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Abstract: Intuitionistic fuzzy sets (IFSs) are one of the fuzzy set extensions. Over them, a lot of operations, relations, and operators are
introduced. A part of the operators defined over IFSs are topological ones. In this paper, a new topological operator is defined, some of
its properties are studied, and some open problems related to it are given.
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1. Introduction

The concept of an intuitionistic fuzzy set (IFS) was
introduced in 1983 in Atanassov, 2016 as an extension of the
fuzzy set of Zadeh, 1965. During these approximately 40 years,
the theory of the IFSs was developed in different directions.
One of them is the research over intuitionistic fuzzy topological
operators, introduced in 1985 in Atanassov, 1985 and described
in more details in Atanassov, 1986. About 10 years ago,
Dogan Coker published first research over intuitionistic fuzzy
topology [Coker, 1996, Coker, 2000, Coker & Demirci,
Coker & Haydar, 1995] giving another interpretation of the two
intuitionistic fuzzy topological operators from Atanassov, 1985,
Atanassov, 1986. They were described in details in Atanassov,
1999 and only two years later, they were extended in
Atanassov, 2001. These and three other extended intuitionistic
fuzzy topological operators were described in details in Atanassov,
2012. Now, there are a lot of research of different authors from
different countries, devoted to the intuitionistic fuzzy topology, but
the curious fact is that all this research is related only to the first
two intuitionistic fuzzy topological operators.

The definitions of all older intuitionistic fuzzy topological
operators will be given in Section 2.

Starting with the first paper over IFS [Atanassov, 2016], a lot of
modal type of intuitionistic fuzzy operators are introduced, too. The
last two ones are given in Atanassov, 2022. In Section 3, we will use
them in a combination of the first two intuitionistic fuzzy topological
operators with aim to construct the region in which all intuitionistic
fuzzy evaluations of a given universe are placed. This region will be a
basis for introduction of a new intuitionistic fuzzy topological
operator in Section 4. In the conclusion, some open problems are
formulated.

*Corresponding author: Krassimir T. Atanassov, Department of Bioinformatics
and Mathematical Modelling IBPhBME, Bulgarian Academy of Sciences, Sofia,
Bulgaria. Email: krat@bas.bg

We will not comment the results of the colleagues, working
in the area of intuitionistic fuzzy topology, because they are a lot and
a lot of them are very serious and it will be well if they are
an object of special research, while, as we mentioned above, the aim
of the present research is directed to the introduction of a new operator.

2. Preliminaries

Initially, we give some basic definitions, related to the IFSs,
following Atanassov, 2022.

Let a set £ be fixed. An IFS 4 in E is an object of the following
form:

A= {<x7 /’LA(x)v VA(X)>|x € E}7
where the functions p, : E — [0,1] and vy : E — [0, 1] define the

degree of membership and the degree of non-membership of the
element x € E, respectively, and for every x € E:

0 < pa(x) +va(x) <1
Let for every x € E:
ma(x) =1 — pg(x) — vy (x).
Therefore, function 7 determines the degree of uncertainty.

Obviously, for every ordinary fuzzy set m,(x) = 0 for each
x € E and these sets have the form:

{{x, 1a(x),1 — pa(x))|x € E}.

Following [Atanassov, 1999, Atanassov, 2012], for two IFSs
A and B we define

A C Bif and only if (Vx € E)((a(x) < up(x) & vy(x) > vg(x))
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Figure 3
V (1a(x) < pp(x) & va(x) > vp(x))
Operator 7
V (1a(x) < pp(x) & va(x) > vp(x)))
(0,1)
Let a universe E be given. One of the geometrical interpretations of
the IFSs uses figure F in. Figgré 1. ' fray (@) = ... = friay(s)
The first two intuitionistic fuzzy topological operators are
defined over the IFSs by: Jalws)
Y fa(za)
fa(x2)
C(A) = {<x7K7L>|x € E}7 . fA(Il)
fa(xs)
Z(A) = {{x,kD)|x € E},
where (0,0) (1,0)
K= Sup g (y)u
y€E

L= infva(y),
k=y1r61§/m(y),

I=supvy(y).
y€E

These two operators have geometrical interpretations as shown in
Figures 2 and 3. They are called “closure” (C) and “interior” (I)
and they are analogs of the respective topological operators (see,
e.g., [Kuratowski, 1966, Yosida, 1995]).

Figure 1
A geometrical interpretation of an IFS

7 ™~

(

(0,1) E \
\¥r\ .l’
S
) { fa
F /
valw) + S

0,0)  pa(z) (1,0)

Figure 2

Operator C

(0,1)

The first two intuitionistic fuzzy topological operators are
generalized to the following six new ones (see Atanassov, 2001,
Atanassov, 2010, Atanassov, 2012):

C.(A) = {(x,K,min(1 — K, v4(x)))|x € E};

ColA) = {(x, wax), L € BN

Z,(A) = {{x,k, va(x))|x € E};

T,(4) = { e, min(1 — 1 sy (), 1) € E);

Ci(A) = {{x,min(K,1 — v4(x)), min(1 — K, v4(x)))|x € E};
T3(A) = {{omin(1 — & s (x)), min(l, 1 — ua () x € E},

where K, L, k, I are as defined above.

The geometrical interpretations of these operators applied to the
IFS A are shown in Figures 4-9.

The “weight-center operator” over a given IFS 4 was
introduced in [Atanassov, & Ban, 2000] by:

> naly) 2o valy)
W(A) = <xf€E yek >er,

card(E) ’ card(E)

where card(E) is the number of the elements of a finite set E. For the
continuous case, the “summations” may be replaced by integrals
over E.

Figure 4
Operator C,

fale) = fe,(a(c)

£a®) e ®)
(1,0)

(0,0)
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Figure 5 Figure 8
Operator C, Operator C;,
(0,1)
?
fa(a)
- fale)

Figure 9
Operator Z;
Figure 6
Operator 7,
(0,1)

fr,a)(c)
fz,04)(b)

Figure 10
Operators V and A
(0.1)
Figure 7
z
Operator Z, pa(@) +va(z) 4 foal)
(0,1)
faa(x)
fala) = f1,(a)(a) valx) 1
,,,,,,,,,,, fz,(4)(b)

The geometrical interpretation of both operators is shown in
(0,0) (1,0) Figure 10. for the element x € E.
Now, we will combine these two operators together with the
first two intuitionistic fuzzy topological operators.

3. The Region of the Intuitionistic Fuzzy Let everywhere below:

Evaluations of a Given Universe a1 7;22 (140 + 12 (),

In Atanassov, 2022, the following two modal operators are
introduced: b=1— bléllg (1a(y) +va()),
y
AA = A{{x, ua(x), va(x))[x € E} = {{x, pa(x) + va(x), 0)|x € E},
while K, L, k, [ are as above. In Figure 11, the red regions within the

Vix = V{{x, wa(x), va(x))|x € E} = {(x,0, 4 (x) + v4(x))|x € E}. 1ntu1t10Fnst1c fuzzy interpretation trlangle represent the reglons where
evaluations of the elements of the universe cannot exist.
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Figure 11 Figure 13
Impossible case Case2.l:a=b=K+L=k+1
(0,1) (0,1)
a
a
PN z
b N
l =B b
L [N Lf\ L
(0,0) & bK  a (1,0) 0,0 &k bK a (1,0)
Let x € E and let x = (u, v). Figure 14
If we assume that x lies in the upper red-colored triangle, then Case22:L=lLa=K-+Lb=Fk+1
we see that
(0,1)
k<u<K,
a

but v > [ that is impossible. If x lies in the lower-left red-colored
triangle, then we see that b
L=
k<u<K,
L<v<l, 0,00 & b K a (1,0

but u + v < b, while if x lies in the lower-right red-colored triangle,
then we see that

Figure 15
L<v<l, Case23: K=k,a=K+1l,b=k-+L
b<1l-p—v<a, (0,1)
but u +v > a. a
Now, we will discuss the forms of the different regions that can I

be generated by the two topological and two modal operators
exhausting all possible cases. There are six cases, shown in
Figures 12-30. For each separate case, we give the relations b
among parameters a, b, K, k, L, I. L
Everywhere below a > b.

Therefore, each IFS generates a region with one of the
above forms, which contains all evaluations of the elements of (0, 0> K=k b a <1, 0)
the given IFS.

Figure 12 Figure 16
Casel:a=b=K+L K=k L=1 Case3.l:a=K+L=k+1,b=k+L
(0,1) (0,1)

a
a=1b [
N
b N
L=1 L ‘

(0,0) K=ka=0b (1,0) 0,0) & b K a (1,0)
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Figure 17 Figure 21
Case32:a=K+1,b=K+L=Fk+1 Cased44:a=k+1,b=K+L
(0,1) (0,1)

a
a
b l
N
l b
L L N
<0,0> k K b a <1,0> <0,0> k‘ Kb a <170>
Figure 18 Figure 22
Casedl:a=K+1,b=k+L Cased45:a=K—+Lb>k+L
(0,1) (0,1)
a
a
[
N
l b N
b I |
L
0.0 ko K a0 0,00 &  bK a (1,0)

Figure 19 .

Cased42:a=K+Lb=Fk+L Figure 23
Cased46:a=K+Lb=Fk+1

(0,1)
(0,1)

a a

! !

b i I

ANEEEN N==N
L [1

0,00 kb Ka (1,0)
<0,0> k bK a (1,0)

Figure 20 Figure 24

Casedd:a=k+lLb=Fk+L Case5.: K+L<a<K+1lLb=k+1

(0,1) (0,1)

a a

l

AN

l

b b -

L L

(0,00 kbK a (1,0) 0,00 k bK a (1,0)
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Figure 25 Figure 29
Case52:a=K+1, K+L>b>Fk+L Case5.6:a=k+1,b=K-+L
(0,1) (0,1)
a
a
I b
b [ [
L L j
<0,0> k b K a <1,0> <0,0> L K b a <170>
Figure 26 Figure 30
Case53:a=k+Lk+L<b<K+L Case6: K+1>a>K+Lk+I>b>k+L
(0,1) (0,1)
a a
l
N
l
b b
L L
0,00 & bK a (1,0) 0,00 & bK a (1,0
Figure 27 :1) A New Intuitionistic Fuzzy Topological
Case54:a=K+L k+I>b>k+L perator
(0,1) First let us determine the coordinates of the vertices of the
regions shown in Figures 12-30, starting with the lower left
a vertex and going counter-clockwise.
* Figure 12: (K, L)
* Figure 13: (a — L,L), (k,I)
é IR « Figure 14: (k, L), (K, I)
N * Figure 15: (k,L), (k1)
L \ * Figure 16: (k, L), (K, L), {k,I)
* Figure 17: (K, L), (K, L), (k,1
0,00 £ b Ka (1,0) « Figure 18: (k, L), (K, L), (K, 1), (k,])
* Figure 19: (k,L), (K,L), (a — L 1), (k1)
* Figure 20: (k,L), (K,L), (K,a — K), (k, 1)
* Figure 21: (K, L), (K,a — K), (k,I), (k,b — k)
. * Figure 22: (b— L, L), (K,L), (k,I), (k,b— k)
Figure 28 « Figure 23: (b— L, L), (K, L), {a — 11, (k,])
CaseS5S: K+ L<a<K+1l,b=k+1 « Figure 24: < , >’ <K,L>, {K,a—K), (a—l,l), <k,l>
(0,1) * Figure 25: (b — L, L), (K, L), (K, 1), (k,1), (k,b — k)
* Figure 26: (b — L,L), (K,L), (K,a — K), (k,I), (k,b—k)
a * Figure 27: (b —L,L), (K, L), (a — L), (k, 1), (k,b — k)
* Figure 28: (b —L,L), (K, L), (K,a—K), (a —L1I), (k,1I)
* Figure 29: (K,L), (K,a — K), {a — L 1), (k, 1), (k,b — k)
b « Figure 30: (b—L,L), (K,L), (K,a—K), (a—1L1), (k1I),
l i (k,b— k).
N
L \ Let the vertices of the region that corresponds to the IFS
Abe (fLa1,Va1),- -+ (Masa)> Vas(a))> Where s(A) is the number of
(0,0) k& bK a (1,0) the vertices of this region.
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Now, by analogy with operator W from Section 2, we can

introduce the following operator:

Therefore, if the regions from Figures 12-30 are generated by the

IFSs Ay, ..., A9, respectively, then we calculate

via) = {(x
via) = {(x

Vi) = {(x
V(Ay) = {<
vm“):{<%

s(A)
E Hai El Va,i

V(Al) = {(X, K>L>|x € E}}7

{<L >ueE}
{5 et
{2

K+k L+

V(4,)

+2k2L+l
v<A5>:{< 22 ke s,
Vma:{<x”2+5£§ﬂ>ueE}

V(A7) = {<x7K;_kaLT_H>|x€E}7

Vi = {(»

b+2K+2k—L b—K+2L+1
V(As;5) = {<x, B ) >|x

V(Als) -

100

(x

)

4 T2

2 4

< K+k a+b—K—k+L+l>
x? 2 ) 4 |'x

b+K+2k—-L b—k+2L+l>|x
4 ’ 2

a+b+K+k—L—-1L+1 I
4 T2

5 ’ 5

a+2K+2k—1 a—K+2L+2[>|x

a+K+2k—1 L+1
|x € E?,

K+k a—K+k+2L+1
|x€Ey,

c &},
ez},
<k}

cE},

b+2K+2k—L a+b—K+2L+2I
|x € E 7,

5 ’ 5

5

5 ’ 5

e},

a+b+2K+k—L—1b—k+2L+2]
|x € E?,

a+b+2K+k—L—-1a—-K+2L+2]
5 ' 5

>M6E}

2K + 2k —1 b—K—-—k+L+2I
V(Als):{<x7a+ ;_ ’a—&- 5 i >|x€E}

V(Alg)z{<x7a+b+2K:2k7L7l7a+h7K76k+2L+Zl>|xGE}.

From the above definitions, it follows the validity of the following:

Theorem. For each IFS A;, fori=1,2,...,19
< V(V(4)) = V(A),
* V(C(4)) = C(4)),
* C(V(A)) = V(4),
© V{I(A) = 1(4)),
< I(V(4)) = V(4),

* V(W(4)) = W(4)),
s W(V(4)) = V(A).

Proof. Letfori=1,2,...,
i =19, for (a) we obtain

V(V(Ay)) = V<{<x7u+b+2K+2k7Lfl‘a+b7K7k+2L+21>‘xEE})

19, A; be an IFS. Then, for example, for

6 6
=V(Ay),

because all elements of the set V(A,9) have equal degrees, that is, it
has a form, similar to the form of set A,. For (c) we obtain

b+2K+2k—L—1 b—K—k+2L+21
cvia) = o { (m2H212EL & )

6
<{< a+b+2K+2k—L—1
X, sup
yeE 6

i fu+b—K—k+2L+Zl>|er}>
'yeE 6

a+b+2K+2k L-1la+b—K—-k+2L+2l
{< , 5 >\ GE}>=V(A|9)«

The validity of assertions (b), (d) — (g) is checked by the same
manner, because we see again that all elements of the sets
C(A;),I(A;), W(A;) have equal degrees, and in each one of these
cases, we obtain a set from A;-type.

5. A Property of Operators V and W

In [Atanassov et al., 2013], the ordered pair (a, b) is called an
intuitionistic fuzzy pair (IFP) when a, b,a + b € [0, 1]. For two IFPs
(a,b) and {(c, d), we define

(a,b) <{c,d) f andonlyif a<c & b>d.

We can tell that IFP (a, b) is more positive than IFP {(c,d) if and
only if

(c,d) < {(a,b).

Now, we can define: the IFS 4 is

* positive if and only if (see Figure 31)
W(A) C V(A);

* negative if and only if (see Figure 32)
V(A) C W(A);

* indeterminate otherwise (see Figures 33 and 34).
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(0,1)

(0,1)

(0,1)

(0,0)

Figure 31
The IFS A is positive

Figure 32
The IFS A is negative

Figure 33
The IFS A is indeterminate

Figure 34
The IFS A is indeterminate

® —

%0
=

(1,0)

6. Conclusion

In this paper, the possible regions that contain all evaluations of
a given IFS elements are described and some of their properties are
discussed. A new operator of topological type is introduced.

The present research opens a new direction for research in the
area of the intuitionistic fuzziness and generates a lot of open
problems. Four of them are the following.

« If o is some intuitionistic fuzzy operation (for more details on them
see, e.g., [Atanassov, 2012]), then what is the relation between the
IFSs V(Ao B) and V(A) o B(A)?

If T'is some one of the six intuitionistic fuzzy topological operators

given in Section 2 (different from these, mentioned in the

theorem), for which of them the equalities T(V(A)) = V(A)

and V(T(A)) = T(A) are valid?

o If M is some intuitionistic fuzzy modal operator (for them
see, e.g., Atanassov, 2012), then for which of them the equality
M(V(A)) = V(M(A)) is valid?

o If L is some intuitionistic fuzzy level operator (for them
see, e.g., Atanassov, 2012), then for which of them the equality
L(V(A)) = V(L(A)) is valid?

The new operator can obtain application in different decision-
making procedures, in interpretation of the results from intercriteria
analysis, etc.
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