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In this paper, we will analyze the effects of superlight braneworld perturbative modes on clustering of
galaxies. In the present manuscript, we use the Boltzmann and Tsallis statistical approaches to study the
large distance modification of gravity in the braneworld. The impact of modified potential on clustering of
galaxies is analyzed in both the approaches. The infinities associated with Newtonian point mass
approximation of gravity models is removed using the analytical extensions. The regularized and finite
partition function is obtained for the system of galaxies in the braneworld model and is used to evaluate the
regularized thermodynamic properties of the system in the form of equations of state. Hence, we study
thermodynamic quantities and discuss about the thermodynamic stability of the model. We find that large
number of galaxies may lead to the thermodynamic instability. The appealing feature of the paper revolve
around the generalization of the dimensional regularization (GDR) of Bollini and Giambiagi supplemented
with the statistical adequacy of Boltzmann and Tsallis.
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I. INTRODUCTION

In this paper, we will analyze a large distance modifi-
cation to the gravitational partition function. This gravita-
tional partition function has been used in analyzing the
large scale structure of our universe, and hence any large
modification of the gravitational potential would modify it.

Clustering of galaxies and the structure formation in the
expanding universe using Newtonian potential as a source
of attraction and by approximating the galaxies as point
masses has been extensively analyzed [1]; [2]; [3]. The
study has been followed and improved to analyze the
structure formation for extended objects [4,5].

An empirical modification of Newtonian dynamics
(MOND), has been proposed and discussed at low accel-
erations [6-8]. Gravitational clustering with modified
potentials have been studied in various modifications of
Newtonian potential to explain clustering [9-14]. The
modified theories like the nonlocal extensions of GR can
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be a possible treatment for the singularities like black hole,
big bang and the cosmic expansion [15-19].

In most of the studies the standard techniques of statistical
mechanics have been followed [20,21]. In our early studies
we have analyzed the clustering of galaxies using a
Newtonian potential modified by superlight modes of a
braneworld model and obtained considerable effects on the
clustering parameter and have elaborated the effects on
cosmic energy equations [9]. The large distance corrections
to the Newtonian potential from superlight modes in brane-
world models have been studied by considering the universe
a brane in higher dimensions [22]. The string theory due to
the inherent characteristics of possessing extra dimensions
thus, become the motivation to discuss these models [23].
Due to the lack of testing of general relativity and the
corresponding Newtonian approximation at very large or
very small distances and due to the propagation of gravity in
to higher dimensional bulk, the Newtonian potential gets
brane corrections [24]; [25]; [26]. Keeping in consideration
the importance of models with superlight perturbation
modes and the modification of gravitational interaction at
astronomical scales, the form of Newtonian potential used in
this paper to study the clustering can be a promising
candidate to resolve the issue of dark matter in galaxies [22].

© 2021 American Physical Society
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It may be noted that most of the work done on clustering
of galaxies, using this formalism, has been done using the
Boltzmann-Gibbs entropy. However, it can be argued that
as the Boltzmann-Gibbs entropy is based on the extensive
property of the system, it might not explain the gravita-
tional systems, as these systems can violate the extensive
property [27]. Such a violation occurs because of break-
down of ergodicity for such gravitational systems [28,29].
Thus, it has been suggested that such system can be better
described by Tsallis statistical mechanics [30,31]. In fact, it
has been demonstrated that the Tsallis statistical mechanics
can be used to study self-interacting gravitational particles,
even though such systems can violate the extensive
property [32]. So, we will also analyze the Tsallis statistical
mechanics for this system of galaxies corrected by super-
light braneworld perturbative modes.

Though in our early studies we have analyzed the
braneworld modified Newtonian potential to galactic clus-
tering using the techniques of statistical mechanics and
have further modified the potential using the softening
parameter to eliminate the mathematical divergences. In the
present study we use the Boltzmann statistical as well as
Tsallis statistical approaches to study the gravitating gas
interacting through brane potential. Dimensional regulari-
zation of partition function to get the divergence-free
results is the main thrust involved in the paper. The paper
involves rigorous work on dimensional regularization to
regularize the thermodynamic properties in both the
approaches. Besides giving physical impact of the large
distance modification of gravity in the braneworld, the
mathematics of the paper is quite appealing due to the
generalization of the dimensional regularization of Bollini
and Giambiagi [33-35]. This generalization was based on
the general quantification method of QFT’s [36—39] using
ultradistributions of Sebastiao e Silva, also known as
ultrahyperfunctions [40-42].

Our analysis is valid if the following assumptions are
satisfied:

(1) The graviton is massless, as suggested by the LIGO
experiment. In that case the graviton does not present
polarizations that produce strong corrections to the
gravitational potential, given for example by positive
powers of r as shown in Ref. [43]. This was proved in
Refs. [44,45], in which gravity is quantized following
the paths suggested by Suraj N. Gupta and Richard P.
Feynman, through the theory of ultrahyperfunctions
[36-39]. This theory allows to quantize nonrenorma-
lizable quantum field theories.

(2) The graviton is nonmassless. In that case the result of
Ref. [43] shows that there is a polarization of the
graviton that produces a strong correction that is a
positive power of . So, for our result to be valid, the
sources must be beyond the radius below which the
additional polarizations of the graviton are strongly
interacting.

II. PARTITION FUNCTION

Let us consider the distribution %: PV%. Then
1]._o = 0. The general partition function of a system of
N particles of mass m interacting through the modified
gravitational potential with potential energy is @, can be
written as

.l
N!

N 52
X exp <— [251;1+Cb(r,,r2,r3,...,r,v)] T‘l>, (2.1)
i-1

The interaction potential energy between galaxies in brane-
world model with large extra dimensions can be written
as [23,46]

d*pd'r

2
b= _Gm (1 +k—2’") (2.2)

rl‘j rij
For N galaxies the potential energy can be expressed as

N(N —1)Gm? (1 N km) ’

2rl‘j

bij=— (2.3)

2
rij

The partition function Z in v dimensions.

1 0
Z,,:—/ d"x
N!J)_«

Lo 1))
(2.4)

Evaluating the integral over the angles we have:

z (Y
VT

® N(N -1 2 k
X / r”‘%z’rexp(ﬂﬂ <1 +%’))
0 2r r

o0 sz
vld - 2.5
x A p pem( 2m) (2.5)
For the integral over the momentum we obtain:
e Np? L5 (2m):
vlg - =2 2.6
[ (o(50)) =y 09

To solve the integral over r

[ _ 2
[ty (MOS0 (B
0 2r r
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we make use of the approximation:

/ "l drexp(frx + o)

0

N /m xldxexp(Brx) (1 + pox?).

0

Thus we get:

/°° x"ldxexp (f1x) + B> /O°° X2 dx(exp (B1x))

0
. 1 b,
=/ [—v(l et e

}F(3—u).

Using this result, we have for Z the expression:

127 (2m\5( N(N—1)Gm*\*
2N (ﬂ_ ) (ﬁ 2 >

x [m+ o (ﬁM) _2] r(3-v)

(2.7)

Now, we proceed to do Laurent series development
around v = 3. We write:

Z, = f()F(3 - ) (2.8)
where

fw) =%% (;_m>2<ﬁw+)(;mz>b

N(N - 1)Gm2> —2}

+km<ﬂ .

x [ !
(1 =v)(2-v)
(2.9)

In three dimensions it is

£3) = %4”% (%)2 [—éa + kma] . (2.10)

where:

(2.11)

We get:

£ _ ', (5) L (nz/)’N(N ~1 )2G2m5)

flw) 2 2 2
N -2+ 6v —31°
(1 =v)(2—v) + ka2 (1 —v)>(2 —v)*
(2.12)
In three dimensions (2.12) takes the form:
/ 2 C1\2(320,5
f(3) :§U/ 3 +lln 7" pN(N — 1)°G*m
f(3) 27\2 2 2
11 o’
— ). 2.13
+ 6 <a2 - 6km> ( )
For the I" function we have
1 = ‘
F(S—y):3_y—C+;ck(v—3). (2.14)

As a consequence the partition function in v dimensions is

16) Y

Z,=5-B3)C-f()+ > av-3)k (2.15)
Thus:
_ 1'(3)
Z = f(3)<C+f(3)>. (2.16)

For three dimensions it is explicitly expressed as:

4 s/2m\3[ 1
Z——mﬂ?(ﬁ—N) |:—6(Z+km(1:|
3 /3\ 1 (2BN(N-12Gm’
“y(2) +21
><<C+21//(2>+2n< 5

S O
6\ —6k,/) )

Finally after simplification we arrive at the expression of
finite partition function:

*BN(N-1)2G*m*>\ 11 o’
z=(6-C+1 i
( +“( 128 >+3 (a2—6km>>

2a s(2m\3 /1
Xx—m|—| (=—k, |.
N!" \pN) \6

In Fig. 1 we can see behavior of the partition function for
various values of the model parameters. The most impor-
tant point here is to have positive partition function which is
corresponding to the physical system. It help us to constrain
model parameters. We can use this fact to restrict values of
N and k,,. First of all we should note that interacting system

(2.17)

(2.18)
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FIG. 1.

need N > 2. Hence, in the case of k,,, > é, partition function
is mostly negative except for special number of galaxies
like N =4 or N =5 [see Fig. 1(a)]. On the other hand, for
the case of k,, < % we can obtain a lower bound for the
number of galaxies. In the special case of k,, =0 the
partition function is completely positive for N > 2 (see
Fig. 1(b) where drawn for 7 = 3 however other temper-
atures yield to the similar result). Finally, in Fig. 1(c) we
can see 0 < k,, < % yields to positive partition function if
N > N, Value of N, is depend on the temperature.
Increasing temperature, increased value of N .

III. THERMODYNAMIC PROPERTIES FROM
BOLTZMANN STATISTICS

We know from Boltzmann Gibbs statistical mechanics
and thermodynamics, that there are several physical

{U) =

Partition function in the braneworld model with G=m = 1. (a) T =5; (b) T =3; (¢) k,, = 0.1.

quantities like average energy U, Helmholtz free energy
F, entropy S and chemical potential y, that can be of
interest to a physical system. Therefore, we dedicate this
section to demonstrate how we can calculate various
thermodynamic properties of the gravitational system in
question. These quantities may not have the same meaning
as in usual thermodynamics since these are for a gravita-
tional system, nonetheless, their physical significance is
intact. As we shall see, these quantities will be crucial in
further sections.

We start with calculating the mean energy (U) of a
system at constant N, V by using the formula:

L
pp

It help us to obtain the specific heat via

102
U)=-——=— 3.1
W=-3% G.)
Then, we get for (U):
|
k,,0?
- 44 (s ) .
—C= 602+ 6+ In( TN L1l ()
ou

C,=\=) . 3.3
= (51). 33)

which yields to the following expression,

P L s P
(®=6k,, )3 (a?—6k,,)?

C,=k+ -

a2 \2
k(] —(<:zly((’,”km)z) )

2 BN(N-1)2G*m’ o
—C—-6In2+4+6-+1In (f) +]3_l ((12—6k,,,)

3.4)

- _ 2,5 2 2 (
(—C—61n2+6+1n (w) +4 (,,zi’ﬁk,n))

Figure 2 shows mean energy function in the braneworld model. In Fig. 3 we see that the specific heat is negative. Thus we
see that the system is self-gravitating, as established by Lynden Bell in [47].
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FIG. 2. Mean energy function in the braneworld model with
G=m=1,k,=1/6.
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FIG. 3. Specific heat of Boltzmann statistics with G = m = 1,

k,, = 1/6.

Figure 4 shows free energy function and Fig. 5 entropy,
in the braneworld model. Helmholtz free energy F is
obtained using

1
F=—-—-InZ 3.5
3 (3.5)
Therefore we get:
1
F= 3 [Inﬂ +N—-NInN + In(a — 6k,a)
+ ln<18 —3C-181In2
BN (N —1)>G*m® 11a?
31 3.6
ram(EESEEE) I )] 6o
The entropy S is obtained from
TS=U-F. (3.7)

Its explicit expression is

2000~
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FIG. 4. Free energy with G=m =1, k,, = 1/6.
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FIG. 5. Entropy of Boltzmann statistics with G =m =1,
k,=1/6
1—44 ()

—C=6In2+6+In (FANNSUC ) 1L (e )

+k [ln;r+N—NlnN+ln(a—6kma)

—I—ln<18—3C—18ln2

m?BN(N—-1)2G*m’ 11a?
I .
" “( 2 >+a2—6km>]

(3.8)

Analyzing the entropy shows positive region for N, <
N < N in the case of 0 < k,, < é, hence we find upper
limit for the number of galaxies which is strongly depend
on the temperature.
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The chemical potential is defined as:

oF >
=\ 5o (3.9)
(o),
Accordingly:
3BN=1) | 2N-1 ( 2¢ 224 )
= _l N+ 2N -1 N(N=T) " N(N=1) \ =6k, _ (a®>—6k,,) (3.10)
p NIN=1) " —C =62+ 6+ In(“LOSEC) 4 4 (o)
In addition, we have the following formula, which we will use later:
N1 33N=1) | 2N-1 ( 2¢ 2 2)
- N-1 N-1) \ a®>— oa’—
exp ANu = NV exp 1 + LI >2 Y N6k"112G2< - ) - (3.11)
(N-1) —C—61n2+6+1n(”7ﬁ w-1) ’”) +4 (azf@%)
Pressure P is obtained using
2N
PV:T<L{>. (3.12)
Using (3.2) we arrive to the state equation:
k,, 02
2N 2N I = 44(z255)
ppy = 2N 2N 2}](\;21\;6];”;)(2;2 : - . (3.13)
303 —C—6ln2+6+ln<4”/ &-1) ’”) +4 (—azf’ﬁkm)

In Fig. 7 we can see equation of state (EoS) for various = From chemical potential 4 we find the fugacity z as
interaction strength. In the case of k,, = 0 we can see linear

behavior. For the large N limit, there is no important N N

interaction effect. 2= et (3.15)

A. Probability distribution function The distribution function follows as:

Up to this point, we have dealt with the microcanonical
ensemble. However, now we shall define the grand canoni-

N
cal partition function Z; to calculate the probability F(N) = ﬁ (3.16)
distribution of the system. We define Z; as follows Zg

InZg = pPV (3.14) Using (3.11), the distribution function can be written as:

3(3N-1) — o o ko
2NNz (2m\3[1 2N -1 2N ~(nv-1) + (21</v—11) <a2236km - (a22—26k,,,)2) + 2TN (1 —44 ((a2—6km)2))
FN) ==~ ) 6@ o] Pl vzy~ 3 F PONN-1PCn | 11 (&
- \p ) ~C =612+ 6 + (TN Ly (e )
I’ BN(N = 1)2G*m>\ 11 o’
—-C—-6In2+6+1 —(=—1]. 3.17
«(emomaaeen(SEETEEE) S (5o 617
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IV. TSALLIS PARTITION FUNCTION
OF THE SYSTEM IN THE
BRANEWORLD MODEL

In 1988, C. Tsallis proposed a nonextensive generali-
zation of statistical mechanics (widely called as Tsallis
statistical mechanics) [27]. Based on the motivations laid
out in the introduction, we now try to investigate the many-
body gravitational system using Tsallis’s formalism. Tsallis
g-exponential is defined as the distribution:
|

ey(x) = [1+ (g = DY (@)
Or equivalently
oy [T @= D 14 (g=1)x>0
o {0; 14 (g—1)x <0. (4.2)

Let us consider again the distribution: % =PV % First we do
the calculation in v dimensions and assume ¢ > 1. Thus

® " _ 2 _ 2 2\ 74
Zy:/_ d”x/_ d"p{l—f—(q—l)ﬂ(N(N 2rl)Gm +kN(N 1)Gm*> Np )] ‘

(4.3)

273 2m )|,

Here we put ¢ = 4/3. The choice of that value of ¢ is not arbitrary. It is the value of ¢ where Verlinde’s conjecture of
emergent gravity could be proved, in the nonrelativistic case [48]. Accordingly:

272 |% [ o N(N-1)Gm*> N(N-1)Gm*> Np*\]*
Z = v=1g ldp|1 - 4.4
v [F(%):| A r r‘/() p p|: + ﬁ( 6}" + 6r3 6m N ( )
The expression for Z in (4.4) can be rewritten in the form:
2722 % (6m\ 3 S .
Z, = {Wé)] (ﬂ_m) ‘B <4, %) / > 0dr(r3 + ayr + ka, )3 (4.5)
where
BN (N — 1)Gm?
o =—"
6
Hence we can write
2122 (6m\5 v\ [ _, . . .
ZI/ = {ﬁ%)} (/}_N) B<4, 5) A r_i_lodr(r + b)TLS(r - r1)7+3(r - r3)5+3 (46)
where r;, r, = —b, and r3 are the cube roots of the integrand. Also,
r=r1+er
rs=yi+en
a
b=y,—y —=
V2 =71 3

B 12a§+k2+1
n= el T 27\3

1 [2a 2 1 (a 2 1243 ’
= k) A (2, =6)) o (ZE 4k
& (\/4(27“”) +27(3(“f )> +2<27+“’

After solving the integral we have

)

2722 (6m\5 v\ T(-£2-9) v v 3v r r3
Z,= || (o= )B4 2|0 22— T(-)F|—v,—==3,—= =3, == =9 1 + ;1 +-). 4.7
=[] Gh) () rmamgror(tamgay e gasg). @

2
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Here, F is the hypergeometric function of two variables.
After a long calculation we get (See Appendix):

r3-v)= 3 1 - 3)k. (4.14)

Z 247" <6m>%by r(-4£-9) A
v = moa | ao - - P S a consequence:
FE* BN/~ B +92+5)1+9r(=¥-9) K
x (T3 =v)h, + ¢,(21,2 4.8
(G =)k, + (21, 22)) (438) 2oL ey
A. Evaluation of partition function ) .
Now we do the Laurent development explicitly, taking + kz;l (v =3)"+ g(3)bs(s)- (4.15)
into account that ¢,(z;, z,) does not have a pole at v = 3
and take the expression for ¢; at the end of the develop- Now we write partition function as:
ment. Thus the Laurent development goes as:
We can write £
Z=-f <C+ >+g,¢(z,Z) (4.16)
2, =TG-vf +ahlan)  49) )
where where:
5, = 2 (6_’“) s res=9 _aser (om\E TR
r6? AN/~ 352+ +9r(=%-9) =" ) Uy @)
(4.10)
and
i = 247" <6m> (34 10)sin A
=1 av) " G )G 0sng ™ gy 2567 (6_m>%b3r<é—9> s
(4.11) ’ 105 \pN) = T(F)’ '
247" <6m> (2 + 10) sin 3= We get:
gl/ 1/ 4 in Vv
r(5)2 \pN (B+5Q2+51+5r(+10)sin% .
Lo 1. 6mxb 3 29 23
412) f3_1, —oy(2 Yy
A ’”@“’(2) "’(2>
: . ¢ 143 Il
fo=F+ v =3)+) blv=3)* (413 “35t (4.19)
k=2 3
For the I" function we have and also:
|
1 1 1 5 o, 21 ) )
11 1 454 171 62 3088
Wy=—-—- P+ 23 2 ). 4.21
3 (36 4( Z2) + 7z 1875 (lez) 1875 (Zl + Z2) + 198375 (Zl + ZZ) + 991875 (ZIZZ + Z1Z2)> ( )
Finally we obtain the finite expression for partition function which is divergence free and write it as:
f/
Z=-g {I% <C +J72> —¢3 (21512)} (4.22)
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B. Mean energy in v dimensions

We now proceed to evaluate the average energy of the system. For it is

2152 [ Py N(N —1)Gm* kN(N —1)Gm* Np*
ZU) = I/—ld I/—ld _ —
. [F@J /0 ' /0 g "( or 2 om

N(N —1)Gm®> kN(N —1)Gm*> Np*\|&
X [1 +(q - 1)ﬁ< 5 + 53 -5 (4.23)
Or, equivalently:
272212 [pN(q — 1)
Z2(U0), = |=| |——=
=[] 5
o Po Np”+1 1 - 1)Gm?* k(N -1)Gm* p*la
1/—1 . d
x (/) " 0 [ﬂN(q 1) + 2r + 2r3 2m P
N(N - 1)Gm?* [ Po -1)Gm?* k(N-1)Gm*> p*l&
N = v=2 1 v—1 _r d
2 A " " 0 p [ﬂN 2r + 2r3 2m p
KN(N = 1)Gm? [ Po - 1)Gm?>  k(N-1)Gm®> p*li
— MY Aukilt v=34 vl ——1| dp|. (424
2 Arropzv 2r+2r3 om) P) 424
For ¢ = 4/3 we obtain:
3 [2m2)%/6m\3 v v v
ZU),=—|=—=| |— | |—aB|4,= |1, —kaB(4,= |1, + B(4,=+ 1 )I5]|. 4.25
=gl () [-eo(e3 ) sen(s3)rn(s5 )1 429
|
Again,after a long calculation we obtain (See Appendix): C. Calculation of mean energy
We follow the Laurent development as:
Z<U>y = GD[F(3 - U)Fu + (DI/(Z17 ZZ)]’ (426) 0
G,F,=G3F;+(G3F3) (v=3)+> b(v=3)*  (4.29)
where we have defined: k=2
For the I" function we have
D, (21,22) = 1 + 2 + 3
1
rd-v) = 3)k. (4.30)
with: 3-v
) As a consequence:
3 24x <6m)” ) (34 11)sin®
v— v 14 14 v nZzv G F
Zﬂr( ) ﬁN (3+2)(2+2)(1+2)F(2+11)Sm2 Z<U>D= 3 3—G3F3C—(G3F3)/
(4.27) 3=
+3 a(v=3)F+ G3®(3.5) (4.31)
and: k=1
and
3 3
24 12)(Z+11
F,= {—ahl(v) — kahy(v) (2” 12)(3 T ) (GaF)
(G+12)E+11) Z(U) = —G,F5 <C+G37F3) +G3®(3.21.22).  (4.32)
G+ 12)(+11) 303
+ hi(v) ; . (4.28)
(5+12)5+11) Equivalently:
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/ /

G, F
Z(U) =-GsF; <C+G—j+F—z> +G3®(3,21,2).  (4.33)

We evaluate F5, F}, G3 and G} in three dimensions:. The
result is

1287 (6m\3 T
3T 358 <ﬂN> b3r(%) (4.34)
1023 1023
F3 = |:—ah1(3) - mkahz(?’) + ﬁh3(3):| (435)

G, 1 _[(6m 31 25
=3 — _nl| = #2p? ) R -
=2 (wr) v(3) (3)

3 143
1023 1023
3332 3332
- 4.37
151875 12 (3) ~ 13718753 )} (437)
We get then:
G;F; Gy, F;
— b — —— ¢ .
<U> 7 <C+G3+F3 +G3 (3,11,22)
(4.38)

We can see the behavior of the above energy in terms of
temperature and number by plots of Fig. 6. From Fig. 6(a)
we can see that (U) is increasing function of N. However,
Fig. 6(b) shows that behavior of system is different for
small and large N. For the large N limit we can see energy
is decreased by temperature which may be sign of an
instability. In order to study thermodynamics stability we
need to investigate about the specific heat.

15
10+
5,
B0 =
x
3 -5
-10} ==------ N=10
st TC N =20
— N=30
-20¢, . . . . .
0 20 40 60 80 100

FIG. 6. Chemical potential with G =m =1, k,, = 1/6.

Figure 8 shows distribution function of Boltzmann
statistics. Finally, as is usual, the specific heat is obtained by:

o(U)
C,= T (4.39)
Our numerical analysis indicated that specific heat diverges at
special N, which is something like phase transition, hence we
can suggest a maximum number for N where the system is in
thermodynamics stability. Also we can see that specific heat
has a maximum in the stable region which is like Schottky
anomaly. These are illustrated by Fig. 7(a). On the other hand,
from Fig. 7(b) we can see behavior of specific heat in terms of
the temperature. Similar to the energy, we can see different
behavior for small and large N. For the small numbers of

galaxies we see the specific heat is increasing function of

T=5

201

151

PV

10

F(N)

T

FIG. 8. Distribution function of Boltzmann statistics with
G=m=1,k,=1/6.
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FIG. 9. Energy of Tsallis statistics with G = m = k = 1. (a) in terms of N; (b) in terms of T.
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FIG. 10. Specific heat of Tsallis statistics with G = m = k = 1. (a) in terms of N; (b) in terms of 7.

temperature as expected. Figure 9 shows mean energy and
Fig. 10 specic heat of Tsallis' statistics.

V. CONCLUSION

The main objective of the paper is to obtain divergence-
free partition function for the system of galaxies clustering in
the braneworld model. Statistically adequate in content, the
paper follows Boltzmann statistical and the Tsallis statistical
treatment to evaluate the partition function and the corre-
sponding thermodynamics in the form of equations of state.
The speciality of paper lies in the successful elimination of
divergences arising due to the point mass approximations,
which otherwise is mathematically a challenging issue for
cosmologists. In the present work the main conclusion
of the paper is in the form of finite and singularity free
partition function and thus the regularized thermodynamics.
This task is accomplished by using the generalization

of the dimensional regularization of Bollini and Giambiagi
[33-35]. This generalization was based on the general
quantification method of QFT’s [36-39] using ultra-
distributions of Sebastiao e Silva, also known as ultra-
hyperfunctions [40—42]. In 2018 the problem of exponen-
tially divergent nature of gravitational partition function
was solved by Plastino and Rocca [48-50], thus dese-
rves a special mention in the conclusive section of this
paper.

General relativity has been thoroughly tested at solar
system scale [51], and it is known to be valid at that scale.
Thus, at that scale the nonlocality is strongly constrained as
general relativity is a local theory [52,53]. However, it is
still possible for nonlocality to occur at very large distance
scales. In fact, it has been suggested that quantum gravi-
tational effects would modify the gravitational potential at
large distances, and this can explain the accelerated
expansion of the universe without dark energy [54,55].
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So, nonlocalities can have important consequences for
large scale structure formation in our universe [56]. Such
nonlocal effects of gravity could be detected using gravi-
tational waves [57]. It would be interesting to construct a
nonlocal gravitational partition function, using the methods
used in this paper.

APPENDIX: AUXILIARY CALCULATIONS

1. Calculations of: Tsallis partition function of the
system in the braneworld model

In 1988, C. Tsallis proposed a nonextensive generali-
zation of statistical mechanics (widely called as Tsallis
statistical mechanics) [27]. Based on the motivations laid

out in the introduction, we now try to investigate the many-
body gravitational system using Tsallis’s formalism. Tsallis
g-exponential is defined as the distribution:

1
eq(x) = [1+ (g — D]} (A1)
Or equivalently
1
I+ (g=1)x+7; 14+(g—1)x>0
0; 1+ (g—1)x<0.

Let us consider again the distribution: 1 = PV 1. First we do

the calculation in v dimensions and assume ¢ > 1. Thus

Z,,:/_dex/_wdvp[l—F(Q_1)ﬂ<N(N—1)Gm2+kN(N—1)Gm2 sz)]ﬁ

2r 2 T om N (A3)

Here we put ¢ = 4/3. The choice of that value of ¢ is not arbitrary. It is the value of ¢ where Verlinde’s conjecture of
emergent gravity could be proved, in the nonrelativistic case [48]. Accordingly:

21212 [ o N(N-1)Gm*> N(N-1)Gm*> Np*\]?
Z,= vld / “ldp |1+ — A4
[F(%)} A roar 0 p p b 6r * 6r3 6m )| (A4)
The expression for Z in (4.4) can be rewritten in the form:
2122 (6m\3 o v
Z, = {WZ)] (ﬁ_m) ‘B <4, %) / = 0dr(r3 + ayr + ka, )3 (AS)
2
where
BN(N — 1)Gm?
a, =
6
Hence we can write
277:% 2 6m % 12 00 v v v v
Z,= {@} <ﬂ_> B (4, 5) A 5 0dr(r 4+ b3 (r — )73 (r — ry)2 3 (A6)
where r;, r, = —b, and r3 are the cube roots of the integrand. Also,
rn=7+e
rs=y1+ey
a
b=y,—y —=
Y2 =" 3
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After solving the integral we have

2512 (6m\s [ v\, T(=5-9) v v 3u r,
Z = — | B4, |0 ——2——T(—)F|—v,—==3,—==3,-——9;1+—;1+-2). A7
D {F(%J <ﬂN) ( 2> r(-%-9) =) ( ) 2 2 AR (A7)

Here, F is the hypergeometric function of two variables. Using transformation formula we put z; = 1 + 7, z, = 1 + ’—g

and get:
F(—y)F(—y,—% 3,—; 3, 32” 9,1+%,1+%>
=T (-v) {1 - 1/<__§y—_3911 + __3_%__39@)
2 2
(-5-3)(-5-2) (5-3(5-2) ,  (-3-3)(-%-2)
RI(E = S AEE =T =i e S ey
(5= 3)(=5-2)(=5- 1) (5-3(=5-2)(-5-1)
-t =00 -G S meE T ot ST
(5-N5-2(5-3) ,  (3-3E-D(5-3)
(BT o e R e e M| RN
where:
PRCTEA P Syl i ik s ) o i L) (A9)

(_ % - 9)m+nm!n!

v v 3v T 3
T(-VF| - -2=-3. 23 -2 _09: 1 +1L.1423
(=) < ) 3 2 3 2 % +b’ +b>

=T(-v) {1 —1/<%__39> (21 +22) —v(1 =) <(—3—2” (—_9%)(_—3%— 8))

(+-2)9)
R e D

Then, we have for v = 3, the expression:

X
N
o
/T\
|
|
w
~__
KN
N

[\S)

+
/T\
N
|

o
~_
N
— 1
_|_

[\

P +n=3)(=3ul=Dn .,
¢3(ZI’Z2) = Z ( 2) 2' | s ) (All)
m+n=4 — % )mynt:n:
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v v v r r3
F( D)F< v, E 3a E 3, 7 991+b,1+b>

2 2 ! _3 3
x ((—';— 1>z§ + <—;— 1>z3+3<—;—3)z%zl +3<—;—3)zlz%>} + (21 22)- (A12)

Let us define A, such that

"= [—uo—i)(z—v)*(u—u)( : >? 7 >>(21”2”((z—u><—(;—_93>)—%—8>>
<(2(-5-3)mm (5-2)3+ (-5-2)3) + (smvoos—oia=m)
T

Thus we can write the partition function in v dimensions as

SIS

z, = {%} ’ <%> B (4, %) va (T3 =), + ,(z1,22)) (A14)

3
|

247" (6 )
ZD :@ <ﬂ]\/) (3+%)(2+%>( +%)F(—3—2”—9) (F(3_U)hy+¢u(zlaz2))' (AIS)

2. Calculations of: Mean energy in v dimensions

We now proceed to evaluate the average energy of the system. For it is

12 [ Py o I
200, — [2@ / ry—ldr/ py_ldp<_N(N DGm? _kN(N = 1)Gm +Np>
0 0

') 2r 2r? 2m
N(N - 1)Gm* kN(N —1)Gm* Np*\|&
X [1 +(g— 1)ﬂ< 5 + 53 -5 (A16)
Or, equivalently:
22512 [BN(q — 1)
o= T
r: 2m
PovaH 1 N-1)Gm* k(N —-1)Gm* p*]a
rd -—|"d
x (/0 " 0 [ﬂN(q 1) + 2r + 23 2m p
_N(N-1)Gm? L [Po N-1)Gm> k(N-1)Gm? p*la
»2d v—1 — 4 d
2 / " A P~ BN (g 2 T 2R om) P
kN(N —1)Gm? s [P, (N=1)Gm> k(N—-1)Gm*> p*li
7 [ v- - Al
2 / ar P NG 1)+ TS om| 4P)  (ALT)

For ¢ = 4/3 we obtain:
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Z(U), = ;ﬂ [I%Z)] ’ (16\]";) [—aB <4, ;)11 — kaB <4,;> I+ B(4,;+ 1>13}

where

o0 v v
I, = / e (PP + ar? + ka)3ts

0
I, = / 2 Bdr(r3 + ar? + ka)*t:

0
Iy = / 2 Bdr(r3 + ar? + ka)*t:

0

we can further write the integrals as

L= [ an b= ) =
0

I, = / rBdr(r + b)) (r — 1 )23 (r = ry)2
0

I; = / rBdr(r + b)) (r — 1 )7 (r = r3)
0

Thus after using the formula given below we evaluate the integrals

© / / F -
/ =0V dr(r + b)BYE Y (r —r)B(r — r3)® = b7 (v a)F(a)F oc,B,B’,)/;l—i—ﬁ;l—I-E
0 I'(r) b
Thus we get:
(=5-10) v v 3v I3 r3
I, =10 IN—v)F|—v,—=—-3,—==3,——10;1 +—;1 +—
R (I et 2 2 R SRRY
L—p 2712 M) (—p=Yos Vs ¥ 4o
: r(-%-12) 2 T2 T2 T T b
r-£-12) v v 3v r 3
I; =1 2 C(—))F(=v,—= =4, —— =4, - " —12;1 +—;14+ 2.
S Ty (”)<” 2 2 2 R SRR
Using transformation formula
v v 3v r r
F(—I/)F(—I/,—i—?),—i—g),—?—10;1-‘—?1;1—'—;3):F(3—l/>h]+¢1(1/,Z1,Z2)

where we put
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B 1 -4-3 )
)= {—V(l —)2-v) " <(1 -V)Q2-v)(-F- 10)>(Z1 ra <(2—v)(—37” 10)(—32—”—9)>

(e (52 (52)9) - (s -oeen)
X <<—%— 1>z?+ (—%— 1>z§+3(—§—3)z%z2+3<—§— )zlzgﬂ. (A30)

In three dimensions:

19 18 7 7 7
h(3) = [—ng%(zl +2,) —g7 a2 +§(z% +23) +m(z? +23) + 50 — (232, +z1z2)] (A31)
and
1 779 518 65 101 697
W e 2422 3.3 2 1. A32
[ (3) = [36 3368 1 T 72) T asp3 % gy (G %) F 37555 (6 4 2) +iggge7s (2112”“2)} (A32)
In the same way:
I( v)F(—v Yo, ———3 —7 12,1+ 2L = 1+%) =T(3 = 0)hy + (v, 21, 22) (A33)

.
v - 2 2

(e (e (o) (e AR )

x ((—g— 1)z§ + (—%— 1>z3 +3<—g—3>z%z1 +3<—g—3>zlz§)]. (A34)

Again, in three dimensions:

L3 54 1 35 189

h = 2 27 (B 3 A

2(3) { 6 2 5 (2 +2) = 34192 T3 (z1 +23) + 1798( +2) + e 1798 (ziz2 +2122)] (A35)
and

11 293 17778 20059 461521 69105
h/ 3 ot 2 ey e | 3 ey ) 2 . A36
2(3)= [36 12525t 2) " Tigs1 1 Y 3agsa3 @ +ZZ)+880130889(Z1+Z2)+97792321(Z122+ZIZZ)] (A36)
The last equality is
3
F(—v)F(—y, —%—4, —g —4, —7”— 12;1 +%;1 +%) — T3 = )hs + ¢s(v, 21, 22) (A37)

with:
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1 —4

ST

hy(v) = [—y(l —)(2-v) + ((1 -V)Q2-v)(-F~

(5o (53)a (-

N =

)@+ (G
-3)2)+ (e mre e

(-5-4)
— 12)(_371/_

uﬁ)

x <<—§—2>z‘f + (—%—2)13 +3( g >z111 +3<—%—4>zlzz>] (A38)
In three dimensions:
hs(3) = [—é%—é(m +2) — ;—iz]zz - 33—1 (z1+23)+ 1798 (Z+23)+ 1338 (zzo + zlzz)] (A39)
B = [55- 3+ 2) + gy rte 4 g (4 B) b P (@4 4 g (Gt ad)| (Ad0)
We then obtain:
Z(U), =G,[FB - v)F, + ®y(z1.2)] (A41)
where we have defined:
D, (21.22) = 1 + 2 + 3
with:
G, — 3 24zx* <6m>”b (3 +11)sinz | (Ad2)
ZﬂF( )2 \pN B+5Q2+5H1+5T(G+11)sin%
and:
F,— [—ahl ) = katy(o) T IDEHID ) GHI2)E 1) (A43)
5+ 12)(5+11) G+12)5+11)
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