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In this paper, we will analyze the effects of superlight braneworld perturbative modes on clustering of
galaxies. In the present manuscript, we use the Boltzmann and Tsallis statistical approaches to study the
large distance modification of gravity in the braneworld. The impact of modified potential on clustering of
galaxies is analyzed in both the approaches. The infinities associated with Newtonian point mass
approximation of gravity models is removed using the analytical extensions. The regularized and finite
partition function is obtained for the system of galaxies in the braneworld model and is used to evaluate the
regularized thermodynamic properties of the system in the form of equations of state. Hence, we study
thermodynamic quantities and discuss about the thermodynamic stability of the model. We find that large
number of galaxies may lead to the thermodynamic instability. The appealing feature of the paper revolve
around the generalization of the dimensional regularization (GDR) of Bollini and Giambiagi supplemented
with the statistical adequacy of Boltzmann and Tsallis.
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I. INTRODUCTION

In this paper, we will analyze a large distance modifi-
cation to the gravitational partition function. This gravita-
tional partition function has been used in analyzing the
large scale structure of our universe, and hence any large
modification of the gravitational potential would modify it.
Clustering of galaxies and the structure formation in the

expanding universe using Newtonian potential as a source
of attraction and by approximating the galaxies as point
masses has been extensively analyzed [1]; [2]; [3]. The
study has been followed and improved to analyze the
structure formation for extended objects [4,5].
An empirical modification of Newtonian dynamics

(MOND), has been proposed and discussed at low accel-
erations [6–8]. Gravitational clustering with modified
potentials have been studied in various modifications of
Newtonian potential to explain clustering [9–14]. The
modified theories like the nonlocal extensions of GR can

be a possible treatment for the singularities like black hole,
big bang and the cosmic expansion [15–19].
Inmost of the studies the standard techniques of statistical

mechanics have been followed [20,21]. In our early studies
we have analyzed the clustering of galaxies using a
Newtonian potential modified by superlight modes of a
braneworld model and obtained considerable effects on the
clustering parameter and have elaborated the effects on
cosmic energy equations [9]. The large distance corrections
to the Newtonian potential from superlight modes in brane-
world models have been studied by considering the universe
a brane in higher dimensions [22]. The string theory due to
the inherent characteristics of possessing extra dimensions
thus, become the motivation to discuss these models [23].
Due to the lack of testing of general relativity and the
corresponding Newtonian approximation at very large or
very small distances and due to the propagation of gravity in
to higher dimensional bulk, the Newtonian potential gets
brane corrections [24]; [25]; [26]. Keeping in consideration
the importance of models with superlight perturbation
modes and the modification of gravitational interaction at
astronomical scales, the form ofNewtonian potential used in
this paper to study the clustering can be a promising
candidate to resolve the issue of darkmatter in galaxies [22].
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It may be noted that most of the work done on clustering
of galaxies, using this formalism, has been done using the
Boltzmann-Gibbs entropy. However, it can be argued that
as the Boltzmann-Gibbs entropy is based on the extensive
property of the system, it might not explain the gravita-
tional systems, as these systems can violate the extensive
property [27]. Such a violation occurs because of break-
down of ergodicity for such gravitational systems [28,29].
Thus, it has been suggested that such system can be better
described by Tsallis statistical mechanics [30,31]. In fact, it
has been demonstrated that the Tsallis statistical mechanics
can be used to study self-interacting gravitational particles,
even though such systems can violate the extensive
property [32]. So, we will also analyze the Tsallis statistical
mechanics for this system of galaxies corrected by super-
light braneworld perturbative modes.
Though in our early studies we have analyzed the

braneworld modified Newtonian potential to galactic clus-
tering using the techniques of statistical mechanics and
have further modified the potential using the softening
parameter to eliminate the mathematical divergences. In the
present study we use the Boltzmann statistical as well as
Tsallis statistical approaches to study the gravitating gas
interacting through brane potential. Dimensional regulari-
zation of partition function to get the divergence-free
results is the main thrust involved in the paper. The paper
involves rigorous work on dimensional regularization to
regularize the thermodynamic properties in both the
approaches. Besides giving physical impact of the large
distance modification of gravity in the braneworld, the
mathematics of the paper is quite appealing due to the
generalization of the dimensional regularization of Bollini
and Giambiagi [33–35]. This generalization was based on
the general quantification method of QFT’s [36–39] using
ultradistributions of Sebastiao e Silva, also known as
ultrahyperfunctions [40–42].
Our analysis is valid if the following assumptions are

satisfied:
(1) The graviton is massless, as suggested by the LIGO

experiment. In that case the graviton does not present
polarizations that produce strong corrections to the
gravitational potential, given for example by positive
powers of r as shown in Ref. [43]. This was proved in
Refs. [44,45], inwhich gravity is quantized following
the paths suggested by Suraj N. Gupta and Richard P.
Feynman, through the theory of ultrahyperfunctions
[36–39]. This theory allows to quantize nonrenorma-
lizable quantum field theories.

(2) The graviton is nonmassless. In that case the result of
Ref. [43] shows that there is a polarization of the
graviton that produces a strong correction that is a
positive power of r. So, for our result to be valid, the
sources must be beyond the radius below which the
additional polarizations of the graviton are strongly
interacting.

II. PARTITION FUNCTION

Let us consider the distribution 1
r ¼ PV 1

r. Then
1
r jr¼0 ¼ 0. The general partition function of a system of
N particles of mass m interacting through the modified
gravitational potential with potential energy is Φ, can be
written as

Zν¼
1

N!

Z
dνpdνr

×exp

�
−
�XN
i¼1

p2
i

2m
þΦðr1;r2;r3;…;rNÞ

�
T−1
�
; ð2:1Þ

The interaction potential energy between galaxies in brane-
world model with large extra dimensions can be written
as [23,46]

ϕi;j ¼ −
Gm2

rij

�
1þ km

r2ij

�
; ð2:2Þ

For N galaxies the potential energy can be expressed as

ϕi;j ¼ −
NðN − 1ÞGm2

2rij

�
1þ km

r2ij

�
; ð2:3Þ

The partition function Z in ν dimensions.

Zν ¼
1

N!

Z
∞

−∞
dνx

×
Z

∞

−∞
dνpexp

�
β

�
NðN − 1ÞGm2

2r

�
1þ km

r2

�
−
Np2

2m

��
ð2:4Þ

Evaluating the integral over the angles we have:

Zν ¼
1

N!

�
2π

ν
2

Γðν
2
Þ
�

2

×
Z

∞

0

rν−1dr exp

�
β
NðN − 1ÞGm2

2r

�
1þ km

r2

��

×
Z

∞

0

pν−1dp exp

�
−
Np2

2m

�
ð2:5Þ

For the integral over the momentum we obtain:

Z
∞

0

pν−1dr exp

�
−β
�
Np2

2m

��
¼ Γðν

2
Þð2mÞν2

2ðβNÞν2 ð2:6Þ

To solve the integral over r

Z
∞

0

rν−1dr exp

�
β
NðN − 1ÞGm2

2r

�
1þ km

r2

��
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we make use of the approximation:

Z
∞

0

x−ν−1dx expðβ1xþ β2x3Þ

¼
Z

∞

0

x−ν−1dx expðβ1xÞð1þ β2x3Þ:

Thus we get:

Z
∞

0

x−ν−1dx exp ðβ1xÞ þ β2

Z
∞

0

x−νþ2dxðexp ðβ1xÞÞ

¼ βν1

�
1

−νð1 − νÞð2 − νÞ þ
β2
β31

�
Γð3 − νÞ:

Using this result, we have for Z the expression:

Zν¼
1

N!

2πν

Γðν
2
Þ
�
2m
βN

�ν
2

�
β
NðN−1ÞGm2

2

�
ν

×

�
1

−νð1−νÞð2−νÞþkm

�
β
NðN−1ÞGm2

2

�
−2
�
Γð3−νÞ

ð2:7Þ

Now, we proceed to do Laurent series development
around ν ¼ 3. We write:

Zν ¼ fðνÞΓð3 − νÞ ð2:8Þ

where

fðνÞ ¼ 1

N!

2πν

Γðν
2
Þ
�
2m
βN

�ν
2

�
β
NðN − 1ÞGm2

2

�
ν

×

�
1

−νð1 − νÞð2 − νÞ þ km

�
β
NðN − 1ÞGm2

2

�
−2
�

ð2:9Þ

In three dimensions it is

fð3Þ ¼ 1

N!
4π

5
2

�
2m
βN

�3
2

�
−
1

6
αþ kmα

�
; ð2:10Þ

where:

α ¼ β
NðN − 1ÞGm2

2
: ð2:11Þ

We get:

f0ðνÞ
fðνÞ ¼ ν

2
ψ

�
ν

2

�
þ 1

2
ln

�
π2βNðN − 1Þ2G2m5

2

�

þ −2þ 6ν − 3ν2

−νð1 − νÞð2 − νÞ þ kmα−2ν2ð1 − νÞ2ð2 − νÞ2 :

ð2:12Þ

In three dimensions (2.12) takes the form:

f0ð3Þ
fð3Þ ¼ 3

2
ψ

�
3

2

�
þ 1

2
ln

�
π2βNðN − 1Þ2G2m5

2

�

þ 11

6

�
α2

α2 − 6km

�
: ð2:13Þ

For the Γ function we have

Γð3 − νÞ ¼ 1

3 − ν
− Cþ

X∞
k¼1

ckðν − 3Þk: ð2:14Þ

As a consequence the partition function in ν dimensions is

Zν ¼
fð3Þ
3 − ν

− fð3ÞC − f0ð3Þ þ
X∞
k¼1

akðν − 3Þk: ð2:15Þ

Thus:

Z ¼ −fð3Þ
�
Cþ f0ð3Þ

fð3Þ
�
: ð2:16Þ

For three dimensions it is explicitly expressed as:

Z ¼ −
4

N!
π

5
2

�
2m
βN

�3
2

�
−
1

6
αþ kmα

�

×

�
Cþ 3

2
ψ

�
3

2

�
þ 1

2
ln

�
π2βNðN − 1Þ2G2m5

2

�

þ 11

6

�
α2

α2 − 6km

��
: ð2:17Þ

Finally after simplification we arrive at the expression of
finite partition function:

Z¼
�
6−Cþ ln

�
π2βNðN−1Þ2G2m5

128

�
þ11

3

�
α2

α2−6km

��

×
2α

N!
π

5
2

�
2m
βN

�3
2

�
1

6
−km

�
: ð2:18Þ

In Fig. 1 we can see behavior of the partition function for
various values of the model parameters. The most impor-
tant point here is to have positive partition function which is
corresponding to the physical system. It help us to constrain
model parameters. We can use this fact to restrict values of
N and km. First of all we should note that interacting system
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needN ≥ 2. Hence, in the case of km > 1
6
, partition function

is mostly negative except for special number of galaxies
like N ¼ 4 or N ¼ 5 [see Fig. 1(a)]. On the other hand, for
the case of km < 1

6
we can obtain a lower bound for the

number of galaxies. In the special case of km ¼ 0 the
partition function is completely positive for N ≥ 2 (see
Fig. 1(b) where drawn for T ¼ 3 however other temper-
atures yield to the similar result). Finally, in Fig. 1(c) we
can see 0 < km < 1

6
yields to positive partition function if

N > Nmin. Value of Nmin is depend on the temperature.
Increasing temperature, increased value of Nmin.

III. THERMODYNAMIC PROPERTIES FROM
BOLTZMANN STATISTICS

We know from Boltzmann Gibbs statistical mechanics
and thermodynamics, that there are several physical

quantities like average energy U, Helmholtz free energy
F, entropy S and chemical potential μ, that can be of
interest to a physical system. Therefore, we dedicate this
section to demonstrate how we can calculate various
thermodynamic properties of the gravitational system in
question. These quantities may not have the same meaning
as in usual thermodynamics since these are for a gravita-
tional system, nonetheless, their physical significance is
intact. As we shall see, these quantities will be crucial in
further sections.
We start with calculating the mean energy hUi of a

system at constant N, V by using the formula:

hUi ¼ −
1

Z
∂Z
∂β ð3:1Þ

Then, we get for hUi:

hUi ¼ 1

β
−
1

β

0
B@ 1 − 44

�
kmα2

ðα2−6kmÞ2
�

−C − 6 ln 2þ 6þ ln
�
π2βNðN−1Þ2G2m5

2

�
þ 11

3

�
α2

α2−6km

�
1
CA: ð3:2Þ

It help us to obtain the specific heat via

Cv ¼
�∂U
∂T
�

V
; ð3:3Þ

which yields to the following expression,

Cv ¼ kþ
k
�

176α2km
ðα2−6kmÞ3−

44α2km
ðα2−6kmÞ2−1

�
−C−6 ln2þ6þ ln

�
π2βNðN−1Þ2G2m5

2

�
þ 11

3

�
α2

α2−6km

�− kð1− ð 44kmα2

ðα2−6kmÞ2Þ
2Þ�

−C−6 ln2þ6þ ln
�
π2βNðN−1Þ2G2m5

2

�
þ 11

3

�
α2

α2−6km

��
2

ð3:4Þ

Figure 2 shows mean energy function in the braneworld model. In Fig. 3 we see that the specific heat is negative. Thus we
see that the system is self-gravitating, as established by Lynden Bell in [47].

(a) (b) (c)

0.3 0.8 0 3 10

FIG. 1. Partition function in the braneworld model with G ¼ m ¼ 1. (a) T ¼ 5; (b) T ¼ 3; (c) km ¼ 0.1.
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Figure 4 shows free energy function and Fig. 5 entropy,
in the braneworld model. Helmholtz free energy F is
obtained using

F ¼ −
1

β
lnZ ð3:5Þ

Therefore we get:

F ¼ −
1

β

�
ln π þ N − N lnN þ lnðα − 6kmαÞ

þ ln

�
18 − 3C − 18 ln 2

þ 3 ln

�
π2βNðN − 1Þ2G2m5

2

�
þ 11α2

α2 − 6km

��
ð3:6Þ

The entropy S is obtained from

TS ¼ U − F: ð3:7Þ

Its explicit expression is

S¼k−k

0
B@ 1−44

�
kmα2

ðα2−6kmÞ2
�

−C−6ln2þ6þ ln
�
π2βNðN−1Þ2G2m5

2

�
þ11

3

�
α2

α2−6km

�
1
CA

þk

�
lnπþN−N lnNþ lnðα−6kmαÞ

þ ln

�
18−3C−18ln2

þ3ln

�
π2βNðN−1Þ2G2m5

2

�
þ 11α2

α2−6km

��
: ð3:8Þ

Analyzing the entropy shows positive region for Nmin ≤
N ≤ Nmax in the case of 0 < km < 1

6
, hence we find upper

limit for the number of galaxies which is strongly depend
on the temperature.

N=10
N=20
N=30

0 20 40 60 80

10

5

0

5

T

FIG. 2. Mean energy function in the braneworld model with
G ¼ m ¼ 1, km ¼ 1=6.

N=30
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2.5

2.0

1.5
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1.0

T

FIG. 3. Specific heat of Boltzmann statistics with G ¼ m ¼ 1,
km ¼ 1=6.
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500
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1500

2000

T

F

FIG. 4. Free energy with G ¼ m ¼ 1, km ¼ 1=6.

5

0 0.1

FIG. 5. Entropy of Boltzmann statistics with G ¼ m ¼ 1,
km ¼ 1=6.
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The chemical potential is defined as:

μ ¼
�∂F
∂N
�

T
ð3:9Þ

Accordingly:

μ ¼ −
1

β

2
64− lnN þ 2N − 1

NðN − 1Þ þ
3ð3N−1Þ
NðN−1Þ þ 2N−1

NðN−1Þ
�

22α2

α2−6km
− 22α4

ðα2−6kmÞ2
�

−C − 6 ln 2þ 6þ ln
�
π2βNðN−1Þ2G2m5

2

�
þ 11

3

�
α2

α2−6km

�
3
75: ð3:10Þ

In addition, we have the following formula, which we will use later:

exp βNμ ¼ NN exp

2
642N − 1

ðN − 1Þ þ
3ð3N−1Þ
ðN−1Þ þ 2N−1

ðN−1Þ
�

22α2

α2−6km
− 22α4

ðα2−6kmÞ2
�

−C − 6 ln 2þ 6þ ln
�
π2βNðN−1Þ2G2m5

2

�
þ 11

3

�
α2

α2−6km

�
3
75: ð3:11Þ

Pressure P is obtained using

PV ¼ 2N
3

hUi: ð3:12Þ

Using (3.2) we arrive to the state equation:

βPV ¼ 2N
3

−
2N
3

0
B@ 1 − 44ð kmα2

ðα2−6kmÞ2Þ
−C − 6 ln 2þ 6þ ln

�
π2βNðN−1Þ2G2m5

2

�
þ 11

3

�
α2

α2−6km

�
1
CA: ð3:13Þ

In Fig. 7 we can see equation of state (EoS) for various
interaction strength. In the case of km ¼ 0 we can see linear
behavior. For the large N limit, there is no important
interaction effect.

A. Probability distribution function

Up to this point, we have dealt with the microcanonical
ensemble. However, now we shall define the grand canoni-
cal partition function ZG to calculate the probability
distribution of the system. We define ZG as follows

lnZG ¼ βPV ð3:14Þ

From chemical potential μ we find the fugacity z as

zN ¼ eNβμ: ð3:15Þ

The distribution function follows as:

FðNÞ ¼ zNZ
ZG

: ð3:16Þ

Using (3.11), the distribution function can be written as:

FðNÞ ¼ 2NNπ
5
2

N!

�
2m
βN

�3
2

�
1

6
α − kmα

�
exp

2
6642N − 1

ðN − 1Þ −
2N
3

þ
3ð3N−1Þ
ðN−1Þ þ 2N−1

ðN−1Þ
�

22α2

α2−6km
− 22α4

ðα2−6kmÞ2
�
þ 2N

3

�
1 − 44

�
kmα2

ðα2−6kmÞ2
��

−C − 6 ln 2þ 6þ ln
�
π2βNðN−1Þ2G2m5

2

�
þ 11

3

�
α2

α2−6km

�
3
775

×

�
−C − 6 ln 2þ 6þ ln

�
π2βNðN − 1Þ2G2m5

2

�
þ 11

3

�
α2

α2 − 6km

��
: ð3:17Þ
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IV. TSALLIS PARTITION FUNCTION
OF THE SYSTEM IN THE
BRANEWORLD MODEL

In 1988, C. Tsallis proposed a nonextensive generali-
zation of statistical mechanics (widely called as Tsallis
statistical mechanics) [27]. Based on the motivations laid
out in the introduction, we now try to investigate the many-
body gravitational system using Tsallis’s formalism. Tsallis
q-exponential is defined as the distribution:

eqðxÞ ¼ ½1þ ðq − 1Þx�
1

q−1
þ ð4:1Þ

Or equivalently

eqðxÞ ¼
�
1þ ðq − 1Þx� 1

q−1; 1þ ðq − 1Þx > 0

0; 1þ ðq − 1Þx < 0:
ð4:2Þ

Let us consider again the distribution: 1r ¼ PV 1
r. First we do

the calculation in ν dimensions and assume q > 1. Thus

Zν ¼
Z

∞

−∞
dνx

Z
∞

−∞
dνp

�
1þ ðq − 1Þβ

�
NðN − 1ÞGm2

2r
þ kNðN − 1ÞGm2

2r3
−
Np2

2m

�� 1
q−1

þ
: ð4:3Þ

Here we put q ¼ 4=3. The choice of that value of q is not arbitrary. It is the value of q where Verlinde’s conjecture of
emergent gravity could be proved, in the nonrelativistic case [48]. Accordingly:

Zν ¼
�
2π

ν
2

Γðν
2
Þ
�
2
Z

∞

0

rν−1dr
Z

∞

0

pν−1dp

�
1þ β

�
NðN − 1ÞGm2

6r
þ NðN − 1ÞGm2

6r3
−
Np2

6m

��
3

þ
ð4:4Þ

The expression for Z in (4.4) can be rewritten in the form:

Zν ¼
�
2π

ν
2

Γðν
2
Þ
�
2
�
6m
βN

�ν
2

B

�
4;
ν

2

�Z
∞

0

r−
ν
2
−10drðr3 þ αtrþ kαtÞν2þ3 ð4:5Þ

where

αt ¼
βNðN − 1ÞGm2

6

Hence we can write

Zν ¼
�
2π

ν
2

Γðν
2
Þ
�
2
�
6m
βN

�ν
2

B

�
4;
ν

2

�Z
∞

0

r−
ν
2
−10drðrþ bÞν2þ3ðr − r1Þν2þ3ðr − r3Þν2þ3 ð4:6Þ

where r1, r2 ¼ −b, and r3 are the cube roots of the integrand. Also,

r1 ¼ γ1 þ e
iπ
3 γ2

r3 ¼ γ1 þ e−
iπ
3 γ2

b ¼ γ2 − γ1 −
α

3

γ1 ¼
 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1

4

�
2α3t
27

þ αtk

�
2

þ 1

27

�
α

3
ðαt − 6Þ

�
2

s
−
1

2

�
2α3t
27

þ αtk

�!1
3

γ2 ¼
 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1

4

�
2α3t
27

þ αtk

�
2

þ 1

27

�
α

3
ðαt − 6Þ

�
2

s
þ 1

2

�
2α3t
27

þ αtk

�!1
3

After solving the integral we have

Zν ¼
�
2π

ν
2

Γðν
2
Þ
�
2
�
6m
βN

�ν
2

B

�
4;
ν

2

�
bν

Γð− ν
2
− 9Þ

Γð− 3ν
2
− 9ÞΓð−νÞF

�
−ν;−

ν

2
− 3;−

ν

2
− 3;−

3ν

2
− 9; 1þ r1

b
; 1þ r3

b

�
: ð4:7Þ
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Here, F is the hypergeometric function of two variables.
After a long calculation we get (See Appendix):

Zν ¼
24πν

Γðν
2
Þ2
�
6m
βN

�ν
2

bν
Γð− ν

2
− 9Þ

ð3þ ν
2
Þð2þ ν

2
Þð1þ ν

2
ÞΓð− 3ν

2
− 9Þ

× ðΓð3 − νÞhν þ ϕνðz1; z2ÞÞ ð4:8Þ

A. Evaluation of partition function

Now we do the Laurent development explicitly, taking
into account that ϕνðz1; z2Þ does not have a pole at ν ¼ 3
and take the expression for ϕ3 at the end of the develop-
ment. Thus the Laurent development goes as:
We can write

Zν ¼ Γð3 − νÞfν þ gνϕνðz1; z2Þ ð4:9Þ

where

fν ¼
24πν

Γðν
2
Þ2
�
6m
βN

�ν
2

bν
Γð− ν

2
− 9Þ

ð3þ ν
2
Þð2þ ν

2
Þð1þ ν

2
ÞΓð− 3ν

2
− 9Þ hν

ð4:10Þ

fν¼
24πν

Γðν
2
Þ2
�
6m
βN

�ν
2

bν
Γð3ν

2
þ10Þsin3νπ

2

ð3þ ν
2
Þð2þ ν

2
Þð1þ ν

2
ÞΓðν

2
þ10Þsinπν

2

hν

ð4:11Þ

gν ¼
24πν

Γðν
2
Þ2
�
6m
βN

�ν
2

bν
Γð3ν

2
þ 10Þ sin 3νπ

2

ð3þ ν
2
Þð2þ ν

2
Þð1þ ν

2
ÞΓðν

2
þ 10Þ sin πν

2

ð4:12Þ

fν ¼ f3 þ f03ðν − 3Þ þ
X∞
k¼2

bkðν − 3Þk: ð4:13Þ

For the Γ function we have

Γð3 − νÞ ¼ 1

3 − ν
− Cþ

X∞
k¼1

ckðν − 3Þk: ð4:14Þ

As a consequence:

Zν ¼
f3

3 − ν
− f3C − f03

þ
X∞
k¼1

akðν − 3Þk þ gð3Þϕ3ðsÞ: ð4:15Þ

Now we write partition function as:

Z ¼ −f3
�
Cþ f03

f3

�
þ g3ϕ3ðz1; z2Þ ð4:16Þ

where:

f3 ¼ −
256π2

105

�
6m
βN

�3
2

b3
Γð29

2
Þ

Γð23
2
Þ h3 ð4:17Þ

and

g3 ¼ −
256π2

105

�
6m
βN

�3
2

b3
Γð29

2
Þ

Γð23
2
Þ : ð4:18Þ

We get:

f03
f3

¼ 1

2
ln
6mπ2b2

βN
− 2ψ

�
3

2

�
þ ψ

�
29

2

�
− ψ

�
23

2

�

−
143

315
þ h03
h3

ð4:19Þ

and also:

h3 ¼
�
−
1

6
þ 1

6
ðz1 þ z2Þ −

1

75
ð18z1z2 þ 7z21 þ 7z22Þ þ

21

31050
ð5z31 þ 5z32 − 27z21z2 − 27z1z22Þ

�
ð4:20Þ

h03 ¼
�
11

36
−
1

4
ðz1 þ z2Þ þ

454

1875
ðz1z2Þ þ

171

1875
ðz21 þ z22Þ þ

62

198375
ðz31 þ z32Þ þ

3088

991875
ðz21z2 þ z1z22Þ

�
: ð4:21Þ

Finally we obtain the finite expression for partition function which is divergence free and write it as:

Z ¼ −g3
�
h3

�
Cþ f03

f3

�
− ϕ3ðz1; z2Þ

�
: ð4:22Þ
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B. Mean energy in ν dimensions

We now proceed to evaluate the average energy of the system. For it is

ZhUiν ¼
�
2π

ν
2

Γðν
2
Þ
�
2
Z

∞

0

rν−1dr
Z

P0

0

pν−1dp

�
−
NðN − 1ÞGm2

2r
−
kNðN − 1ÞGm2

2r2
þ Np2

2m

�

×

�
1þ ðq − 1Þβ

�
NðN − 1ÞGm2

2r
þ kNðN − 1ÞGm2

2r3
−
Np2

2m

�� 1
q−1 ð4:23Þ

Or, equivalently:

ZhUiν ¼
�
2π

ν
2

Γ ν
2

�
2
�
βNðq − 1Þ

2m

� 1
q−1

×

�Z
∞

0

rν−1dr
Z

P0

0

Npνþ1

2m

�
1

βNðq − 1Þ þ
ðN − 1ÞGm2

2r
þ kðN − 1ÞGm2

2r3
−

p2

2m

� 1
q−1
dp

−
NðN − 1ÞGm2

2

Z
∞

0

rν−2dr
Z

P0

0

pν−1
�

1

βNðq − 1Þ þ
ðN − 1ÞGm2

2r
þ kðN − 1ÞGm2

2r3
−

p2

2m

� 1
q−1
dp

−
kNðN − 1ÞGm2

2

Z
∞

0

rν−3dr
Z

P0

0

pν−1
�

1

βNðq − 1Þ þ
ðN − 1ÞGm2

2r
þ kðN − 1ÞGm2

2r3
−

p2

2m

� 1
q−1
dp

�
: ð4:24Þ

For q ¼ 4=3 we obtain:

ZhUiν ¼
3

2β

�
2π

ν
2

Γðν
2
Þ
�
2
�
6m
Nβ

�ν
2

�
−αB

�
4;
ν

2

�
I1 − kαB

�
4;
ν

2

�
I2 þ B

�
4;
ν

2
þ 1

�
I3

�
: ð4:25Þ

Again,after a long calculation we obtain (See Appendix):

ZhUiν ¼ Gν½Γð3 − νÞFν þΦνðz1; z2Þ�; ð4:26Þ

where we have defined:

Φνðz1; z2Þ ¼ ϕ1 þ ϕ2 þ ϕ3

with:

Gν ¼
3

2β

24πν

Γðν
2
Þ2
�
6m
βN

�ν
2

bν
Γð3ν

2
þ11Þsin3νπ

2

ð3þ ν
2
Þð2þ ν

2
Þð1þ ν

2
ÞΓðν

2
þ11Þsinπν

2

ð4:27Þ

and:

Fν ¼
�
−αh1ðνÞ − kαh2ðνÞ

ð3ν
2
þ 12Þð3ν

2
þ 11Þ

ðν
2
þ 12Þðν

2
þ 11Þ

þ h3ðνÞ
ð3ν
2
þ 12Þð3ν

2
þ 11Þ

ðν
2
þ 12Þðν

2
þ 11Þ

�
: ð4:28Þ

C. Calculation of mean energy

We follow the Laurent development as:

GνFν¼G3F3þðG3F3Þ0ðν−3Þþ
X∞
k¼2

bkðν−3Þk: ð4:29Þ

For the Γ function we have

Γð3 − νÞ ¼ 1

3 − ν
− Cþ

X∞
k¼1

ckðν − 3Þk: ð4:30Þ

As a consequence:

ZhUiν ¼
G3F3

3 − ν
− G3F3C − ðG3F3Þ0

þ
X∞
k¼1

akðν − 3Þk þ G3Φð3; sÞ ð4:31Þ

and

ZhUi¼−G3F3

�
CþðG3F3Þ0

G3F3

�
þG3Φð3;z1;z2Þ: ð4:32Þ

Equivalently:
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ZhUi¼−G3F3

�
CþG0

3

G3

þF0
3

F3

�
þG3Φð3;z1;z2Þ: ð4:33Þ

We evaluate F3; F0
3; G3 and G0

3 in three dimensions:. The
result is

G3 ¼ −
128π2

35β

�
6m
βN

�3
2

b3
Γð31

2
Þ

Γð25
2
Þ ð4:34Þ

F3 ¼
�
−αh1ð3Þ −

1023

675
kαh2ð3Þ þ

1023

675
h3ð3Þ

�
ð4:35Þ

G0
3

G3

¼ 1

2
ln

�
6m
βN

π2b2
�
þ ψ

�
31

2

�
− ψ

�
25

2

�

− 2ψ

�
3

2

�
−
143

315
ð4:36Þ

F0
3 ¼

�
−αh01ð3Þ −

1023

675
kαh02ð3Þ þ

1023

675
h03ð3Þ

þ 3332

151875
kαh2ð3Þ −

3332

151875
h3ð3Þ

�
ð4:37Þ

We get then:

hUi ¼ −
G3F3

Z

�
CþG0

3

G3

þ F0
3

F3

�
þG3Φð3; z1; z2Þ:

ð4:38Þ

We can see the behavior of the above energy in terms of
temperature and number by plots of Fig. 6. From Fig. 6(a)
we can see that hUi is increasing function of N. However,
Fig. 6(b) shows that behavior of system is different for
small and large N. For the large N limit we can see energy
is decreased by temperature which may be sign of an
instability. In order to study thermodynamics stability we
need to investigate about the specific heat.

Figure 8 shows distribution function of Boltzmann
statistics. Finally, as is usual, the specific heat is obtained by:

Cv ¼
∂hUi
∂T : ð4:39Þ

Our numerical analysis indicated that specific heat diverges at
specialN, which is something like phase transition, hencewe
can suggest a maximum number forN where the system is in
thermodynamics stability. Also we can see that specific heat
has a maximum in the stable region which is like Schottky
anomaly. These are illustrated byFig. 7(a). On the other hand,
fromFig. 7(b) we can see behavior of specific heat in terms of
the temperature. Similar to the energy, we can see different
behavior for small and large N. For the small numbers of
galaxies we see the specific heat is increasing function of

N = 30

N = 20

N = 10

0 20 40 60 80 100
20

15

10

5

0

5

10

15

T

x
10

7

FIG. 6. Chemical potential with G ¼ m ¼ 1, km ¼ 1=6.

5

0 0.1 0.2

FIG. 7. EoS of Boltzmann statistics with G ¼ m ¼ 1.

N = 10

N = 20

N = 30

0 20 40 60 80 100 120

0.0

0.2

0.4

0.6

0.8

T

F
(N

)

FIG. 8. Distribution function of Boltzmann statistics with
G ¼ m ¼ 1, km ¼ 1=6.

HAMEEDA, POURHASSAN, ROCCA, and BRZO PHYS. REV. D 103, 106019 (2021)

106019-10



temperature as expected. Figure 9 shows mean energy and
Fig. 10 specic heat of Tsallis' statistics.

V. CONCLUSION

The main objective of the paper is to obtain divergence-
free partition function for the systemof galaxies clustering in
the braneworld model. Statistically adequate in content, the
paper follows Boltzmann statistical and the Tsallis statistical
treatment to evaluate the partition function and the corre-
sponding thermodynamics in the form of equations of state.
The speciality of paper lies in the successful elimination of
divergences arising due to the point mass approximations,
which otherwise is mathematically a challenging issue for
cosmologists. In the present work the main conclusion
of the paper is in the form of finite and singularity free
partition function and thus the regularized thermodynamics.
This task is accomplished by using the generalization

of the dimensional regularization of Bollini and Giambiagi
[33–35]. This generalization was based on the general
quantification method of QFT’s [36–39] using ultra-
distributions of Sebastiao e Silva, also known as ultra-
hyperfunctions [40–42]. In 2018 the problem of exponen-
tially divergent nature of gravitational partition function
was solved by Plastino and Rocca [48–50], thus dese-
rves a special mention in the conclusive section of this
paper.
General relativity has been thoroughly tested at solar

system scale [51], and it is known to be valid at that scale.
Thus, at that scale the nonlocality is strongly constrained as
general relativity is a local theory [52,53]. However, it is
still possible for nonlocality to occur at very large distance
scales. In fact, it has been suggested that quantum gravi-
tational effects would modify the gravitational potential at
large distances, and this can explain the accelerated
expansion of the universe without dark energy [54,55].

(a) (b)

1 2 5 10 2 20

FIG. 9. Energy of Tsallis statistics with G ¼ m ¼ k ¼ 1. (a) in terms of N; (b) in terms of T.

(a) (b)

3 2 105 10

FIG. 10. Specific heat of Tsallis statistics with G ¼ m ¼ k ¼ 1. (a) in terms of N; (b) in terms of T.
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So, nonlocalities can have important consequences for
large scale structure formation in our universe [56]. Such
nonlocal effects of gravity could be detected using gravi-
tational waves [57]. It would be interesting to construct a
nonlocal gravitational partition function, using the methods
used in this paper.

APPENDIX: AUXILIARY CALCULATIONS

1. Calculations of: Tsallis partition function of the
system in the braneworld model

In 1988, C. Tsallis proposed a nonextensive generali-
zation of statistical mechanics (widely called as Tsallis
statistical mechanics) [27]. Based on the motivations laid

out in the introduction, we now try to investigate the many-
body gravitational system using Tsallis’s formalism. Tsallis
q-exponential is defined as the distribution:

eqðxÞ ¼ ½1þ ðq − 1Þx�
1

q−1
þ : ðA1Þ

Or equivalently

eqðxÞ ¼
�
1þ ðq − 1Þx� 1

q−1; 1þ ðq − 1Þx > 0

0; 1þ ðq − 1Þx < 0:
ðA2Þ

Let us consider again the distribution: 1r ¼ PV 1
r. First we do

the calculation in ν dimensions and assume q > 1. Thus

Zν ¼
Z

∞

−∞
dνx

Z
∞

−∞
dνp

�
1þ ðq − 1Þβ

�
NðN − 1ÞGm2

2r
þ kNðN − 1ÞGm2

2r3
−
Np2

2m

�� 1
q−1

þ
ðA3Þ

Here we put q ¼ 4=3. The choice of that value of q is not arbitrary. It is the value of q where Verlinde’s conjecture of
emergent gravity could be proved, in the nonrelativistic case [48]. Accordingly:

Zν ¼
�
2π

ν
2

Γðν
2
Þ
�
2
Z

∞

0

rν−1dr
Z

∞

0

pν−1dp

�
1þ β

�
NðN − 1ÞGm2

6r
þ NðN − 1ÞGm2

6r3
−
Np2

6m

��
3

þ
ðA4Þ

The expression for Z in (4.4) can be rewritten in the form:

Zν ¼
�
2π

ν
2

Γðν
2
Þ
�
2
�
6m
βN

�ν
2

B

�
4;
ν

2

�Z
∞

0

r−
ν
2
−10drðr3 þ αtrþ kαtÞν2þ3 ðA5Þ

where

αt ¼
βNðN − 1ÞGm2

6
:

Hence we can write

Zν ¼
�
2π

ν
2

Γðν
2
Þ
�
2
�
6m
βN

�ν
2

B

�
4;
ν

2

�Z
∞

0

r−
ν
2
−10drðrþ bÞν2þ3ðr − r1Þν2þ3ðr − r3Þν2þ3 ðA6Þ

where r1, r2 ¼ −b, and r3 are the cube roots of the integrand. Also,

r1 ¼ γ1 þ e
iπ
3 γ2

r3 ¼ γ1 þ e−
iπ
3 γ2

b ¼ γ2 − γ1 −
α

3

γ1 ¼
 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1

4

�
2α3t
27

þ αtk

�
2

þ 1

27

�
α

3
ðαt − 6Þ

�
2

s
−
1

2

�
2α3t
27

þ αtk

�!1
3

γ2 ¼
 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1

4

�
2α3t
27

þ αtk

�
2

þ 1

27

�
α

3
ðαt − 6Þ

�
2

s
þ 1

2

�
2α3t
27

þ αtk

�!1
3
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After solving the integral we have

Zν ¼
�
2π

ν
2

Γðν
2
Þ
�
2
�
6m
βN

�ν
2

B

�
4;
ν

2

�
bν

Γð− ν
2
− 9Þ

Γð− 3ν
2
− 9ÞΓð−νÞF

�
−ν;−

ν

2
− 3;−

ν

2
− 3;−

3ν

2
− 9; 1þ r1

b
; 1þ r3

b

�
: ðA7Þ

Here, F is the hypergeometric function of two variables. Using transformation formula we put z1 ¼ 1þ r1
b , z2 ¼ 1þ r3

b
and get:

Γð−νÞF
�
−ν;−

ν

2
− 3;−

ν

2
− 3;−

3ν

2
− 9; 1þ r1

b
; 1þ r3

b

�

¼ Γð−νÞ
�
1 − ν

�
− ν

2
− 3

− 3ν
2
− 9

z1 þ
− ν

2
− 3

− 3ν
2
− 9

z2

�

− νð1 − νÞ
� ð− ν

2
− 3Þð− ν

2
− 2Þ

ð− 3ν
2
− 9Þð− 3ν

2
− 8Þ z1z2 þ

ð− ν
2
− 3Þð− ν

2
− 2Þ

2ð− 3ν
2
− 9Þð− 3ν

2
− 8Þ z

2
1 þ

ð− ν
2
− 3Þð− ν

2
− 2Þ

2ð− 3ν
2
− 9Þð− 3ν

2
− 8Þ z

2
2

�

− νð1 − νÞð2 − νÞ
� ð− ν

2
− 3Þð− ν

2
− 2Þð− ν

2
− 1Þ

6ð− 3ν
2
− 9Þð− 3ν

2
− 8Þð− 3ν

2
− 7Þ z

3
1 þ

ð− ν
2
− 3Þð− ν

2
− 2Þð− ν

2
− 1Þ

6ð− 3ν
2
− 9Þð− 3ν

2
− 8Þð− 3ν

2
− 7Þ z

3
2

þ ð− ν
2
− 3Þð− ν

2
− 2Þð− ν

2
− 3Þ

2ð− 3ν
2
− 9Þð− 3ν

2
− 8Þð− 3ν

2
− 7Þ z

2
1z1 þ

ð− ν
2
− 3Þð− ν

2
− 2Þð− ν

2
− 3Þ

2ð− 3ν
2
− 9Þð− 3ν

2
− 8Þð− 3ν

2
− 7Þ z1z

2
2

��
þ ϕðz1; z2Þ ðA8Þ

where:

ϕνðz1; z2Þ ¼
X∞

mþn¼4

Γðmþ n − νÞð− ν
2
− 3Þmð− ν

2
− 3Þn

ð− 3ν
2
− 9Þmþnm!n!

zm1 z
n
2: ðA9Þ

Equation (A8) can be simplified and translated into the form:

Γð−νÞF
�
−ν;−

ν

2
− 3;−

ν

2
− 3;−

3ν

2
− 9; 1þ r1

b
; 1þ r3

b

�

¼ Γð−νÞ
�
1 − ν

�
− ν

2
− 3

− 3ν
2
− 9

�
ðz1 þ z2Þ − νð1 − νÞ

� ð− ν
2
− 3Þ

ð− 3ν
2
− 9Þð− 3ν

2
− 8Þ

�

×

�
2

�
−
ν

2
− 3

�
z1z2 þ

�
−
ν

2
− 2

�
z21 þ

�
−
ν

2
− 2

�
z22

�

− νð1 − νÞð2 − νÞ
� ð− ν

2
− 3Þð− ν

2
− 2Þ

6ð− 3ν
2
− 9Þð−3 3ν

2
− 8Þð− 3ν

2
− 7Þ

�

×

��
−
ν

2
− 1

�
z31 þ

�
−
ν

2
− 1

�
z32 þ 3

�
−
ν

2
− 3

�
z21z1 þ 3

�
−
ν

2
− 3

�
z1z22

��
þ ϕνðz1; z2Þ: ðA10Þ

Then, we have for ν ¼ 3, the expression:

ϕ3ðz1; z2Þ ¼
X∞

mþn¼4

Γðmþ n − 3Þð− 9
2
Þmð− 9

2
Þn

ð− 27
2
Þmþnm!n!

zm1 z
n
2 ðA11Þ
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Γð−νÞF
�
−ν;−

ν

2
− 3;−

ν

2
− 3;−

3ν

2
− 9; 1þ r1

b
; 1þ r3

b

�

¼ Γð3 − νÞ
�

1

−νð1 − νÞð2 − νÞ þ
�

− ν
2
− 3

ð1 − νÞð2 − νÞð− 3ν
2
− 9Þ

�
ðz1 þ z2Þ þ

� ð− ν
2
− 3Þ

ð2 − νÞð− 3ν
2
− 9Þð− 3ν

2
− 8Þ

�

×

�
2

�
−
ν

2
− 3

�
z1z2 þ

�
−
ν

2
− 2

�
z21 þ

�
−
ν

2
− 2

�
z22

�
þ
� ð− ν

2
− 3Þð− ν

2
− 2Þ

6ð− 3ν
2
− 9Þð− 3ν

2
− 8Þð− 3ν

2
− 7Þ

�

×

��
−
ν

2
− 1

�
z31 þ

�
−
ν

2
− 1

�
z32 þ 3

�
−
ν

2
− 3

�
z21z1 þ 3

�
−
ν

2
− 3

�
z1z22

��
þ ϕνðz1; z2Þ: ðA12Þ

Let us define hν such that

hν ¼
�

1

−νð1 − νÞð2 − νÞ þ
�

− ν
2
− 3

ð1 − νÞð2 − νÞð− 3ν
2
− 9Þ

�
ðz1 þ z2Þ þ

� ð− ν
2
− 3Þ

ð2 − νÞð− 3ν
2
− 9Þð− 3ν

2
− 8Þ

�

×

�
2

�
−
ν

2
− 3

�
z1z2 þ

�
−
ν

2
− 2

�
z21 þ

�
−
ν

2
− 2

�
z22

�
þ
� ð− ν

2
− 3Þð− ν

2
− 2Þ

6ð− 3ν
2
− 9Þð− 3ν

2
− 8Þð− 3ν

2
− 7Þ

�

×

��
−
ν

2
− 1

�
z31 þ

�
−
ν

2
− 1

�
z32 þ 3

�
−
ν

2
− 3

�
z21z1 þ 3

�
−
ν

2
− 3

�
z1z22

��
: ðA13Þ

Thus we can write the partition function in ν dimensions as

Zν ¼
�
2π

ν
2

Γðν
2
Þ
�
2
�
6m
βN

�ν
2

B

�
4;
ν

2

�
bν

Γð− ν
2
− 9Þ

Γð− 3ν
2
− 9Þ ðΓð3 − νÞhν þ ϕνðz1; z2ÞÞ ðA14Þ

Zν ¼
24πν

Γðν
2
Þ2
�
6m
βN

�ν
2

bν
Γð− ν

2
− 9Þ

ð3þ ν
2
Þð2þ ν

2
Þð1þ ν

2
ÞΓð− 3ν

2
− 9Þ ðΓð3 − νÞhν þ ϕνðz1; z2ÞÞ: ðA15Þ

2. Calculations of: Mean energy in ν dimensions

We now proceed to evaluate the average energy of the system. For it is

ZhUiν ¼
�
2π

ν
2

Γðν
2
Þ
�
2
Z

∞

0

rν−1dr
Z

P0

0

pν−1dp

�
−
NðN − 1ÞGm2

2r
−
kNðN − 1ÞGm2

2r2
þ Np2

2m

�

×

�
1þ ðq − 1Þβ

�
NðN − 1ÞGm2

2r
þ kNðN − 1ÞGm2

2r3
−
Np2

2m

�� 1
q−1 ðA16Þ

Or, equivalently:

ZhUiν ¼
�
2π

ν
2

Γ ν
2

�
2
�
βNðq − 1Þ

2m

� 1
q−1

×

�Z
∞

0

rν−1dr
Z

P0

0

Npνþ1

2m

�
1

βNðq − 1Þ þ
ðN − 1ÞGm2

2r
þ kðN − 1ÞGm2

2r3
−

p2

2m

� 1
q−1
dp

−
NðN − 1ÞGm2

2

Z
∞

0

rν−2dr
Z

P0

0

pν−1
�

1

βNðq − 1Þ þ
ðN − 1ÞGm2

2r
þ kðN − 1ÞGm2

2r3
−

p2

2m

� 1
q−1
dp

−
kNðN − 1ÞGm2

2

Z
∞

0

rν−3dr
Z

P0

0

pν−1
�

1

βNðq − 1Þ þ
ðN − 1ÞGm2

2r
þ kðN − 1ÞGm2

2r3
−

p2

2m

� 1
q−1
dp
�

ðA17Þ

For q ¼ 4=3 we obtain:
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ZhUiν ¼
3

2β

�
2π

ν
2

Γðν
2
Þ
�
2
�
6m
Nβ

�ν
2

�
−αB

�
4;
ν

2

�
I1 − kαB

�
4;
ν

2

�
I2 þ B

�
4;
ν

2
þ 1

�
I3

�
ðA18Þ

where

I1 ¼
Z

∞

0

r−
ν
2
−11drðr3 þ αr2 þ kαÞ3þν

2 ðA19Þ

I2 ¼
Z

∞

0

r−
ν
2
−13drðr3 þ αr2 þ kαÞ3þν

2 ðA20Þ

I3 ¼
Z

∞

0

r−
ν
2
−13drðr3 þ αr2 þ kαÞ4þν

2 ðA21Þ

we can further write the integrals as

I1 ¼
Z

∞

0

r−
ν
2
−11drðrþ bÞν2þ3ðr − r1Þν2þ3ðr − r3Þν2þ3 ðA22Þ

I2 ¼
Z

∞

0

r−
ν
2
−13drðrþ bÞν2þ3ðr − r1Þν2þ3ðr − r3Þν2þ3 ðA23Þ

I3 ¼
Z

∞

0

r−
ν
2
−13drðrþ bÞν2þ4ðr − r1Þν2þ4ðr − r3Þν2þ4: ðA24Þ

Thus after using the formula given below we evaluate the integrals

Z
∞

0

rγ−α−1drðrþ bÞBþB0−γðr − r1ÞBðr − r3ÞB0 ¼ b−α
Γðγ − αÞ
ΓðγÞ ΓðαÞF

�
α; B; B0; γ; 1þ r1

b
; 1þ r3

b

�
: ðA25Þ

Thus we get:

I1 ¼ bν
Γð− ν

2
− 10Þ

Γð− 3ν
2
− 10Þ Γð−νÞF

�
−ν;−

ν

2
− 3;−

ν

2
− 3;−

3ν

2
− 10; 1þ r1

b
; 1þ r3

b

�
ðA26Þ

I2 ¼ bν
Γð− ν

2
− 12Þ

Γð− 3ν
2
− 12Þ Γð−νÞF

�
−ν;−

ν

2
− 3;−

ν

2
− 3;−

3ν

2
− 12; 1þ r1

b
; 1þ r3

b

�
ðA27Þ

I3 ¼ bν
Γð− ν

2
− 12Þ

Γð− 3ν
2
− 12Þ Γð−νÞF

�
−ν;−

ν

2
− 4;−

ν

2
− 4;−

3ν

2
− 12; 1þ r1

b
; 1þ r3

b

�
: ðA28Þ

Using transformation formula

Γð−νÞF
�
−ν;−

ν

2
− 3;−

ν

2
− 3;−

3ν

2
− 10; 1þ r1

b
; 1þ r3

b

�
¼ Γð3 − νÞh1 þ ϕ1ðν; z1; z2Þ ðA29Þ

where we put
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h1ðνÞ ¼
�

1

−νð1 − νÞð2 − νÞ þ
�

− ν
2
− 3

ð1 − νÞð2 − νÞð− 3ν
2
− 10Þ

�
ðz1 þ z2Þ þ

� ð− ν
2
− 3Þ

ð2 − νÞð− 3ν
2
− 10Þð− 3ν

2
− 9Þ

�

×

�
2

�
−
ν

2
− 3

�
z1z2 þ

�
−
ν

2
− 2

�
z21 þ

�
−
ν

2
− 2

�
z22

�
þ
� ð− ν

2
− 3Þð− ν

2
− 2Þ

6ð− 3ν
2
− 10Þð− 3ν

2
− 9Þð− 3ν

2
− 8Þ

�

×

��
−
ν

2
− 1

�
z31 þ

�
−
ν

2
− 1

�
z32 þ 3

�
−
ν

2
− 3

�
z21z2 þ 3

�
−
ν

2
− 3

�
z1z22

��
: ðA30Þ

In three dimensions:

h1ð3Þ ¼
�
−
1

6
þ 9

58
ðz1 þ z2Þ −

18

87
z1z2 þ

7

87
ðz21 þ z22Þ þ

7

2610
ðz31 þ z32Þ þ

7

50
ðz21z2 þ z1z22Þ

�
ðA31Þ

and

½h01ð3Þ ¼
�
11

36
−

779

3364
ðz1 þ z2Þ þ

518

2523
z1z2 þ

65

841
ðz21 þ z22Þ þ

101

315375
ðz31 þ z32Þ þ

697

1576875
ðz21z2 þ z1z22Þ

�
: ðA32Þ

In the same way:

Γð−νÞF
�
−ν;−

ν

2
− 3;−

ν

2
− 3;−

3ν

2
− 12; 1þ r1

b
; 1þ r3

b

�
¼ Γð3 − νÞh2 þ ϕ2ðν; z1; z2Þ ðA33Þ

where:

h2ðνÞ ¼
�

1

−νð1 − νÞð2 − νÞ þ
�

− ν
2
− 3

ð1 − νÞð2 − νÞð− 3ν
2
− 12Þ

�
ðz1 þ z2Þ þ

� ð− ν
2
− 3Þ

ð2 − νÞð− 3ν
2
− 12Þð− 3ν

2
− 11Þ

�

×

�
2

�
−
ν

2
− 3

�
z1z2 þ

�
−
ν

2
− 2

�
z21 þ

�
−
ν

2
− 2

�
z22

�
þ
� ð− ν

2
− 3Þð− ν

2
− 2Þ

6ð− 3ν
2
− 12Þð− 3ν

2
− 11Þð− 3ν

2
− 10Þ

�

×

��
−
ν

2
− 1

�
z31 þ

�
−
ν

2
− 1

�
z32 þ 3

�
−
ν

2
− 3

�
z21z1 þ 3

�
−
ν

2
− 3

�
z1z22

��
: ðA34Þ

Again, in three dimensions:

h2ð3Þ ¼
�
−
1

6
þ 3

22
ðz1 þ z2Þ −

54

341
z1z2 þ

21

341
ðz21 þ z22Þ þ

35

1798
ðz31 þ z32Þ þ

189

1798
ðz21z2 þ z1z22Þ

�
ðA35Þ

and

h02ð3Þ¼
�
11

36
þ 293

1452
ðz1þ z2Þ−

17778

116281
z1z2þ

20059

348843
ðz21þ z22Þþ

461521

880130889
ðz31þ z32Þþ

69105

97792321
ðz21z2þ z1z22Þ

�
: ðA36Þ

The last equality is

Γð−νÞF
�
−ν;−

ν

2
− 4;−

ν

2
− 4;−

3ν

2
− 12; 1þ r1

b
; 1þ r3

b

�
¼ Γð3 − νÞh3 þ ϕ3ðν; z1; z2Þ ðA37Þ

with:
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h3ðνÞ ¼
�

1

−νð1 − νÞð2 − νÞ þ
�

− ν
2
− 4

ð1 − νÞð2 − νÞð− 3ν
2
− 12Þ

�
ðz1 þ z2Þ þ

� ð− ν
2
− 4Þ

ð2 − νÞð− 3ν
2
− 12Þð− 3ν

2
− 11Þ×

�

×

�
2

�
−
ν

2
− 4

�
z1z2 þ

�
−
ν

2
− 3

�
z21 þ

�
−
ν

2
− 3

�
z22

�
þ
� ð− ν

2
− 4Þð− ν

2
− 3Þ

6ð− 3ν
2
− 12Þð− 3ν

2
− 11Þð− 3ν

2
− 10Þ

�

×

��
−
ν

2
− 2

�
z31 þ

�
−
ν

2
− 2

�
z32 þ 3

�
−
ν

2
− 4

�
z21z1 þ 3

�
−
ν

2
− 4

�
z1z22

��
: ðA38Þ

In three dimensions:

h3ð3Þ ¼
�
−
1

6
þ 1

6
ðz1 þ z2Þ −

22

93
z1z2 −

3

31
ðz21 þ z22Þ þ

7

1798
ðz31 þ z32Þ þ

33

1798
ðz21z2 þ z1z22Þ

�
ðA39Þ

h03ð3Þ ¼
�
11

36
−
1

4
ðz1 þ z2Þ þ

686

2883
z1z2 þ

275

2883
ðz21 þ z22Þ þ

1522

7273809
ðz31 þ z32Þ þ

80

2406623
ðz21z2 þ z1z22Þ

�
: ðA40Þ

We then obtain:

ZhUiν ¼ Gν½Γð3 − νÞFν þΦνðz1; z2Þ� ðA41Þ

where we have defined:

Φνðz1; z2Þ ¼ ϕ1 þ ϕ2 þ ϕ3

with:

Gν ¼
3

2β

24πν

Γðν
2
Þ2
�
6m
βN

�ν
2

bν
Γð3ν

2
þ 11Þ sin 3νπ

2

ð3þ ν
2
Þð2þ ν

2
Þð1þ ν

2
ÞΓðν

2
þ 11Þ sin πν

2

ðA42Þ

and:

Fν ¼
�
−αh1ðνÞ − kαh2ðνÞ

ð3ν
2
þ 12Þð3ν

2
þ 11Þ

ðν
2
þ 12Þðν

2
þ 11Þ þ h3ðνÞ

ð3ν
2
þ 12Þð3ν

2
þ 11Þ

ðν
2
þ 12Þðν

2
þ 11Þ

�
: ðA43Þ
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