\‘ ‘ ORA Cork Open Research Archive
[ Cartlann Taighde Oscailte Chorcai

UCC Library and UCC researchers have made this item openly available.
Please let us know how this has helped you. Thanks!

Title Option pricing and CVA calculations using the Monte Carlo-Tree (MC-
Tree) method

Author(s) Trinh, Yen Thuan

Publication date 2022-07-18

Original citation Trinh, Y. T. 2022. Option pricing and CVA calculations using the Monte

Carlo-Tree (MC-Tree) method. PhD Thesis, University College Cork.

Type of publication |Doctoral thesis

Rights © 2022, Yen Thuan Trinh.

https://creativecommons.org/licenses/by-nc-nd/4.0/

Item downloaded http://hdl.handle.net/10468/13565
from

Downloaded on 2022-12-08T09:06:09Z

University College Cork, Ireland
Colaiste na hOllscoile Corcaigh


https://libguides.ucc.ie/openaccess/impact?suffix=13565&title=Option pricing and CVA calculations using the Monte Carlo-Tree (MC-Tree) method
https://creativecommons.org/licenses/by-nc-nd/4.0/
http://hdl.handle.net/10468/13565

University College Cork, Ireland
Colaiste na hOllscoile Corcaigh

Option Pricing and CVA Calculations
Using The Monte Carlo-Tree (MC-Tree)
Method

A thesis submitted in fulfilment of the requirements
for the degree of Doctor of Mathematics

National University of Ireland, Cork
July, 2022

Thesis by Yen Thuan Trinh
Under the Supervision of
Prof. Bernard Hanzon,
Chair of Mathematics

School of Mathematical Sciences
University College Cork
Western Rd, Cork, Ireland.






Contents

(Declaration of Workl ix
(I'hesis Structurel xi
[Publications and Working Papers| xiii
[Abstract] XV
[Acknowledgements| xvii
[List of Figures| Xix
[List of Tablesl xxiii
xxvii
1__Introduction| 1
[LI Motivationl. . . . . . . . . .. 1
TTT Boneh [ Drawhacks oF M SRR T l

[ Methodsl . . . . . . .. .o 1




iv CONTENTS
(1.2 lLiterature Reviewl. . . . . . . .. .. .. o oL 4

2 Pricing Single-Asset Options Using MC-Tree Method| 9
2.1 Introductionl . . . . . . . . ... Lo 9
2.2 Parameters . . . . . ... 10
2.3  Preliminaries to the Derivation of the General Compound Density |

[ Formulal . . . . .. . . 13
[2.4  General Compound Density Formula) . . . . ... ... ... ... .. 16
2.5 Mixing Density| . . . . . . . ... oo 18
2.6 Monte Carlo Drawing|. . . . . . . . .. ... ... .. ... ...... 23
[2.7 A Particular Compound Density|. . . . . . . ... .. .. ... .... 25
2.8 Option Pricing] . . . . . . . . . .. 32
[2.8.1 Usage of a Bias-Correction| . . . . . . . . ... ... ... ... 32

[2.8.2  Usage of a Distribution Correction Factor] . . . . .. ... .. 33

[2.9  Convex Combination and Convex Optimization| . . . . . .. .. . .. 34
2.9.1 Convex Combination| . . . . . . . . . . . .. . ... ... ... 34

[2.9.2  Convex Optimization| . . . . . . . . . . ... ... ... .... 36

2.10 Numerical Resultsl. . . . . .. .. .o o oL 37

[2.10.2 Distribution Correction Factorl. . . . . .. ... ... ... .. 40
[2.10.3 Convex Combination and Convex Optimization | . . . . . . . . 42
[2.10.4 Pricing European Options| . . . . . . . . ... ... ... ... 43
[2.10.4.1 Comparison to Plain MC Method | . . . . . . . . .. 45
[2.10.4.2 Comparison to Binomial Models| . . . . . ... ... 46

[2.10.5 Pricing American Put Option| . . . . . . . .. ... ... ... 47




CONTENTS v
[2.10.5.1 Comparison to LSM Method| . . . .. .. ... ... 52

[2.10.5.2 Comparison to Binomial Models| . . . . . . ... .. 54

[2.10.5.3 The optimal N and M of MC-Tree] . . . . . . .. .. 56

[3  Pricing Multi-Asset Options Using An MC-Tree Method| 57
3.1 Introductionl . . . . . . . . .. o7
(3.2 Mixing Density and MC Drawings|. . . . . . .. .. ... .. ... .. o8
3.3 The Radiusl . . . . . .. . .. 60
(3.4 RI Entropy| . . . . . . . . . 62
[3.4.1 RI Entropy in the Two Assets Case| . . . . . . ... ... ... 63
[3.4.2  RI Entropy in the Two Assets Case(Alternative Approach)| . . 65
[3.4.3 RI Entropy in the Three Assets Case| . . . . . . ... ... .. 67

[3.5 Compound Entropy Maximization|. . . . . . . . ... ... ... ... 68
[3.6  Analytic Compound Density| . . . . . . . .. ... ... ... ..... 70
[3.7  Generating the Histogram| . . . . . .. .. ... .. ... ... .... 83
[3.8  Discrete Entropy| . . . . . . ..o 86
(3.9 The Characteristic Function and edfl . . . . . . . . ... 0000 .. 88
[3.10 Entropy Optimization| . . . . . . . . . .. . .. ... ... ... .. 89
(3.10.1 Convex Combination| . . . . . . . . .. .. .. ... ... ... 89
[3.10.2 Unilateral Optimization| . . . . . . . . ... ... ... .... 91
[3.11 Option Pricing Using MC-Tree with the Bias-Correction| . . . . . . . 95
[3.12 Numerical Results in the Two Assets Casel . . . . . . ... ... ... 96
[3.12.1 Histogram and Discrete Entropy|. . . . . . . ... ... .. .. 96
(3.12.2 The Characteristic Function and thecdfl . . . . . . . .. . .. 97



vi CONTENTS

[3.12.3 Convex Combination and Unilateral Optimization of Mixing |

Densities with degree from 1 to 30 . . . . . .. .. ... ... 107

[3.12.4 Convex Combination and Unilateral Optimization of Symmet- |

| IriC |

| Monomuialsl . . . . . . .. 107

[3.12.5 Numerical Results of European Options on the Maximum and |

| Minimum of Two Assets| . . . . . . . . . . ... .. ... ... 110

[3.12.5.1 Comparison To the Recombining Multinomial Tree [

Based on Pascal’s Simplex| . . . . . . ... ... ... 110

[3.12.5.2 Comparison To Plain Monte Carlo (MC)|. . . . . . . 112

[3.12.6 Numerical Results for American Options on the Maximum and |

[ Minimum of Two Assets| . . . . .. ... ... ... .. ... 112
4 Credit Valuation Adjustment (CVA)| 115
.1 Unilateral CVA Formulationl . . . . . . .. .. .. ... .. ... 115
(4.2 Default Probability| . . . . . ... ... oo 118
4.3 Expected Exposure] . . . . . ... oo 119
[4.3.1 Tree Approach for CVAl . . . . .. ... ... ... ... ... 120

[4.3.2  MC-Tree Approach for CVA| . . . . . . . ... ... ... ... 121

M4 Remarks . . . ... 121
4.5 Numerical Results of CVA Calculations . . . . .. ... ... ... .. 121

[>  Entropy and Kullback-Leibler formulas for rational densities| 123
.1 Introductionl . . . . . . . ..o 123




CONTENTS vii

[5.3 The Entropy and the Kullback-Leiber (KIL) Divergence of Compound |

[ Densities | . . . . . . . 134
(5.4  Entropy and the KL Divergence for Cauchy Distributions| . . . . . . . 151
[5.4.1 Entropy| . . . . . . . ... 151

[5.4.2  The KL Divergence| . . . . . . . . ... ... ... ... ... 152

[5.5 Entropy and the KL Divergence Between the Rational Student Densities|153

.01 Introductionl . . . . . . . ..o 153
[5.5.2  Entropyl . . . . .. .. 154
[5.5.3  'The KL Divergence of Rational Student densities| . . . . . . . 156
[5.5.4  Some Specific Cases|. . . . . . . ... ... L. 160
(5.6  Entropy and the KL Divergence of Rational Densities| . . . . . . . .. 163

[5.6.1 Entropy and the KL Divergence of a Linear Convex Combina- |

tion of two Cauchy Densities|. . . . . . . .. . ... ... ... 165

[5.7 On Approximate Entropy Calculation for Finite Gaussian Mixtures| . 183

6 _Conclusionl 185
[6.1 Concluding Remarks| . . . . . ... ... ... ... ... ....... 185
6.2 Further Researchl . . . . . . . . .. .. ... .. ... ... ... .. 186

A ppend 189

[A Choices of Mixing Density| 189

[A.1 Choice of Mixing Density in One Asset Case| . . . . . . . . ... ... 190

[A.2  Choice of Mixing Density in Two Asset Case| . . . . . . . . ... ... 190




viii CONTENTS

[References| 193



Declaration of Work

I, Yen Thuan Trinh, hereby declare that this Ph.D. thesis entitled
Option Pricing and CVA Calculations Using The Monte Carlo-Tree (MC-Tree)
Method has been written entirely by me under the supervision of Prof. Bernard
Hanzon, Chair of Mathematics, University College Cork, National University of

Ireland.

This thesis has not previously been submitted for any other award at this university

or at any other institution.

Yen Thuan Trinh ., Monday, July 18, 2022




Declaration of Work




Thesis Structure

Chapter one includes the motivation and a summary of related works or methods
from the literature.

Chapter two describes the theory and numerical results for pricing single-asset options
using the MC-Tree method.

Chapter three describes the MC-Tree in the multi-assets case. More specifically, the
theory and numerical results of MC-Tree in a two assets case are presented in this
chapter.

Chapter four presents the formulation of unilateral CVA and its numerical res-
ults. Numerical results consist of techniques of optimization, option pricing, and
algorithms.

Chapter five presents a new analytic formula for the Entropy and KL Divergence of
rational densities.

Chapter six concludes a brief synopsis of the thesis and mentions some ideas for

future research.
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Abstract

The thesis introduces a new method, the MC-Tree method, for pricing certain finan-
cial derivatives, especially options with high accuracy and efficiency. Our solution
is to combine Monte Carlo (MC) method and Tree method by doing a mixing
distribution on the tree, and the output is the compound distribution on the tree.
The compound distribution in the tree output (after a logarithmic transformation
of the asset prices) is not the ideal Gaussian distribution but has entropy values
close to the maximum possible Gaussian entropy. We can get closer using entropy
maximization. We introduce two correction techniques: distribution correction and
bias correction to improve the accuracy and completeness of the model. The thesis
presents an algorithm and numerical results for calculations of CVA on an American
put option using the MC-Tree method.

The MC-Tree method with the distribution correction technique significantly im-
proves accuracy, resulting in practically exact solutions, compared to analytical
solutions, at the tree depth N = 50 or 100 and MC-drawings M = 10°. The bias-
correction technique makes the resulting tree model complete in the sense of financial
mathematics and obtains the risk-neutral probability. Besides, we have obtained
new formulae for the calculations of the entropy and the Kullback-Leibler divergence

for rational densities and approximate entropy of finite Gaussian mixture.
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Glossary

Q denotes the risk-neutral measure.

7 denotes a parameter characterizing the tree of arbitrary tree depth.
0 denotes the time-step length.

C(z) denotes the distribution correction factor.

O, denotes the set of dx d orthogonal matrices.

R =|X|]2 = /22 + 2% + ... + 22 denotes the radius of a point in R%.

Ri,m denotes a drawing of the radius at the k" node in the m*"* tree.

Ry = || Xk|| denotes the radius of the vectors at the nodes k in the tree.

P = % denotes the standardized squared radius.

Counterparty credit risk (CCR) is the risk that a party (a counterparty) in an
over-the-counter (OTC) derivatives contract is incapable of following its obligation
due to its default, which causes a significant loss to the other party (bank).
Credit Valuation Adjustment (CVA) value shows a change to the market value
of derivative instruments after taking into account the possibility of a counterparty’s
default.

Netting set is a group of transactions with a single counterparty.

Mark to Market (MtM) recovery value is the recovery value based on the

current market value of investments.
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Chapter 1

Introduction

1.1. Motivation

1.1.1. Benefits and Drawbacks of Monte Carlo Simulation and Tree Meth-

ods

Monte Carlo Simulation is popular in pricing single and multi-asset derivatives due
to some reasons. Firstly, the error converges to zero at the rate \/LM’ where M is
the number of simulations, which does not depend on the dimension of the problem.
A higher number of simulations is required to obtain better accuracy. This is the
result of the central limit theorem. Secondly, Monte Carlo simulation is a simple
implementation because correlations and path dependency can be easily modelled
and handled. The simple workload is to simulate paths and corresponding cash flows,
average the payoff and take the present value.

The main advantage of classical methods such as the Tree or Lattice method is its

simplicity for implementation in option pricing. A higher tree depth is required to
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get good precision. Tree methods have a drawback with high-dimensional pricing
problems because the number of nodes grows exponentially with the dimension.
The combination with Monte Carlo can handle this drawback of the tree methods.
Besides, we use the recombining multinomial tree (binomial tree) based on Pascal’s
simplex in [40] (Pascal’s triangle) to reduce the number of nodes of classical tree
methods. As a result, the computational cost is reduced. We refer to [40] for details of
the model: recombining multinomial trees based on Pascal’s simplex on multi-assets

options.

1.1.2. An MC-Tree Method

The research problem is to introduce a fast pricing method for certain financial
derivatives, especially options with the requirement of high accuracy. MC-Tree
method allows to generate parameters of each tree with a chosen probability distribu-
tion. MC-Tree method holds benefits of both the Monte Carlo and the tree method.
Also, one advantage of the MC-tree approach is that it allows us to work with the
confidence interval of the MC simulations. If we use only the tree method, we can
not have the confidence interval and its benefit. The confidence interval depends on
the number of simulations. The maximal depth of the tree used in MC-Tree method
is expected to be limited due to computational constraints for the multi-asset case.
Options form a large class of derivatives on the financial market. The majority of
exchange-traded options on a single stock tend to be American style, while options
on indexes are European. Unlike a European option, an American option gives the
holder the right (but not the obligation) to exercise at any time before the expiration

date. The American options have a cash flow that depends on the price path of the
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underlying assets and the decisions of the holder. We look at options and financial
derivatives for which the payout only depends on the share prices at the expiry date.
Note that some other options can still be valued with tree methods, but we do not
go into that in this thesis.

After the financial crisis of 2007-2008, there was a requirement for a significant change
in financial modeling and risk management. The financial regulators require banks
to hold an amount of capital to capture the credit risk in portfolios. The BIS (Bank
of International Settlements) issued the Basel Accords-Basel I, Basel 11, and Basel
IITI (see [2], [3] ) for the calculations of the required capital. The BIS published Basel
1T to work along with Basel II in response to the deficiencies in banking regulation
in Basel I. Basel III presents a new measure, named credit valuation adjustment
(CVA), which is the market value of counterparty credit risk (CCR) [3]. This is the
motivation for developing the algorithm to calculate CVA on an American option
using the MC-Tree method.

This research is significant because we introduce a new method to obtain faster
and more accurate option pricing calculations. The method could be very useful
for the financial industry, especially the derivative pricing and risk management
industry. Besides, in this thesis, as a spin-off of our research into the MC-Tree
method, we develop analytic formulae for the entropy and the Kullback-Leibler
(KL) divergence of rational densities, which play an important role in mathematical
statistics, information theory, mathematical systems theory, and related fields.

All numerical experiments were conducted on the machine 15-10210U, 8 GB memory
with programming language R i386 3.5.1. We used the R package: "far” for generat-
ing the matrix H in chapter three. In this thesis, we have relied on existing routines

in Mathematica symbolic computation to find the analytic compound density.
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1.2. Literature Review

The pioneering work of Bachelier (1900) is now seen as the forerunner of what would
become a massive usage of mathematical models in finance since the last quarter
of the 20th century. There is a demand for fast and accurate methods for pricing
options as more exotic financial instruments are developed and traded on the market
over the years. Black and Scholes [5] derived the Black-Scholes partial differential
equation to price simple European options on a single asset. Cox et al. in [1§]
extended it to the generalized Black-Scholes equation to price derivatives on multiple
assets. Subsequently, analytical solutions for quite a number of derivatives have been
derived, using either the Black-Scholes partial differential equation or the discounted
risk-neutral expectation method, but it is too difficult to solve the equation analytic-
ally for many other derivatives. Based on the Black-Scholes model for those cases
for which no useful analytical solution is available many methods for approximate
option valuation have been developed, but there is still room for improvement. Our
contribution is to introduce a new computational approach to find the value of
financial derivatives with arbitrary boundary conditions and generalization to the
case of American options and other classes of options such as barrier options.

Boyle [6] introduced the Monte Carlo approach to option pricing, and it is still very
popular because of its flexibility to approximate all kinds of option prices. Monte
Carlo simulation has been extended in pricing American options with popular meth-
ods such as the Stochastic Mesh [14], the Least Square Monte Carlo [35], and the
State-Space partition method [44], and so on. Longstaff and Schwartz [35] introduced
a least square regression method (LSM) to approximate the prices of American

options. Much research has been done subsequently to give the analysis and the
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convergence properties of the LSM.

Lattice-type models for pricing options were implemented in many works ( 7], [8]).
Various choices for tree parameters lead to different existing binomial models. The
first proposed formulation of the binomial tree in financial mathematics was the
research by Cox, Ross, and Rubinstein |19], providing a simplified discrete approach
to option pricing on one asset using the recombining binomial trees based on Pascal’s
triangle. The authors in this article proposed to take v = 1/d, where u, d represent
upward and downward movements. The work is still very popular today. One
benefit of this binomial tree is that it exhibits a unique risk-neutral probability.
Sierag and Hanzon [40] extended this to multi-asset option pricing using recombining
multinomial trees based on Pascal’s simplex. A second popular model was the
research by Jarrow and Rudd [29], also known as the equal-probability model. One
drawback is that the model is no longer a risk-neutral model although it matches
the risk-neutral continuous-time model in the limit for the time-step length going to
zero. Authors in ( [19], [29]) matched the first two moments of the multiplicative
tree to the risk-neutral continuous model, leading to a system of two equations for
three unknowns. Tian’s approach [43] was to equate the third moment to handle the
issue of this free variable. Leisen and Reimer [32] presented the most different choice
of the model parameters u,d and p among the approaches mentioned above. They
devoted attention to improving the convergence speed for European call options
when approximating the Gaussian distribution. Leisen [31] presented a convergence
analysis for binomial models in pricing American put options.

Although many research advances have been proposed so far to price American
option contracts, the valuation of American options has not been fully solved, and

it remains an interesting topic for researchers in financial mathematics. Pricing
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American options requires complex and time-consuming methods to ensure high
accuracy due to the absence of analytical solutions in a simple form.

CCR is the risk that a party (a counterparty) in an over-the-counter (OTC) derivat-
ives contract is incapable of following its obligation due to its default, which causes a
significant loss to the other party (bank). CVA calculations are complicated because
modelling CVA consists of at least three components: the exposure, the default
probability of the counterparty, and the loss given default (LGD) (see [22]). The
default probability depends on the credit quality of the counterparty. If the exposure
profile and the credit quality of the counterparty are positively or negatively related,
so-called right-way risk (RWR) or wrong-way risk (WWR) occurs. Otherwise, one
speaks about unilateral CVA.

Many studies worked on CVA to meet the requirement of the advanced risk man-
agement in banks or other financial institutions. There are existing approaches in
the literature. Direct approach for CVA works well with derivatives in the portfolio
for which one has analytical pricing formulas available. This method consists of the
following three steps. Step one is to simulate paths of the risk factors such as the
short rate for interest rate derivatives, stock prices for option on the stock, and so on
at time grid ty =t, tq,..., ty = T. Then they value the exposure at each time step
t; and for each simulated path k, 1 < k < M at step two. Step three is to calculate
the expected positive exposure at each time step t;. The direct approach does not
work well with complex derivatives, which do not have an available analytical pricing
formula. An alternative method, Least Squares Monte Carlo (LSMC), was introduced
to solve this problem. LSMC approach for CVA has been investigated in a variety
of papers. LSMC is the combination of Monte Carlo simulation with least-squares

regression. In this thesis, we present a new approach: MC-Tree approach for CVA.
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The article by Zhu (see [45]) focused on pricing counterparty risk and modelling credit
exposure at the contract and counterparty levels. The article also gave an example
of calculating unilateral CVA without WWR for a portfolio of vanilla interest swaps
with a counterparty. This example used the classical MC method, which cannot
work for products without a closed-form or analytic pricing. The default probability
for the counterparty was implied from the current spreads market of its CDS, and
a Matlab function was used to generate the cumulative probability of default at
each simulation date. Authors in [35] used LSM to price path-dependent derivatives,
Cesari et al. |16] recommended the combination with the Monte Carlo simulation
for the calculation of expected exposures and CVA. Broadie and Glasserman [13]
observed a bias in estimating the conditional expectation function if they use the
same set of simulated sample paths. Hence, the first simulation of the underlying
asset is added to estimate the regression coefficients before the second simulation in
calculations of the continuation values. Authors in [33] calculated the unilateral CVA
for a vanilla swap portfolio based on the nested LSMC method. Reference to [3§]
developed Stochastic Grid Bundling Method (SGBM) to calculate the exposure
profile for Bermudan options under the Heston model. The accuracy of SGBM will
further be improved using multi-variable monomials under multi-dimensional models
such as the Heston Hull-White model and the HIHW model. This reference studied
CVA with WWR for European and Bermudan options using an intensity model. The
paper presented three models to show the dependency between the underlying assets
and the intensity in the affine-jump diffusion (AJD) class (see [39], [20], [27], [11]),
and [21]). Reference |27] introduced a simple model for the calculations of CVA with
RWR and WWR. The WWR is modeled by a deterministic relation between the

underlying market factors and the intensity. The research by Y. Shen (see |39]) cal-



8 Introduction

culated CVA with WWR on the exposure profiles for multi-asset Bermudan options
under the GBM asset dynamics. Authors in [21] have drawn attention to research in
which the intensity is modeled by a CIR jump-diffusion model, and in which there is
a correlation between the diffusion term and the short rate for portfolios of swaps.
Similarly, reference [11] worked on credit spread options.

In this thesis, unilateral CVA will be computed for an American put option based

on standard assumptions, using the MC-Tree method.



Chapter 2

Pricing Single-Asset Options Using
MC-Tree Method

2.1. Introduction

Various existing versions of binomial models use different choices for parameters. We
aim to improve the accuracy and speed of the binomial method by applying Monte
Carlo simulation on these parameters. The idea is to generate the tree directions
and probabilities through a parameter. This parameter is drawn from a probability
density, called the mixing density. A formula will be provided for the resulting
compound density that is then generated by the tree. The goal is to find a mixing
density such that the corresponding compound density is close to a Gaussian density
when working with the additive representation of the tree. It does not seem to be
possible to find a mixing density for which the compound density is exactly Gaussian.

We succeed in specifying a class of mixing densities for which the compound density
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is rational (and hence smooth). The standard Gaussian density can be approximated

by rational densities as follows from the following well-known limit:

1
: Vor I
lim = e 2.

N—oo (1 + ij/Q)N Vor

Therefore, it is not unreasonable to construct rational compound densities to approx-

imate the standard Gaussian density function. It is well-known from the literature

»

x

that the standard Gaussian distribution N(0,1) with the pdf f(z) = \/%76’7

maximizes the entropy integral

Butlf) =~ [ f(@)log(F(a)i

o0

subject to the constraints

/OO flz)dz =1, /ooxf(x)dx:& /Oox2f(x)dx:1, flz)y>0VvVzx eR

and more generally a Gaussian density with given mean and variance maximizes the

entropy among all probability densities with that same mean and variance.

2.2. Parameters

Set a mesh on the time horizon [0,7]: 0 =ty < t; < -+ < ty =T with t,, = dn
for n =0, 1,..., N where § := L. Let S" ~ S(t,) = S(0n) where S(t,) is
the true underlying asset price at time t,, generated by the dynamic process, e.g.

the Geometric Brownian motion (GBM). If we have reached time point nd and
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the corresponding asset price S™, then the multiplicative binomial tree has the
probability p; > 0 of moving "down” to S"e? and p, > 0 of moving "up” to S"e¥,
where p; +p, =1, 5" > 0,5° = Sy > 0 fixed. Here, u > d; this is actually all that is
required, and v > 0 and d < 0 is not required. So for n =0,1,..., we have

Gnt1) S™e"  with prob po

Smed  with prob p.
Equivalently, we have the following additive tree.

log(S™) +u with prob
fog(st) — { E) e

log(S™) +d with prob p;.

As the mean and variance can always be adapted using an affine transformation,
we will first consider the case in which Sy = 1, mean=0 and variance=1 for each

time-step. This implies

p2+p1 =1,
pou + prd = 0,
pou® + prd* =1,

p2>07 p1>0

The family of all solutions can be parametrized by an angle 6, with 0 < 6 < 7, as

follows:
1/2
e p,'" = cos(f),

o py/> =sin(0),



12 Pricing Single-Asset Options Using MC-Tree Method

For a geometric interpretation of the angle 8, we refer to Sierag and Hanzon [40].
Hence, we now consider # to be a random variable with distribution function P,,,
supported on (0,7/2), providing us with a mixing distribution on the tree. We can

summarize this schematically as follows:

log(S™) | § ~ Binomial, 6~ P,,.

Here by ”Binomial” we mean the distribution of log(S™) at the final nodes of the tree.
Combining the binomial distribution on the log-asset-prices with the distribution on
6 will result in a compound density for log(S™). We will say more about how the
compound density can be calculated in the next section.

The proposed approach is now to try to compute an expected value of a payoff

function defined on log(SY), with respect to the compound density by
1. assembling, say, M drawings of the variable # and

2. for each 6 to "run the tree” to obtain an approximation to the expected value

of the payoff, and

3. to compute the average and standard deviation of the tree-outcomes to obtain a

Monte Carlo estimation of the expected payoff, as well as a confidence interval.

Informally we refer to this procedure as ”shaking the tree”. In terms of Monte Carlo
theory, this method falls under the category ”variance reduction by conditioning” [9].

The idea is that because the tree outcomes will already be very close to the true
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value (especially for deeper trees), the Monte Carlo outcomes will be very accurate.
Instead of #, we can also use 7 = tan(f) in which case d = —7, u = 1. This is

illustrated by the two-step additive tree in Figure 2.1}

e 1
p1
) o +—7
Do log(s0) .

! log(so)+2—
log(soyt— py 0 108(50) -

log( )p
0g(so
: -0

log(so)—T7
8(s) b1 ~plog(so)—2T

Figure 2.1: Evolution of S; in a two-step additive binomial tree. Here
2

—_ _T — 1
D2 = 172> p1 = 1+72°

2.3. Preliminaries to the Derivation of the General Compound Density

Formula

To get good approximations of the Gaussian distribution, we try to find mixing
densities for which the entropy of the compound density is high. The motivation is
that our tree construction forces it to have a distribution on the end-nodes at step N
with zero mean and variance equal to N. This will then also hold for the compound
density of any such MC-Tree. If 7 denotes a parameter characterizing a 1-step tree

and hence the corresponding tree of arbitrary tree depth, and X the random variable
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resulting from the MC-Tree procedure at time step IV, then

Ex-(X) =0, Ex;,(X?) =N.

This implies that

Ex(X) = E (Ex,(X | 7)) =0, Ex(X?) = E, (Ex.(X*| 7)) = N.

Let N € N. Define the log-price of the asset at the final step from the additive tree
1
ey =—(N—k)r+k=, 7>0, k=0,1,2,..., N.
T

Note that
(—00,0) if k=0,

Range of xnp =4 R ifk=1,2,...,N—1,
(0,00) if k= N.

As the derivative 2y (1) = —=(N — k) — % <0V 7 € (0,00), it follows that zx is
monotonically decreasing for each N € N and k € {0,1,..., N}. Hence, zy(7) has
an inverse function 7 (x) with domain (—o00,0) if k=0, Rifk=1,...,N — 1 and
(0,00) if k = N; and range (0,00) in all cases.

As can easily be verified, one has

o(z) = _% if 2 < 0; (2.1)
nin) = “TEEEEE D sy, (22)

N
n(z) = . if x > 0. (2.3)
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Note that 7 (x)7n_x(—2) = 1 holds for all x for which the left hand side is defined.

For later reference, we also define

ye(z) = a2+4k(N —k), k=1,2,...,N —1. (2.4)
The variable y; can also be expressed in terms of 7, as follows.
1
yp(x) = (N — k)7 + /{:T—k = (N — k)m(x) + kn_i(—2x).

Now, for an additive binomial tree with d = —7 with the probability ﬁ and u = %
with the probability %, the probability distribution of the values at the nodes at

the tree depth N can be expressed as:

zno(T) with prob go(7) :== m,

Xnjir =4 ani(r)  with prob gi(7) = (g)%, k=1N—1, (2.5)
. (TQ)N
rnn(T) with prob gn(7) := =g

Note that Xy, is the sum of N stochastically independent copies of the random
variable X1, and hence it has mean E[X || = 0, and the variance at E[(Xy|,)?] = N.
So \/—%X N|- is a random variable with mean zero and variance one.

Application of the Central Limit Theorem tells us that the cumulative distribution
function (cdf) of \/LNX N converges weakly in distribution to the cdf of a standard

Gaussian random variable for N — oo (and 7 > 0 fixed) (see [34]). The cdf of Xy,
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can be described as follows.

F(I’ | 7—) = P(XN|T < | T) = gO(T)]l{xZIN,o(T) & z<0}

N-—1
+ Z gk (T)]l{QCZwN,k(T)} + gN (T)IL{$Z$N,N(T)>O}'
k=1

If we now consider the tree parameter 7 as random with the probability density
function p,,(7) (we will call p,,,(7) the "mixing density”) then the resulting compound

cdf of X will be Q(x) := [~ F(x | t)pm(t)dt.

2.4. General Compound Density Formula

Theorem 2.4.1. The compound probability density function q(x) = Q'(x) of X

satisfies the following formula

where:

e Co(r) = me(%)%ﬂ{xgo},

C . (7'12\1)N ﬂ]l
° N(a:) = me(TN)xz {z>0}>

7_2 k -
o Cy(z) = (f)%pm(m) L k=1,N—1.

Yk

Proof. Fix N. As for each k € {0,..., N}, the function xy(7) is monotonically



2.4 General Compound Density Formula 17

decreasing with inverse 75 (), we can write

Qz) = / F(a | 7)pm(r)dr = Liaco) / do(7)pm ()T
0 {r>10(z)& =<0}
N—1

+ Z/{ o i (T)pm(T)dT + ]l{x>0}/ N (T)pm (T)dT.
T>TK (T

k=1 {r>7n(2) & >0}

For k=1,..., N —1, we have

d k 1.7 n
1= growa(r(a)) = {=(V = k) = S5}k = ~((V = B+ k) =~
Therefore,
)= =2 k=1, N=1
Yk
Recall o(z) = =% = 7)(z) = -+, 2 <0, and 7y(2) = L = 74 (z) = —&, =z > 0.

Now taking the derivative of Q(x), we obtain

1) = Vieorlr(@)pn((@) 3 + 3 gk )om(re()

L (rv(@)pn (@) o5 = Cole) + 3 Cula) + (o).

Remark: It can be proved that the standard Gaussian distribution can not be

obtained in a 1-step tree. At N = 1, the compound density ¢(z) = Co(z) + C1(x),
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where

1
Co(z) = mpm(_m)]]-{x<0}v
Ci@) = ———gpn(=)1
1\r - x2(1+$2)pm T {z>0}-

Set Cy(x) = f(z) on the negative half line, where f is the standard Gaussian pdf.
We obtain p,,(—z) = f(—z)(1 + z?), * < 0. Then using p,,(z), one can explicitly
calculate the corresponding C4(z) = %é) Observe that lim,_,q %%) = 0. Hence, it
is itself not the standard Gaussian pdf on the positive half line. In other word, the
standard Gaussian pdf can be obtained on the negative half line. This requirement
fully determines the mixing density, and this mixing density produces a compound

density on the positive half-line that is not a standard Gaussian density at all.

2.5. Mixing Density

As is well-known, due to the convexity of the function g(y) = ylog(y), if f(x) is a
pdf on R then w has entropy at least as high as f(z). As we are looking for
compound densities with high entropy, the consequence of this is that we can restrict
our search to mixing densities that produce an even compound density function. In
terms of the mixing distribution, this translates into considering mixing densities
which are invariant under a permutation of the two axes in the binomial tree. So we
use mixing probabilities on the recombining binomial tree such that any path and

its reflection have the same probability.
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Proposition 2.5.1. Consider the case the mizing density is c(]oi/z)m1 (p;/2)m2dp1. If
my +ms is odd, then the corresponding pdf of T is not a rational function. Otherwise,

if my 4+ my is even, then the pdf of T is rational, where T = tan(f) = , /g—f.

Proof. We have 7 = 1/pi1 — 150 p1 = 752 Hence

—27
dp1 = |m|d7’
Hence,
¢ ()" ()" dpy = 20 (1478 F e (L7 (L) R
m 1
= 2¢ 7™Mt T dr.

(1+72)7 772+

It follows that if mq + mo is even, the pdf in terms of 7 is rational. Otherwise, the

pdf is not rational. O

Our strategy is to use polynomials which are a linear combination of monomials

with even total degree.

Proposition 2.5.2. Every symmetric polynomial of the form (]91/2)7”1 (p$/2)m2 +

(p}/Q)m(p;m)ml with my + me € 2N and my,me € N is a linear combination of

/2,1/2

monomials (p} 2]02 ko k=1,2,...,m1 Vmy, where my V my := max(mq, ms).

Proof. First, note that at p; = 0 as well as at p, = 0, then polynomial

()™ (3 *)™2 + (p/*) ™2 (py/ )™ = 0.
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If this is equal to a linear combination of monomials

(p}/Qpém)k, ke {0,1,2,....,m; V ms := max(my, ms)}

then the coefficient of (pi/zpém)o = 1 will be zero. Hence, we can restrict the set

of values for k to the set {1,2,3,...,m; V my}. We will prove this proposition by
induction on m; V ms.

If my; V my =1 then both m; = 1 and my = 1 because my, ms € N. Hence, there is
nothing to prove in this case.

Suppose the statement in the proposition is true for m; V my < mg (Induction
Hypothesis).

We want to show that the statement also holds in case mq V ms = mg + 1.

Without loss of generality, consider
(o)™ (02*)™ + (1) ()™, m = mo = 28, AEN, my=mo + 1,
then we can write this polynomial as
e R S (i e (o el

Now consider

(py/*)*2 + (py/*)?2.

If A =1 then we get p; + p» = 1 and hence we are done.
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If A > 1 then we can write

1/2 1/2
(Y2 + () = PP +pd

A—-1
| A
= 1-3 <l>{p§p§l+pf ‘vl

A-1
A . :
- ( ! )‘{(pi/Q)Ql(p;/Z)m o (P )

and for each index [ € {1,2,...,(A — 1)} in the summation, we have
((20) V2(A —1)) <2A — 2, so for each term we can apply the induction hypothesis
to conclude that the proposition is true as 2A —24+mo=m; —2=mo+1—-2 =

mg — 1 < mg. Note that we have used (?) = (AA—Z)' O

Remark:

1. If my = 0 or my = 0 then statement in the proposition still holds if we allow

k =0 as well.

2. So it follows that we can write (1)1/2)7”1 (p/?)m2 + (p}/Q)m2 (pém)ml as a linear
combination of (p}/ 2)'“(pé/ *)k. Now note that in the reduction process the total

degree never increases. Therefore 2k < mqy + mo < k < % )

We can conclude that it suffices if we want to restrict the mixing densities in terms of

P1, P2 to symmetric polynomials in p}/ 2, p;/ 2 corresponding to rational pdfs in terms

of T = p , to linear combination of monomials of the type (pl/ p2 )k, k e Ny. For



22 Pricing Single-Asset Options Using MC-Tree Method

given k, such a monomial corresponds to a pdf in 7 that can be derived as we will
see shortly.
A relatively simple class of mixing densities satisfying this invariance is given, in

terms of the parameter p;, by
1 1/2 1/2 m—2d
Ecm(pl Y2 ) P, m € N7

where p; > 0, ps >0, p; +p2 =1 and ¢, is a normalization constant.

Recalling from section 2.2, p; = cos?(#), ps = sin?(#), the transformation 7 = tan(6)

leads to p; = ﬁ, P2 = 173, SO
11 1 1 T 1 7ml
- 2,2 m—Qd _ (m—2)/2 (m—2)/2 d _ d
(2.7)
where the constant ¢, is given by
1
Cm = Foo ym-1 - (2.8)
Jo~ armmdr

In terms of the parameter # we obtain a third representation of these mixing densities:
1 11 . e
§cm(pfp22)m_2dp1 = ¢ (cos(0) sin(#))™db. (2.9)

The idea is now to apply the MC technique and draw 7 from this probability

distribution on (0, 00). We will also make use of the transformation

7 =tan(f) < 0 = arctan(7), 0 € (0,7/2).
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Drawing 7 can then be replaced by drawing 6 and using 7 = tan(6).

2.6. Monte Carlo Drawing

In order to carry out the Monte Carlo simulations, we need to be able to draw
independent samples from the mixing distribution. A general technique in case the
cumulative distribution function (cdf) is available is to draw random samples from
the uniform distribution on the interval [0, 1] and to use the inverse function of the
cdf to obtain the desired samples. Note that as our mixing densities are everywhere
positive that the inverse of its cdf exists, and given any drawing from the uniform
distribution, the corresponding sample from the mixing distribution can be found,
for instance, by a bisection method. Therefore what remains is to find the cdf of
our mixing distributions. One way to do that is to work out the cdf of the mixing
density in terms of the angle #. This can be done as follows:

Note that

Pm(0) = cn cos(é)m‘lsin(e)m—l

i0 | ,—if 0 _ —if
e’ +e ym1( e’ —e
2 2

_ Cm2—2(m—1) Re[(—i)m_l(ei% _6—i26)m—1]

— Cm( )m—l

_ C7712—2(771—1) Re[(_i)m—le—ﬂﬁ(m—l)( €i40 . 1)m—1]

= Cm2—2(m—1) Re[(_i>m—1€—z‘20(m—1) (m — 1> ei450(_1)m—1—s]
S

m—1
_ Cm2—2(m—1) Re[(—i)m_l (
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e In case m is odd, this has the following primitive function

m—1 m—1—s
—2(m—1) \m—1 m—1 (=™ i(4s—2(m—1))0
m? Rel(=0) 2 s Ji(ds—2(m—1)°

s=0, s;émTfl

m—1

(=)™ <(m B 1)/2) 0(—1)"1"2 4 G,

m—1

m—1—s
= 202D Re[(—i)™ Z (m - 1> (=1 pilds—2(m—1))0

o 5 (2s — (m —1))

+(—1)<m—1>/22( m—1

_1)(m=1)/2 S
1) /2)9( 1) +20,]

= ¢ 20Dl mi (m_l) CU™  ((4s—2(m-1))

25 — -1
s=0, s#% ° ( iy (m ))

+2(( e )/2>0+2C !

where C,,, m = 1,2, ... are real integration constants. As the cdf F},,(0) has its
support on (0, 7), we have F;,(0) = 0. Hence, in case m is odd, Cpn = 0.

It follows that
22m71

Cp = .
" ((m71§/2)7r

e In case m is even, we can perform similar calculations, as follows:

pm(6) has the following primitive function

—2(m— ym1 = (_1)m7175 i(4s—2(m—1))0 | A
Cm 2 e + Om]
4s —2(m — 1))

s=

m—1 m—1—s ~
= Cm2(_2m+1 m 1) ' 67L(48 2(m—1))0 C~« ]
s (2s — (m —1))

S=
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= ¢, 2072m D (1) (m/2) ;( . ) 255 _1)(m_;)) cos((4s—2(m—1))9)+é’m.

~ m—1
ém = Cm2(72m+1)(_1)(m/2)+1 Z (m - 1) (2 (]‘ 1)) (_1>m7173.
S S —\m —

s=0

2.7. A Particular Compound Density

Theorem 2.7.1. Let m be odd and let the mizing density be given by p,(T) =

c where ¢, 1s the normalizing constant as described in Equation . The

Tmfl
m (1+T2)m 9

compound density takes the form ¢,,(x) = ¢, ( An(®) _ where Ay (z) is a polynomial

with rational coefficients and degree at most 2(N +m — 1).

Remark: By abuse of notation, we use p,,(7) for the mixing density in term 7.

Note that p,,(7) is different from p,,(8).

Proof. We distinguish the two following cases.

e N even:

-1

q(z) = (Co + Cn)(x) + Cnpa(z) + Y (C + Cn—p)(2).

w2

e N odd:
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From Theorem 2.4.1 combined with the expression p,,(7), we have

1 1
Co(x) = me(TO) N]]-{xgo}
m—1
T, 1
= ; La<oy

BN N
_— l.mle(2N+m)

= c&n(=1) (22 + N2)N+m Lw<oy

rm—1 N(2N+m)

Cm (22 + N2)N+m Liz<oy-

Here we have used (—1)™"! =1 as m is odd.

(m3)"™ N
T Pzt

2N+m—1
r; N

N g
(14 72%)N+m 22 {w>0}

a:m—l N(2N+m)

ON (:L')

—_= cm

It follows that the first term (Cy + Cn)(z) can be written explicitly as follows for all

real values of x:

N2N+m$m71 Am(l‘, 0)

Cm ($2 + N2)N+m = Cm (x2 + N2)N+m7

(O() + CN)(I) =

where A,,(z,0) := N2N+tmgm=1 Recall that (m — 1) is even, so (Co + Cx)(x) is even

w.r.t x.
Now we consider the case 1 < k < N. Observe that
—2?+y —x?+a? +4k(N — k)

):MN—Mk: k(N — k) =t

—T+ Yk, T+ Yk
(Q(N— k))( 2k
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-1 _ z+yg -1
then 7, = o and 7y, =

— Ttk T+Yi
Hence, as 7, = SN =)

2(N—k) "

We rewrite C'y_j in

terms of T&l_k as follows:

TN—k

N (TR_)VF

Cy_i(z) = — = . (TN_

vk () (N—k> (1+7']%,_k)Np (v k)yN—k

. ( N ) ()™ TR TNk

AN = k) (LR )N A+ TR )" Y-k
()
m N—k? (]_—f—T]%[ik)N—"myN_k

1 -1

N g Nk
Cm —
(N - k‘) (1+ = )N +myy
N—k
_ m—=1 _
‘ ( N ) (TNzk)kJr 2 TNl—k ‘
" N — k’ (1 + T&%k)N+myN,k

Notice that yy_r = yr and ( N ) (JZ) The term C) + Cy_j can be defined w.r.t

x and y; as follows:

(Cy+ On-i)(@,95) = Cm (N> ((T;?)Hm?l% m(N) ((T§2k)k+"317];1k

k) (1+m2)Ntmy, k) (147320,
2\k+m=L
- (ZD T [<1<?—)T,3>N+m<y_f )
n (TRt (L 4 1)]
(1+ 732 )N +m
B Cm(N) 1 [<<2‘(§‘V—+__",5)2)’“*"‘21 1)
k) 2N = k) (1+ (grg5) )Nty
o s (4 1)]
L+ (s oy,

XES
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where

N(zy) = (4N = k) 4 (=) @ )0
T (AN — k)2 (2 + y) D)V (= 4 )

Dia,y) = (4N =k +a” +2) = 42°y) N "y

Observe that N(z,yx) = —N(z,—yx) and D(x,yx) = —D(x, —yx), so

N(@,ys) N(Z’fy”:;. Hence, (Cy + Cny_i)(x, yx) is even in y;. We can see that

D(z,yx) D(z,—y
N(ZE,O) — (4(N _ k?)2 + (I)Q)N-l—m(l,)%—&—m _ (4(N _ k)2 + (I)Q)N+m(£€)2k+m =0

Hence, we infer that N(z,ys) is divisible by yx, so both numerator and denominator
are divisible by yx. We have D(z,yx)/yr and Cy + Cn_j both are even in yy, so
N(x,yr)/yx is even in y,. This implies that we can express the new numerator
N(z,yx)/yr, and the new denominator D(z,yx)/yr both as polynomial in terms of
powers of x and powers of y7. Replacing yi = 2% + 4k(N — k), we can conclude that
(Ck + Cn—_k)(z) is rational in z. In a similar way we can see that (Cy + Cy_g)(x) is

an even function of z. Observe that

(AN = k) + 27 +yp)* — da’yp)

= (4(N —k)* +2® + 2° + 4k(N — k)*)? — 42*(2® + 4k(N — k))
= 4{(2(N — k)? + 2> + 2k(N — k))* — 2* — 4k(N — k)2?}

= 4{(2N(N — k) + 2%)? — 2* — 4k(N — k)2?}
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= 4{z* + AN(N — k)2® + 4N*(N — k)* — 2* — 4k(N — k)2*}

= 16(N — k){(N — k)2® + N*(N — k)} = 16(N — k)*{z* + N?}.

Hence,
N(l‘, yk)
(Ck + CN-k)(l‘, ?/k) = Cm 22N+2k+3m (N —f)2k+m (:L'Q N N2)N+m’
(%)
where
- N 92N+2k+3m( \ _ [)2k+m N
N(xuyk) = <x7yk)7 dk = (N ) ) Am(xuk) - (:E’yk)
Yk ) dk
Therefore, the term (Cy + Cn_x)(z) can hence be written as
Ap(z, k)
(Ck + Cn-i)(z) = cy (22 + N2)N+m’
where A,,(z, k) is a polynomial with rational coefficients.
A (z,k)

Note that in case k = N/2 this formula implies that Ci(z) = %cmW.

We have the following cases.

e NN even:
-1
An(z) = Az, k) + %Am(x, g)
k=0
e N odd: o
Ap(x) = Az, k)
k=0

The compound density ¢(z) is an even rational function with common denominator
(22 4+ N?)N*m hecause it is the sum of even rational functions with the same denom-

inator. The numerator of ¢/c¢,, is the sum of polynomials with rational coefficients,
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hence is a polynomial with rational coefficients. Notice that as ¢ has integral one
over the real line and each of the (Cy + Cy_i)(x) functions is non-negative, each
such function is integrable and hence its codegree must be at least 2. The same
argument holds for ¢ itself and so the numerator degree of ¢ will be less than or

equal to 2(N +m — 1). O

To compute A,,(x, k), one could use algebraic manipulation with Euler substi-
tution to eliminate all the occurrences of square roots (see Theorem 3.6.2 for more
on usage of Euler substitution). Alternatively, one could compute A,,(x, k) using a
Lagrange interpolation technique that we will now explain. We need to take (N 4 m)
interpolation points z,7 = 1,2,..., N 4+ m to approximate A,,(z, k) because the
degree of numerator A,,(z, k) is at most 2(N +m — 1) and A,,(z, k) is even. Here k
is fixed for each term (Cj + Cy_x)(x). We can calculate the values of A,,(z%, k) by
noting that

A (i, k) = ——(Cy + Cy_i) () (2)? + N2V,

m

By applying Lagrange interpolation method, we can obtain

A (zh, k) 1 («})? (xh)* (zp)2N+m=—1) ag
A (23, k) 1 (3)? (z3)4 . (23)2(N+m—1) as
Am(zi\”rm, k) 1 (IiN-%—m))z (zva-%—m))zL o (Z£N+mr))2(N+7n71) an(Ntm_1)

The matrix is a (N +m) x (N 4+ m) Vandermonde matrix of interpolation points.
It is known to be non-singular as the interpolation points will be distinct. The
Lagrange matrix is the known inverse matrix of this Vandermonde matrix, so we can
obtain the solution by using the Lagrange coefficients explicitly. Alternatively we
can solve this linear system of equations directly by standard methods.

Recall A,,(z,k) = N(x,yx)/dy, where N(z,y) = % is a known two-variable
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polynomial in x and y with integer coefficients and dj, is a known integer. To be able
to get the rational coefficients of A,,(x, k) exactly, we need to take the interpolation
points such that both xi and y(z}) are rational! That is indeed possible as we will
now show. Our approach will be based on an Euler substitution (known from the

theory of integration).

Let z := —x+yp = —x + \/mz + 4k(N — k) then 2 + = y. It implies that

At 250 =22 +4k(N —k) © 250 = 4k(N —k) — 2 & 0 = — T3

It follows that yy =  + 2 = 2K 4 1 2.

2k

Note that if we choose z; rational and non-zero (z; € Q\ {0}) then both x and yy

will be rational.

Furthermore, for any & € R one can calculate 2, = —& + /22 +4k(N — k) > 0
and take a positive rational number z; arbitrarily close to 2z, and compute the
corresponding rational values of x and y,. By taking z, sufficiently close to Z;, the
corresponding values x and y; will be as close as is desired to Z and ;. (Warning:
care must be taken for cases in which 2 is close to zero).

The Lagrangian interpolation method now requires us to solve a Vandermonde-type
linear system of (N + m) equations with only rational coefficients. The solution will
be a vector of rational numbers in QV*™. How to solve such systems in case N4+m
is large is an active area of research in which considerable advances have been made
by authors in [41].

Remark 1.

Consider a random variable X which has the mean at zero and the variance at N

with the pdf ¢(z)dzx. Then Z := f—ﬁ has the mean at zero and the variance at 1 with
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the pdf vV Ng(zv'N)dz.

Remark 2.

For numerical implementation later on in section 2.10, we only search among odd
values of m as these are giving a rational compound density. Based on our numerical
results on entropy, but also on the Kullback-Leibler (KL) divergence, as well as L

distance, the best choice for the integer m in our class of mixing densities is at m = 9.

2.8. Option Pricing

2.8.1. Usage of a Bias-Correction

To compute the value of a Furopean option, a price process S; is modeled by the

geometric Brownian motion under its associated ”risk-neutral” measure Q

dS, = rSydt + 0.5, dW,, t >0

where 7 is the interest rate, 0 € R represents the diffusion coefficient, and W is
a standard Brownian motion process under Q (see [28]). Using It6’s lemma with
f(S) = log(9S) gives a classic result, in which the process log(S) follows the normal
distribution N'((r — 02/2)T +log(Sy), 0°T) at the end of any interval [0, 7] of length
T.

We consider the payoff function 7(X) = max(eX — K, 0) for a call option or

7(X) = max(K — e*,0) for a put option, where X = log(S).

For option pricing one typically uses the multiplicative tree (as mentioned before).

Using this, a multiplicative upward move, w1, and a multiplicative downward move,
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dy, are defined as

uw = exp{uoVs + (r —o/2)8},

dy = exp{doVs+ (r — 0?/2)6},

where u, d, p as described in section 2.2. Here § > 0 denotes the time-step length
and translation and scaling have been applied to introduce the volatility parameter
o and the drift term r.

Using bias-corrected directions (see [40]) gives

U = ule)“s,

R A0
d1 = dle s

where the real number ) is solved from piiy + (1 — p)d; = €. We obtain

Ny log(puy +(5(1 —p)dl)‘

This correction amounts to replacing i = — 0% by i = r — 10 + . The resulting
tree model in which u;, d; are replaced by u, d, has risk neutral probability
(p, (1 —p)), and is complete and free of arbitrage (see [40]). Hence, any options

(financial contingent claim) can be priced in the market described by this tree.

2.8.2. Usage of a Distribution Correction Factor

The compound densities in the additive trees are close to Gaussian but not equal to a

Gaussian exactly. To compensate for that, one can employ a distribution correction
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factor. This technique is known from the Monte Carlo method of importance
sampling [10]. The distribution correction factor, which we will denote by C(x), can
be derived, in the context of option pricing, as follows:

Let P denote the time-zero price of an European option with payoff 7(X) at time T,

where X = log(Sr), then we have

P = e TEr(X)] = T /_ (@) f(2)da = T /_ h [W(x)%]q(x)dx
= o [ r@C@lae)ds = T FOCH),

where ¢(z) > 0, Vo € R is the compound density, and f is the Gaussian density

f(x) ~N((r —a%/2)T + log(Sy), o*T).

2.9. Convex Combination and Convex Optimization

In this section, we aim to optimize coefficients of the convex combination of mixing
densities. This optimal mixing density gives the highest entropy of the compound

density when fixing the tree depth and the powers of the mixing densities.

2.9.1. Convex Combination

Our strategy is search among linear combination of the rational densities

pm(7), m =1,2,3,... The linear combinations are restricted to have coefficients that
add up to one. Most natural way would be use to convex combination. Consider
a finite convex combination of mixing densities, P,(7) = > QD (T) such that

> 0and ) a, =1
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We know that PQ(T) is again a probability density and still holds properties of the mix-
ing density due to the convex combination of probability densities. Given 1y, 7%, Ty as
defined in Equations (2.1)-(2.3), yi, as in Equation 2.4, Co(z), Cn(z), Ck(z), pm(Ts)

as defined in Theorem 2.4.1, and ¢,,(x) as defined in Theorem 2.7.1, we have

Pa(Tk> = Zampm(m).

Ci(x) = ZamC’o(x) Zampm 70)) ]1{_%<0}

1—1—7'

1 .1
S S—" Y Wit P
A5 a0 yleso

i) = YonCit) = (3 ) i (O b))

I A S R e s
_ (k)(1+r,3)NP“( O k=TN -1
C3(0) = X anCilo) = g (3 () oo

Due to the linearity property, we can derive the probability density of the tree, @(x),

where 7 ~ P,(7) as follows.

Y ntnle) = 35 o) - 3

The most natural way would be to use convex optimization.



36

Pricing Single-Asset Options Using MC-Tree Method

2.9.2. Convex Optimization

Our optimization problem can be stated as follows:

max, f(c) subject to oy, >0, > oy, = 1.

f(a) denotes the entropy of the compound density Q(x) = AmGm(T).

This optimization problem can be solved by using the Gradient Ascent Method.

Next, the algorithm for this problem will be presented.

Algorithm

e Define a starting vector a(®). We can choose o?) to be a vector which is already

rather close to the solution to make the algorithm computationally efficient.
We suggest a starting vector that gives weight 1 to the mixing density with
m=9, and other elements of the vector are zero. Then calculate the gradient

V(a®)

Calculate a(V) = o + §Vf(a®). If f(ab) > f(al?), we repeat all steps,
where we take o) as the new starting vector. Otherwise, we calculate

a = a0+ 2V f(a(®). If this does not work, we take V) = a@+ 5V f(a®),
etc until f(al') > f(a?). If Vf(a®) # 0 then there exists a value k € N such

that f(a® + 2%Vf(ozo)) > f(a?).

The stopping criterion is that V f,, (x) = 0 and vector «, is the solution. Due
to convexity, the global solution will be found in practice if the actual stopping

criterion |V f, ()| < € is satisfied for some € > 0 sufficiently small.
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2.10. Numerical Results

2.10.1. Numerical Results of Entropy, KL Divergence, and L; Distance

We work with various experiments for calculations of KL divergence between the
compound density and the Gaussian density, and entropy values for different values
of N and m. It is noticeable that this KL divergence and the entropy values obtain
the minimal and maximal values, respectively, at m = 9 when fixing the tree depth
N. Considering our experimental results in Table 2.1 and Table 2.2 the compound

distribution is best approximated by a Gaussian distribution at m = 9. A good

Table 2.1: KL divergence versus N and m.

N =10 N =15 N =20 N =50
m="7 | 0.000756 | 0.000321 | 0.000176 | 0.000026
m = 0.000719 | 0.000304 | 0.000167 | 0.000025
m =11 | 0.000724 | 0.000307 | 0.000169 | 0.000026
m = 13 | 0.000741 | 0.000314 | 0.000173 | 0.000027

Table 2.2: Entropy values versus N and m.

N =10 N =15 N =20 N =50
m=717 1.418172 1.418609 1.418755 1.418908
m = 1.418213 | 1.418629 | 1.418767 | 1.418910
m =11 | 1.418211 1.418628 1.418767 1.418910
m =13 | 1.418195 1.418622 1.418764 1.418910

choice of m = 9 can be observed clearly from figure 2.2] when fixing the tree depth
and increasing value of m.

Figure [2.3| shows the similarity between compound density at N =20, m =9 and
the standard Gaussian density. Figure shows that the entropy values increase and

converge to the entropy of a standard Gaussian density when fixing m and increasing
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Figure 2.2: Entropy behavior when m is an odd number between 1 and
50. Top left: N =10. Top right: N = 15. Bottom left: N = 20. Bottom
right: N = 50.

the tree depth. This is consistent with the maximal entropy theory.
Figure [2.5| shows that the L; distance to the Gaussian decreases to zero when fixing

m and rising the tree depth from 10 to 120.



2.10 Numerical Results 39

—— Standard Gaussian Density

—— Compound Density
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Figure 2.3: Standard Gaussian density versus compound density at

N =20, m =09.
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Figure 2.4: Entropy values versus the tree depth N from 1 to 50 when
m =9 is fixed.
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Figure 2.5: L distance versus the tree depth NV from 10 to 120 when
m =9 is fixed.

2.10.2. Distribution Correction Factor

Figure [2.6] shows the behavior of the distribution correction factor for different tree
depths and the corresponding values of m. The distribution correction factor is
the ratio of the Gaussian density to the compound density. It is observed that the
compound density is closer to the Gaussian density when increasing the tree depth

N and fixing m. The compound density and the Gaussian density are almost the
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same in the central distribution but dissimilar in the tails.

m=9
30-
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Figure 2.6: The distribution correction factor.
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2.10.3. Convex Combination and Convex Optimization

In this section, we implement the Gradient Ascent algorithm in our optimization
problem. We want to find optimal coefficients «,, such that the entropy of Q(x)
is maximized, where Q(z) = 235197 odd OmGm (). Figure shows the graphical
representation of the coefficient «,, of the corresponding mixing densities with odd

numbers of m from 9 to 35 when fixing N = 20. It is observed that the optimal

0.8 -

Figure 2.7: The plot of optimal coefficients when N = 20. Top: optimal
coefficients «,,, with m odd numbers from 9 to 35. Bottom: optimal
coefficients «,,, with odd numbers of m from 11 to 35.
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coefficient ag = 0.747382 while all other coefficients are decreasing from 0.01948.
The entropy after optimization is obtained at 1.41878, compared with the entropy at
1.41877 when N = 20 and m = 9. There is possibly an in-significant improvement in

the entropy of 107°.

2.10.4. Pricing European Options

We will present the numerical results of some experiments to price European call
and put options and compare the MC-Tree method with the usage of the bias-
correction and the distribution correction factor with the Monte Carlo (MC) method
and popular binomial tree models. We can obtain the analytical solution from the
well-known Black-Scholes model. The error is the difference between the model value
and the analytical solution.

The following parameters are used throughout these numerical experiments.

e Initial stock prices Sy = 100 (if not stated otherwise).

Strike price K = 95.

Expiration T' = 1.

Risk-free rate r = 0.03.

Volatility o = 0.2.
e MC-Drawing M = 10°.

It is verified that the put-call parity holds for the MC-Tree with the bias-correction,

as shown in Figure [2.8] Given various stock prices S(¢) from 1 up to 200 on the
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x-axis, the corresponding values on the y-axis are zero. The MC is not involved in

the experiment, so confidence intervals are not given.

Plot of Put-Call parity

0.10
I

C(S(t)Lt)-P(S(t)t)-S(+KB(L,T)
-0.05 0.00
|

-0.10

T T T T T
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Figure 2.8: Verification of put-call parity. The y-axis represents
C(S(t),t) — P(S(¢),t) — S(t) + KB(t,T), where C(S(t),t), P(S(¢),t)
are the call and put option prices, and B(t,T) = e~ "(T=1),



2.10 Numerical Results

45

Table 2.3: Accuracy comparison between MC-Tree and MC method
in pricing European call option. Bias: MC-Tree with the usage of bias-
correction. Corr: MC-Tree with the usage of distribution correction

factor. SD is the estimate of the standard deviation of the random
variable of which the MC estimates the mean.
S N | Method | Mean SD CI AS
100 | 50 Corr 12.1798 0.025 (12.17965, 12.17995) 12.1797
50 Bias 12.1905 0.0279 (12.1903, 12.1907)
100 | Corr 12.1797 | 0.0123 (12.17962, 12.17978)
100 | Bias 12.1851 0.0155 (12.1850, 12.1852)
MC 12.1867 15.6215 (12.0899, 12.2835)
95 50 Corr 8.9429 0.0431 (8.9426, 8.9431) 8.9427
50 Bias 8.9549 0.0323 (8.9547, 8.9551)
100 | Corr 8.9429 0.0254 (8.942743, 8.943057)
100 | Bias 8.9489 0.0188 (8.9488, 8.9490)
MC 8.9469 13.4153 | (8.8637, 9.0300)
90 50 Corr 6.2125 0.071 (6.2121, 6.2130) 6.2125
50 | Bias 6.2230 0.0596 | (6.2226, 6.2233)
100 | Corr 6.2125 0.0463 (6.212213, 6.212787)
100 | Bias 6.2177 0.0401 (6.2175, 6.2180)
MC 6.2143 11.1305 (6.1453, 6.2833)

2.10.4.1. COMPARISON TO PLAIN MC METHOD

Table 2.3 and table 2.4] show that MC-Tree is more accurate than MC method.

The usage of the distribution correction factor in option pricing improves accuracy

significantly, resulting in the exact analytical solution at N = 100.

Table shows the results from both methods for similar computation time. It is

evident from table .5 that the MC-Tree model is still more accurate than the MC

method, even with the same computation time.
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Table 2.4: Accuracy comparison between MC-Tree and MC method

in pricing European put option. Bias: MC-Tree with the usage of bias-

correction. Corr: MC-Tree with the usage of distribution correction
factor.

S N | Method | Mean SD CI AS
100 | 50 Corr 4.3720 | 0.0324 (4.3718, 4.3722) 4.3720
50 | Bias 4.3828 | 0.0279 | (4.3827, 4.3830 )
100 | Corr 4.3720 | 0.0185 (4.3719, 4.3721)
100 | Bias 4.3774 | 0.0155 | (4.3773, 4.3775 )
MC 4.4107 | 7.6584 | (4.3633, 4.4582)
95 | 50 | Corr 6.1352 | 0.0278 | (6.135, 6.1353) 6.1351
50 | Bias 6.1473 | 0.0323 | (6.1471, 6.1475
100 | Corr 6.1352 | 0.0155 | (6.1351, 6.1353

(

(

(

(

(

(

(

100 | Bias 6.1412 | 0.0188 6.1411, 6.1413
MC 6.1693 | 8.9348
90 | 50 | Corr 8.4048 | 0.0503
50 | Bias 8.4153 | 0.0596
100 | Corr 8.4048 | 0.0345
100 | Bias 8.4101 | 0.0401
MC 8.4352 | 10.1748

)
)
)
6.1139, 6.2247)
8.4045, 8.4051) | 8.4048
)
)
)
)

8.4149, 8.4157
8.4046, 8.4050
8.4008, 8.4103
8.3721, 8.4982

2.10.4.2. COMPARISON TO BINOMIAL MODELS

Table and table show that MC-Tree with the usage of distribution correction
factor performs best. Option price from MC-Tree converges quicker than binomial
models to the analytical price when increasing the tree depth. It is evident from
Figure and Figure that CRR and JR model is less stable and more volatile
than the MC-Tree model as the tree depth increases. Both figures contain the
confidence interval (CI) of the MC-Tree method without the distribution correction
technique.

Then, we can obtain the mean squared error (MSE) for different models from the
range of tree depth from 1 to 100 in Table 2.8 MSE from the MC-Tree is the lowest

among models.
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Table 2.5: Error and computation time of European call option with
similar running time at N = 50. MC-Tree Corr: MC-Tree with the
distribution correction factor. SE denotes the standard error.

MC-Tree MC
Corr
Option Price 12.1798 12.1800
SE 0.00008 0.00451
Cl (12.17965, 12.17995) | (12.17117,12.18883)
Error 5.7e-05 3e-04
Computation Time (Seconds) | 34.92103 35.50149
M 100,000 12,000,000

Figure [2.11] plots the European call prices with a range of M and the tree depth

from 20 to 200. Clearly, the price is more stable with a rather large M.

2.10.5. Pricing American Put Option

We will present the numerical results of some experiments with the American Put

option and compare them with the LSM and popular binomial tree models to gain

some insight into the performance of the MC-Tree Method. A quadratic polynomial

is used in the regression model (see [35]).

All numerical experiments use the same parameters as mentioned in the previous

section: ”pricing FEuropean option”, except M = 2000. We consider various examples

of American option valuation and compare our method with the LSM, CRR, and JR

in the next sections.
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Table 2.6: Accuracy comparison between MC-Tree and binomial models
in pricing European call option. Bias: MC-Tree with the usage of bias-
correction. Corr: MC-Tree with the usage of distribution correction
factor.
S Method N =50 N =100 AS
Mean SD CI Mean SD CI
100 | Corr 12.1798 | 0.025 (12.1797, 12.1797 | 0.0123 (12.1796, 12.1797
12.1800) 12.1798)
Bias 12.1905 | 0.0279 (12.1903, 12.1851 0.0155 (12.1850,
12.1907) 12.1852)
CRR 12.1733 12.1923
JR 12.1677 12.1984
95 Corr 8.9429 0.0431 (8.9426, 8.9429 0.0254 (8.9427, 8.9427
8.9431) 8.9431)
Bias 8.9549 | 0.0323 | (8.9547, | 8.9489 0.0188 | (8.9488,
8.9551) 8.9490)
CRR 8.9102 8.9265
JR 8.9513 8.9533
90 | Corr 6.2125 | 0.071 | (6.2121, | 6.2125 | 0.0463 | (6.2122, | 6.2125
6.2130) 6.2128)
Bias 6.2230 0.0596 (6.2226, 6.2177 0.0401 (6.2175,
6.2233) 6.2180)
CRR 6.1912 6.2283
JR 6.2281 6.2084
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Table 2.7: Accuracy comparison between MC-Tree and binomial models

in pricing European put option. Bias: MC-Tree with the usage of bias-

correction. Corr: MC-Tree with the usage of distribution correction
factor.

S Method N =50 N =100 AS
Mean SD CI Mean SD CI
100 | Corr 4.3720 | 0.0324 | (4.3718, | 4.3720 | 0.0185 | (4.3719, | 4.3720
4.3722) 4.3721)
Bias 4.3828 | 0.0279 | (4.3827, | 4.3774 | 0.0155 | (4.3773,
4.3830 ) 4.3775 )
CRR 4.3657 4.3846
JR 4.3600 4.3907
95 Corr 6.1352 | 0.0278 | (6.135, 6.1352 | 0.0155 (6.13517 6.1351
6.1353) 6.1353)
Bias 6.1473 | 0.0323 | (6.1471, | 6.1412 | 0.0188 (6.1411,
6.1475 ) 6.1413)
CRR 6.1025 6.1188
JR 6.1437 6.1456
90 Corr 8.4048 | 0.0503 (8.4045, 8.4048 | 0.0345 (8.4046, 8.4048
8.4051) 8.4050)
Bias 8.4153 | 0.0596 | (8.4149, | 8.4101 | 0.0401 | (8.4098,
8.4157) 8.4103 )
CRR 8.3835 8.4206
JR 8.4204 8.4008
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Table 2.8: Mean-squared error for various models.

Models | MC-Tree CRR JR
MSE 0.00015354 | 0.001074532 | 0.001015309

Option Price V.s Tree Depth

12210
1

-  M=100
—  M=500
—  M=1000

— M=10000

12.205
|

— = —- Black-Scholes

Option Price
12195 12.200

12.190

12.185

12.180

Tree Depth

Figure 2.11: European call prices versus number of MC drawings M
and the tree depth N.

2.10.5.1. COMPARISON TO LSM METHOD

We will compare the standard deviation of the MC-Tree and LSM method to under-

stand their accuracy. Table shows the mean and the standard deviation from
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simulation results with the initial stock price at 100, and the "true” price at 4.5415.
The "true” price of an American put option is obtained by the convergent binomial
method with the depth of tree at 50,000.

As shown in the table 2.9] the standard deviation of the LSM is much larger than

Table 2.9: Mean and standard deviation of American put option.

MC-Tree | LSM
Mean 4.5483 4.5782
Standard Deviation | 0.0319 7.1828

the one of the MC-Tree method when their means are similar. The LSM needs a
significant increase in the number of replications to improve accuracy, which leads to
an increase in the computation time per simulation.

It is evident from Table that it is not sufficiently good for the LSM to obtain a

Table 2.10: Mean and standard error (SE) of American put Option
with similar running time.

MC-Tree | LSM
Mean 4.5483 4.5274
SE 0.00071 | 0.01893
Error 0.0068 0.0141
Computation Time (Seconds) | 10.4658 | 10.5423
M 2000 120,000

small standard error as the MC-Tree method, even though the computation time
of both are almost the same. It is concluded that the MC-Tree method provides us

with more accuracy than the LSM at a similar computational cost.
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2.10.5.2. COMPARISON TO BINOMIAL MODELS

We will use the same model parameters, as mentioned in the previous section. As
shown in Table and Table[2.12] the option prices among models are insignificantly
different, and the MC-Tree method produces the smallest error. It can be concluded
that the MC-Tree method performs better than other methods: CRR, JR in terms
of accuracy using the same tree-depth. Researchers in [1] proved that American
option prices of the discrete model also converge to the corresponding value of the
continuous-time model under fairly general conditions. It means that the "true”
price can be obtained by increasing the tree depth to infinity. Therefore, we also
compare results with the "true” prices. Figure [2.12 shows two plots for prices of an

Table 2.11: Option Prices

Stock Price | MC-Tree | CRR | JR ”True” Price
95 6.4140 6.3966 | 6.4141 | 6.4058
97 5.6058 5.6148 | 5.6080 | 5.5973
100 4.5484 4.5511 | 4.5583 | 4.5415
102 3.9409 3.9433 | 3.9240 | 3.9338
104 3.4007 3.4034 | 3.4111 | 3.3960

Table 2.12: Accuracy comparison among models.

Stock Price | MC-Tree | CRR | JR

95 0.0081 0.0093 | 0.0083
97 0.0084 0.0175 | 0.0107
100 0.0080 0.0096 | 0.0168
102 0.0070 0.0095 | 0.0098
104 0.0047 0.0073 | 0.0150

American put option by the MC-Tree, CRR, and JR model when increasing the tree
depth. The CRR and JR model both are more volatile than the MC-Tree model.

The MC-Tree model is more stable and convergent toward the ”true” price as N
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increases, compared with the CRR and JR model.
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Figure 2.12: Option prices versus the tree depth N.
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2.10.5.3. THE oPTIMAL N AND M OoF MC-TREE

We also show the range of N and the corresponding M, in which the MC-Tree method
performs high accuracy and reasonable efficiency. We found that computation time
is approximately proportional to the number of nodes at %N (N + 1) of an N-step

binomial tree. Hence, if we fix the computation time, the optimal choice of the tree

o
N(N+1)’

depth, N, and the number of simulations, M, are found in the relation M =
where C' is chosen approximately.

We consider an experiment on an American put option with the same input para-
meters, as mentioned in the previous section.

Figure [2.13| shows that MC-Tree absolute error remains around 0.01 when the

O
{\! —
o —— MC-Tree Error
---- Errorat0.01
L
=
S o
=]
[T'§]
(=]
[}
[
=]
o T T T T T T
0 100 200 300 400 500
N

Figure 2.13: Error versus the depth of tree.

computation time is below 2 seconds, N is in the range from around 70 to 500, and

M is an integer part of 25(00000

N(N+1)"



Chapter 3

Pricing Multi-Asset Options Using
An MC-Tree Method

3.1. Introduction

In chapter two, we presented the theory of MC-Tree that combines MC with the
recombining binomial tree based on the Pascal’s triangle for pricing single asset
options. In this chapter, we generalize the theory of MC-Tree that combines the MC
method with the recombining multinomial tree based on Pascal simplex for pricing
multi-asset option. In d assets case, we have a probability vector (p1, pa, ..., Par1)-
Our approach includes applying MC drawings from the Haar measure on the or-
thogonal group, based on the tree construction in the paper by Sierag and Han-
zon in [40]. We will also draw an orthogonal d x d matrix with each drawing of
d+1

(p1, D2,y Pat1), pj >0, ZFl p;j = 1, where d is the number of risky assets. The

orthogonal matrix is generated by drawing the d? elements from a dxd matrix with
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d? i.i.d standard Gaussian random variables and then apply the Gram-Schmidt
orthogonalization procedure on d columns of the matrix. This matrix is denoted by
H. The determinant of this orthogonal matrix receives both values -1 and 1.

We will describe the kind of mixing densities for consideration, the role of the radius,
compound density entropy, and the derivation of the corresponding compound density

analytically and numerically.

3.2. Mixing Density and MC Drawings

The point is that we do mixing density on the tree parameters: probability vector and
the direction vectors. For each probability vector, we pick the corresponding direction
vectors, then we apply the orthogonal group to rotate and reflect around. We obtain
the uniform measure on the orthogonal group. This gives mixing densities on the
tree. For each mixing distribution on the vector (py, p2,..., pi+1), our approach
gives a compound density at time step N which is invariant under application of
the orthogonal group to the target space R%: i.e, it is invariant under rotations and
reflections in the higher dimensional Euclidean space in the multi-asset case (d > 2).
After we have taken the orthogonal group action by MC generation, we need to work
out the compound density of the radii of the vectors occurring after N steps in the
tree when applying a mixing distribution.

We use the symmetric mixing density because we know that this leads to better or
equal entropy value of compound density in relation to application of rotations and
reflections to the plane in the 2-risky asset case (d = 2) and to higher dimensional

Euclidean space in multi-asset case (d > 2). In this thesis, we will choose to work
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with polynomial mixing density in relation to the parameters p1, ps, ..., P41, for
which we can describe a great result. We can restrict to symmetric polynomials;

P(\/P1, /D2, -, +/Pa+1), say. For example, the symmetric polynomials are those for
which

3

P(Vp1, Vp2) = P(Vpa,

in case of d = 1;

P(Vp1, VP2, v/Ps) = P(Vp1,
= P(Vp,
= P(Vps,
= P(V/ps,
= P(V/ps,

$ S
NS

55999

3

in case of d = 2.

Our choice of mixing density is

1/2 1/2 1/2  1/2 \m—
¢ (0)py*p o)™ P dprdpadps - . dpa (3.1)

for some m € N.
The square roots of the probabilities can be described by spherical coordinates as

follows:
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p}/z = cos(b,),

p;ﬂ = sin(6, ) cos(6s),

pil,,/2 = sin (6 ) sin(6) cos(63),

p;ﬂ =sin(6)...sin(04_1) cos(fyq),

p(lifl =sin(6)...sin(04_1) sin(6y),

0<b6; <3, 1=1d.

The mixing density can be factorized into univariate factors in which each is a
polynomial in terms of sin(6;), cos(#;), i = 1,d. As the antiderivative is known for
such functions, so we can implement Monte Carlo Drawing, as presented in section

2.6 of the chapter two for each 6;.

3.3. The Radius

X, denotes the vector Zfill k;d; at node k that is reached by taking k; times direction
dii=1,...., d+ 1, k= (ky, ko, ..., kas1),||k| = N at the final step of the tree. The

random variable Ry = || Xj|| is the radius of the vectors at the node k in the tree.

Theorem 3.3.1. In a two-asset case,

3

3
k]
Ry = [|Xi|P = 1) kidil P = Z; — [k[*.

i=1 i=1 £t
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Proof. The proof is based on the constructions presented in [40].

Vector X = 2?21 k;d; is corresponding to the orthogonal projection of 2?21 \/k—%ei
along the vector

|k |py/?

klpy® |

1/2
|k |py/

so to the vector Xj = Zle \Z%ei — Zle |k|\/pi€i to be more precise.
The vector X is obtained from X, by an orthogonal mapping (a rotation), so the
length of this vector X, equal to the length of vector Xj;. Due to the orthogonality

of the projection, we have

3 3
. ks
X1+ 11 ) lkly/piesl* = || el
5 3 k2
S IXellP =~ — Ik

i=1 Di

[l
Remarks

(i) The radius Ry = || Xj]|| of the vector-nodes after |k| steps in the tree has conditional

probability distribution, given (p;, ps, p3): (|Z|) p]flp]§2pl§3, where probabilities runs

over all possible k, k = (ki1, ko, k3), |k| = k1 +ka+ks, ki € Ng, i = 1,2,3. However,
note that Rj can be equal for different values of k, in which case the corresponding
probabilities will have to be added to obtain the probability distribution.

(ii) In general, the squared radius R: = || X;||? of the vector-nodes after |k| steps in
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the tree is defined by

d+1 d+1
k‘2

Ry =) kil = Z . — |kP*.
i=1 i=

(3

The radius Ry = || Xk|| = || ZdH k;d;|| of the vector-nodes after |k| steps in the tree

has conditional probability distribution given (pi, p2, ..., Pa+1)

14
()bt

where k runs over all vectors in N&*U, k= (ky, ko, ks, ..., kay1), |k| = S0 ks, ki €
Ny, i =1,2,3,..., d+ 1; and |k] = N. And X} denotes the random variable with
compound density Py, if a tree of |k| steps is used; X} = X (ki ka,eskarr) 18 the vector

value at node (ki, ko, ..., kg1) given a choice of ( ; pé/ 2 pclzﬁ)

3.4. RI Entropy

In this section, we consider a rotation invariant density g(z) = f(||z||) on R? for an
appropriate function f. Function f(r) depends only on the radius r = ||z|| of the
vector x; S(r) is the surface of a sphere with radius r in d dimension.

We have 1 = [ p.g(x)de = [ . f(r)de = [° f r)dr, where S(r) is the
surface of a sphere with radius 7 in d dimension. Hence f(r)S(r) is a pdf. Let

q(r) := f(r)S(r), q is a pdf on [0,00). Given ¢, the RI Entropy of ¢ (RIEnt(q)) is
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equal to the entropy of g (Ent(g)).

Euile) = — [ o) osla(e)de == [ pr)losls(rjir

xER4
= / q(r log
0

where f(r) = g,((:)) g(z), v € R

alr) ]dr =: RIEnt(q),
S(r)

Definition: RI Entropy
Let X € R? have rotation-invariant distribution, and let q be the pdf of the radius
of X. Then the RI Entropy of q is defined by

RIEan):—:Aqu)ngO)Mﬂ

Remark: Note that the RI Entropy of q is equal to the entropy of the pdf of X.

3.4.1. RI Entropy in the Two Assets Case

We have

_ L%A r MMH—A 27 f (r)rdr,

so 2m f(r)r is a pdf.
Let g(r) := 27 f(r)r, q is a pdf on [0, c0).

Given ¢, we can compute the entropy of g, the RI entropy of ¢ (RIEnt(q)), as
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fr) = 32 = g(w,y), so

Butte) = [ [ ate.oslotoildsdy = [~ [ ) ogl ) dady
= _/02” /000 f(r)log[f(r)]rdrdd = —2x /000 f(r)log[f(r)]rdr

_ /0 " o) 1082y = R1EnH(g).

wr

In the standard Gaussian case: g(z,y) = f(r) = s=e " /2, s0
q(r) = 2mrf(r) =re " /2.
Then RI entropy of ¢(r) is

RIEnt(q) = —/ re” "/ log| ——
0

= log(27) + 1.

Entropy of standard Gaussian X ~ N (0, I5) is log(2me).

The second moment of R is

E[R?] :/ rzq(r)dr:/ e Rar.
0 0

We have [ 7%¢~""/2dr = 2 [ ve’dv, where v = —=. We have [ ve'dv = (v —1)e” + C,
by the integration by parts.

Hence,

/7’3€T2/2d7’ = (PP +2)e "y C

Therefore, E[R?] = 2.
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3.4.2. RI Entropy in the Two Assets Case(Alternative Approach)

We find RI Entropy in the 2-asset case using polar coordinates, as follows.

Let g(z,y)dzdy = f(r)dzdy = f(r)rdrdf, where r = /22 + y2, then

[ G e T N G

= 27 Oof(r)log(f(r))rdr

r=0

= 2 [ 73 s F (VB

=0
where p = +r2. Hence, the pdf of the radius is 27 f(r)r. If we use p = 37% as a new

coordinate instead of 7,

r = +/2pcos(b),
y = /2psin(0)

and dp = rdr, so g(x,y)dxdy = f(\/2p)dxdy = f(\/2p)rdrdd = f(\/2p)dpdf.

Let h(p) := f(v/2p) = g(x,y) then we have g(z,y)dzdy = h(p)dpdf. Tt implies that
the pdf of P is q(p) = 2wh(p)dp = e~*.

Following is for the standard Gaussian case.

The entropy for the standard bivariate Gaussian density X ~ N(0, I5) is

[ swostote.anisty =~ [ [ oostsip)raras

— —27r/0 h(p)log(h(p))d(§7‘2)

~ o / " hip) log(h(p))dp.
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As we see, up to a factor 27, the entropy of h(p) is the same as the entropy of g, and

_ 12+y2

h(p) =g(z,y) = 5-¢ 2 = 5= . Hence,

—9 h(p)log(h(p))dp = —2 — e Plog(—e~")d
7?/0 (p) log(h(p))dp 7r/o 5 ¢ og(zwe )dp

= log(2m) + 1 = log(2me).

We used fooo pe Pdp = 1. It is noticeable that the pdf of random variable P is
q(p) = e Pdp, and [;° p*e~Pdp = 2 so E(P?) = 2. Hence, the random variable P has
the mean at E(P) = [ pe~*dp = 1, and the variance Var(P) = E(P?) — [E(P)]* = 1.
As well-known in the literature, the exponential distribution with mean 1 is the
distribution with the maximal entropy at 1 among all distribution on (0, c0) with
mean at 1.

We can conclude that maximizing the entropy over the rotation-and reflection-
invariant densities, conditional on the covariance matrix=1I5 is equivalent to maxim-

R2

on » conditional on

izing the entropy over all densities for P on [0, 00), where P =
mean at 1.
Let k(r) denote the radius-density, i.e, the pdf of R, then the relation between the

radius-density of the radius R and the density of P is

k(v2p)

k(r) = ) = 1(/20)/20 = h)/20  hip) = = Y2

We have
1 1
Vo

SO
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3.4.3. RI Entropy in the Three Assets Case

We have

1 = /_Z /_Z /_Zg(x,y, 2)dxdydz = /_Z /_Z /:: f(r)dzdydz
= /000 f(r)dmrdr

so 4mr? f(r) is a pdf.
Let q(r) := 4nr?f(r), q is a pdf on [0, 00).

Given ¢, we can compute the RI entropy of ¢ (RIEnt(q)), as follows:

f(r) = a(r) =g(7,y, 2),

42

so—f f f g(z,y, 2)loglg(z, vy, 2)|drdydz = fo
1 —r2/2

In the standard Gaussian case in three dimensions: g(z,y, z) =f (7“) = ot ;

so q(r) =4nr?f(r) = \/5736—7" /2

Then the RI entropy of ¢(r) is

R]Ent(q) — / \/> 2 —7'2/2 1Og ( ) _T2/2]d7"
2 e 4 2
= \/>log(27r)/ 2e7m 2y + \/>/ e " 2dr
2 0
= \/710g \/> \/7 = —1 og(2me).

The entropy of a standard Gaussian X ~ N(0, I5) is 2 log(2e).

") 1dr = RIEnt(q).

The second moment of R is
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(o] (e.) 2 5
E[R?] = / r?q(r)dr = / \/;r‘ler 2dr.
0 0

/ rie " 2dr = 3\6ﬁ = 3\/E-
. 2 2

Therefore, the second moment of R is E[R?] = 3.

We have

3.5. Compound Entropy Maximization

We want to find the entropy of the compound density which is Q4 invariant in terms
of the marginal pdf Pg, (r) of the radius Ry = ||Xk||. Here O, denotes the set
of dx d orthogonal matrices. We consider the general case of a compound density

of the form Px,(x) = Px,(z1,%2,....,24) = fn(r), for some function fy, where

R =|X||2 = /22 + 22 + ... + 2% denotes the radius of a point in R?. After the way
we set it up, the compound density function in the form fx(r) only depends on the

radius R on R space, where R > 0.

Proposition 3.5.1. f(r)r®! is equal to the (marginal) pdf of Ry = || Xn||2 up to

normalization by a constant factor.

Proof. The pdf is obtained by computing the marginal density of Ry. Let the space
R? be parametrized by a pair (Ry,v), where v € S41 = {§ € R? : ||9]| = 1},
the unit sphere in R?. We can write the marginal density of Ry as Pg,(r)dr =
Joergior f(r)dpe(v)dr = [ ooy [ (r)rd= dpy (v)dr = f(r)r*'dr « vol(S~"), where
- (v) is the standard measure on the sphere with radius r. Clearly, the measure

scales with the radius according to the rule p,(rV) = r¢=1ly (v) if V. 5S¢ is any
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measurable subset of S¢. Hence rV is a measurable subset of rS? and vol(S¢1)
denotes the volume ( area in case d = 3, length in case d = 2) of the unit sphere in
R?. Now note that vol(S*1) f(r)r¢=tdr = vol(S**) f(r)5d(r?), so the pdf of Ry is

actually %j_l) f(r?), which is equal to f(r?) up to a normalization constant. [

As the corollary of Proposition 3.5.1, maximizing compound density entropy boils

down to maximizing the RI Entropy of Ry given that
E[R%] = E[traceXyXy] = trace(EXyXy) = trace(N1;) = Nd.

The objective is now to maximize the entropy of compound density

I° fr)r=tlog(f(r))dr, where f(r)r=! is the pdf of Ry = || Xy||2. The entropy is
considered up to an increasing affine transformation, i.e. up to an additive constant
and a positive constant factor as this does not affect the maximization.

It is well-known in the literature that the Gaussian density maximizes the entropy
integral under the constraints that the mean is zero vector and the covariance matrix
is N1;. As is well known, symmetrizing a density in this way does not decrease the
entropy. We will therefore consider only such symmetrized densities. The entropy
of symmetrized density is [, co, Px(Tx)du(T), where Oy denotes the group of dxd
orthogonal matrices, and p denotes the Haar measure on the orthogonal group O,.
In a d assets case, we can conclude that maximizing the entropy over the rotation-and
reflection-invariant densities, conditional on the mean at the zero vector and the
covariance matrix at I; is equivalent to maximizing the so-called RI Entropy over all

densities for R on [0, 00), where R = || X||2, conditional on E(R?) = d.
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3.6. Analytic Compound Density

In this section, we present our approach for finding the analytic compound density
in a two asset case. Let the mixing density on the vector (\/p1, /P2, \/P3) be given
by formula (3.1) with d = 2.

Theorem 3.6.1. In a two asset case, the compound density of the radius can be

written as

N 1
A(P:’,)T
o) = > [ 200/ A + Blos K K (o ko) p(ps)dps,
kgzo 0 \/A(p3)7”2 + B(ps, ks3)
(3.2)
where
A(ps) = 1—ps,
k
B<p37k3) - _(\/EN - \/%)27
p(ps) = Em(l—ps)" 'py? dps,
. 1
Cm = 1 m—2 bl
o (1 —=p3)™Ips® dps
N N—ks ks
K(ps, ks) = s (1—ps) JZ
The function ¢;(z) has the form ¢;(z) = ¢, (x2+(Nfl:;)(2$))N_k3+m’ where A,,(x) is a

polynomial with rational coefficients and even degree at most 2(N — ks +m — 1).

Proof. By Proposition 3.3.1, we have

K k2 k2
R*=-14 24 3 — (ky + ko + k3)?
br P2 P3
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LT ki k3 2
@)’R——+l€3+2]€3(k)1+k2):—+——(]€1+k2)
2! P P2

Recall p; > 0, po > 0, p3 > 0 and p; + p2 +p3 = 1. Let N = |k|. Define

5 .— _DP1 S . _D2
Pri= 1o, D2i= 1o, we have

(1 2 k% 2 _ k% k‘% 2
—pg)(R — p_g +]€3 +2]€3(l€1 + k‘z)) ==+ = - (k‘l + k’g) (1 —pg)

P P2
o ko o kK 2
<~ (1 —pg)(R - p— + k?g + 2]63(]{31 + k?Q)) —p3(l{?1 —f‘ kQ) = pT + pT — (k?l —f- ]CQ) .
3 1 2

2

N k
R? = (1—p3)(R* — p_3 + k3 + 2ks (ki + ka)) — ps(ky + k2)* =1 A(ps)R® + B(ps, k3),
3

where
A(ps) = (1 —p3);
B(p?:,k?;) = (k% + 2]{33(N — ]{,‘3) — f?—f)(l _p3) —pg(N _ kS)Q _ —(\/p_gN . %)2

Note that for fixed k3 and given p3 there is a one-to-one relation between R? and R2.
The probability distribution of the nodes Xy, given |k| = N and given the probability

vector p = (p1, p2, p3), can be rewritten as

k1+k2+k3 ki ko ks k?l—l—kfg kjl—}-kj2+k3 -kt~ K T
Py’ - 1— 1+k2, k3
< ky, ko, ks >p1 Py"Ds by, ko by + ko, s P12 ( p3) D3

B (k1+k:2

]{:17 ]{/'2 )ﬁlflﬁg2K<p37 k3)7

where

N _
K(ps, k3) = <k3><1 — p3) Nl
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Hence, R = Z—f + 1% — (k1 4 k2)? has the probability (%:klzz)ﬁlklﬁf?K(pg, k3),
where ks is fixed. The density contribution of R is similar to the density of the radius
in the one dimensional case, up to a factor K (ps, k3) when pj is fixed. Recall that ¢;(x)
is the density of x over the whole real line and ¢;(x) is even. Hence, the density of |z|
is two times ¢y (|#]). The density of R is supported on non-negative half line. There-

fore, the conditional compound density of R, given ps, is @2(7) = 2q1(7) K (ps, k3),

where k3 is fixed, and ¢, (z) = Zﬁ;;’g‘ Cy, (), by applying Theorem 2.7.1. We have

o N — k3 even:

N—kg
— o1

01(2) = (Co + Cniy) () + Clvmiy2(®) + Y (Chy + Cyiy) ().

ko=1

q(x) = (Co+ Cnory) @)+ Y (Chy + Oyt (1)

Furthermore, from Theorem 2.7.1, we have

Am<x70)
(22 + (N — kg)2)N—kstm’
N =k (2N — kg — k)2 ha) 2kt N (g gy )
Chy + C—iy = Cm -
(Cry + ON—kg—1) (T, Ur) ¢ ( ks ) D(z, yx,)

(Co+Cnois)(®) = cm
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where

Am(x,O) = (N — ]53)2(1\7—763)—l—mxm—l7
N g) = (AN — ks — o) + (= + p)2) VR 4 g2
+ (4(N — k’g — k2)2 + (:L‘ + ykz)Q)N—k:;—i—m(_x + yk2>2k2+m,

D(ZB, ka) = ((4(N - k3 - k2)2 + 1’2 + yiz)Z - 4x2yz2)N_k3+myk27

Yo = a2+ 4dka(N — ks — ko).

Am (z)

The function ¢;(z) has the form ¢, (z) = ¢, TR

N5, Where Ay, () is a
polynomial with rational coefficients and even degree at most 2(N — k3 +m — 1).

The mixing density can be rewritten as

1/2 1/2 1/2 ~1/2Z§1/2)m 2dp H

_ 1 m—1, 252
c(py"py’ " ps"") " 2dprdps = [5em(D em(1—p3)™ 'ps? dps]  (3.3)

W by applying formula (2.5), ¢, = r

0 arma”T fol(lfps)m_lpsTdm
¢ = (3¢)ém. It follows that the marginal density factorizes and

where ¢,,, =

m—2
p(p3) := ¢m(1 — p3)™ 'ps? dps is the marginal density of ps.

We make the transformation to obtain the density contribution of R, given ks

a3 (1, k3) = q2(\/A(p3)r® + B(ps, k3)) \/A(p;:fi);(pg ot The compound density of R is

) =/p {qurkg (ps) }dps — Z/ o1 ki) () dps

Y ! A(ps)r
= 1 A 37“2 B(ps, k3)) K (ps, k3 3)dps.
> /pgzﬁq (VA + Bl R K (0 bs) e o)
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Theorem 3.6.2. In a two asset case, the compound density of the radius can be

written in another form as

Q(T) = Z ) fk3 (t7 T)dt, (3 4)
ky=0 " t=0

where for given r the rational density

2(10) Em (g (1)) N —hatm NEaEm (162 g g2 kot Pt

Jraltir) = ON+3=3 N1 3m—1 ; (s2 4 t2)N+257 g (¢)

+ (3.5)

has the degree at 4N — 2ks + dm + 1 in the denominator, and degree at most
AN — 2ks + 5m — 1 in the numerator. And a; are known coefficients from partial

fraction decomposition,

b = r°+2Nk;,
w:=u(ks) = 712+ 4ks(N — k),
e biu — (r+\/r2+4k:3(2N—k3))2+4k§’
yi=b—u = (7”—\/7“2+4’€3(2N—k3))2+4k§’
s = Vr2+4+ N2,
R 1
Cm = m=2

[ (1 = ps)m=ipy® dps

The polynomial of the degree 4 of t is

ay(t) == (N — ks)?s*0 + (N — ks)?yt* + (25%u® + (N — k3)?s*v + (N — ks)?s%y)t?,
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and the quadratic function of t is

ap(t) == t3(25% — y) + 25 — s%0.

Proof. Our strategy is to apply the Euler’s third substitution to make the transform-
ation of the integral in (3.2) into the integral w.r.t the new variable ¢, t € [0, 00),

which can be solved.

We have 7 = \/A(p3)r? + B(ps, k3) = \/apg’;%, where

a = —(r2 + NQ),
b:=0b(ks) = 1r?+2Nks,
ci=c(ks) = —k;.

Solving the inequality 7 > 0, we obtain 0 < pgl) <p3 < p;(f) < 1, where

L T2+2N]{Z3—T\/T’2+4k?3<N—]€3)
b= = 2(r2 + N?) ’

@ _ "+ 2Nks+r\/r? 4 4ks(N — ks)
b= = 2(r2 + N?)

are the two zeros of the equation ap3 + bps + ¢ = 0. Note that at p3 = 0, we have
aps +bps+c=c=—k3 <0and api +bps + ¢ =c = —k3 = 0 if k3 = 0 in which
case p:gl) =0.

Similarly, at p3 = 1, we have ap3 + bps + ¢ = c = —(N + k3)? < 0.

The parabola opens downward due to a = —(r? + N?) < 0. We have

d 2
—_— b =2 b.
s (aps + bps + ¢) = 2aps +
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At p3 = 0, we have %(apg +bps+c¢)=0b>0.
At p; = 1, we have %(apg—l—bpg%—c) =2a+b=—2r>—2N2+2Nk; <0, as ks < N.
Hence, pS”, p{” € [0,1].

Given ks, (ks runs from 0 to N), we have

A(ps)r

2q1(V/A(ps)r? + B(ps, ks)) K (ps, ks) VA(ps)r? + B(ps, k3)

Y (P3 ) dps

2q,(7)r
= (VB (1L — p5) K (ps, )o(ps)) —— g,
vaps +bps + ¢
. (N ket m—1 2q,(7)r
= (Cm( >(1—p3)N kot p§3+ : ) ;h( ) dps.(1)
ks vaps +bps +c¢

Applying Euler’s third substitution, we introduce a new variable ¢ which satisfies the

following equation.

gk + s + ¢ = (s — 5§ (s — ) = (ps — o).

This yields

B ap§,2) — pél)tQ v+ yt?
bs a—t? 25%(s% + 12)’
2ut
dps = ——5——dt,

(52 + £2)2
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where

w=u(ks) = 112+ 4dks(N — k3),

(7" + \/7”2 + 4k3(N — ]{]3))2 + 4l§?2)
2 Y

(7" — \/7"2 =+ 4k3<N — kg))2 + 4]€§
2 )

v=b+u =

We can obtain

ut
\/ap3 + bps + ¢ = ( ps — i)t = — e

ap3 +bps+c V2uts
D3 V(8% F 12)(vs? 4 yt?)

By partial fraction decomposition, the function ¢;(x) from Theorem 3.6.1 has the

equivalent form:

N—ks+m
= 2
i=2 (1’2 + (N B k3)2)i’
where a; are known coefficients from the partial fraction decomposition.

Hence, the function ¢;(7) can be rewritten as

N g ails® + £2)(vs? + gt

(2ut?s%2 + (N — k3)2(s% + t2)(vs? + yt2))*

=

=
—
>
SN—

I
i\

We have 2u?t?s? + (N — k3)?(s* + t?)(vs? + yt?) = (N — k3)?s*v + (N — k3)?yt* +

(25%u® + (N — k3)?s%v + (N — k3)?s?*y)t?. Denote

a1 (t) == (N — ks)?s*0 + (N — ks)?yt* + (25%u® + (N — ks)?s*0 + (N — ks)?s%y)t>.
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Hence, the function ¢ (7) can be rewritten as

N—kz+m 2 2Vi (2 2\i
. a;(s* + t*) (vs* + yt*)
)= > : ,(2)

i (t)

where a; are known coefficients from the partial fraction decomposition.

We have

by bt _ (254 ) = (0 4 )N (0? 4 )
3 gN+2m=1 §2N+3m—1 (g2 4 t2)N+3’"§—*1

(1—293

Hence

m—1 .
r(L—py) Vst r(253(s2 4 17) — (vs® + yt?))V R (us? 4 )t e

dps —
Vap? +bps + ¢ P N 4B 2N +3m 1 (52 42) N+

We have

25%(s? + %) — (vs® + yt?) = t*(25% — y) + 25 — s%0.

Denote an(t) := t3(2s* — y) + 2s* — s?v.

Hence,

m—1 m—
r(l— pg)N_k3+mp§3+ 2 ()N Rt (vs? 4 yt2)kst e

dps = = 3
ap§+bp3+c bs 2N+3"L27332N+3m—1(82+t2)N+3m27+1 ( )

Multiplying (2) by (3), we obtain

kot k3t m=1 q (7)r
((1—p3)N Kotmp o2 ) 21( ) dps
Vaps +bps + ¢

(ag() Vo IR ai(vs® £yt
ey Z { -4

N8 2 4 2)NE iy (1)

dt.
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Substituting (4) into (1), we obtain

A(ps)r
V/A(ps)r® + B(ps, ks)

2q1(v/Alps)r® + B(ps, ks)) K (ps, ks) p(p3)dps

Q(Z)ém(az(t))]v*kﬁm N Jstm a;(vs? 4 yt?)kst et

- N+ AN +3m—1 ; (s? + t2)N+3m2+1’ioﬁi(t) ’

In summary, given k3 (ks runs from 0 to V), the integrand has the following form

2(,1) Em (g (t))N—Ratm N-ks Fm a;(vs? + yt2)k3+%+i

f t:r) = — 3m_ ' .
Jrs(t57) ONTZE N (amo1 122 (s2 + 2)V+ 3m2+1—i0/i (t)

The equation s? + t? = 0 has the pole is in the upper half plane.
We find poles at which a;(t) = 0. Let

ay = (N - k3)2y7
by = *(2u® + (N = k3)*(v +9)),

i = (N —ks)?s*v.

We have aq, by, ¢, are positive real zeros.

We prove that A = b3 — 4ayc; > 0. We have

A>0

& (2u? + (N — k3)?(v +y))? > 4(N — k3)*vy
& 4u? + 4P (N — k3)*(v +y) + (N — k3)*(v* + v%) + (N — k3)*2vy > 4(N — k3)*vy

& 4u? + 4P (N — k) (v +y) + (N — ks)*(v* + v%) — 2(N — k3) oy > 0
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< 4u? + 4u2(N — k3)2(v +vy)+ (N — k3)2v — (N — k3)2y)2 >0,

which is always true. We have

—by — VA = —(by +VA) <0.
We have
—b +VA<O0.

The equation «;(t) = 0 has four complex zeros , where t;, t3 are in the upper half

plane, and 5, t4 in the lower half plane. We have

—b + V
t = | /LA = id,
2@1
—b + V
ty = _ULA = —id,
2@1
[—bi — VA
t3 = —_—— =16,
2@1
[—by — VA ,
ty = —\|—— = —1e,
2&1

Assume t > 0, d% < 0, so t(p3) is a decreasing function in p3. Recall that

ap? — g2

p3_ a—t2 I
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SO
2
2= a(ps —pg ))
B e
b3 — D3
When p3 = pgl), t(pgl)) = 0.
When ps = p{?, t(p{?) = 0.

We have

A(ps)r
V A(ps)r? + B(ps, ks)

p(p3)dps

/0 2q1(v/ A(ps)r? + B(ps, ks)) K (ps, ks)

o ; A(ps)r
- / 200/ A+ Bl R K )~ e

t(pgf)) N 0 . oo o)
:/t ) fkg(t;r)dt:/ fkg(t;r)dt:—/o fk3(t;r)dt:/0 frs (5 7)dt,

%) 00

p(p3)dps

where fi, (t;7) := — fi, (t;7)dt, and fi,(t;r) is non-negative.

Hence, the density of R is ¢(r) = Zi\g:o Ji=g Jrs (E57)dE O

Now we present how to solve the integral in Formula [3.4]
We have fi,(t;7) is a rational density. Applying partial fraction decomposition over
C, we have fi, 1) = i, (t) + Gy, (t), where gy, (t) has all poles a; = is, ay = id, ag = ie

in the upper half plane, where s, d, e all positive, s = V12 + N2, d = 1/%&, e =
b1+vVA

2a1

, a1, by, A asin the proof above. And g, and hence g are strictly proper.

Applying a result from [25], we have

/ frs(t;)dt =27 lim |tgg, (1)].
oo [t|—o0
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Equivalently,

/00 frs(t;r)dt =7
0

lim |tgg,(t)].
[t| =00

We apply the residue method for calculations of [~ fi, (t;7)dt. Function gi,(t) is a

rational proper fraction, and can be decomposed into

9rs(t) = ZZ ﬁ-

We only need Y. ~%1+ due to limyy_yeo |t 7—2vs| = 0 when j > 1. Each a;1, i = 1,2,3
y i t—aq) [¢] (t—a;)d

can be obtained using residue theory as follows.

At pole a; = is with the multiplicity n;, we get the coefficient

1 I an-!
(nl — 1)' tiI;ll dtmi—1

apy = [(t = )™ gry (t)]-

At pole ap = id with the multiplicity no, we get the coefficient

1 e

im
ng — 1)! t—as dtnz—1

a2 = | [(t — ca)™ gry ()]

At pole a3 = ie with the multiplicity ns, we get the coefficient

1 drs !

1= G Ty A, e ) (D)

In the special case that «; is a simple root, we have a;; = g,((i"_)), 1 =1,2,3, where

polynomials N(t), D(t) are the numerator and the denominator of gy, ().
Figure[3.1] and Figure[3.2 plot the compound density of the standardized radius versus

the ideal density in the analytic approach and a numerical approach, respectively, at
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—— Analytic Compound Density
Ideal Density

(] 8 10 12

Figure 3.1: Analytic compound density at N =2, m = 9.

Fittimng curve for Compound Density
The Ideal Density

< (= 8 10 12

Figure 3.2: Approximated compound density at N =2,m = 9.

N =2, m = 9. The numerical approach will be explained in section 3.12.2. Note

that at this low tree depth, the two are still quite distinct.

3.7. Generating the Histogram

We aim to approximate the compound density of the mixture distribution numerically

when an analytical solution can not be found easily. We run Monte Carlo on the



84 Pricing Multi-Asset Options Using An MC-Tree Method

variables 6;, i =1, 2,..., d, where d is the number of risky assets, then a histogram
can be generated numerically. The algorithm for generating the histogram for the
standardized radius is presented as follows:

First, partition along the r-axis 0 = r; < ry < ... <1741, such that r; € R,

Vie{l,...,I+1} and iy — 1 = A

2
d+1 k3 9
Zi:l ITZ._N

Consider the standardized radius R = ~

~ q(r) such that r > 0, and M
distinct trees of N time-steps are generated. Here ¢(r) is the scaled pdf of R. Let
Ry..m denotes a drawing of the radius at the £ node in the m'™ tree. Define

k m m m
o = () GEm 5™ e

where k = (ki1, ko, ks, .., kqy1) Tun over all vectors in N& '™,

d+1
=1
(py™)"* = cos(67),

(0y™)"2 = sin(67")cos(63"),

(p§7m>1/2 — SZ”(QT)SZn(egl)COS(egn)’

(p];’_ﬁ)l/2 = sin(67")...sin(0 |)sin(07).

Now define )
Zk Z%:l p?hmﬂ{rl S Rk,m < 7'2}, /l = 1

M m .
(r) _ Zk Zm:l }%ﬂ{WSkaKTa}a i =2

M m .
\ Zk Zm=1 %H{TUASRIQ,W}? 1=1+1
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Then, scaling the probabilities here by %, we obtain the following continuous,
piecewise, probability density function, ¢(r), which is a numerical approximation of

the density of the mixture distribution q(r).

(r1)

P m<r<mr

p(r2) <
R Ao 2 ST <73
q(r) =

(rr41)

p

T <r
L A ) I+1 >

o0 A ™ I (T )
Note that [~ ¢(r)dr = p(Al)A + ]%A +..+2 IA+1 A=1.

It can be approximately stated that the random variable Ry ~ ¢(r). Consider

the midpoints of each subintervals: [r1,79), ..., [rr_1,71), [rr,7141), [Fre1,7142), We
get vector 7 = [(r1 + %), (ra+ %), ..., (rr+1+%)]" and the corresponding vector
N r T (r ) .

"= [p<A1), p(i) s %]T. The first and the second moments of the histogram

can be calculated

ER%] ~ < diag(#")?, p" > .

Remark:
In the same way, we can generate the histogram for the standardized squared radius

P = %. An example of such a histogram is presented by Figure 3.4 in section 3.12.1.
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3.8. Discrete Entropy

Consider a continuous random variable R with a continuous pdf ¢(r). The length of

subintervals of the partition along the r-axis is A. We have

RIEnt(R) = — /0 h q(r) log(g(r) )dr = — /0 h q(r) log(q(r))dr+ /0 h q(r) log(S(r))dr.

We have

/0 () logla(r)dr ~ / " 4 log(a(r))dr

1

n / " () log(g(r)dr + -+ / " () log(g(r))dr
I+1
~ ZCI(Tz’)log(Q(ﬁ))A-
We have -
| atnos(star = 3 at) [ og(S(r)ar
We define:

RIEnt(Ra) := = q(r:)llog(q(ri)A — W],

where W, := f:“ log(S(r))dr.
The RI entropy of variable R, RI Ent(R), can be approximated by R/ Ent(]A%A)

Two Assets Case:

RI Entropy of q(r) is

RIEnt(R) = — /000 q(r) log(m)dr.

2rr
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In two asset case, we have S(r) = 27r. We have

Ti+1 Ti4+1
W, = / log(27r)dr = log(2m)A —I—/ log(r)dr
= IOg(QTI')A + Ti+1 log(riH) —T; IOg(TZ) —T; + Tit1

= log(2m)A + riy1log(riy1) — rilog(r;) — A.

RIE”t(RA) = Z q(r:)[Alog(q(ri)) — Alog(2m) — (riy11og(rir1) —rslog(r:) — A)].

Three Assets Case:

RI Entropy of q(r) is

RIEnt(R) = — /000 q(r) log(M)dr.

472

In three asset case, we have S(r) = 47r?. We have

Tit1 Tig1
W, = / log(4mr?)dr = log(4m)A + / log(r?)dr
= log(4m)A + 2(ri41 log(rizr) — rilog(ry) — ri + 7ig1)

= log(4m)A + 2(ri1 log(rip1) — i log(ri) — A).

RIEnt(Rp) == — Z q(r;)[Alog(q(r;))—Alog(4m) —2(r;i 1 log(riy1) —ri log(r;) —A)].

i

The RI entropy of variable R, RI Ent(R), can be approximated by RIEnt(RA).
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3.9. The Characteristic Function and cdf

Let the random variable P denote the standardized squared radius at the final nodes

of a tree of depth N.

The characteristic function is defined as

op(t) = E[™] =EE[TO] =E[ Y a6, 62)]

k1,k2,k3

= Z / / ¢Pr(©)y) Dler ko ks) (015 02) P (01, 02)dO1dG5,

k1,k2,k3,k1+ko+k3=N

where the mixing density p,,(01,602) = c(pi/ 1p§/ 2p§/ 2)mdpldpg, ¢ is a normalization

constant, m is the power of the mixing density; pg, k, ks (01, 02) = ,ﬁ+2',,€3,p1 phephs,
|k| = N, the probabilities of the trinomial distribution.

The cdf can be found as follows:

Fe(p) = PP <p)=E[lp<,yl =EE[Lp, O]

- E@[ Z I]'{Pk(g)gp}pkl,kg,kg (017 02)]

ki,k2,k3,k1+ko+ks=N

= / / H{Pk(@)gp}pkl,kg,kg(ela02)pm(01792>d81d62-
01 J 0o

k1,k2,k3, k1+k2+k3

The density can be derived from cdf by taking the derivative. The numerical results

of this section can be found in section 3.12.2.
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3.10. Entropy Optimization

3.10.1. Convex Combination

In this section,we still want to fund mixing density with maximal compound density
entropy. We present two approaches. Firstly, the strategy could now be to search
through the class of polynomials up to a certain degree as mixing density to find
the one that maximizes the compound density entropy. Then we could try various
degrees, e.g. m from 1 to 30, to find the best mixing density.

We find the mixing density and corresponding cdf for the range of m from 1 to 30 in
the two assets case. Then we form a convex combination of those mixing densities
and apply our optimization algorithm. Then we find the optimal coefficients in the
convex combination so that the new mixing density maximizes the compound density.
Secondly, we present the idea for a convex combination of symmetrized monomials.

Let consider the case of 2-assets (d = 2). The idea is as follows:

e Step 1: Fix the total degree, m.

e Step 2: Generate all monomials in /p1, /P2, /P3 which have a total degree

at most m.

e Step 3: Symmetrize each one of them. We find the symmetrized version of

each monomial (y/p1)™ (y/P2)"*(\/D3)™.

e Step 4: Consider a linear combination which produces non-negative functions

on the set {\/p_lzoa \/p_QZOa \/])_320) p1+p2+p3:1}

We could restrict to convex combinations of the normalized versions of these symmet-

rized monomials. Many monomials will give rise to the same symmetrized polynomials.
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To deal with that efficiently, alternative approach would be to use max(m;) < m as

an upper bound in our search at step m; i.e, 1 < mz < my < my < m. Given m, we

m(m—+1)
2

version of each monomial (\/p1)"™ (\/P2)"*(\/P3)™, as follows:

have new monomials in total. Given a value of m, we find the symmetrized

e If the exponent of each monomials m; = mo = mz = m, then the symmetrized

version is (y/p1)™ (v/P2)™ (v/P3)™

e If m; = my = m, the symmetrized version consists of three terms:

SV )" (V)5 (V) (V) )5 (V™ (V) (V)™

If my = mz = m, the symmetrized version consists of three terms:

S (V) ()5 (VI (V)™ )5 (V) (V) ()™

If m; = mg = m, the symmetrized version consists of three terms:

S (V) )5 (VI (V) )5 (V) (V) ()™

We apply random sampling by generating a vector U = (uy, ug, u3) with the

corresponding p = (%, %, %) for choosing a new monomial among 3 terms.
e If my; # my # mg3, the symmetrized version consists 6 terms:

1

1

S (VR (V)™ 2 (V)™ (V)™ (V) G (VD (V)™ (V)™

(™ (VB (V)™ S (V) VR (V) (V™ (V) ()™
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taking (mh mao, m3)7 (mla ms, m2)7 (m27 maq, m3)7 (m27 ms, ml)a (m?)a my, m2)7
(ms, mg, my) as exponent. We apply random sampling by generating a vec-
tor V' = (v1,va,v3,v4,0s5,06) With the corresponding p = (5, 5,65 6 5) for

choosing a new monomial among 6 terms.

11(1141)

3 = 66 new monomials in total. All

For example, given m = 11, there are
mixing densities and the corresponding cdf can be generated from the notebook file at

https://gitlab.com/trinhthuanyen2017/mixing-densities-and-the-corresponding-cdf-w.r.t-m

3.10.2. Unilateral Optimization

We work in the context of using Monte Carlo based histograms.
Consider a partition P of the nonnegative r-axis: 0 =r; < rg < ... <rry;. And W,, is
defined as in Section 3.8. Let the (total) probability of probability density j € {1,2,...,J}

in the interval r € [rj,7i41], i =1,...,1 + 1 be denoted by ¢,;.

Proposition 3.10.1. If for each subinterval [r;, Ti+1) there is at most one

Jj€{1,2,...,J} with q,j > 0, then the optimal RI Entropy mizture is given by the formula

eRIEntj

h {T:QTj7éO}

where ¢; > 0, Z}'le cj=1

Proof. The RI entropy of the mixture (3_; ¢;jgrj)rep is equal to

RIEnt(Z Cirj) = — Z Z ciqrillog(cigri) A — W, 1.

J {reP} {j:c;>0}
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Due to the fact that each subinterval has at most one j for which ¢,; > 0, we have

RIEnt(Y cjarj) = — > > cilogleagd— > > cjarllogany)Ad — W]
J {reP} {j:c;>0} {reP} {j:c;>0}
= — > glogle))( Y @a)A+D ¢(= Y arllog(an)A - W)
{j:c;>0} {reP} J {reP}
= — Z cjlog(c;) + Z c;RIEnt;
{j:c; >0} J

because ) ¢, cpy rj = % and RIEnt; = — > (repy} rjllog(arj)A — Wp,]. Using Lagrangian
technique to find the optimum for this expression w.r.t ¢y, co,..., ¢y with Zj cj =1, we

have

L=- ch log(c;) + chRIEntj — )\[Z c; —1].
J J

J

Set g—ch = 0, we obtain
—log(cj) =1+ RIEnt; —A=0, j=1, 2,..., J.
It is implied that
log(cj) = RIEnt; — (A + 1) = ¢j = pe™FMi -y = e~ D),

We use the constraint -, c; =1 to determine .

<

1

o RIEnt; _ RIEnt; _ _
Slei=1Y pne —puy e _1<:>M—ZJ T
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RIEnt;

S0 ¢j = ZhRilEith Using this optimal value of ¢;, the optimal entropy is
RIEnt(Z Ciqrj) = — Z cjllog(cj) — RIEnt;]
r .

= —> pefF (log(n) + RIEnt; — RIEnt;)

J
= —plog(u) Y _eMEM = —log(n) =log(Y _ eF™).
J j
Equivalently, eBIEN (325 ¢jary) — Ej eRIENt; 0
We can optimize, using the convexity of the entropy as a function of ¢y, ..., cs,

Zj ¢j = 1, by optimizing "unilaterally” w.r.t each of the variables but respecting the
restriction Zj c;j = 1. The "unilateral” optimization w.r.t ¢; with the restriction Ej cj=1

proceeds as follows:

1. Tteration 1

e Initialization Step: Fix (c(l), cg,..., c?,),

e Step 1: Do "unilateral” optimization for ¢; (j = 1).

2htj, h hdrn
#3, he{l, 2,..., J} TR rcP.

— .0 )
1cj

Define qf;)j =

Note that > e neqi,. sy A =1- c? and ) .p qgj = . Hence

C?QT‘j + qrj Z Cthh,
Let g(cj) = — 2 ep(cfarj + (1 = ))ay;) log(c)ars + (1 — })ap;) A — W, ]. Then

g'(c;) == (arj — a%)log(Sar; + (1 — g A — Wy .
reP

Hence, g//(cj) = AZpEP{é)piijr—lqch)gj} < 0. There are three following

cases.
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— Case 1: ¢} € (0,1) is a critical point g (c;) =0, g(c;) is increasing on
[0, ¢}] but decreasing on [c], 1]. g(c;) is maximized at the critical point cj.
The value ¢} can be found by using the bisection method applied to q.

— Case 2: The critical point ¢j =1 and g(c;) is increasing on [0, 1], so g(c;)

is maximized at c;f =1if

g (1) - - Z(qu - qgj)[log(ij)A - WT’i] > 0.
peP

— Case 3: The critical point ¢; = 0 and g(c;) is decreasing on [0,1], so g(c;)

is maximized at c}'f =0if

g(0)=— Z(qu - qgj)[log(qgj)ﬁ - W] <0.
peP

The above optimization procedure produces the optimal coefficient ¢} = cf,

11— o .
and ¢; = l_cécj, 71=2,3,4,..., J.

Step 2: Update vector ¢ = (¢}, ci, ..., c}])

If ¢} = 1, no rebalancing of the weights can be carried out, let alone optimal
rebalancing, so this step leaves the weights vector ¢ unchanged. Otherwise, we
do "unilateral” optimization for ¢ (j = 2) by repeating procedure in step 1
with ¢ = (e}, o, ..., c}]) as the starting vector at the initialization step.

The optimization procedure produces the optimal coefficient c3 = ¢, and

2
2 _ 1= 1 . _
¢ = 1—c§cj’ 1=13,4,.., J

Step J: We repeat our procedure until step J to obtain the optimal vector at

1—¢] )
this step at c;-] =c%, and c;-] = #c}f—l, ji=1,23,4,.. J—1.

2. Iteration 2:
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We repeat all the steps of the iteration one. However, the starting vector now is the

optimal vector that we obtain in the iteration one.

The process is continued in an analogous fashion until the stopping criteria are reached.
The stopping criteria are that all vectors at each iteration or two consecutive iterates are
identical. The stopping criteria are that there is no further improvement, and an optimum
was reached.

In the case of no further improvement, the gradient of the function on the space

{c = (e1,..., ¢j) : Z}']:1 ¢; = 1} will be zero, and the unique local and hence global

maximum will be reached, due to the convexity.

3.11. Option Pricing Using MC-Tree with the Bias-Correction

To compute a European option, a continuous-time price process of d assets Z is modeled
by the a geometric Brownian motion with drift, given by

dZ; = Zjpidt + Zjo;dWy, for all 1 < j < d, where W = (W, Ws, ..., Wy is a
vector Brownian motion process with the correlation matrix I'. We will use the direction
vectors v;(j) in case case u; = r, j = 1,2,...,d, and corresponding probability vector
p = (p1,D2, .-, Pa+1). The direction vector v;(j) is defined as follows:

Let v = {vl}fill be given by

vi() == exp{VO(LHM);; + 16},

forall 1 < j <d, for all 1 <i<d+ 1, where L is a dxd matrix such that LT = DINDY
is a covariance matrix, L can be computed by applying Cholesky decomposition; M is
a dx(d+1) matrix, and columns of M is the M-vectors (see [40]); H is a dxd matrix, as

described in section 3.1.
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Using bias-corrected direction vectors v; with elements v;(j) give 7;(j) := v;(j) exp{\;6},
1<i<d+1, 1 <5 <d, where the real numbers \;, j = 1,2,...,d are solved from

p101(J) + p202(j) + ... + Pa+104+1(j) = oo

This correction amounts to replacing fi; = r — %0]2. by fij =1 — %0]2- + A, =12, ...d.

The bias correction in two assets case is defined as

B log(p1v1(1) + pava(1) + p3vs(1))
5 ,

Al=7r

Ao — log(pwl (2) + p2v2(2) + p303(2))
2=T— 5 )

where the three direction vectors are denoted by

vy := (v1(1),0v1(2)),

vy 1= (v2(1),v2(2)),
vz := (v3(1),v3(2)).

The resulting tree model is complete and free of arbitrage.

3.12. Numerical Results in the Two Assets Case

3.12.1. Histogram and Discrete Entropy

In this section, we use the following inputs: range=12, numbers of bins=120 for experiments.
Given those inputs, the following histogram in Figure is an illustrated example with

MC-drawing M = 10* from the mixing density of the power m = 9. The value of RI
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Entropy is 2.836196, and the second moment is 2.000878. This can be compared with the
theoretical values of 2.83788 for the entropy and 2 for the second moment. Our alternative
approach (see remark in section 3.7) produces the following histogram in Figure for
inputs: range=10, numbers of bins=250. The entropy value is 0.9997302, and the second

moment is 1.970511.

Figure displays the entropy values as N increases. This experiment tests the effect
on the entropy of mixture distribution when changing the tree depth N. In this experiment,
the tree depth N is in the set {10, 14, 18, 22, 26, 30, 34, 38, 42, 46, 50}. Figure shows
effects on entropy values with the changes of the bin-width from mixing density with the
power m = 9 and the tree depth N = 10. Both Figure 3.5/ and Figure [3.6|show that entropy
values seem to be close and going up, but one could wonder whether we can actually have
the convergence to the exact Gaussian entropy. That is an interesting question for future

research.

3.12.2. The Characteristic Function and the cdf

We partition t from -12 to 12 with the step size 0.01. Figure shows the characteristic
function for this partition at N = 10 and m = 9. Figure[3.8|plots the cdf of the standardized
squared radius p = % and the cdf of standard exponential distribution when partitioning p
from 0.01 to 8 with 4000 points at N = 30 and m = 30. Figure shows the corresponding
PDF.

Figure plots cdf of the standardized radius r and cdf of the ideal distribution when
partitioning r from 0.01 to 8 with 4000 points at N = 30 and m = 30. Figure shows

the corresponding pdf.
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Histogram at N=50
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Figure 3.3: Generated histogram for the standardized radius using
mixing density with m = 9. Red points are the mid points of histogram

bins.
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Figure 3.4: Generated histogram for the standardized square radius
using mixing density with m = 9 by the alternative approach. Red points
are the mid points of histogram bins.



100 Pricing Multi-Asset Options Using An MC-Tree Method

Entropy Values v.s the tree depth
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I I
L ]
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Figure 3.5: Entropy values versus the tree depth. The dotted blue line
represents the entropy value of standard bivariate Gaussian density at
2.83788.
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Figure 3.6: Entropy values versus bin-width. The dotted blue line
represents the entropy value of standard bivariate Gaussian density at
2.83788.
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1.0

T
—_—

Figure 3.7: The characteristic function at N = 10 and m = 9. Red
curve: The ideal characteristic function. Blue curve: Approximated
characteristic function of the standardized squared radius.
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— Fitting curve for CDF of Normalized Squared Radius
—— CDF of Standard Exponential Dist

Figure 3.8: The cdf of the standardized squared radius versus the
ideal cdf at N = 30 and m = 30. Blue curve: Approximated cdf of
standardized squared radius. Red curve: Ideal cdf.
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Figure 3.9: Compound density versus standard exponential density of
the standardized squared radius at N = 30 and m = 30. Blue curve:
Approximated compound density. Red curve: Ideal density.
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—— CDF of The Ideal Distribution

— Fitting Curve for CDF of Normalized Radius

Figure 3.10: The cdf of standardized radius versus the ideal cdf at
N = 30 and m = 30.
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Figure 3.11: Compound density versus the ideal density of the stand-
ardized radius at N = 30 and m = 30
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3.12.3. Convex Combination and Unilateral Optimization of Mixing Densities

with degree from 1 to 30

In this section, we use the following inputs: range=20, numbers of bins=80 in experiments.
Figure[3.12)shows the graphical representation of optimal coefficients «; of the corresponding
mixing densities with a convex combination of mixing densities from m = 1 to 30 when
fixing N = 10. It is observed that the optimal coefficient is agg = 0.89797246. The entropy
after optimization is 2.829718, compared with the highest entropy of m = 30 at 2.829633.

There is possibly insignificant improvement in the entropy of 1073.

3.12.4. Convex Combination and Unilateral Optimization of Symmetric

Monomials

In this section, we use the following inputs: range=20, numbers of bins=80 in experiments.
Random sampling generates us = 3 and vg = 2. Figure shows the graphical represent-
ation of optimal coefficients «; of symmetric monomials at £ = 11 when fixing N = 10. It
is observed that the optimal coefficient is agg = 0.8898784, followed by a9 = 0.1101216.
The entropy after optimization is obtained at 2.829364, compared with the entropy of the
symmetric monomial 11,11, 11 at 2.829279. There is possibly insignificant improvement in

the entropy of 1073,
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The plot of optimal coeficients when N=10
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Figure 3.12: The plot of optimal coefficients in the convex combination
of mixing densities when N = 10.
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The plot of optimal coeficients when N=10
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Figure 3.13: The plot of optimal coefficients in the convex combination
of symmetrized monomials when N = 10.
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3.12.5. Numerical Results of European Options on the Maximum and Min-

imum of Two Assets

We will present numerical results of MC-Tree to the call options on the maximum of assets
and the put options on the minimum of the assets. Then we will compare MC-Tree with
the plain MC, and recombining multinomial trees based on Pascal’s simplex in [40] in

terms of accuracy. The following parameters are used through all numerical experiments.

Number of replication M = 10%.

Initial stock prices S7 = 40, Sy = 40.

Expiration T' = 7 months.

Risk-free rate r = 0.05.

Volatility o1 = 0.2, o9 = 0.3.

The correlation p = 0.5.

3.12.5.1. COMPARISON TO THE RECOMBINING MULTINOMIAL TREE BASED ON PASCAL’S

SIMPLEX

Table and table show that the standard deviation of Q&P is higher than the
standard deviation of MC-Tree. Q&P method is from the recombining multinomial tree
based on Pascal’s simplex (see [40]). The price of both methods are convergent to the
analytical solution at the tree depth N=200. The analytical solution (AS) is stated by Stulz
(1982) in |42]. We notice the small upward bias on Table However, the distribution
correction technique is not applied here, which may cause this bias because the compound

density is not quite Gaussian.
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Table 3.1: Accuracy comparison between MC-Tree and Q&P for the
European call options on the maximum of the assets.

K | Method N =20 N =50 N =200 AS
Mean | SD Mean | SD Mean | SD CI
35 | MC-Tree | 9.428 | 0.064 | 9.422 | 0.040 | 9.420 | 0.02 (9.4194, 9.420
9.4202)
Q&P 9.425 | 0.076 | 9.421 | 0.047 | 9.420 | 0.023 (9.4191,
9.4200)
40 | MC-Tree | 5.501 | 0.084 | 5.492 | 0.053 | 5.488 | 0.026 (5.4878, 5.488
5.4888)
Q&P 5.499 | 0.101 | 5.492 | 0.063 | 5.488 | 0.031 (5.4877,
5.4889)
45 | MC-Tree | 2.801 | 0.081 | 2.797 | 0.050 | 2.795 | 0.025 (2.7943, 2.795
2.7953)
Q&P 2.801 | 0.122 | 2.797 | 0.077 | 2.795 | 0.038 | (2.7945,
2.7959)
Table 3.2: Accuracy comparison between MC-Tree and Q&P for the
European put options on the minimum of the assets.
K | Method N =20 N =50 N =200 AS
Mean | SD Mean | SD Mean | SD CI
35 | MC-Tree | 1.395 | 0.036 | 1.390 | 0.022 | 1.388 | 0.011 (1.3881, 1.387
1.3886)
Q&P 1.392 | 0.052 | 1.389 | 0.032 | 1.388 | 0.016 (1.3876,
1.3882)
40 | MC-Tree | 3.815 | 0.051 | 3.805 | 0.031 | 3.801 | 0.016 (3.8002, 3.798
3.8008)
Q&P 3.815 | 0.062 | 3.806 | 0.038 | 3.801 | 0.019 (3.8001,
3.8009)
45 | MC-Tree | 7.512 | 0.044 | 7.505 | 0.027 | 7.501 | 0.013 (7.5010, 7.500
7.5015)
Q&P 7.512 | 0.075 | 7.506 | 0.046 | 7.502 | 0.023 (7.5011,
7.5020)
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Table 3.3: Accuracy comparison between MC-Tree and plain MC for
the European call options on the maximum of the assets.

K | Method | Mean | SD AS

35 | MC-Tree | 9.422 | 0.040 | 9.420
MC 9.345 | 7.441

40 | MC-Tree | 5.492 | 0.053 | 5.488
MC 5.435 | 6.471

45 | MC-Tree | 2.797 | 0.050 | 2.795
MC 2.750 | 4.963

Table 3.4: Accuracy comparison between MC-Tree and plain MC for
the European put options on the minimum of the assets.

K | Method | Mean | SD AS

35 | MC-Tree | 1.390 | 0.022 | 1.387
MC 1.400 | 2.615

40 | MC-Tree | 3.805 | 0.031 | 3.798
MC 3.808 | 4.29

45 | MC-Tree | 7.505 | 0.027 | 7.500
MC 7.480 | 5.565

3.12.5.2. COMPARISON T0O PLAIN MONTE CARLO (MC)

Table [3.3 and table [3.4] show that the standard deviation of the plain MC is higher than
the standard deviation of MC-Tree at the same number of simulations M = 10* (the tree

depth N = 50.)

3.12.6. Numerical Results for American Options on the Maximum and Min-

imum of Two Assets

We will present numerical results of MC-Tree to the American call options on the maximum
of assets and the American put options on the minimum of the assets. Then we will
compare MC-Tree with recombining multinomial trees based on Pascal’s simplex in [40] in

terms of accuracy.
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The following parameters are used through all numerical experiments.
e Number of replication M = 10
e Initial stock prices S71 =Sy = S.
e Strike price K = 100.
e Expiration T' =1 year.
e Risk-free interest rate r = 0.05.
e Volatility o1 = 0.2, 09 = 0.2.
e The correlation p = 0.3.
e Dividend rate § = 0.10.

Table and table show that the standard deviation of Q&P is higher than the

standard deviation of MC-Tree.
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Table 3.5: Accuracy comparison between MC-Tree and Q&P for the
American call options on the maximum of assets.

S Method N =10 N =50

Mean | SD Mean | SD

70 | MC-Tree | 0.204 | 0.069 | 0.235 | 0.032
Q&P 0.235 | 0.137 | 0.241 | 0.066
80 | MC-Tree | 1.229 | 0.195 | 1.281 | 0.086
Q&P 1.234 | 0.380 | 1.286 | 0.163
90 | MC-Tree | 4.155 | 0.341 | 4.181 | 0.151
Q&P 4.161 | 0.519 | 4.184 | 0.237
100 | MC-Tree | 9.600 | 0.455 | 9.594 | 0.201
Q&P 9.600 | 0.600 | 9.597 | 0.262
110 | MC-Tree | 17.306 | 0.471 | 17.301 | 0.208

Q&P 17.292 | 0.556 | 17.302 | 0.246
120 | MC-Tree | 26.484 | 0.389 | 26.494 | 0.171
Q&P 26.462 | 0.441 | 26.493 | 0.197

130 | MC-Tree | 36.372 | 0.292 | 36.400 | 0.128
Q&P 36.351 | 0.332 | 36.397 | 0.148

Table 3.6: Accuracy comparison between MC-Tree and Q&P for the
American put options on the minimum of assets.

S Method N =10 N =50

Mean | SD Mean | SD

70 | MC-Tree | 37.919 | 0.089 | 37.887 | 0.033
Q&P 37918 | 0.117 | 37.888 | 0.043
80 | MC-Tree | 29.783 | 0.083 | 29.752 | 0.028
Q&P 29.784 | 0.135 | 29.753 | 0.050
90 | MC-Tree | 21.967 | 0.096 | 21.931 | 0.033
Q&P 21.961 | 0.191 | 21.932 | 0.073
100 | MC-Tree | 14.997 | 0.167 | 14.942 | 0.067
Q&P 14.992 | 0.242 | 14.942 | 0.098
110 | MC-Tree | 9.403 | 0.215 | 9.335 | 0.090
Q&P 9.393 | 0.265 | 9.334 | 0.104
120 | MC-Tree | 5.399 | 0.221 | 5.353 | 0.092
Q&P 5.387 | 0.265 | 5.349 | 0.112
130 | MC-Tree | 2.842 | 0.196 | 2.835 | 0.082
Q&P 2.821 0.287 | 2.829 0.124




Chapter 4

Credit Valuation Adjustment (CVA)

4.1. Unilateral CVA Formulation

Institution A, such as Bank, has a netting set with counterparty B at the expiration
time at T, where T is the longest-maturity of all of the transactions in the netting set.
Institution A is interested in determining the one-sided CVA for this netting set, excluding
the possibility of their default.

Define:

e V(t,T) is the risk-free value of the netting set at time ¢ for Institution A.

e V(t,T) is the risky value of the netting set at time ¢ for Institution A.

E[.] is the conditional expectation under the risk-neutral measure taking account of

the information available at time t.

7 is the default time of the counterparty B.

LGD is the loss given default to A of the counterparty B. LGD =1 — R, where R is

the recovery rate.
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e D(t,7) is the discount rate from 7 back to ¢, t < 7.

If there are no netting agreements, the risk-free value of the portfolio is the sum of individual
trades or transactions.

If there are netting agreements, derivatives with negative values at the default time offset
the ones with positive values within each netting set.

We can consider two cases.

Case 1: Courterparty does not default before T

If the counterparty does not default before 7', the risky asset is considered as the risk-free
asset, and the payoff at time ¢ is 1oV (¢, T).

Case 2: Counterparty defaults before T'.

If counterparty defaults at 7, the payoff is the sum of the value of the payments received
before default time 7, 1;,<7)V (¢, 7), and the recovery value upon the default. The MtM
recovery value upon the default is defined as 1 ;<7 (R. max(V (7, T),0) + min(V (7, T),0)).
If the MtM value of the trade is positive at default, the bank will receive a portion of the
trade value; the bank pays an amount to the counterparty if it is negative.

Therefore, the total payoff for the risky asset is the sum of the values in the two cases,
under a risk-neutral assumption. Let V(7,T) = D(t,7)V(r,T) be the discounted value,
back to time ¢, of the random variable V' (7, T).

Then V(t,T) = D(t,t)V(t,T) = V(t,T) as D(t,t) = 1.

Efl,<r(V(t, )+ V(r,T))] = E[E[V(t,7)+V(r,T)|r <TI]
= ]E[Et[v(t?TNT < TH = V(t7T)E[]l{T§T}]

= V(t, T)El;<my)
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We have

V(t,T)

E[L{<ryV(t,7) + Liy<ry (R max(V (7, T),0) + min(V (7, T),0)

LV (¢, T)]

E[lg<mV(t,7) + 1r<ry (R max(V(7,T),0) + V(7,T) — max(V(r,T),0))
LirsmyV (T, T)]

El{r<ry(V(t,7) + V(1,T)) + Lir<ry (R — 1) max(V (7, T),0))

LirsmyV(E, T)]

E[(LirsmyV(tT) + Lper V(5 T)) + Lir<ry (R — 1) max(V(7, T), 0))]
E[V(#T) + Liz<ry (R — 1) max(D(t, )V (7,T),0))]

V(t,T) + E[D(t, 7)1 <1y (R — 1) max(V (7, T),0))].

CVA is the difference between the CCR-risk free portfolio value and the CCR-risky portfolio

value when the counterparty may default. CVA at time ¢ is defined as

CVA@l)=V(¢T)-V(¢T)=E[D(t 1)1 - R)ljyer<ry max(V (7, T),0)].

CVA formula can be derived in another way. The bank will suffer from a loss in the default

event of a counterparty at time 7 < T, as follows:

L=D(t,7)(1 - R)l{r<pry max(V(7,T),0).

CVA at time t is defined as the expectation of the loss.

CVA(t) = E[L] = B[D(t,7)(1 = R)1{1<r<py max(V (7, T),0)].
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It is difficult for us to calculate the formula C'V A(t) above due to some reasons. The
default can happen at any time between ¢t and T because time is continuous. LGD =1—R
is stochastic in general and correlated with other variables.

We can make some standard assumptions. Assume that LGD and discount factors are
nonrandom. We assume the possible default event of counterparty and the value of a
netting set V(¢,T') are uncorrelated, which is an assumption of unilateral CVA. We divide
the interval [¢,T] into N subintervals, which are not necessarily equally spaced. Given the
set {to,t1,t2,...,tN}, where tog =t, ty =T.

N

(1- R)Etg[z Ly, <r<tiyD(t,t) max(V (¢, T),0)]
=1

CVA(#)

Q

N
= (1-R)D(t,t;) ZEtg[]l{tif1<7§ti}]EtQ[max(v(tiv 7),0)]
i=1

N
= (1-R)D(t,t;) Y Plti-1 <7 < 7)ELmax(V(t;,T),0)],
=1

where P(t;—1 < 7 < 7;) is the risk neutral probability of default between t;,_; and t;
observed at time ¢. If we assume that a possible default of counterparty B between ¢;_1
and t; occurs at the middle time and approximates the discounted positive exposure by

the average value corresponding to the extremes of the interval, CV A(t) is defined as

CVA(t) = (1-R) Zfil Pltiy <7< tl,)(D(tvtifl)]Et[max(V(tifl7T)702)}+D(tvti)Et[max(v(tivT)pH)'

4.2. Default Probability

The first approach is to use an intensity default model. We will use an intensity default
model (see [12]) to calculate the default probability of a counterparty. If the counterparty
survived up to time ¢, the default probability in an infinitesimal interval [¢, ¢ 4 dt] is defined

as P(t < 7 < t+dt) = \dt, where )\ is a deterministic default intensity or the hazard
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rate. The cumulative distribution function of default time 7 of the counterparty is derived
t

from a poisson process, ®(t) = P(t <t)=1—e" Jo Mudu We can assume a constant hazard

rate or a deterministic piece-wise constant rate. The default probability between ¢;_; and

t; is given by
P(tz;l <7< tl') = P(T < L‘i) — P(T < tifl) = €/\ti*1ti71 — eAtiti.
An equivalent method is to use CDS spread or bond credit spread.

Si—1ti—1 sit

P(tioy <7 <t;) =max(0,e (-0 —¢ 0-7),

where s; is the credit spread of the counterparty at ¢;. The expression uiiim approximates
the instantaneous (risk-neutral) intensity of default. We apply a max function to avoid

negative probabilities under some rare cases.

4.3. Expected Exposure

The exposure is the amount of loss if a counterparty cannot make future payments upon the
option contract obligation due to its default at a particular time. The main part of CVA
calculations is the calculations of the expected future exposure EX[max(V (t;, T),0)]. The
exposure calculations depend highly on the complexity of the derivatives in the portfolio.
Modelling CVA of an American option is a challenge due to the complexity of CVA
calculations and the characteristics of the American option. We present an algorithm
for the calculation of the expected exposure in the formula of the unilateral CVA for the
American put option using MC-Tree in the next section. Our method of calculations for
the CVA of an American option is not known in the literature, to the best knowledge of

the authors.
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4.3.1. Tree Approach for CVA

We develop the algorithm to calculate CVA on an American put option, using the MC-tree
method, as follows:

Step 1: Run the tree backward to compute the American option value at each node. Label
each node either C for continuation or N for no continuation. Let

1 if node label = ”C”,
1o =

0 if node label = "N”.

Step 2: Run the tree forward to compute the probabilities of the American option reaching

a given node.

Upper Predecessoramw

1-p
= A
Lower Predecessor P
P(A) = pxP(Lower Predecessor)lc(Lower Predecessor)

+ (1 —p)* P(Upper Predecessor)lc(Upper Predecessor).

Step 3: Run the tree backward to compute the expected exposure at time step in the tree

using the probabilities in step 2.
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4.3.2. MC-Tree Approach for CVA

The tree approach for CVA will produce a CVA value for any given tree. The CVA value

from the MC-Tree approach is the mean of all CVA values of all trees.

4.4. Remarks

e We can short two American options in the portfolio, which means that there are
negative values in the netting set. Hence, if there are two American options in the
portfolio, we need to expand the MC-Tree approach for CVA to take account of
possible cases: 1C & 2C, 1IN &2N, 1C & 2N,1IN & 2C, where 1C & 2C denote the
continuation for the first option and the second option, respectively; 1IN & 2N denote

no continuation for the first option and the second option, respectively.

e If there are a larger number of American options in the portfolio (netting set),
CVA calculations become computationally intensive. If all assets in the netting set
are non-negative, we can just compute the probabilities using a tree for each asset

separately, then add up to get the total result.

e For a portfolio with only European options, the probabilities in the tree are unchanged
for European options, and we can do the netting set for each node without taking

account of cases "alive” or "dead” for each option.

4.5. Numerical Results of CVA Calculations

The following parameters are used to estimate CVA of an American put option.

Initial stock price Sy=80, Strike price K = 100, Expiration 1" = 1, Interest rate r = 0.03,
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Volatility o = 0.2, Dividend rate=0, Recovery rate R = 0.4, Intensity of default A = 0.03.

CVA value is convergent to 0.34 when we increase the number of simulation M, and the

Table 4.1: CVA values.

N M CVA

20 100 0.2447
75 150 0.3013
100 | 250 0.3104
250 | 700 0.3282
250 | 10000 | 0.3392
250 | 100000 | 0.3440
2000 | 700 0.3414
4000 | 700 0.3414

tree depth IV, respectively.



Chapter 5

Entropy and Kullback-Leibler for-

mulas for rational densities

5.1. Introduction

We consider integrable univariate rational density functions on the real line, then refer to
them as rational densities henceforth. After normalization, we have rational probability
density functions. This chapter presents an analytic method to compute the entropy of
rational densities and the KL divergence between two rational densities. The entropy
and KL divergence are defined by the usual entropy and KL divergence integrals. The
method will give exact answers only if the poles are known or can be computed exactly. If
the spectral factorization is done by an approximative numerical procedure, the answer
will also be an approximation. There are many works on spectral factorization in the
literature due to its popularity. Here, we mention two noticeable approaches. The study in
the article |24] presented five numerical algorithms for spectral factorization of Laurent

polynomials. Authors in [4] showed an efficient algorithm based on Graeffe iteration for
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polynomial spectral factorization.

Rational probability density functions play an important role in classical statistical inference,
applications in science, and in time series analysis as spectral densities. Although the
Gaussian distribution is dominant in applications of statistical modeling in many areas in
which there is a growing interest in the so-called heavy-tailed distribution. Rational densities
of such heavy-tailed distribution follow important subclass, other types of distributions
have been emphasized in the field.

Hanzon and Ober in [25] investigated a solution to the filtering problem for a linear
time-varying system whose noise inputs have rational probability density functions. They
obtained important results on rational densities and representation of rational densities.
The case of Cauchy noise is also treated in that paper. Hanzon and Scherrer [26] solved the
filtering problem for a class of discrete-time stochastic volatility models. The disturbances
have rational probability density functions such as a Cauchy density or a Student t-density
with odd number of degrees of freedom. Entropy computation is crucial in probability theory,
for instance, in entropy maximization problems over a class of densities. In the literature,
the KL divergence is also applied to integrable spectral densities of finite-dimensional
Gaussian systems (see [23]). Authors in [37] derived mathematical expressions for the
Shannon entropy and cross-entropy of exponential families. The authors concluded that
entropy and the cross-entropy of exponential families are not always available in a closed-
form solution. Reference [17] presented a closed-form expression for the KL divergence
between Cauchy distributions. However, the formula is derived from using the Mgfun
package of the computer algebra system Maple to calculate a parametric definite integral
with six parameters. The formula for the entropy of Student distribution is mentioned
in [30]. However, the authors presented a numerical approximation for the exact expression
because it is difficult to evaluate the effect of the number of degrees of freedom on the

entropy from the formula.
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Entropy and KL divergence between Cauchy densities and Student rational densities are
crucial in many applications, but an analytical derivation is not available in the literature,
to the best of our knowledge.

The chapter is organized as follows. Section 5.2 presents the main theorem which is used to
derive other theorems, and propositions in this chapter. Then we apply those theorems to
derive entropy and KL divergence of the compound density of an MC-Tree in section 5.3,
between Cauchy densities in section 5.4, and between rational Student densities in section
5.5. Section 5.6 extends our approach to calculate entropy and KL divergence for any
(pair of) integrable and non-negative rational function(s). Some examples are illustrated
in subsections 5.6.1 and 5.6.2. Finally, some remarks on possible usage to finite Gaussian

mixture are presented in section 5.7.

5.2. An Application of the Residue Theorem

Let us consider integrals of the type [ r(z)log(q(x))dz, where r(z) is any absolutely
integrable rational function, and ¢(x) is a non-negative, not identically zero rational
function. Then ¢(z) is equal to the quotient of two non-negative polynomials. Of course,
log(q(z)) can be written as the log of the numerator minus the log of the denominator.
Therefore, we can concentrate on the case where we have a nonnegative polynomial in
the log term. As is well-known and not difficult to show ¢ is nonnegative if and only if
there exist a complex polynomial v (z) with all its zeros in the closed upper half plane (i.e.
the imaginary parts of the zeros of 1(z) are non-negative) such that g(z) = |¢(z)|? for all
real values of x. Such v will be called a spectral factor. The rational function r(z) when
viewed as a function on the closed lower half plane in C has singularities at its poles in the

open lower half plane, say 21, 22, ...., 2, with Im(z;) <0, j = 1,k with the corresponding

multiplicities p1, g2, ..., ug; pj € N, and Z;?:l p; = n, n is called the McMillan degree
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(order) of r(x) (see [25]). Our main theorem is as follows:

Theorem 5.2.1. Le r, q, ¢ be as just described. Let r(x) # 0,

00 k
| ro)oglata))de = 2Rel(~2m) Y Res(r () og(w(2)), )}

—00 =1

dri—1

_ 236{ ~2mi zk: 1_1). lim <(z — ) (z) log(w(z))> }

J=1

where Res(r(z)log(¢(2)),z;) denotes the residue of the function r(z)log(¢(z)) at z = z;.

Proof. Note that ¢ and hence 1, may have real zeros. To deal with this, we consider
ge=q+e€, €>0. As g(z) > 0 Vz € R it has a spectral factor 1), say, with all its zeros
in the open upper half plane. So ¢. = ¥ > 0, Vo € R. Its leading coefficient will be
positive. We take 1) to be the spectral factor with real positive leading coefficient. Then for
€ | 0, we have 1. — 1, as the leading coefficient of ¢, converges to the leading coeflicient
of ¢ and the zero locations of 1. converge to those of ¥ (and 1., are polynomials, hence
completely determined by their zero locations and their leading coefficient).

The residue formula is continuous in terms of the leading coefficient and the zeros of v,
hence it will suffice to prove the formula for the case in which ¢(x) > 0, Vo € R.

So assume ¢(z) > 0, Vo € R. Then ¢(z) = ¢(x)y*(x), Vo € R, ¢(z) polynomial with real
positive leading coefficient and with all the zeros of ¥ in the open upper half plane.

Now note that

| raostatanas = /OO rla)log(lv(@))ds = [ 2r(o) og((a) o

—00 —0o0

— 9Re] / 2)log(1h(2))dz).

Now note that ¥ (z) # 0, Vz € G, where G is an open simply connected set containing

the closed lower half plane and is such that G does not contain any of the zero locations
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of ¥. (So for instance, if m = min{Im(z); ¥(z) = 0} then m > 0 and we can take
G ={z:Im(z) <m}). We claim that log(¢)(z)) is analytic on G. To be more specific, the
log function is multivalued and determined up to an additive term of the form k27i, k € Z.

Let d := deg(v), w( )= A > 0, A the leading coefficient of . Taking

the branch of the logarithm for which lim, o zer Im(log(¢(z))) = 0, we obtain a
univalued analytical function log(v(2)), z € G. The reason is that ¢(z) is polynomial,
hence analytic and ¢(z) # 0, Vz € G. Hence, log(1)(z)) has no singularities on G

and G is simply connected, so log(¢)(z)) will indeed be univalued and analytic. As

0 < [ |r(z)|dz < oo (by assumption in the theorem), and r(z) rational, it follows that
r(z) can be written as r(z) = & Ei;, where 7y, 7p are real polynomials and coprime, with

deg(rp) > deg(rn) + 2. It now follows that we can apply the well-known M-I method
to our integral. For each R > 0, consider the complex integral 9905: r(z)log(y(2))dz =
fer(z) log(v(2))dz + fs z)log(1(z))dz, where Sgi is a semi-circle in the lower half
plane with centre at the origin and radius R, and orientation of decreasing angle. Then Cg
is a closed curve winding clockwise. We take R > 0 sufficiently large such that all poles
(there are finitely many) of r(z) in the open lower half plane have modulus less than R.
Then the residue theorem can be applied to SBC z)log(¥(z))dz. (Note that the clockwise
orientation, gives an extra minus sign).
To show that ¢, 7(2)log(v(2))dz = [ r(2) log(1(2))dz, we use the M-I method to show
that limp_, o fs r(z)log(y(z))dz = 0. The argument runs as follows.

Jim | . r(z)log(y(2))dz| < lm (mR)Max;es,|r(2)log(y(2))]

= 7 ngr;o Maxcg,|27(2) log(1(2))]

log(w(Z))’

< mlim M r(2)]. lim M
< w lim axXesy |21 (2)| A aXe S|

= 0.
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The last equality is due to the facts that limp_oo Max.cs,|2?r(2)] is a finite limit, and

log(¢(z))

lim Max,cg,| | = 0.
[e.e]

R—

So the residue formula can indeed be applied. O

In the following this formula will be worked out further in various special cases.

Theorem 5.2.2. Suppose that the monic polynomial q(x) is nonnegative on the real line
and has degree n (n is even). Then q(z) has the spectral factor
U(z) = (2 —21)(z — 22) ... (2 — 22), where 2, k= 1,% are zeros in the upper half plane.

Let | € N, we have the general formula for ffooo l?fgi(f))l) dx, as follows:

oo n/2 3 9 2-9]
1 2 20 —2)1(—1
/ Og(Q(x')?dx { ( ) ( ) log ‘Zk Z’
k=1

—oo (22 41) (T =1)1?

CLra ==\, e s ) |
+7TZ [( 1—-1 )j(_l) 21+2j+19 2l+j+3((1+bk)2+a%))j){(1+bk)j

> (2 )omea@manp] |,

where z, = ap + iby, by > 0.

Proof. We have

> o —2m1 =1 1o z
[l o f 2 2 sG]

oo (@24 1) I =) z5—idzt=th (2 —4

n/2

—2m1 I d=1 log(z — z
- 223 { e il %z(—z')lk)]}‘
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Applying general Leibniz rule, we have

d'=1 log(z — z -1 dﬂ dl_l_j N
= 10g(z — ) (=D U+ D)+ L= 2) (2 — )72
+ < ; ) Wz —2e) U1 +1) ... (20— j — 2)(z — i) HFIH
— log(z — ) (=1)"! ((2;__12))!' (z = §)~2H!
-1 .
(1—1)! (20— —2)! o ,
+ ;M( 1)[ 2(] _ 1) (Z—Zk) JW( —Z) 204145
= log(z — z) (=)t ((2ll_12))!! (z —q)~2H!
— (20 —j—2\ (1) -2 _j 20414
+ ;( 121 )j(—l) (z —zk) (2 —1) .
We have

/°° l(zi(i(%?dx - EQRe{(Z_—Q?)! lim chill 11 [loi(z__i)zlk)}}

—0 k=1
2 log(—i — zp,)(—1)!1(20 — 2)!(—24)~2+!
Z {QRe{( 2772)[ g(— k) (()l - i)!)2 )(—=21)

<2l y 2> e e G RN <—2”2H1H” }}

|
= 2 {236{(—%2‘) [log(_i — z3)(—1) 7121 — 2)!(2i)~2+!
|

(@112

(ot e
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We have used

dJ

27 o8z —z) = (=177 — D)z — z) 7.
Cillljj[(z )7 = (D) 2L =1 = — 1) (2 — )" ),

We consider the first part

00(—i — 2 ) (—1)-L(21 — 2)1(25)~21+1 321 1(_1)2-2
2re{(~2mi) E ORIy B Reflog(-i - )
257220 — 2)!(—1)27%

because zp = ay + ibg, Im(zg) > 0= Im(—z;) < 0= Im(—i — z) < 0.(1)

Next, we consider the second part

-1

2Re{(—2ﬂ'i){ Z <2l l—_yl— 2> l(_l)—l—l-l-j(—i — zk)_j(Qi)_2l+1+j}}

=1 J

_ 2Re{(—7r){ lzl <2l l—_jl— 2> 1.(_1)11+j((_i2_iz’f))j(2i)2l+2}}

=1 J

- 236{(_@{ lz_i <2l l—_jl— 2) l(_l)—l—l—&-j(_% I ;izk)—j@)—2l+2(_1)—l+l}}

i=1 J

oo (2 s i)

J=1

-1 20— 7 —2\1 ol B 1 11 -
-3 (%) S e el

-1 .
3 (e g Rl )|
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-1

A= G =21, vt e . N
N -1 T ()T ) Rel(1 4 by, + axt)’]].
ﬂ.;[( -1 )]( ) () ((1+bk)2+a%))]) [( k k)}
We have z;, = ay, + iby, where b, > 0. We have used
L1 : 11 1 . A F N P
—sF i) = (5 — s+ sapi) U = 272 5 ;

We have

(14 by + agi)! = Z <7Zz> (agi)™(1 4 bg)? ™™

Hence,
. . j y .
Rel(l+ by + g = (110 + 3 (" ) (—1)™2(a)™ (1 + by

Hence,

2Re{(—27ri){ § <2l l_—j1_ 2) ;(_1)—l—1+j(_i _ Zk)—j(gi)—ﬂ-f—l-f—j}} -

Jj=1

-1 20— 5 —2\1 L OI42i4+1 ron 243 1 4
WjZ:; [( -1 >j(_1) )T ((1+bk)2+a%))j)[(1+bk)] +

> (7)o eama+ )| e)

m=2, even

Combining (1) and (2), we are done. O

We imply some following results from Theorem 5.2.2.



132 Entropy and Kullback-Leibler formulas for rational densities

Theorem 5.2.3. [ = log(q(x))dx = log(|¢(—i)[?).

Proof.

o0

/_Z 1 jﬂ log(q(x))ds = /_Z 1 sz log([1(z)[2)dz = 236(/_00 s log((x)d)
B . log(y(2) .
= 2Re{(—2m)Res(W7 z=—i)}
= 2Re{(—2mi) lim w}

z2——1 zZ—1

= 2Re(nlog(y)(~i))) = 27 log [ (—i)| = mlog (| (—i)[).

O

Remark: Theorem 5.2.3 is still hold if ¢(z) has real zeros. This follows from a limiting

argument with

q(z) = lime_0q(x) + € = lime_o|i(x) + €.

And
tim log(((~4) + €f?) = wlog([u(~1) ).

The following proposition is an immediate result from Theorem 5.2.3.

Proposition 5.2.4. i. Let b, ¢ be real numbers such that D = b* —4c¢ < 0. Then
I 1+1m2 log(22 + bx + ¢)dx = wlog(c+ 1+ +/|D|).
ii. Let u, v € R such that A = v? — 4w < 0 and let ¢ be the spectral factor of q.

J%% wrere logla(@)de = s log (W (=5 — i3 VIADP)

Proof. i. We apply Theorem 5.2.3 with ¥ (2) = (2 + ) 7‘|2D|

We have
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Hence,

* 1
/ a2 log(z? + bz 4 ¢)dz = wlog(|y)(—i)[?) = wlog(c + 1+ /|D)).

1
ii. Wehavew+vx—|—x2:($—|—%)2—|—| | L(—:-ty—L

2’U
3V1Al

/OO 1 5 log(q(x))dz = 5 1 /OO ol yiAly - %U)dy

oo WA VT + 22 y?+1

sox = 2/|Aly — Jv

We apply Theorem 5.2.3,

/°° log(g(3v/Aly — 5v)

y? +1
Hence,
| o sl = ¢ T OBl i VIADP)
2
]
Theorem 5.2.5. [* (1+ 7y 7 log(q(x ))dx:WIOgW(_Z'”_WIm(%)'
Proof.
| i esa@ar = 2re{(-2mi) tim, £EE)yy
= e{(—2mi) lim _72 o) z 1 wl(z)
= 2Re{(=2ni) lim (5510800 + (2 )}
- 2Re{(—27ri)(i log(4(—i)) — ii((—_;))))
B 2 L, T (=)
= 2Re(S log(v(—i)) + 5 5}
= Tmlo The wl(_Z)
= wlog(ju(—i)|) + R(w<—z>)
)

= mlog(|t(=9)[) — mIm(
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Theorem 5.2.6.

P (=i
(=)

~—

)+R6{[1§},( Z)]2 o ¢//(_2) })

00 1 T , —
/OO Ty log(q(z))dx = 1(310g(‘¢(_z)‘) —3Im( (=)

14 a2)

Proof.

o B N d log(Y(2))
/_mwlog(q(x))dx = 2Re{(—mi) lim d7[ (z— i) I}

z——1 22

using Theorem 5.2.2.

d Jog((s)__3los(u(s) | W) 1
dz' (= —i)? G—0F ) =i
P lop(p(e) _ 12log(é(z) _60() 11 @' W)
dz?" (z — 1) (z —1)° (z) (2= (=) () “(2)
o J0R(WE) 12om(é() 60 11w )
z—idz?t (2 —1)3 (—32i Ww(—1) 16 8i (—i) P(—1)
Hence,
0w W) (i) ()
/_Oo (1+$2)31g(q( ))dz = - (3log(|¢(—i)) — 31 (¢(_Z.))+R {[w(—i)] =) 1)
O

5.3. The Entropy and the Kullback-Leiber (KL) Divergence of Compound

Densities

As in chapter two from MC-Tree method, the compound density r(z) = c%, where

h(z) = (22 + a)*; the rational function 7(z) = d%, where h(z) = (22 +b)!, p(x) and p(x)
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are even polynomials with degrees of n and m, respectively. All a, b, ¢, d are positive,
keN,and [ € N.
Note that the compound density is a non-negative even rational function, so we can use

partial fraction decomposition to obtain

C1 + C9 + C3 + 4 Cl
(22 +a) (22+a)? (22+a) 7 (22+a)k

r(z) =

Note that ¢; = 0 because the codegree has to be greater than two for a rational function
to be a pdf.

The entropy is

Ent(r(x)) = —/OO r(x)log(r(x))dx

— 00
[e.9]

= —log(c)(/Oo r(z)dr) — /OO r(z)log(p(x))dx + k/ r(z) log(x? + a)dz.

—0o0 — 00 —0o0

We have

/OO r(z)log(p(x))dx = 02/ @ 2(+( ;3 d:r+03/_ ( %(p(m)gd$+...—|—ck /OO de.

s oo 22+ a) oo (224 a)

Note that p(z) has § zeros, 21, 22, ...,zz in the upper half plane, p(z) has the spectral

factor 1(2) = (z — 21)(2 — 22)...(z — 22 ) and p(z) = lv(2)|2.
The Kullback-Leiber (KL) Divergence of r(z) and 7(x) is

KL(r(z)|r(z)) = / () log{ ") y i = /OO r(e)log(r(a))do — [ " (@) log(F(z))de

r(z) oo e

= —Ent(r / x) log(7(x))dx.
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We have

/OO r(z)log(f(z))dz = log(al)(/oO r(x))dz) — l/oo r(z) log(x* + b)dx

—0o0 — 00 —0o0

s [ s

—00

Note that 7(z) is a compound density, so [*°_r(z))dz = 1.

Similarly,

> _ > log(p(x)) og(p(x)) > log(p())
/_OO r(z)log(p(x))dx = CQ/ o )de—i-c;),/oo (@2 +a)3dx+...+ck LG+ a)kd:l:.
p(z) has 7 zeros, Z1, Z2,..., Zm in the upper half plane, p(z) has the spectral factor

M

V()= (z—71)(z — 22)...(2 — Zm) and p(z) = |4(2)|2. Note that the notation t(z) is not
the complex conjugate.

The entropy and the KL above can be calculated by using Theorem 5.2.1

In general, we can calculate the entropy and the KL for compound densities

r(z) = =2 and 7(z) = d—yp 2@ pi(x), pi(x) are even polynomials, using

[T, (@2 +ai)i IT, (a2+b:)'s
the product rule for logarithms. We apply partial fraction decomposition to r(x)

r(z) = i ) Cly
(2 4+a1) (22 +a1)? (22 + ap)k
e TS
J J i,
ra)  @raP T @)

Consider a convex combination of rational probability density functions

r(z) =Y, airi(z) such that a; > 0 and > ; o; = 1. Note that r(z) is still a pdf and
the entropy of 7(z) and the KL Divergence between r(x) and r(z) can be calculated, using
Theorem 5.2.1 Some examples with specific values of the tree depth N when fixing m =1

are illustrated for analytic computations, as follows:
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Example 1: N =1

The compound density is g(x) = %m We can prove that

e 2 [ 1
= — _— = 1

by using
© d 1 2 2
 dr=(-2m) lim = (—2m) lim . = (—2mi)— = .
/_Oo (15 gty = (72m) lim ooy = (22mi) lim o = (22mi) 57 = 5

The entropy of this compound density is

2 1 2 1

Ent(q(z)) = —/ 5 log| ( slde = _10g(g) + 4/ log(1 + 27)

L log[f 08T ) .
on (11222 BT At S B S R

Apply the formula, we get

/°° log(1 4 z?%)

™
TS dxr = mlog(2) — 5

Ent(q(x)) = —log(~) + —(log(2) — 5) = —log(>) + 410g(2) — 2 ~ 1.2242.
T’ o -
Example 2: N =2
The compound density is g(x) = %.

First, we can prove that f_oooo q(z)dz = 1.

We have
2?2 4+10 1 N 8
(22 +2)3  (22+42)2 (22 +2)%
/°° dx o; 1 lim d? 1 o; 1 12 3
— = —21TT— —_— e = 2T = ————.
oo (224 2)3 2 .y vai d2% (2 — \/2i)3 232ivV2 322
/°° dx 0 . d 1 T
— = =217 llm — = .
Coo (224 2)2 22 A2 (2 = V20)2 4V2
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Hence,

22410 T 3 T
2= st 5=
o (¥2 +2) W2 42 V2

SO

/OO q(x)dx = 1.

—0o0

Next, calculate the entropy

* V2(a® +10),

(2?2 4 2)3

V2(2? +10)

Ent(q
n m(z2 1 2)3

og| |d.

Let u = \%, so dz = v/2du.

Ent

* 2 w45 V2 w45
I du

i e 8l s
\f 1 [ w245 w245
~tog(30) -~ o [ log|

i’ "o w1 B 1)?

|du.

47

We have

AR B S W45
/OO (uZ + 1)3 log[(u2+1)3]du = /mwlog[u + 5|du

o0 U2+5 2

Observe that
u? +5 1 4 1
(u2 + 1)3 - (u2 + 1)2 (u2 T 1)3.
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Apply the formula, we have

< log(u? + 5) B .. dlog(iz ++/5)
/OO Wd = 2Re{(—2m)zli>n_liaw}
B ., log(1+ V) 1
= 2Re{(—2mi)( T 4i(1+\/5))}
1
= n(log(1+V5) — 1+\/5)
/OO Wdu = 2Re{(—2m)§zli>n_1iﬁw}
B ~, 3log(1++5) 1 3
= 2Re{(=m)(= 8i TSt 2vE) 80+t \/Bz'))}
3 3 U
- Zﬂlog(1+\/5)_4(l+\/g> T 161 2v5)
Hence,
00 U2 +5 4 1
Alz/_oo(u2+1)3log[u2+5]du:7r(4log(1+\/5)— 1_|_\/5_ 6—&—2\/5)'
Apply the formula, we have
1o u2 og(tz ™
® Joo(u2 + 1 1 d? log(iz +1
1 12log(1 +iz 7
= 2Re{(=2mi)5 lim | (zg(— ;5 ) R
| 12lg2) -7,

16
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Hence,
* u245 9 m 12log(2) — 7
2 1
= 7(4log(1++V5) — — .
(Hog(1+V5) — =2 — )
Substituting A; and As into (1), we obtain
w245 u?+5 4 1 27
1 du = m(4log(1 4+ V/5) — 121og(2) — - +=0).
| i Bl b = wldlog(1+ V) ~ 1210g(2) — -z — o=+ )
Finally,

2 1 7
- - + = ~1.285396.
145 12445 8

Ent(q(x)) = —log( f) — (21og(1+ v/5) — 61og(2)

47
Example 3: N =3

The compound density is
(2) 2zt +182% 4+ 117
xTr) =
T B @)

Observe that

et + 1822 + 117 1 Lo 12T
@2+3% (@2+32  (@2+3P7 (@437
We have
0 dx d 1 —2 T
— = (=27) lim —[—m———|=(-27)—— = ——.
/_oo (22 + 3)? ( )z+\/§i dZ[(z - \/51')2] ( )24\/51' 613
< dr 1 d? 1 1 —12 7r
/oo (22 +3)3 (=2mi)y v 422 [(z - \/32')3] (=2mi) 288v/3i  244/3
/00 dx (-2 Z,)1 i a3 ( 1 | = (=) 1 —120 57
oo & \(—2m)— =l = (=m) = .
oo (2% +3) 6 2s—v3i d23 " (z — /3i)4 33456v/3i  432V/3
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Hence,

s

s 5%

o0

Therefore,

The entropy is

/°° xt + 1822 + 117

(z2 + 3)4

=—+
6v/3

™3

—|- —
2v/3 63 2

2 [zt 41822 + 117 2zt 1822 4+ 117
Ent = —— 1 d
mla@) = —— [ el e s
2 2 [ 2t 41822 + 117, 2t + 1822 + 117
_log( ) - 2 4 log[ 2 4
3 V3T ) o (2 +3) (x? + 3)
Letu:% so dx = V3du
24 41822 + 11 441822 + 11
5 — / z* 4+ 18x° + 7log[:r+8:v+ 7]dac
o (x2 +3)4 (22 + 3)4
\f ut + 6u? + 13 ut + 6u? + 13
= log[ Jdu
(u?+1)4 9(u? +1)*
\f ut + 6u? +13 4 2
= / S log[u® + 6u” + 13]du
4{ ut + 6u? + 13 5
_ / Ty sl + 1
4{ <yt 4+ 6u? +13
— —1 —_————du.
g log(v3) /_oo 2t
We have
/00 ut + 6u® + 13 97
—_—— —du = —.
oo (W4 1)4 2
We want to calculate
ut + 6u? + 13 9
1 1ldu.
C= / TErDi oglu” + 1]du

|dx.
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Observe that

ut +6u? + 13 L, ! g |
(u? +1)4 (u? +1) (u?+1) (u? + 1)
We have
*© Jog(u® +1) m
—————~du =Tl :
*© Jog(u® + 1) 12log(2) — 7
C2 /Oo @W+13 T 16
> log(u? + 1) 1 d® log(1+iz)
= = du=2 omi)= lim — 7
Cs /OO (2 1)t = 2Red(=2mi)g ol (z —h 1
1 —1201og(1 + i2) + 74 37

= 2Re{(—2mi) A lim

Z——i (z—1)7

b=n(Clog(2) - 50).

Hence,
16

=).

C=0C1+4Cy +8C3 = w(9log(2) — 3

Next, we want to calculate

u* + 6u? + 13 4 9
D= / Tl log[u® + 6u” + 13]du.

Firstly, we calculate

> log(u' + 6u? + 13)
D, = du.
! /oo (u? +1)2 “

We have
Y(z) = (2 — 21)(2 — 22)
where
. V2m—6+i\/2\/ﬁ+62 \/2\/ﬁ—6+i\/2\/ﬁ+6
1 = y <2 = —
2 2 2 2
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are its zeros in the UHP.

We have
P(—i) = (=i — 21)(—i — 22),
i) = (1 YO (WIBZE g BT
We have
V() 22— (a1 +2)
¥(z) (z—21)(2 — 22)’
V(=) _ 2+ V2V/I3+6)i
¥ VIB+1+2/13+46
Y07 VB 14V2VIB 46
Hence,
B > log(u* + 6u? + 13) _ w’(_i) '
Dy = /_Oo CESIE du = m{—Im( =D )+ log(|(—i)])}

_ o (24 V2V1346 N
= [\/E+1+\/m+lg(\/ﬁ+l+\/2\/ﬁ+6)].

Secondly, we calculate

D _/oo log(u4+6u2+13)d
T e @2+

We have

¢’(—i)]2 _ 2+ Vv2V/13+6)
' (VI3 +1+4V2V13+6)2
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and
Y= 2 ‘
P(—i) VI3+ 1421346
Hence,

[ log(u* 4 6u”® +13)

D = [ G
P ) RS Got) RPN ).
_ e B 2+12V13+6
= 4{31g(\/ﬁ+1+ 2v/13 + 6) 3<m+1+¢m>
B (24 V2V13 +6)? N 2

(VIB+1+V2V/13+6)2 VIB+1+vV2V/13+6

Thirdly, we calculate

D _/°° log(u4—|—6u2+13)d
T e @t

We have

[u/(—i)]g . 2+Vv2V/13+6)° :

(i) (VI3 +1+2V/13+6)

W' (z) = 0OV

(=) (=) 22+ V2VI3+6) .

b(=i) ¥(=1) (VI3 +1+V2V1346)2

IV EDEE), 2+ VRVIBEG)

(=) p(—1) (VI3+ 1+ v/2V13 +6)2
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Hence,
* log(u* 4+ 6u® + 13
- [
= w(Ctogu(-0)] - Srm(2 ) - Treq-E P4 LD
g (S () () (),
7 L ) W ey T e R
P 5, 24 V2V13+6
— {81g(x/ﬁ+1+\/ﬁ) 8(\/ﬁ+1+\/m
1 2+V2V13+6)* 2 |
4 (V134+14+V2V13+46)2  V13+1+1/2V13+6
1 (2+V2V13+6)°
12(VI3+1+v2V13+6)3
1 22+V2/13+6)
8(VIB+1+V2V/13+6)2
Hence,

D =Dy + 4Dy +8Ds.

B= \ggD — 2v/3log(V3)m — 4‘9/50.
Ent(q(z)) = — log(\/éw) - \/2%3 ~ 1.3125.

Example 4: N =4

1 2842724431222 41648
- .

The compound density is ¢(z) = BRI

—_

We can prove that [~ g(z)dz =

Let u = 3, so dz = 2du.

1.a% 4272 + 31222 + 1648, 1 4u® + 27u" + 78u® + 103

[

T (24 4)5 I= 647T[ (u?4+1)>5 I
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The entropy is

Ent(q(x)) = _/00 q(z)log(q(z))dx

—0o0

> 4yl + 270 2 +103
= log(647r)+5/ ul ok 2Tu+ T8u” log(1 + u?)du

321 oo (u2 4+ 1)5
1 /00 4uS + 27u* + 78u? + 103

6 4 2
321 | (w2 + 1) log(4u® + 27u* + 78u” + 103)du.

Observe that

A+ 27ut +78u% +103 4 15 36 48

(u? +1)° (14 u?)? * (14 u?)3 * (14 u2)* * (14 u2)5

We want to calculate B = [ 4“6+27(33ﬂ§§‘2+103 log(1 + u?)du.

We have

> log(u? + 1) s
El=[ BT~ rlog(2) - T
[ e e =

> log(u® +1) 1 d? log(l+i2) 3 7
By= [ 2B gy = 9Re{(—2mi)= lim —— [~y a2 og(2) — 1.
2 /OO (u2+1)3 du = 2Re{( FZ)QZLHfli dzz[ (z—1)3 I} 7T[4 0g(2) 16]

[P log(ut+1), 1 d® log(l+iz)
By = / Tz yd M= 2Rel (2w i o

B 1 .—i 3 15 15log(2)., _ 60log(2) — 37
= 2Re{(=2mi) (- + 55 — 55 16 =7 96 )

> log(u? +1) 1 db log(l+i2)
E, = OB T ) i = 2Re{(—2mi)— lim —_[2812 T %)
4 /_OO (o2 3 1y5 v = 2Rel(=2mi)5y lim s = =

B [35log(2) 533 ]
- e 1536
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We used
dat [log(l + iz)] L 61 B 403 B 180i2
dz*" (2 —1)° (2= (1 +d2)t (2 —0)0(1+42)3 (2 —10)T(1 +i2)?
8404 1680 log(1 + iz)
(z —1)8(1 +1i2) (z —1)? ’
Hence,
12251

We want to calculate

48 4 27u* + 78u? + 103
F :/ At A (su” log[4u® + 27u* + 78u? + 103]du

oo (u?41)>5
> 4ub 4 27u* + 78u? 4+ 103
= log(4
og(a)( | H T )
* 4ub + 27ut + 78u% + 103 27 78 103
- / — (u2-+u>g T loglu 4 St P
— s U
* 4ub + 27u* + 78u% + 103 27 78 103
= 327log(4 log[u® + =—u* + —u? + —]du.
Wog()Jr/_oo 1) og[u+4u+4u+4]u

Observe that u® + %u‘l + %uQ + % has the spectral factor
Y(u) = (u— z1)(u — 22)(u — ug), while ¥(z) = (2 — 21)(z — 22)(2 — 23) has 3 zeros
z1 = —0.7278 + 1.52524, z9 = 1.7767i, and z3 = 0.7278 + 1.5252¢ in the UHP.

Firstly, we calculate

du.

/°° log(u6 + %u‘l + %uQ + %)
oo (u? 4+ 1)2

We have
W(—i) = (=i — 21)(—i — 22)(—i — 23) = 19.1768i,
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50
[Y(—i)] = 19.1768.
Tig)) TR e Rl e
1:; ((__Z)) = ig:?iggizl.OQQOi,
Im(zg((__;))) = 1.0920.
Hence,

Fy = w{log([(—i)]) — Im( ")) = rllog(19.1768) — 1.0920].

Secondly, we calculate

P /_Z log(u® + 224:1;5142 +0)
We have
1/;/ ((__;)) — 1.09204,
50
Re{[q’i((__;))}z} = —1.1925.

1"

Y (2) =2(3z — (21 + 22 + 23)),

s0 ¢ (—i) = —15.6542i, and Re{%; (5} = ~0.8163. Hence,

T stea(lo(i) — 3Em L C | o (i) ¥ (=)
By = g{8log((=i)| = 3Im( =) + Re{l =1’ = )}

3
= Z{z 1og(19.1768) — 3(1.0920) — 1.1925 + 0.8163} = Zﬁ 1og(19.1768) — 0.913057.
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Thirdly, we calculate

—o0 (u2 + 1)4

We have
Y (=) 3
Im - = —1.3022.
(e
V" (2) =6 Vz, 50 9" (—i) = 6.
L5 = —0.3129i, so Im{ % (‘.”} = —0.3129.
W' (=) " (i) _ _
o= o= — —0.89144, so Im{% w( 5 1/)(—%) —0.8914.
Hence,
5 B (D), ] V(i) ¥ (=)
Fs = wf{=log(|v(—i)| — =Im —) — —Re{— |7+ -

L ¥ OV,
R{“w—z‘)] oD TR
- 71'{ log(19. 1768)—2(1 0920) — ( 0.8163) + (—0.3129)—%(—0.8914)

1
+g5(-13022) = w[g log(19.1768) — 0.7867].

Finally, we calculate

I /°° log(u5 + %uﬁ‘ + %uz + %)du
R (u2 4+ 1)° '
We have
/llz)//// (z) _ O VZ7
SO
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1"

7SR = 06664, s0 Re{[4 517} = 0.6664.

P(—1) P(—i
We have
V(=) 0" (i) - B
[I/J(—i)} D = (—1.1925)(—0.8163) = 0.9734.
wl(_i) 4 _ i 4
[w(—n] = (1.0920)* = 1.4220.
Hence,

.35 N 35 @p(—i). 15 Y (—i)
Fy = W{ﬁzlog(w(—z)\ - 674Im< w(_z) 64 w(_z)
5 V(=) Y (=) ¢ (=i) | " (=)
EIm{2[w(_i) P —3—— =+ .
P (=) 9" (—i) )
IRy
= w{g—i log(19.1768) — 2—2(1.0920) - 2(1.1925 —0.8163)

+ 12

+ 9%{2(—1.3022) — 3(—0.8914) — 0.3129)
1
192

35
= ml; log(19.1768) — 0.6992].

((—6)1.4220 + 12(0.9734) — 3(0.6664) — 4(0.3417) + 0} }

Hence,

F = 4F, + 15F, + 36F; + 48F, = 7[321og(4) + 641og(19.1768) — 79.9466].

F 5
Ent = log(647) — — + — F ~ 1.33129.
nb(g(2)) = log(64m) — =~ + 2~
In summary, entropy values of compound densities are 1.2242 at N = 1, 1.2854 at

N =2, 1.3125 at N = 3, and 1.33129 at N = 4, respectively, when fixing m = 1.
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5.4. Entropy and the KL Divergence for Cauchy Distributions

Let the variable X follow a Cauchy distribution with the pdf, p; s, on (—o0, 00):

ps(T) = m, where [ is the location parameter, and s > 0 is the scale parameter.

5.4.1. Entropy

Theorem 5.4.1. The entropy of X is given by Ent(X) = log(4ms).

Proof.

o

pis(z) log[py s (x)]de.

Ent(X) = — /

Let u = %, so dxr = sdu.

Ent(X) = /_Z sn(u21+1) log| 1 |sdu

oo 1 1, [ log(1+u?)
= log(7rs)(/_Oo 7r(1+u2)alu)+7T(/_00 ST du
B 1 [ log(1 + u?)
= IOg(ﬂ'S) + 7_‘_/ Wc‘lu

—00

We have

/°° Log(L+ %) 1 — rlog((uh(—i) ) = wlog(4),

oo 14u?

using Theorem 5.2.3 with ¢(z) = 1 + iz. Hence,

Ent(X) = log(ms) + log(4) = log(47s).
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5.4.2. The KL Divergence

Theorem 5.4.2. The KL divergence of two Cauchy densities p; s and pl-yg(x) s given by

K L(py,s|pr5(2)) = log{ D2 Dpere 5,5 > 0.

485

Proof.
(o) s T
KLl = [ ot tos 2= hyan.
—00 1,5
We have
2 2
Pl,s s,5 4+ (z—1)
: log{ - .
B oSS}
o
KL(ps(z)|prs(x)) = lo (3)_/00 S R 1 (82 + (x — 1)?)dx
PL,s\%) 1Prs - 8% oo T(82+ (2 —1)? &
> S =2 7”2
+ /OO o By ) log(s* 4 (x — 1)*)dx.
Let u= %‘l, so dx = sdu.
o0 s ~ - 1 [ log((su+1—1)?+ 3%
log(5? —)dz = = .
/OOW(82+($_Z)2) 0g(5° + (z — 1)%)dx W/oo 5 du
And

= —mlog(|[y(—i)*) = log(|¥:(~0)|*) = log{(s+5)*+ (1~ 1)*},

T J oo 14 u? T

1/°° log(su+1—1)2+3% 1

using Theorem 5.2.3 with ¢(z) = (sz + 1 — ) — i5. Hence,

/Z m(s2+ (Sx 0?2 log (52 + (x — 1)*)dx = log{(s + 5)* + (1 — 1)*}.
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And

> S og(s) [ © o U2
/oo m(s% 4 (z —1)?) log(s®+ (v —1)*)dz = 2log(s) / ! du+71T/ Mdu.

T oo 14 u? O

We have

1
/ sdu =,
oo L4 u

> log(1 + u?)

using Theorem 5.2.3 with (z) = 1 + iz. Hence,

/Oo m log(s” + (z — 1)*)dz = 2log(s) + log(4).

Therefore, K L(pys(x)|ps(2)) = log(2) — (2log(s) + log(4)) + (log{(s + 5)2+ (1 —1)%}).
— log{ (s45)2+(1-D? 1. O

4s8

5.5. Entropy and the KL Divergence Between the Rational Student Densities

5.5.1. Introduction

Let Y denote a univariate random variable that follows a Student t-distribution with odd

degree of freedom v > 3. It has the pdf

_ 1 Y2\ —(2h)
Flt) = e (1 D))

Clearly, f,(y) is a rational function (only) when v is odd (see [15]). We will call such a

function a rational Student density. In that case an explicit formula for the normalization
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factor, B (%, %), can be derived as follows. First note that

Let u = %, so dy = \/vdu, then we obtain

/ ! dy :/ (1+u2)_(l’§1)du.

RN Lj)(%l) —o
The rational function ﬁ has one pole v = —i with multiplicity VT‘H in the lower
14+u 2

half plane. Applying our main theorem using ¢ := e, we have

o v 1 d= 1
14+ u?) "2 du = (—2mi lim — .
/—oo( ) ( >(VT71)!Zﬁ*i dz"T (z—1)"2
As
4z 1 v w4l w43 2w-1), 1
dz%l[(z_i)y;l]—( ) F () (g )(z_i)y,
and
(—1)7() (—1) = =2 = (—1)i = i,

it follows that

5.5.2. Entropy

Theorem 5.5.1. The entropy of Y is given by

Ent(Y) = log <ﬁB(;, ’;)) F(w+1) [bg(z) _____ %
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Proof.
v vl /°° log(1 + ) "
’ 2B(3, §) Joco (1 + L)%

Ent(Y) = _/OO fo(y)log[fu(y))dy = log(ﬁB(% ;))

Let u = %, so dy = y/vdu. Hence,

v+1 N

oo(1+u2) 2

/°° log(1 + u?) du

©  log(1+ %)
v+

/—oo VI(L+ )%

A spectral factor of 1+ u? is ¥(u) = 1 + 4u, while ¥)(2) = 1 +iz, z € C has one zero, z = i,

Tdy =

in the upper half plane, and has no zeros in the lower half plane. We have

[

[

© Jog(1 + u? AT log(1+i
/ Og( + /,L/LJr? du = QRe{(—QTFZ)ﬁ . jﬁ Og( +V7/+Zl)]}7
—co (14+u?) 2 (TN e=—ide T (z—40)2
using Theorem 5.2.2. We have
i[log(l —H’z)} - _(V+ 1, log(1+iz) — %4_1]
dz" (7 — ) =R 2 (z —1) =R .
We have
d? log(1 +iz)] - (_(V+ 1))(_(1/+3 )[log(l +iz) = iy - ,%s_g]
d2®" (z - i) % 2 2 (z—0)F
In general,
a“ log(Ltis) (e vl 2w 1), log(1+iz) — ;27 — -+ — ]
T (=) 2 /72 (z =)
Taking the limit, we obtain
(v—1) . v v v—
d > log(L+iz), (43 .. (2 1>)[10 oo 2 2
= (—1)2v & v+1 v+3

lim — |
z——i dz( 21> (z—1i) =
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The following expressions are used in our simplification.

3v

(—20)Y = (—1)2%" = (-1)%2".

CDEEDT = ()M = )P = (1) = i
for v odd.
> log(1 + u?) B a(UE) (3 (v —1) 2 2 92
/oo (1+u2)%“d“ B } 2'/—22(%1)1 S s B 2(;/—1)]
1 v 2 2 2
= 2B( P — ey oo 50 —1)
Hence,

Ent(Y) = log(V7B(3, 2)+ (v + flog(2) — — o — 20—

5.5.3. The KL Divergence of Rational Student densities

Theorem 5.5.2. The KL divergence of two rational student densities f,(y) and fz(y) is

given by
1 v v+1 T ) V
—Hog(\EB(i; 5))—23(%’ 7 (1121)21,23(14_\/3)”21—%] +(1/+1)log(1+\/;),

where J s given by

x v=3 y—1 (v=1_pyxtl (M (e 1

—3 -
2"T+k(1+\f§)T k
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Proof.
fo(y)
le / le dy =
KL(fu(y)l [ )
2
OO — 1 v v+1 > log(1+ %)
(= [ ol tos(f )y} + los(VIB(G, )+ 5 | ()
. 2027 2B(3, §) Jooo (1 + £)"
From Theorem 5.5.1, we have
Bat(Y) = — [ £ los(flu)dy
1 v 2 2 2
= 1 B(=, = Dlog(2) - —— = —— — - — :
We need to calculate
2
; /°° log(1+ %)
= » y
—oo V(1 +5)F
Let :% so dy = \/vdu
* log(1 + Lu?
I:/ 70g( + VVZJLF )du
—co (14u?)=z
The rational function ﬁ has a pole u = —i in the lower half plane with the
1+u
multiplicity ”“ . The spectral of 1+ ”u2 is(u) =1+ fzu while ¢(z) =1+ f@z has

the zero in the upper half plane.

Applying Theorem 5.2.2, we have

log(1
I =2Re{(~2ri)—— lim % ol \{;ZZ I}
G T (o)

Let f =log(1+ /%iz).
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We have
o=
z— %z
jo - DT
(2 — /202
jo - (D72
(2 — /20y
In general,
v—3 _
f(VTfl) _ (-1) 2 (VT?’)'
(z — \/gz 2
v—1_ 3. v—
st _ (D E Ty ko)
(== /i) T
Let g = — 1, we have
(z—i) 2
(1) _ —(V+1) 1
g ( 2 )(Z_Z)%Hj
9(2) _ (—(V+1))(—(V+3) 1 __
2 2 (z—1) 2
In general,
(S 5t v+1 v+3 _ 1
g 2 ( 1) 2 < 2 )( 2 )(V 1)(Z_Z-)V7
(k) _ 1\k 7/"‘1 V+3 V+1 _ s

Apply general Leibniz rule, we obtain

v—3

v—1 v—1 v—1 2 E v—1_
(19)'F = [T g+ fg' +Z(,§>f2 kgh.
k=1
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Taking the limit, we have

vo1 —1)EHEE)!
limza—i(fg) 2 = o ( 1)_ 1 o1 ol
(—D)*F (1+/9)"F ()7 (-20)3
L e+ VAEDT () =)
(—2i)”
O (P51 (CD TR k- D (D)) (S 4 k1)
+ 32 ) —— 2
; (k> (—1)7 (1+/D)7 i (—2i)=z *
We have
()T ()T = = (1),
()T (DT DI = ()7 =,
(DY (-1) T (-DE = (-)TE = ()P =
()T FH) T = = (-1
(—DE(-D) T ) TR = () = (- i =
since v is odd. Hence,
et (452)! log(1+ ) (41 (42 ... (v - 1)
SO (1+/2)7 (2) 2+ (2)ri
o2 (k-1 (%) (k- 1)
* k:1< k > 1+ Z)V;Lk (2)”§1+ki2u+3
_ (252)! Clog(1+ VB . (v - 1)
(1+/9)"2 ()" 2
e () LRk P P ko)
SN F s oy (2)"% *hi

I}
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Hence,
;o [ (” 3)' log(lqL %)(”TH)(Z/—l)
CS! 2v2
v—3
Q <) (DR <% k-1,
N 25 Hh( 7
Substituting the expression of I above and Ent(Y’) into (1), we are done. O

5.5.4. Some Specific Cases

1.Case v =3
Ent(Y) = log(ﬁB(%, 12/))+(1/+1)[log(2)yil]
— 10x(VEB(. 2)) + 4lloa(2) — 2] = loa(V3T) + 4llox(2) 1]
= log(8V3m) — 2.
J = o
KL(Fu(w)lfow) = —{los(v7B(s, ;)>+<y+1>uog<z>_y2+1}
_ 1D 7+1
+ sVEBG, ) - [21 ]
@+ Dllog(1 /2
— (log(8V3m) — 2) + log(vFB(E, Uy~ P2
(o632 + (VG )= =

+ (7 +1)[log(1+ \[Z)]

= (2 —log(8V3m) + log(ﬁB(%, E)) + (7 + 1)[log(1 + \/3) — !
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2. Case v =5
15 n(3.4) 3w
B33 ST
Ent(Y) 10g(\/;B(%7 g)) + (v + 1)[log(2) - ,/j_ 1 v j_ 3]
log(VB(3, 2)) + 6llog(2) — = — 7
log(\/gg8 ) + 6[log(2) — % %] = log(24v/57) — 5.
rosN (5 - D
! (VEI)!< 1 >2”§+1(1+ g)%l—l
™ 2.3 _ 3
2401+ \@) 41+ \@)
KLU )lfow) = —{log(ViB(5, 5) + (v + Dllog(2) — - — —=])
los(VIB(5, 5) — St - S
& 2'27 2B(5.5) | (51230 (14 ,/7)"F

(7 + 1)[log(1 + \/3)]

~(log(24v/3) — 5) + 1og(ﬁB(1 )
v 123
;1[3 112 + (7 +1) 10g1+\/§)]

(4) 1+\ﬁ2 1+\f

(5~ og(24vEr) + o(VFB(5. 2)) + 7+ 1) {og(1 + /)

+VEP_1+V§L
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3.Case v =17
17 m(4.5.6) 57
Bloe) = T T
1 v 2 2 2
Ent(Y) = log(/B(5,5)) + v+ Dllog(2) - 5 = =~ — ]
1 2 2 2
log(\[B(* *)) + 8[log(2) — 3 10" ﬁ]
o 1 1 1 74
log(\[lﬁ) + 8[log(2) — 175" 6] = log(80V7r) — T
s I BN ) LR e,
(VT_I)' 1 2”7_3—1—1(1_*_ %)”T_l—l 2 2%_3-{-2(1_’_ %)L_I—Q
7 (2").4 (114.5 7r
6[3 = =
8(1+,/2)2  16(1+./2) 201 $2 1+\[
1 v 2 2
KL(f,(y)|f2(y)) —{log(v¥B(5,5)) + (v + 1)[log(2) I}

v+1 1/—|—3 V—|-5

r+1 0
J— ” +J
2277 2B(3,%) {(Vl)z”f’(ur 7y

(7 + 1)[log(1 4+ \/3)]

—(log(80V/7m) — %) + log(ﬁB(l, E)) + (7 + 1)[log(1 + \E)]
v+ 1[ (2)124 16 5 )
2 4.5.61+\ﬁ3 5”2 +\f 8(1+4/%)

74

5 log(80\f7r) + log(\fB( )) + (7 + 1)[log(1 + \/Z)

15(1 + \@)3 - 5(1 + \/2)2 I \/E)]'
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5.6. Entropy and the KL Divergence of Rational Densities

Ni(x)
Di(x)’

We use the fact that any rational density r(x) = where two polynomials N;(x) and

D;(z) are co-prime, can be decomposed as a unique linear combination of functions of the

form ﬁ%, where k runs from 1 up to the degree of u + ia,a > 0 as a pole of the

rational density.

Consider an integrable and positive rational function ¢(z) = gz Eﬁ;, where the two polynomi-

als No(x) and Da(z) are co-prime. We have that both Na(z) and Da(x) are either positive
or negative on the whole real line because q(x) is positive. Without loss of generality, we
take Na(x) and Dy(z) both positive polynomials with degrees of n and m, respectively.
Of course, n and m must be even because we consider positive polynomials on the whole
real line. Then we use the fact that any positive polynomial Na(z) of degree n has the
spectral factors ¢(2) = (z —21)(2 — 22) ... (z — 22), Na(2) = [#(2)|?, and Na(z) has % zeros
21,22,-.., 22 In the upper half plane. Similarly, any positive polynomial Ds(x) of degree

m has the spectral factors )(z) = (z — £1)(z — 22) ... (z — Zm), Da(2) = [ih(2)|2, and Dy(z)

has 3 zeros Z1, 22, .. ., Zm in the upper half plane. Consider
1 dr = loa (N d
/OO ((x — u)? + a2)* og(q(x))dx /OO CEDEYDL og(Na(x))dz

M N e R

Let v = #*, so x = av + u, and dz = adv.

Let Na(v) := Ny(av + u), a polynomial in v of degree n. Then

/_ Z = :42; fag)k log(No(2))de = a'~%(Au+ B) /_ Z de

9ok [ vlog(Ng(v))
+ Aa /OO 7@2 m 1)k dv.
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We can calculate the first term by applying Theorem 5.2.2 directly while we apply the
integration by parts to the second term, as follows.

Observe that

2v (024 1)k
[ =" kAL
If £ > 1, we have
0 J 2 (1—k) R o N 2 (1—k)
/ 2U]O§(N2(:))dv — (U +1) IOg(Nz(v))ﬁooo _/ ]YQ(’U) (’U +1) dv
— 00 (’U —|—1) 1—k — o NQ(U) 1—k
o R 2 (1—k) o N 2 (1-k)
o (o) (@ + D)0 M) (24 1)0H
—00 NQ(U) 1-—- k —o0 NQ(’L)) 1- k

Similarly, we can handle

when k& > 1.
If k = 1, the numerator must be a constant, A = 0, as the codegree has to be greater than

two for a rational function to be a pdf as the function will need to be integrable. Consider

/OO (z — ui T a2)k log(q(x))dx = /00 = U)B - log(N2(z))dx

2 a
/OO (z — u)’z t a?)F log(Da(z))dx.

+ a?)

We have

N B > lo N v
[ ST L O
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which can be calculated directly by applying theorem 5.2.2. Similarly, we can handle the

second term

/oo ((x — u)B2 T a2)F log(Da(x))dx.

Remark: Any nonnegative function can be viewed as limiting case of positive functions.
Hence, the results found can be extended to non-negative rational densities.

Some examples are illustrated, as follows.

5.6.1. Entropy and the KL Divergence of a Linear Convex Combination of two

Cauchy Densities

In this section, we will consider an example of the linear convex combination of two cauchy
densities with the equal weights, p; s(x) = %pll,sl(x) + %plz,@ (), where s1 = 1,11 =0,ls =

1,82 =2.

1 1 2 3x2 — 2+ 7

1
Tn(l1 ) 27+ @ =17 m(@+ (@12 +4)

pl,s(x)

The entropy is given by

Ent(pl,s(x)) = —/OO pl,s(x) IOg(pl,s(x))dx

= —% /OO Pty s (x) log(pl,s(x))dx - % /OO Pia,so (1‘) log(phs(x))dw.

—0o0 —00
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/ Piy.s, () log(prs(x))de = / Py, () log(?mc2 — 2z + 7)dx

— 00 —0o0

log(2e)( [ " phw (2)de)

—0o0

- / pll,81 <I’) log(%'2 + l)dl'

— 00

— /OO Dy s, () log((x — 1)2 + 4)dz.

—0oQ
We have [* py, s (2)dz =1, so

o

/ Py, (%) log(pr,s(x))dx = Puy s, (2) log(32% — 2 + 7)dz — log(2m)

—00 —

g

Dy, () log(:lj2 + 1)dz

8

|
\é\g\

Puy,s: (2) log((z — 1)° + 4)dz(1)

—0o0

We have
D= [ () log(sa — 20+ Ty = og3) [ i)
1 [ log(z? — 32+ 1) 1 [~ log(z?— 2z + 1)
— =1
* 7T/ z2+1 d = log(3) + T /_OO 22 +1 az,

and

* log(z? — 2z + 1) 7 —80 10 + /80
/OO o d:zc—wlog(3+1+ |T|):wlog(#),

using Proposition 3.2.4 (i). Therefore,

=log(3) + 1o (10+\ﬁ) log(10 + V/80).

Next, we calculate

00 > lo 1132
b= [ @oste? 4 e = - [ D g (Gyrtog(a)) = tou(a)



5.6 Entropy and the KL Divergence of Rational Densities

167

Finally, we calculate

I3 =

—0o0

/Oo Py ,s (7) log((w — 1)2 +4)dxr = —

1 [ log(a® —2
/ og(x :1:+5)dx

T ) oo 2 +1

= ()(wlog(5 + 1+ /[~ 10) = () (xlog(10)) = log(10),

using Proposition 3.2.4 (i).

Substituting I1, Is, and I3 into (1), we have

—0o0

Similarly, we can calculate

—0o0

We have [ py, s, (z)dz =1, so

/ " Plna (1) log (e (2))dz

—0o0

We have

° 2
J1 = / Ply.so (%) log(32? — 22 + T)dx = 7T/

—00

/ N iy s, () 1og(prs(2))dz = log(10 4+ v/80) — log(27) — log(4) —log(10) = log(

/OO Ply.sy () log(prs(z))de = /

o0

Ply,s (%) log(3a® — 22 + 7)dx

—0o0

— log(27r)(/oo Dlo,so (x)dx)

—0o0

— / Diy,s5(T) log(ﬂv2 + 1)dz

—00

; /OO p12732(x) log((x - 1)2 + 4)d$'

—0o0

Dly.s, (%) log(32? — 22 + T)dx — log(2r)

Plz,s2 (2) log((z — 1)% + 4)dz.(2)

/
— /Oo Dis,s5 () log(az2 + 1)dz
/

> log(3z% — 2z +7)

dz.
(x—1)2+4 v

—00

10 +

80

V0,
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Let u = %, so dx = 4du and

du

2 [ log(48u? + 16u + 8) 2log(48) [ du 2 [ log(u® + fu+ })
J = — du = + =
TJ oo 1+ u? T o 1+ u? om o 1+ u?
2 [ log(u2+%u—|—%) 2 7+2V5
= 2log(48) + - /OO T2 du = 2log(48) + ;Wlog( )
= 2log(56 + 16V/5).
Next, we calculate
o 2 [ log(z? +1)
— 2 —
Jy = /Ooplz,SQ(w) 10g(.%' + 1)dl’ - ; /oo (LL’ — 1)2 +4d
2 [ log(z?®+1) 27 N2
- = >\ T =221 1-2 = log(10
2 [ e = 2D toe(1v(1 ~20) = log(10),

using Proposition 3.2.4 (ii) with ¢(z) = 1 +iz.

Finally, we calculate

= 2 log((:L‘ — 1)2 —+ 4)
2 o
‘]3 / Dis,so (x) log((a: — 1) + 4)da: = / ( 1)2 dr
2 IOg(4) du 2 lOg(u2 + 1) I 2 log(4) 2
/oo 2 1 T /oo u2 +1 u T T g( ) Og( 6)

Substituting Jq, J2, and J3 into (2), we have

/ - Dly.so () 10g(prs(2))dz = 210g(56 + 16V/5) — log(27)+

(56 + 16+/5)? (14 + 44/5)2

—log(10) — 21og(16) = log(m) = log(*—55—)-

Therefore,
1 10+ 1 14 + 44/5)2 16
Ent(pa(x) = — L log(10 V80 Ly (4R Om .
’ 2 807 2 320m 10 + v/80(14 + 4v/5)
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Now we consider pj; = %pl-l 5 T %pl-g’g27 where [1 =2, 5, =3, Iy =3, 5 = 4.

o 3 1 4 B 72? — 34z 4 127
PLs = 070+ (x—2)8) 2716+ (@ —3)%)  27(9+ (x — 2)2)(16 + (z — 3)?)’

The KL divergence of p; s and p; 5 is given by

. - o 2)1lo pl,s(l‘) -
KLpra@lis@) = [ poG)log

- / " pra(a) log(pra(x)da — / " pra(e) log(pp 5 () de

—00 —00

oo

Ps(x) log(pl—,g(x))dx_

= —Entlna(e)) - [

We have

2

— 00 — 00 —00

| ne@ostorands = 5 [~ s )toglor ot [ o) og(r )i (3)

First, we calculate

o o
K, = / Diy s () log(pﬁg(x))dac = / Dy () log(72% — 34z + 127)dx
[o.¢] (o.)

— log(27r)(/oO Diys, (T)dx) — /00 Diys, () log(9 + (2 — 2)%)da

—0o0 —0o0

- /OO Diys, () log(16 + (x — 3)2)dac.

—00

We have
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We calculate

o 1 [ log(7x? — 34z + 127)
/OO Dl s, () log(T2? — 34z + 127)dx = = /OO OB dx

1 *  dx

= —log(7 —
o[ )

) 34 127

N 1/ log(2? — 2x + ?)daz

7 22 +1
134 +20V6

= log(7) + log( )

7
= log(134 4 20V6).

o0 1 [ log(x? — 4z + 13)
— 2 —_
/ Ply,s1 (z)log((z —2)° + 9)dz p / 2211 dx

—00 —00

(Trlog 134+ 1+ +/] —36])) = log(20),

using Proposition 3.2.4 (i). Furthermore, we have

> log(x? — 6x + 25)
2+ 1

| psotog(@ -2 + 1600 = © [ da

—00 T J -0

(Trlog 25+ 14 /| —64])) = log(34),

using Proposition 3.2.4 (i). Hence,

67 + 106

K = log(134 4 20v/6) — log(2r) — log(20) — log(34) = log( 620
s

).

Similarly, we calculate

Ky, = / Dls,s5 () log(py 5(x))dx = / Dls,s5 () log (7% — 34x + 127)dx

—00 —00

— log(27r)(/oO Dly,sy (x)dx) — /oo Pla,sy (2) 10g(9 + (z — 2)%)dz

— 00 —0o0

- /_oo Dly.s, (2) log(16 + (z — 3)%)dz.
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We have

We calculate

% 2 [ log(7x? — 34z + 127)
1 2 342 412 = =
/ Doy (2) log(7a? — 34z + 127)dx / EE

—0 T J—c0
_ 2log(112) (/Oo du )
B T Coo 1 u?

N 2/°° 10g(u2—%u+%)

d
s u?+1 Y

—0o0

2 25 —150
= 210g(112)+;(7r10g(%+1+ |W|

53 + 44/150
= 210g(112)—|—210g(+T)

= 2log(212 + 16v/150).

And we have

o0 2 [ log(z? — 4x + 13)
2 —
| @ os(@ 27 v oy = 2 [ 2B B,

—0o0 —00
[ log(16u® — 8u + 10)
N /_Oo u? +1
~ 2log(16), [ du
T (/_oo u? + 1)

2 /OO log(u? — %u—i— %)

du

+ 7)o u? +1

5 -9
= 2log(16) —|—210g(§ + 144/ ‘TD

25
= 2log(16) + 210g(§) = 21og(50).
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We have

oo  lon((a — 32
/ Pla,s» () log((z — 3)* + 16)dz = 2/ log((x —3)* +16)

—o0 T (=144
B /°° log(16u® — 16u + 20)
o u?+1
2log(16) , [ du 2 [ log(u? —u+2)
B T (/Oou2+1)+7r/oo u?+1

5)
= 2log(16) + 2log(1 +14+ | —4))

17
= 2log(16) + 210g(z) = 21og(68).

Hence,

53 + 4v/150
Ko = 210g(212 + 16v/150) — log(27) — 21log(50) — 21og(68) = 2 log(———v—"7).
9 g( ) — log(2m) g(50) g(68) g( o850 )
Substituting K5, K3 into (3), we obtain
o0 1 67 +10v6. 1 53 + 44/150
J(2)log(pr (2))dz = =(log(—————) + =(2log( v
| p@osis@)ie = Glos(Tg D) + Slog (2L
1 67 + 10v/6 53 + 44/150
= Slog(——5——) +log(—=——).
2 6807 V27850
Therefore,
1607 1 67 + 106
KL(ps(z)lpps(7)) = —log( —)

Vio Vet ave) 2 6son
53+ 4V150, . \/85(67 +10v/6)(10 + +/80)(14 4 4/5)
V27850 )= 32m(53 + 41/150) '

log(
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5.6.2. Entropy and the KL Divergence of a Linear Convex Combination of two

Rational Student Densities

We will consider an example of the linear convex combination of two Rational Student

t-Densities with the equal weights, f,(y) = % f,, (y) + 5 f1.(y), where 14 = 3 and 1» = 5.

We have
1 1 1 3 s
1 1 1 5 3
B(=,—) = B(=, =)= —.
2
L) = 1 4 _ \/15(1+%)j+4(1+%)2

The entropy is given by

Ent(fu(y) = — / " f ) los(fu () dy

— 5 [ st =3 [ ) loe( )iy

First,

e 00 2
|t osthtnay = [ flos(VIS1+ L+ a1+ L))y

o) [e8) 2
0g(3VEm) (| ful)dn) ~2 [ fa()los(1+ %)dy

[e’e) 2
~ 3 / ) los(1 + L)y 4

We have
| tawiy=1
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Let u = \%, so dy = v/3du, and

2 2

2 3u
VI5(1 + %)3 41+ %)2 = VI5(1+ )P + 4L+ ) =

27v15 ¢  135v15+500 , = 225v/15+1000 5 125+/15+ 500
[ u” + u” +
125 2715 2715 2715

!

Let
2

o) 2
L= [ ) los(vV5(+ )% +401 + )y -

6 |, 135v15+500,.4 , 225v154+1000,,2 , 125v/154+500
2715, 2 [ log(u® + ovis T T Wt T )
log( 195 )+ — G2 1) du.
—00

We apply Theorem 5.2.5 with ¢(z) = (2 — 21)(# — 22)(# — z3), which has three zeros
z1 = 2.754244, z9 = —0.0894889 + 1.05158i, 23 = 0.0894889 + 1.05158¢ in the upper half
plane. We have ¢(—i) = (—i — 2z1)(—1 — 22)(—i — 2z3) = 15.8316¢, and [(—i)| = 15.8316.
We have

Y(z) =(z—22)(z—23)+(z—21) (2 — 23) + (2 — 21) (2 — 22), so ' (—i) = (—i— 29)(—i—23) +

(—i—21)(—i—23)+(—i—21)(—i—20) = —19.6212, £ =0 = 1.2394i and Im(4 =) = 1.2394.

Hence,
oo 6 | 135v154500,.4 |, 225v1541000,,2 |, 125154500
/ log(u” + =57 = u® + St + S )du
. (1 1)2
, Y’ (i)
= mlog(|yp(—i)|) — mIm( o ,)):wlog(15.8316)—71'(1.2394).
—1
27v'1
Ly = log( ! 5) + 2(log(15.8316) — 1.2394).

125

Next, we calculate

o) 2 o0 2
Yy 2 log(1 + u?) 2
Lo = L log(1 + = = — —— — ~du = —(mwlog(4)) = log(16).
2 /_oof 1 (y) log( 3 )y T /_OO 14+ u? du 71'(7r 0g(4)) 0g(16)
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00 2 © 1o 34,2
Ly = / fm(y)log(lerE))dy—/ m
log(2) + 2l tog((u(-i)) - etm( S E )

using Theorem 5.2.5 with ¢(z) = \/g +iz. We have

(i) =2+

and
P'(—i) 1
I = ,
SO
Ly = loa(3) + 201084/ > )-- —.
T3

Substituting Ly, L2, and L3 into (4), we obtain

/ h fur (y) log(f.(y))dy = log(271\2/51>5) + 2(log(15.8316) — 1.2394)+

—log(3v5m) — 2log(16) — 3[lo §+2lo §+1 _
g( ) g(16) [g(5) (g(\/; ) 1+\/§]

15.8316)2 3
= log( ( ) ) —2.4788 + ————.
1+4/3

V3r162(,/3 + 10

2

(VIB(L+ )%+

Similarly,

/ h fua(y) log(fu(y))dy = / h fus(y) log

10+ 5y 1035 [~ i)~

00 2 00 2
2 [ faios+ 2dn =3 [ fa(los1+ i3
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We have
/ Jun(y)dy = 1.

—00

Let v = SO dy—fdv and

Y
it

2 2

VIS + L3 a0+ L

5) 3 )2 = \/ﬁ(1+zﬁ)3+4(1+§u2)2

3

27v/15 + 1 4 15+4
VTS + 7V/15 + 100 4+9\F+ 0 2+ﬁ+

oz ' T v Vs

2
o= [T eI+ a0+
27v/15+100 4+9W+40 2+\ﬁ+4)

8 log(u® + %5 /55 5V15 V5
= log(V15) + /OO G2 1) du.

We apply Theorem 5.2.6 with ¥(z) = (2 — #1)(z — 22)(# — 23), which has three zeros
Z1 = 2.13343i, zp = —0.0693178 + 0.814554, z3 = 0.0693178 + 0.81455¢ in the upper half

plane. We have

P(—i) = (—i — 21)(—i — Z2)(—i — Z3) = 10.3322i,

and

| (—1i)| = 10.3322.
V(z)=(z—2)(z—23)+ (z—21)(z — 23) + (2 — 21) (2 — 22),

SO

w/(—i) = (—i — 22)(—i — 53) + (—i — 21)(—i — 23) + (—i — 51)(—i — 22) = —14.669,
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and
-
(25D 1 4197,
»(—i)
We have SCH12 = —2.0156, so Re([5 %) = —2.0156.. We have
0" (2) = 62— 2(z1 + 72 + 73),
SO
¢ (—i) = —13.5251i
and
Re(“=1y 1 3000
(—i)
Hence,

0 6 4 27V154100,4 | 9V15+40,2 | VI5+4
/ loglu® + TR Pl + R R

(@ + 1)

T 3 loe(lo( i) — 37m 2D A SN )
= Blog([Y(=0)]) = 3Im(—F) + R “w—w” R (w )}
= %{310g(10.3322) — 3(1.4197) — 2.0156 + 1.3090} = W(Z log(10.3322) — 1.241425).
Hy = log(v/15) + 3%(77(2 10g(10.3322) — 1.241425)) = log(v/15) + 2log(10.3322) — 3.3105.

Next, we calculate

8 [ log(1+ 5v?)

oo 2
Y
= v —d = —
= [ s+ = o [ 2
We apply Theorem 5.2.6 again with t(z) —1+\/722: so [h(— \—1—%[ We have
v
’QD(Z) z — §'7
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g1
(=) + %
and B
SN
Im(——=) =
(1) 14+ %
In addition, B
(V(p:(_z)>2 _ 1
Y(—i) (14 2)2’
@l(—l) 2 1
Re([&(_i)] ) = e

We have )" (—i) = 0 because 9" (z) = 0 for all z. Hence,

/°° log(1 + 2v?)

us ) 3 1
ey T 4(31°g(1+\[3) ) 1+\/§_ (1+4/2)2

Therefore,

Hy = 2log(

5 2 2
1+ §) - - :
1+ \/é 3(1+ \/§)2
Finally, we calculate

[e%¢) 2 00 2
Yy 8 log(1 + v?)
3 /_OOfZ(y) Og( + 5) y 37T e (1+1}2)3 v

Applying Theorem 5.2.6 with 1)(z) = 1 + iz, we obtain

> log(1 1)2 3 7
/_oo Mdv = W(Z log(2) — E)'

Hence,
Hs 3%(”(% g(2) - %)) =log(4) — -



5.6 Entropy and the KL Divergence of Rational Densities 179

Substituting Hy, Ho, and Hs into (5), we have

/ Fon (1) 1og (£, (y))dy = [log(v/15) 4 210g(10.3322) — 3.3105]+

—1log(3v/5m) — 2[21og(1 + \/7 3[log(4 7]

1+\f 1+\f

10.3322 4 4
~ log(—" r ) + + +7.1895.
VErba(1+ /D1 1443 314,/
Therefore,
163.575 2
Ent(f,(y)) = —log( —2.35535.

128f7r1+\[ 1+\[ 1+\f 1+\/§)2

Consider f(y) = 5 fi (y) +  f(y), where 73 = 7 and 7 = 3. Hence

8 1 CSVB(L+X)% 4+ 5VT(1 + L)

The KL divergence of f,(y) and f5(y) is given by

DI foly / fuly ;’

/ £ () Jog(fu (4))dy — / £(9) Jog(f(y))dy = —Ent(f,(y / £ (y) log(fo(y

We have

/ fu(y) log(fo(y / fu () log(f5(y))dy + - / fos (y)1og(f5(y))dy.(6)
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First, we calculate

2

o0 o )
Ny = /Oo Jon(y)log(fo(y))dy = /OO fon (y) 1og(8V/3(1 + %)2 + 5V + %)4)dy—

log(5v/217)( / for (y)dy) — /‘jh )log(1+ L dy—2/ For(y 1%u+-3m

Letu—\lﬁ so dy = v/3du and

2 2

&@G+J§P+5¢ﬂ1+%j4:8¢ar+ﬁf+5¢nr+%ff

405N/’[ 8*_28 64_49(270V/’4-392\/’)u %_343(60y/?4—112\/§)u2%_2401(5yﬁ?4—8~/§)
= U
3 405v/7 405v/7 4057

2401
4057
2401

.

/ﬁﬁﬁwbﬂ&@u+y)+&fﬂ+7)ﬂ-ﬂg( )+

' (—i)
(—i)

2 (wllog(l(~)]) — m{ =0,

using Theorem 5.2.5 with ¢(z) = (z — 21)(z — 22)(2 — 23)(2 — 24), where
= —1.2790 + 2.2783i, 23 = 1.2790 + 2.2783¢, 23 = —0.1205 + 1.0615¢ and z4 = 0.1205 +
1.0615z.

We have ¥(—i) = (12.3831)(4.2643) = 52.8053, so|¢(—4)|=:528053,ﬁf§) Lo+ Ly

Lo+ Sow(l)—14963z and[m{w

z—2z3 2—24 P(—1)

00 2 2
[ g wos(sa+ 2 5vE -+ Ly = 0

) +2(log(52.8053) — 1.4963).

Next, we calculate

2/ml%u+§ﬁ)
= — T du
T ) (1+u?)?

3 2
= o1+ - 2
S TV

oo 2
| tawosi+ Lyay
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using Theorem 5.2.5 with ¢(z) =1+ \/gzz Finally,

00 2 o] 2
Y 2 log(14+u®) 2 B
| datwost+ Toay =2 [~ 2B du = Zrlog() = log(16),

Hence

405
Ny = log( 2481)+—200g(52.8053)——]ﬂ4963)——log(5\/21w)

3 8 0.3675 8
— 8log(l+ \/;) + —log(256) = log( —2.9926.

1+\/§ \f7r1+\[ \[

Similarly, we calculate

yi)4)dy

00 o) 2
| tatwonttnmay = [ palos(sV3 + )+ 5V +

2 00 2
~ 1og(GVIR)([ fal)dn) 4 [ fa)log+ Dady—2 [ ) log(1+ % ).

Let v = so dy = v/bdu and

Y
/5

8¢“1+y%2+5Vﬂ1+%ﬂ4=5¢ﬂ1+i#f+8¢m1+%;V:

3

3125\/?[8 28 6_%(13230\/74—19208Vf§ iy 102900Vf’+-192080Vf}
v —v v
2401 5 11257 9375V/7

2401(5v/7 + 8v/3)
31257

.

31257
2401

V(=) V(=)
(=) (=)

using Theorem 5.2.6 with ¢(2) = (z—z21)(2—22)(2—23)(2—24), where z; = —0.9907+41.76474,

[ mwron(svB+ L0 4 5VA0 4 Ly = s U )+

o Cistouut-0) ~ 30m( 50 + et (%

)’} = Re{ 1)

zg = 0.9907 4 1.76477, z3 = —0.0934 4 0.8222¢ and z4 = 0.0934 + 0.82227. We have
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(—i) = (8.6251)(3.3291) = 28.7141, so |1h(—i)| = 28.7141;

’ 1 1 1 1
V() Lo
¥(2) Z—2 R—29 Z—23 Z—24

SO

V(1) _ | rams
o= 1.7358i,
P (i), _
Im{ =D } =1.7358
and
U)oy
Re{(¢(7i)) } = —3.0130.

We have 1/1”(,2) = 2(622 + 2923 + 2224 + 2324 + 21(20 + 23 + 24) — 32(21 + 22 + 23 + 21)), S0

¢ (=i) = —64.211 and Re{ (5} = —2.2362.

Hence,

31257
2401

/OO Fu, (1) log (8V/3(1 4 @{;)2 +5V7(1+ y:)‘*)dy = log( ) +2(log(28.7141) — 3.9895)

= 1log(1073.12/7) — 3.9895.
Next, we calculate

8 [ log(1+ 2v?)

o) 2
| tatnosti+ Doy = - [~ 2

7

= 2log(

) 2 2
L+ \/;) B 7 7\2
1+ \@ 3(1+ \/;)2
using Theorem 5.2.6 with ¢(z) =1+ %iz. Finally,

8 [ log(1+ gv2)

00 2

Yy

v log(1l+ = )dy = — e
/OOfQ(y) Og( =+ 3) Y 37 | (1+U2)3 v
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2
= 2log(1 + \/7
1+ \/» 1+ \/§)2
using Theorem 5.2.6 with ¢(z) =1+ \/giz. Hence

1073.12

g5\[7r1+\[ 1—&-\/7
4
1+\/§ 3(1+\/§)2 1+\f 31+ /2

Combining Ny and Na, we obtain

Ny = log( ) — 3.9895

19.8588

11

foy)log(foly) = §N1+§N2:10g I P Y
; AR CLREs
1+\[ 1+\[ +\/§)2 1+\/§ 1+\f

) — 3.49105

Therefore,

0.0644v/5(1 + 1/3)4(1 + {/3)4
KL(f,(y)|fo(y) = log( \/; 7
1+\/§
4

3 4 2
2(1+\/§>_1+\/§_1+\/§_3<g+\/§)'

) + 5.8464

5.7. On Approximate Entropy Calculation for Finite Gaussian Mixtures

We consider the linear convex combination f,(t) = > | a; f.,(t), where f,,(t) converges
to f;(t) when v; — oo, where f;(t) denotes the PDF of N'(y;, =-). Applying Theorem 5.2.2,

we can obtain entropy of f,(¢), which converges to entropy of the finite Gaussian mixture.
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It is illustrated by the following example. We consider

r(egh)

_ 2 ) T ha2) gy Ty 2
ful(t)_ 1—\(%) (1/171') (1+ ” (t Nl) )

B F(w,;-l) o9 (1/2) 09 9 711224»1
fI/Q(t)_ 1—\(1/?2) (I/27T) (1+72(t—ll2) )

We have f,,(t) — fi(t) when v; — oo, where fi(t) is the PDF of AN (u1, ). And
fuo(t) = fa(t) when vy — oo, where fo(t) is the PDF of N'(ua, 0—12) When v1 — 00, v — 00,
entropy of the combination o fo, (t)+aa fi, (t), a1 +ag = 1, converges to entropy of the finite
Gaussian mixture aq f1(t) +aofo(t). f we take vy = vo =v, 1 =0, 01 =2,u2 =1, oo =1,

entropy of the finite Gaussian mixture is 1.4048. The following table shows the convergence

when increasing the degree of freedom (Df).

Table 5.1: Convergence of entropy of linear combination of student
distributions to entropy of finite Gaussian mixture when increasing the
degree of freedom.

Df Entropy
31 1.4310
33 1.4294
99 1.4129
119 | 1.4115
399 | 1.4068
999 | 1.4056
1399 | 1.4048




Chapter 6

Conclusion

6.1. Concluding Remarks

This research introduces a new method, the MC-Tree method, for pricing options with the
requirement of high accuracy and efficiency, both of which are important in applications.
It employs a mixing distribution on the tree parameters to give the prescribed mean and
variance. Given the family of mixing densities, we obtain the corresponding compound
densities of the tree outcomes at the final time step. We look for mixing densities for which
the corresponding compound density has high entropy level. The compound density (after
a logarithmic transformation of the asset prices) is not the ideal Gaussian distribution but
has entropy values close to the maximum possible Gaussian entropy. This thesis introduces
two techniques to correct for the deviation from the ideal Gaussian pricing measure. The
distribution correction technique ensures that expectations calculated with the method are
taken with respect to the desired Gaussian measure. The bias-correction technique ensures
that the probability distributions used are risk-neutral in each of the trees.

We write codes to implement all algorithms and the theory of the MC-Tree method in
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this thesis. We illustrate that the MC-Tree method is straightforward to implement in
practice, demonstrated by numerical results in this thesis. Besides option pricing, we
apply correction techniques to develop an algorithm for calculations of the credit valuation
adjustment (CVA) on an American option. Numerical examples of the workings of the
MC-Tree approach are provided, which show good performance in terms of accuracy and
computational speed.

The theory of MC-Tree method in the thesis can be an efficient method to price options on
single or multiple assets. The model can be applied to practical development in financial
industry due to its high accuracy.

The method shows how close our results are to the "true” prices and shows the tiny
confidence interval containing the ”true” one with a given (high) probability at 95% when
limiting the tree depth.

The recombining multinomial tree serves as the generalization, so keep most aspects and
properties of recombining binomial tree, except the difference in the number of underlying
assets. The benefit of the recombining binomial/multinomial tree is the reduction of the
number of nodes in the tree, so leads to reduce computation time. The completeness of

the model allows to provide hedging strategies.

6.2. Further Research

Pricing options and CVA calculations using MC-Tree are still in their infancy, and there is
potential research in the future, based on work completed to date.

Apart from the high accuracy requirement, a fast computation speed is crucial in practical
applications at the trading desk. Hence, it is necessary to improve the efficiency of the
pricing method. We plan to experiment with using a special chip (a field-programmable

gate array (FPGA)) to do fast tree computations. The FPGA implementation will likely be
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much faster than a CPU implementation. The computation time of the MC-Tree method
might be faster in higher-dimensional cases with the FPGA implementation. Mahony et
al. [36] developed the novel FPGA architecture on recombining multinomial trees based on
Pascal’s simplex and showed the fast computation speed. The novelty in option pricing
acceleration of the paper is based on Pascal’s simplex. Except for recomputing the input
parameters to the FPGA, we will use this exact FPGA architecture on the MC-Tree
method. Applying FPGA hardware to the MC-Tree methods should allow to show that the
MC-Tree methods are not only of theoretical interest but can be made sufficiently fast to
become interesting for practitioners in the financial industry. This could lead to interesting
new computational approaches to option pricing, but also, as yet unexplored, speed-ups in
expectation calculations for higher dimensional Gaussians and Gaussian mixtures. Here
contact could be made with developments in Machine Learning or data science in which
Gaussian mixtures play an important role. But the same can be said for applications in
Econometrics and other applications of mathematical statistics.

Our contribution is to introduce a new a computational approach for fast and accurate
pricing, but we still use constant model parameters. The future research direction is to
generalize the model to a real market with stochastic parameters.

Another promising research direction is to develop MC-Tree in the financial industry,
especially pricing and risk management industry. We can produce a software with the
Graphical user interface (GUI) or an App from our codes, which allow any users to change
the model inputs to obtain the price.

Besides, the usage of the correction factor brings very high accuracy in European option
pricing using MC-Tree method. We would exploit how to use the correction factor in
pricing the American option.

The analytic compound density is used in option pricing with the distribution correction

technique. A natural question is how to apply the distribution correction factor to pricing
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multi-asset options.

Further research is required to get an analytical expression for the compound density in
case of three or more assets. The conditioning method applied to the two-asset case can
be generalized to higher dimensions but it remains to be seen whether again, using Euler
substitutions or otherwise, rational density contributions are obtained for which we have
analytical technique, to compute the necessary integrals.

Alternatively, the compound density on the radius can be approximately computed using a
MC technique. It remains to be seen how this can be implemented to obtain a workable

distribution correction factor.



Appendix A

Choices of Mixing Density
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A.1. Choice of Mixing Density in One Asset Case

We claim that cf(p1, p2)dp1 will describe the same density as cf(p1, p2)dpa.

Proof.

Given p; = cos?(6), we have dp; = —2cos(0)sin(6)d6.

Given py = sin?(f), we have dpy = 2cos(0)sin(0)do.

Hence, |dp1| = |dp2|. By the construction of our tree, we have the symmetry w.r.t permuta-

tions of p; and py. Hence, f(p1,p2)dp; will describe the same density as f(p1,p2)dps.

A.2. Choice of Mixing Density in Two Asset Case

We claim that the choice of mixing density c¢f(p1, p2, p3)dp1dp2, cf (p1, p2, p3)dp1dps, and
cf(p1,p2, p3)dpadps produces the same density.

Proof.

We define a density on the triangle formed by all convex combinations of eg, es, e3 € R3.

The set is also described by

{(p1,p2,p3) :p1 +p2+p3=1,p1 >0,p2 >0,p3 >0.}

We can describe each point by two of the three coordinates as the third is one minus the
sum of others. We will find the size of the volume element when taking p; and po as
variables. The area of the triangle itself is obtained as follows:

The sides of triangle has equal length

llex = eal = [le2 — esl| = ller — esl = V2.
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If we start from a point (p1,p2,p3) and change p; to pll, Py to p;, and p3 to pg =

p3 — Ap1 — Aps, where Ap; = p/1 —p1, Aps = p/2 — p2. So a change of Ap; from p;
1

to p1 + Ap; in this case corresponds to Ap 0 and a change of Aps from ps to

p2 + Apo corresponds to Apo 1 . Hence, we consider the triangle with vertices
-1

p = (p1,p2,p3),p + Ap1(e1 — e3) = (p1 + Ap1,p2, p3 — Ap1), p + Apa(ez — e3) = (p1,p2 +

Apa, ps — Apz). The area element is twice the area of triangle with these vertices. We can

translate to the origin (0,0,0) without changing the area of triangle.

The angle 6 between e; — e3 and ey — e3 is T because
g 1 3 2 318 3

<e— —e3> 1
cos(0) €1 —e3 e —€3> 1

ler —esflllez —esl] 2

The area of the triangle is

1 . 1
5\/5\[2“%”(5) = 5\/3.

We get the area of an equilateral parallelogram is v/3. The density on the triangle formed
by all convex combinations of e;,i = 1,2, 3 is cf(pl,pz,pg)\/gdpldpg. Taking f =1, solve

for ¢

1 pl—ps 1 1
/ / cV/3dpydps = C\/g/ (1 —p2)dps = Ci\/g
o Jo 0

We have

1 rl-p2 9
/ / eV3dpidps =1 & ¢ = g\/g
0o Jo

Hence, ¢v/3 = 2 because the area of the triangle is half the area of the equilateral
parallelogram which is used in computation of the area element of dpidps.

If we use cf(p1,pa, p3)V/3dpadps, this will describe the same density on the triangle by the
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symmetry w.r.t permutation of pi, p2, and ps.

This is similar to the choice of the mixing density cf(p1, p2, p3)V3dp1dps.
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