_lu”(p(u)du,
o

Ky “p(x) = F(za) / ® =)' 9 (w)du.

(0.¢]
I—v 2
K22 ,Olw(x) _ F(a) xl—v/(MZ _x2)a—1uv—2(x¢(u)du.
X
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Proof We have

Ba _ 1 ; u\y [ x2 —u?
(Bo04+9) () = F(Za)/(x) ( 2x )
0

2a—1 2

v—1 u
2F o+ yos 20 1 — ou)du =
2 x2

v—1
_ Ned
=2 2o¢x2a12 2 I;),oz(p —

S22 i X

F ) 2 2ya—1
@) L* 7y "‘/(y —u?)* up(u)du =
0

X y

xR /(x2 - yz)"‘_ly”‘z"‘dy/(y2 —u®)* upu)du =
O 0

22—2ax2<x
T 2w

22*20{

x
= FZ(O{)x17U / ”‘P(”)dbl/(y2 - u2)a71(x2 — yz)aflyvf&xdy.
0 u

Let find

X 2

X
1 v
/(y2 _u2)0{71(x2 _y2)a71yv72otdy — {y2 — t} — ) /(l _u2)a*l(x2 _t)afll zlfadt —
2

u u

r 2a—1 1— 2
= VL) <x2 - uz) Ty 2 Fy ((x + v,a; 2051 — x2) .
22a ((x + %) 2 u

Using formula

2Fi(a,b;c;2) =10 -2 F (a,c—b; c; . i 1)

we obtain

1—v o x2 1—v. ) x2
2Fi o+ ) ,ot,201,1—u2 =rF |, o+ 5 205 1 — , )=

2\ v—l.z. u? X2\ v—1 . u?
=\ ,2 2Fi o, o+ ) ,a,l—x2 =2 2F |+ , % oz,l—x2
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and

X
/(yz _ MZ)Ol—l(xz _ y2)(x—1yv—20{dy —

u

_ 2\ ¢ 2
= V() (x2 — uz)za : y2etvl (x ) Py al <oz,oc + v 1;20(; 1— u2> =
22y (a+ ;) u 2

r 20—1 —1 2
_ VT (a)l (x2 - uz) TR Y O (a,a + 7 21— ) :
22T (o + 1)

Finally

X

2(1—-2«a) 20—1
(B, 5.9)(x) = 2 v xlf"*z‘x/ (xz—uz) R

,0
o ()T (a n ;) )
v—1 u?
2oFi la+ yo 205 1 — o(u)du.
2 x2

Applying the duplication formula

INCHIN (a + ;) =2172¢ /7T 2a)

we obtain

—a 212 —v—2a r 2ol v v—1 u?

(B“’O+(p)(x):l"(2a) x! 2 /(xz—u2> u 2 F1 (oz—i— 2 ,a;2a;1—x2)<p(u)du=

1 ; x2—u? 201 u\Vv v—1 ’ u? J

= F o5 205 1 — .

F(2(x)f ( 2x ) <x) 2 1<a+ y U x2>¢(”) .
0
which gives (19).

Now we proof (20). We have
1—v
B, % =27%K,> “K)*x*p =

21—205

o0

'V 2 a1

= I'(e) K,* /(u — )" upu)du =
)7
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2220 *® 00
= 1"2( )xl—v /(yZ _x2)oz—1yv—2ady/(u2 _ yz)“_lugo(u)du _
o
* y

22 i A 2 2a—1,.2  2a—1_v-2
= P2 ‘”/ucp(u)du/(u — Y)Y =Xy dy.
X

X

For inner integral we have

u
/(yz _ x2)0l—l(u2 _ y2)a—1yv—2ady —

X

12172 /xT 201 -1 2
= vl @) <u2 —xz) xRy (Ot,Ol + Y ;2051 — * )
2 r (a + é)

and

21—20{ 21—20{ r
— ) \/7[ (Ol) xl—vx
@ (1)

® 2

2—1 —1
X / <u2 —x2> P TRy o (a,(x + Y ) ;2051 — x2> up(u)du =
u

X

2

(e.¢]
21-2a 2a—1 —1
S Y (cx,oe + ) il zz) p)du =

T Qo)

00 _
1 u?— x2 201 v—1 x2
= Q) . 2Fila+ ) ,on 200 1 — 2 ou)du.
X

Which coincides with formula (20).
The proof is complete. O
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4 Resolvent for Fractional Powers of the Bessel Differential
Operator

We consider resolvents for integral operators at standard setting, cf. [25]. For any
linear operator A on some Banach space @ let us consider the equation

A-xDg=f; A e C; f,g e, 21

and its solution as resolvent operator due to the well-known formula from [25]

-1
g=Rxf=(A—M)‘lf=—(M—A)_1f=—i(1—;A> f

T /1 \F 1 1 (& Ak
z_ngA) f:—)\f—k(k;vf). (22)

Note that if integral representations are known for all powers AX, then an integral
representation for the resolvent is readily following from (21), of course if the series
are convergent. In this way it is possible to get resolvent operators for the Riemann—
Liouville fractional integrals, known as the Hille-Tamarkin formula [4] (in fact first
proved by M.M. Dzhrbashyan in [26]), and also for the Erdélyi—Kober fractional
integrals but we omit it here.

Theorem 4 For a resolvent operator of (B, @) the next formula is valid

1 L ¥ —x2\ ! 1a_1 a1
Rxf=—)hf—A2/f(y)< 2 ) dy/t (1-0
0

X

v—1
X2\ \ T2 1 /11— —x2H)2\"
1—(1-— t E dt,
(=0-0)) e (3 (G0

with the Wright or generalized (multi-index) Mittag—Leffler function

o k

Z
E /o). (u)(2) = Z

, (23)
= T +k/p1) - T + K/ pm)

cf [10, 27-32].
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Proof Let us consider

T 5 s 201 2
B N = f . oFi (o201 =7 ) FOdy
v I'QCa) 2y 2 T y? '
X
Using the group property or index law, we have
(B2 N =B, f.
Then from (22) we obtain
1, 1 ({1 1, 1S 1
Rf=—_f— B %fl=-_f-
W== 0 (; Ak v f) W A(; AT (2ak)
+00 20k—1

2_ .2 -1 2
x / y=x oF (ak+ " ki 2aki 1= F(ydy
2y 2 y?

X

20k—1

+00
R N N
=—, - /f(y)dy;[AkF(Zak)< 2y )

-1 2
x 2 F1 <ak+ v ) ,ok; 2ok; 1 — ;)])

Using the integral representation for the hypergeometric function forc —a — b > 0:

1
) — () b=1,1 _ e=b=l/1 _ . \—a
F(a’b’c’z)_l“(b)l“(c—b)/t (1—1) (1 —tz)~%ds,
0

we obtain

! ! +o0 l ! 32— x2 20k—1
R J— _ d - tc{k—l l—t ak—1
== f )\/f(y) y/I;Asz(ak)< 25 ) (1-1)
X 0 =

v—1

x2 —ak=",
x(l—(l— 2>t) dt
y
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2a(p+1)—1

+00 1
0 R S ! ot
_{k_p+1}_—)\f—)\/f(y)dy/;))\p-‘rl]"Z(a(p—i—l))( 2y >
x 0 =

2 —a(p+D)="3!
x@PHD=1(p gyl (1 — (1 — 2) t) dt
y

1

1 1 o y2_x2 2t a—1 a—1 X2 e
:_Af_xff(y)< 2y ) dy/t (=0 <l_<1_y2)t>

0

e9]

1 y2 _ x2 2ap wp wp x2 —ap
sz=o““F2<a(p+1)>( W) s (1= (-3 )1) e
_ 1 1 o y2—x2 2a—1d l a—1¢q a=1{ 1 x? T
——Af—ﬂ/f(y)< . ) yfz (1-1) (—(—y2>r)

X 0

i 1 1 /110 =062 —x)2\*]"
XZFZ((X-G-O(P) [)\ (4 y2— (2 —xt ) ar @9

p=0

The function in (24) is a special case of the Wright generalized hypergeometric
function defined above as (23). So it follows

o 1 1 /110 =062 —xH)2\“]"
ZFZ(OHLWP) k<4 y2 = (2 = x)t )

p=0
_ 1 /1t(1 =% —x2H)2\"
= L(a,0),(x,) 1\ 4 y2 _ (y2 _ xz)t s
and we finally derive

1

1 e ¥ —x2\ ! a1 a1
Rxf=—)\f—A2/f(y)< .’ ) ay [l
X 0

v—1

2\ \ "2 1 /161 —0)(y% —x2)2\*
X (1 — (1 — x2> l) E@,0), (@) ( ( 2 )()2} )26 : ) dt.
y A\4 yF— (O —x)t
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5 Integral Transforms

Integral transform maps the original space into or onto the image space. Wherein
usually difficult operations in the original space are converted in general into
simple operations in the image space. For example, the Fourier transform converts
a derivative of order n into multiplication by the n power of the variable with some
constant. This is the reason that the Fourier transform is beneficial to use for solution
to differential equations. Since the Hankel transform applied to a Bessel operator
of order n gives multiplication of a Hankel image of a function by the 2n power
of the variable with some constant this transform is used instead of the Fourier
transform when differential equation with the Bessel operator is solved. But the
action of Hankel transform to the fractional Bessel derivatives of order o on semi-
axes gives multiplication of the 2 power of the variable by not a Hankel image
of a function with some constant (see Theorem 7). In this section we collect some
integral transforms which can be used to solve differential equations the fractional
Bessel derivatives on semi-axes.

5.1 The Mellin Transform

Using the following formula 2.21.1.11 from [33, p. 265] of the form

Z
/x"‘_l(z —x)hF <a,b; c; l—x) dx=zte-lr |: ¢ @ C_a_b—m} ,
z c—a—+a, c—b+a
0

(25)
z>0, Rec>0, Re(c—a—b+a) >0,
we prove next theorems.
Theorem S Let o > 0. Mellin transforms of the I By _ and the I B, are
M s s _ v—1l
MIB®_f(s) = ; r 2 27 2 | f*Qa+s), s>v—1, IB*_fePP
> 22 _Ol_i_i_vgl7 Ot-l—‘; »
(26)

1 _vfx+1_a 1—°% — g
g — 2 ’ 2

MIBS.(H—f(S) Y] r 1—3 v—s+1

L 2 2

} [*Qa+s), 2a+s <2, IBY, fe Pl

27)
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Proof Let start from the definitions

(B _fH)(x)*(s) = /XS*I(IBS‘,ff)(X)dX =
0
00 +00 2a—1
_ 1 -1 y2—x2 v —
_r<2a>/x dx/( 2y ) 2Fl(a+ 2
0 X

[e%s) y
1
= rew f Fomeyn' =y f O2=xH* R (a + " 5
0 0

Using (25) let us find inner integral for s > v — 1

2

y
-1 2
/(y2 —xH> R (a + Y so 201 — xz) ldx
y
0

da+s—2
y

= r
2 |:oc~|—§—”51, a+ 5

‘We obtain

s
atsH—

633

1 x2
;2051 = ) f(y)dy
y

x2 s—1
so 20 1 — , | x dx.
y

1 , s _ v—=1 * s
((IBa’_f)(x))*(s) = 2 r |: 2 V—l’ 206 N g i| /f(y)yZ =+ 1dy —
0

s s _ v—1
— r 2’ 2 2 *(2, .
o |:a+§_1151, 0l+§ i|f(c{+s)

Similarly we have

((IB%y, [)(0)*(s) = / (B, ) ()dx =

o0 X
1 v 2.2 2—1 1
= /xs_ldx/ (y) vy L F) oH—U o 2 1—y
I'2a) X 2x 2 X
0 0

oo oo
1 ’ 1\" [ x2=y2\"" v—1 Y\ o
= d F so; 20 1— S=ldx.
F(Za)/f(y)y y/<x> ( o afi\ot ol =, X dy
0

y
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Let find inner integral
o
1\" xz—y2 201 v—1 y2 i1
/(x) ( » ) 2 F (oH— ) ,a;2a;1—x2>x dx =
y
o
1 200—s+v 20—1 v—1 y2 1
_ nl—2a 2.2 e 1 _ 4+l _
=2 /(x) (x y) 2F1<0[+ ’ so 20 1 x2>dx_{ _t}_
y

X

1/y

2a—1 —1
= 21—201 / tl)—ZOt—S (1—[2y2> 2 Fy <Ol+v2 , o 20 1—[2)12) dt = {[y = Z} =
0

1

. . 20—1 —1
= 172y dads—v=l /z“_z"‘_“ (l—zz) 2 Fy (oz—l—vz , o5 20 1—z2> dz={?=s}=
0

1
1 vos— —1
= 20 y2a+s—v—1/s g (=521, Fy <a+v2 2 l—s) i
0

Using (25) we get for 2o + 5 < 2

1
V—§— _1
/s 5 (1—s)2"‘*1 yal (a—i—vz Jo; 20 1—s> ds
0

I gtsvei 20, VSTl 18—«
:zzayaJrs v F|:1_s 2 st 2
2° 2
and
—a * 1 V_;-i_l — o, 1 — ; — r 2a+s—1
(B3 NN @) = L, T 2O 0] [ rony e lay =
2° 2
0
1 V—S"rl_a,l_s_a
= 22ar |: %_ K v—%+1 :| f*(ZC( +S)-
27 2

This complete the proof.
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In order to obtain formulas for Mellin transform of fractional Bessel derivatives
on semi-axes we should proof next statement.

Lemma 1 Let B f € P’ thenforn e N

_ s l=s+v
MB" f(s) = 22T [”Ti 2 128+1Ln:|f*(s—2n). (28)
2 2

Proof Using formulas for Mellin transform from [34] we get

1
MF'(s) = A = )M[f(s — 1), M _fs)=Mf(s =1,

1
fo/(S) =Mt =1)06) = Q2—s)M[(s —2),

M) =2 =)0 = )Mf(s —2),
MB, f(s) = 2—s)(1—s5) f*(s—2)+v(2—s) f*(s—2) = 2—s)(1—s+V) f*(s—2).
So

MB, f(s) = 2 =)L =5 +v)f*(s —2). (29)
Applying the formula (29) n times we obtain

MB] f(s) = 2—5)4—s)...2n—s5)(1—s+v)(B—s+v)... 2n—1—s+v) f*(s—2n).

Since

2—5)(4—s) ... 2n—s) = 2" (1 - ;) (2 - ;)(n - ;) =" (1 - ;) = 2"FF(;(11+_15 )
n 2

and

1=-s5s4+v)B—-54+v)...2n—1—=5+v)

|- |- 1—
:2"< ;+”)< ;+”+1)...< ;+v+n—l>:

_2n(1—s+v) _2r ()
,

2 1—s+
r('s")
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then
r (n+ 1- ;)F (1_3'“’ —l—n)
MB"f(s) = 2" e (s —2n) =
r-yr(s")
n4+1— v 1— v+v +n
— 22711—' |: 1 — 5 sty f (S — 2”)
2 2
It completes the proof O

Theorem 6 Let o > 0, n = [a] + 1. Mellin transforms of the DBy _ and the

DBﬁ0+ are

K s v—17]

MDBS_f(s) =2%T [ . a2’ 2 ; ff(s—2a), s—2n>v—1, 1B/ feP?,
2% T 20 27 .

(30)
1—‘Y+Ol, v—s+l+a_

MDBZ, f(s) zzzar{ 1ix 20 |20, 202045 <2, 1B S € Pt
2 2 a

(31)

Proof Applying (26) and (28) we obtain
(DB _ f)(x)*(s) = (By(IB, * f(x))*(s) =

s l—s+v
— o2 [” Ti‘ 2 %fsi”} (B~ f(x))*(s —2n) =
2

2

s l=s+v s _ s . v—l
:220‘1—‘[”—{_1 sz 12s+—1i_n:|r|:s 2 " 2 ‘n 2 i|f*(s_2a)-
2 2
(32)
Using the formula

ra—-9r'(z) = sinjgnz)’ z2€7

in the numerator we get
—_1)"
F(i4n=)r(S-n)=_© =CI7
2 2 sin(y; =) sin(3)7w

r l—s—{—v+n r s—v—l—l_n _T l_l—s—l—v_n r 1—s—|—v+n _
2 2 2 2

bid -=D"m

sin( 17?”’ +n)r  sin( 17?”)7‘[ '
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So

(=D'x =(—1)"I‘<1+s_v),

r (17§+U)Sin(17;+v)7[ 2

(=D"n (S
I (1-3)sin(3)m =b F(z)‘

Substituting the found expressions in (32) we obtain (30).
Similarly, using (27) and (28) we

(DB o H(X))*(s) = (By(IB, 5 f(x))*(s) =

1 v 1- v+v
= 22”F |:n_f_ s 1 3+:|)—n:| ((IBV 0+f(x)) (S —2}1)

2 2

L[5 ] 1o g e
- 1—3 I—s+v

S
2 2 I=5+n "3

U*S
:22°‘r[112f“ + i|f(s—2a)
2° 2

5.2 The Hankel Transform

Theorem 7 Let B (. ¢, B, 2 peL}(Ry), then

o]

637

it }f(s 2a) =

RAGBLE 01O =2 [ o0 [cost@m)]o i &0 — sintamyy., €0

0
do —2 <v <4 —2a,

o]

F (B, 29)]¢) = S_Z“fju INGIIOIR

0

(33)

(34)
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where

23T (u-{l)

Jio g = NP AT (730
2 (t§) 2 2
o0 (—1)" 1€ 2n+”£l+2a
ENGEDS ( : ) .

0 F(oc~|—n—|—1)I‘(”'2H +a+n)

Proof Using factorization formula (19) and denoting g(x) = g "*p(x) we obtain

FI(B, 5, @) (0)]E) = /jvgl (x§) (B, 5, 9)(x)x" dx =
0

o0 o0

1 : vgl ¥ 10,0 2a+v 1 . ugl i 20+v

= 22 Jv (x§) I, I, p(x)x dx = 22 v (x8) I, g(x)x dx =
0 0

1 o0 X
= 221 (g) /jv;l (x&)xdx/()c2 — ) W gu)du =
0 0

= ! ]ou” (u)du 7(x2 —uH) o (xE) xdx
= 22(){—11"(“) g Ju;l .
0 u

Let consider inner integral

00 2“51 r (szrl) o0

f(x2—u2)°‘*1jv£1 (x&)xdx = 2 /(xz—uz)“*ljvgl gy x'="2 dx.
g 2

u u

Using the formula 2.12.4.17 from [20] of the form
o0
fo*P(XZ —a®)P 1y (ex)dx = 2P 1P P (B) g (ac),
a

a,c,p>0; 2B —p) <3/2
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we obtain for4a — v < 2

o0

N -3 o pa—1 a—"3's—a
(x u-) ngl(xé)x 2 dx =2"u"" 2 & F(Q)ngl_a(ué)

u

and

2”51 —op <v+1 00
RIB SO0 = / W w)gdu =
2
0

2”+170(1" erl 00

= f w T E)du / w? =y yp(ndy =
F@)g'2 ’
0 0

v+l +1 o0 00
22 0!1"(”2 ) ) o] g
= 1y yody | (u” —y)* u 2 Jugl_a(ug)du.
F(@)§ 2 0

Let calculate inner integral using the formula 2.12.4.17 from [20] of the form
oo
/x‘+ﬂ(x2—a2)ﬂ—11p(cx)dx = 2671 aP P =BT (B)[cos(B) T pip(ac) —sin(B) Y pip(ac)],

a,c,p > 0; 2B+ p) <3/2

we obtain

oo

/(uz—yz)“*‘u 3 s _ uE)du=2""1y"2' §7T(@)leos(@m) /o1 (Ey)—sin(@m)Y -1 (€9)]
y

for2a +v < 4 and
FI(B, 5 9)(0)1E) =

2‘)5 F (UJZFI) T v+l
= et /y 2 p()lcos(am)Jo-1 (§y) — sin(am)Yv-1 (§y)ldy =
S 5 +2u , 2 2

g /(p(t) I:COS(OUT)J.VEI (&1) — Sil’l(OUT)yVEI (St)] tVdt.
0
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So (33) is proved.
Now let consider (34). Let g(x) = Kg X2 (x). Using factorization (20) we get

(0.¢]
1—v @ o 2
FI(B %)) =272 / Joor (€) " Ky UKy p(0)dx =
0

o0 21 2w o0 o0
1—v -
:2—2‘*/1”;1 (&) xV K,? “gx)dx = r@ /j‘,gl (xé)xdx/(uz—xz)“_lu”_zag(u)du =
0 X

1-20 F -
= 2F(a) /g(u)u”fzadu/ju?(xg)(uz—xz)aflxdx.
0 0

Using the formula 2.12.4.7 from [20] of the form
a
/xl_"’(at2 — xz)ﬂ_lJp(cx)dx =
0

21=pyB—p

BT(p) Spp—1,p—plac),

a > 0; Rep >0

we obtain for inner integral

u 2”511—~<v—{1) u
v—1
/(uz—xz)a_ljugl(xg)xdx= O /(uz—xz)“—lfvgl(xg)xl— 2 dx=
0 E : 0
r 1w’
- (@) U\ F l;oHrl,er ;—b”S .
2T (a + 1) 2 4
So
o0
_ 1 v+1  u?E?
F B o = F 1’ 1’ ) — Vd —
(B, 29)](8) zzar(a+1)/l 2( o+ ) 4 gwu’du
0

o
1 v+1  u?E?
= 2eM (a4 1) / 1P (1;a+ 1, 5 Ty u”Kg’“uz"‘q)(u)du =
0
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o0 o0
1 v4+1  u?g? _
= B 1, D— Vdu | (2=u®* tot)dt =
220'-1F<oc>r(oz+1)f1 2( b T ) “f( w) el
0 u

o0 t

1 _ v+1  u2e?

- tomdt | (2 —u®H* N R (1 1, P— du.

220‘*1F((x)[‘(05+1)/(p() /( udm iR (Latl oy 4 )
0 0

Using Wolfram Mathematica we obtain

t
1 262
/(tz—uz)o‘_lle (1;oz+1,vJ2r ;—”f )u”duz
0

 T@r (”;1)

v+1 tzgz)
or (a3

200+v—1 .
t (1 1, 5 —
1 2( a+1,a+ ) 4

and

Fl(B, 29)](¢) =

F(”J{l * 1 e
= ) /(p(t)t2°‘+”1F2<l;a+l,a+v+ e é)dl.

220([‘(0{ + 1)F (C( + v—é—l) , 2 4

Since

1 22 1
11?2(1;oz+1,oz+”*2r - f>=r(oz+1)r<oz+”2r )

o =" 1§)*"
> ()

o (@ +n+ 1T ((x~|— ”'2H ~|—n)

and the Wright function through which the Hankel transform of B, % @ is expressed
in [22] is given by

USHGEDD 5

00 (—1)" <t§)2n+”21+2a
S r@+n+ 1)l (”;1 ta +n)
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we obtain

—a 2‘,51 r (Verl) —2a i vil o1 —2a i -1 v
RIGEoI6 = N e feor il aoar=e [l aoenrar
0 0

£

The (34) is proved.
O

Since F,[(B"¢)]1(£)=(—1)"£>"F,[¢](&) we obtain for Bl o, 9. By _9eL{(Ry)

n—ao)

Fy[(BS 0, 0) (DI =F (B! B, " 9)(0)1€)=(—D"e¥" K [B, ' p(0)1(6)=
= (—1yE™ / 0 (1) [cos(n = )m) jusi (€1) = sin((n — aym)yec €0 | dr,
0

n=I[a]l+1, dn—a) —2<v<4-2(n—a)
and

Fy[(BE_@)(0)1(E) = FI(BIB, " 9)(0)1E)=(—1)"e* F,[B, " Vo)1) =

= (—1)"&™ f Jit,  Eed o =a]+1.
0

5.3 The Meijer Transform
Theorem 8 The Meijer transforms of B, o . By, “ for proper functions are

Kul(B} 5, 9)()]1(E) = §*Kue(8), (35)

Kul(B, 29)(0)](¢) = (36)

F(IEU)FZ (Ugl) oo 1 t2 2
/¢(t)t2“+”1F2 (1;0{—1—1,054—ij 8 )dt—

Wmmuw@+ﬁﬂo 2 7 4
gov—2a=21 (vl o0 _ 242
- ( 2 ) él_uf(p(t)tza+11Fz(l;oz+l,oz—{—3 v;té )dt.
C(a+ DT (oz—{— 3E”)cos (”2") 5 2 4
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Proof We start with (35). Let g(x) = Ig "“@(x). Then using the factorization (19)
we obtain

e¢]

Kul(B, 0, 9)(0)]1(E) = /kvgl(xg) (B, %, @) (x)x" dx =
0
1 r 1 1 o0 .
v— , o 0,0[ a—+v v— i a
= 22 /ku£1(x$) 122 I, (p(x)x2 gy = 22 /kugl(xg) 122 g(x)x2 Y gy —
0 0

= ! /kH (x€) x dx /(x2 —u?* g (u)du =
2201711"(&) 2
0 0

= 22a—111-(a) /”vg(”)d”/(xz - u2)a—1kv£1 (x&)xdx.
0 u

Let consider the inner integral. Using the formula 2.16.3.7 from [20] of the form

o0

/xlip(xz — a7 K p(ex)dx = 2P aPEPcPT(B) K pap (ac), a,c,>0

a

(37)
we get
00 2"511—1 (szrl) 00
/(.xz_u2)a71kv—l (x&)xdx= o /(xz—uz)o‘*lval ()c.g?))cljEl dx=
/ 2 %- 2 J 2
v—1 1
22 F(V; ) a—1 a—";le—qa
= -2 u 2 E F(Q)Kvgl_a(ué)

v—1
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and

2"y e <u+1)

KCOL(B, S ) (01(E) = crrte / w K )8 (n)du =
2
0

2”317011-1 v+1 00

= /u UK, (ug)du/(ﬁ—ﬂ)“*lnp(t)dt =
INCIREIA 2

v+l _ +1 00 00
2z ar(v2 ) 2 2va—1 Vil_g
= o toMder | (™ —1t7)""u 2 " Ko _ (ué)du.
F(Ol)é ) Fo ; 2

Using again (37) we can write

o0

/(u2 — AT K ) =227 T @)K v (16)

t

and

2”517011—* (v-é—l)

Kol(B) &, @) (0)16) = R

a—lg—a i vl
(28708 F(Ol)/Ql)(f)KvEl (&)t 2

I'(«)
dr =§2 / POk (1E)r"dr =
0
— E—Zozlcv(p.

Now let prove (36). Let g(x) = 0’0‘ 2"‘(p(x) Then using the factorization (20)
we obtain

Kyl(B, Zo)(0)1(§) =/ku 1(x§) (B, g_@)(x)x" dx =
0

o0
1
=2_2°‘/kw£1(xéj)x”K22 KX (x) dx =
0
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s F L
= @ koo (xéj)xdx/(uz — xH =2 e (wydu =
0 X
(o) u
21 v—2a 2 21
= (@) u gw)du | (= —x°) k‘,gl(xéj)xdx.
0 0
Let consider the inner integral
u v—1 v+1 u
2 2ve—l 22F(2> 2 2ve—1 1-5!
(u"—x7) kl,gl(xg)xdx = o (u”—x*) K”El(xéj)x 2 dx.
&2
0 0

Using the formula 2.16.3.3 from [20] of the form

a

2B=2,B8-p
/x“p(a2 — 2P (exydx = 5 “ B I pac)+
cPsin pm
0
2B v 2.2
+2p+2ﬂr(—p)1Fz<l;p+1,ﬁ; 4 ) a,B>0,p<1

we obtain forv < 3

v+3
22«

u vl 1—v

- §2T(% ) 1
/(u2—x2)“*11(v51(xs)x1* 2 dx = ( u* | F (1;a+1,”+ L
0

724720 (o)

. a_’_lfv
£% cos (nzv) u 2 IaJr lg” (u§)

and

u F<1J2rv>r<15v> |
/(uz—xz)“—lk‘,,l(xg)xdx= W2 B asr,
2 2a 2 2
0

n2v£1+a_zr(a)r (V—é—l) .

o+
— u 2 ] 1-v (U
gty cos (%) a3 (45)

23,_-2

4

)_
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So
Kol(B, 2 ) (0)]1(E) =
1—2aF1+”I‘1”°° 242
=2F(ot) <22a( /u 1F2<1a+12+;;uf )g(u)du_

0

Tya—2 v+1 o0
_n22 F(a)r( )/ ey o] =
0

%-OH» 2 cos (nv

o0

1+v 1—v 0o

9220 F( 2 )F( 2 ) ) v 1 uzéz

= P 1; 1, : du | @* —u®* te@)dt—

F2(a)|: 20 /“lZ( o+ 2+2 4 ) u/( u”) (1)
0 u

72" He2pyr (V1)
- ( )/ *“1 L u(ug)du/(t ) tpyde | =
0

%-oz+ 2 COS nv

T (@) 2a 27 4

1+v 1—v (o] 1
92-2a r 2 r 2 1 u2e2
= [ ( ) ( )/z<p(z)dt/(z2—u)“ lu"ng(l;a—i-l,;-i- ;ué)du_
0

0

7,2“51*"‘72F(a)r‘ (szrl) 00 1 o
- . ftso(t)dtf(t —u) w2 T e (uE)du
o Ty
S : COS( 2 ) 0 0

Using Wolfram Mathematica we obtain

p v+1
1 u2e? rr (')
/(IZ_M aluv1F2<1;a+17V+ ,ué)dMZ t2a+v—1
2 2 4 or ((X+ szrl)
v+1 22
Rl 1, ;
1 2( o+ 1,0+ ’ 4
and
! v—}_a
22 ['(a) t2a$a—;+é

v+1
/(tz —u®)* 2 T sy (uE)du =
3,
J 2 NCESNy <a~|— 2”)
3-v 122

5 4), 200 < v+ 3.

1F2<1;a+1,a+
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Finally
Kul(B, Lo)(0)1(E) =
l—' 1—v FZ v+1 oo 22
2 2 1t

= ( ) ( ) f¢(t)t2“+”1F2 (1;Ot+1,cv+vjL ; s )dt—

220{1"(a + I (Ol 4 szrl) / 2 4

2v—2e=2 (v+l co _ 2£2

_ ( : ) 51*”/<p(z)z2“+11F2(1;a+1,a+3 v, 18 )dt.

Mo+ DI ((x—i— 35“)005(”2”) 2 4

0

Since IC, [(Bl'¢)1(§) = £2[C, [@](£) we obtain for proper functions

Kul(BS g4 9)(0)](E) = £ Ko (&).

5.4 Generalized Whittaker Transform

—o

Theorem 9 The generalized Whittaker transform of B, o,

for proper functions is
n pa 20 ("7
(Wp’ v;l BV,0+f> (-x) = C(V, a, P)x <Wp+a, v;l f) (x),

where
Cv,a,p) =
Proof We have

o0
vl _ 1 v—1 x2¢2 2.2
(Wpf,,élle,S‘Jrf) (x) = rQw) /(xt) 2 ¢02 Wp’uzl (x%1%)dt x
0

! Y\ (12— 32 201 v—1 32
x/(t)( . ) m(a+ ) ,a;2a;1—t2)f(y)dy=
0
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o0
v P 2a+1
= 52— 1F(2 )/f(y)y dy/t 2 T (> —
y
v—1 y?
oFila+ ,o 205 1 — 2 dt.

Using formula

2F1(a,b;c;2) =1 —2)7%2F <a, c

we obtain
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YHPIW o (%)
N

F +])—1 2o 1 y2 (y)l—v—Zoz P +U—1 20 1 12
o Jo; 201 — = o ,o; 201 —
2 Fy 5 2 . 2 Fy 5 32

v—1
(W Bt ) o =

and

v—1

o o0
X 2 _ v—1 122
= 220{—1F(2a)/f(y)y1 zady/t 2e? (tz_yz
0 y

v —
2 F <0l+
2 y2

Let consider an inner integral. We have

o0
122 v —
/z”z e'? (zz—yz)z‘l*lwp 1 (x212) 2 F <a+
v 4

o0
1 v—=1_1 X2t
— t 4 2eZ(t—
2
14

1 12
,o 20 1 — )dl.

%
p)za_lwp’ vl (xzt) 2 F1 (Ol +

)20{-1W el (x2t2)
0"

1 12 ) )
sa; 201 = )di={t” > 1, y"=p} =
y

t
,o 20 1 — )dl.
14
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Using formula 2.21.8.2 from [33] of the form

o0
a+b—c—1 c—1 ¢t t
t 2 (t—p)F ez Wp atb—c(@t)2F1 la,b;c; 1 — dt
41 p
b4

pa+371 T ()T (afb;chl _ p) r (bfa;chl _ p) Y
= ¢ e2 W +¢ afb(oip),
o2 r <a+b;c+1 _ ,0) r (C*L{gb‘i’l _ ,0) 202
3
p,Rec>0,Re(c+2p) <1—|Re(a —b)|; |largo| <

we obtain

a=uo-+ ,b:a,c=2a,a=x2,2a+2p<1—‘v_

1
2

o
1 v—1_1 x2t 2a—1 2 v—1 t
t4 2e2 (t—p) W w1 (x“t)F1 o+ yo 205 1 — dt =
0" 2 p
p

| et P T Q0T (”jl —a-— ,0) r(3; —a- ,0) 2

= 2 W y— 2 =
2 x2« r (v+1 _ p) r (371) _ ,0) ¢ e, V3! *"p)
4 4
|2t ToT (”jl —a— ,0) r (3;“ —a— ,0) 22 L,
= e 2 W -1 (x7y%) =
2 x2« r <v+1 _ ,0) r (371) _ ,0) pta, Ty
4 4

_ v=3 XZ),Z
= A(v, &, p)x " 24y2et e 3 W,ia. v (x2y?),

where

v

lr(za)r<”jl—a—p)r 3 —(x—,o)
Av.ap) =, l—-(ui—l _p)r<32u _p>
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Then
v;l a
(Wp’vzll Bv,oJrf) (x) =
VEI—ZCZ 00 . 20
— AW, p) fon'2 et w o xyHdy =
O P 22¢=1T(2¢) Y)Yy pta.Vy yay
0
[o0)
—2a vo1 aly? 2.2
=C,a, p)x FMGy)2e 2 W, va(x?y)dy =
0
v—1
— —2a 2
=CW,a, p)x (Wera’ v f) (x),
where

C,a,p) =

O

It is worth mentioning that the mapping property of the transmutation operators
allowing one to obtain the images of the powers of the independent variable without
knowledge of the transmutation operator itself [35] can be used for further study of
fractional powers of Bessel operator.
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