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Abstract. In this paper, we study the initial-boundary value problem of the singular non-Newton filtration
equation with logarithmic nonlinearity. By using the concavity method, we obtain the existence of finite time
blow-up solutions at initial energy J (u0)6 d . Furthermore, we discuss the asymptotic behavior of the weak
solution and prove that the weak solution converges to the corresponding stationary solution as t → +∞.
Finally, we give sufficient conditions for global existence and blow-up of solutions at initial energy J (u0) > d .
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nonlinearity.
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1. Introduction

The main purpose of this paper is to consider global existence and blow-up of solutions for the
following singular non-Newton filtration equation with logarithmic nonlinearity:

|x|−s ut −div(|∇u|p−2∇u) = |u|q−2u ln(|u|), x ∈Ω, t > 0,
u(x, t ) = 0, x ∈ ∂Ω, t > 0,
u(x,0) = u0(x), x ∈Ω,

(1)

where the initial value u0(x) ∈ W 1,p
0 (Ω), Ω ⊂ Rn (n > p) is a bounded domain including the

origin 0 with smooth boundary ∂Ω, x = (x1, x2, . . . , xn) ∈ Rn with |x| =
√

x2
1 +x2

2 +·· ·+x2
n , and the

parameters satisfy

p > 2, 06 s6 2, p < q < p∗ = np

n −p
. (2)
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With regard to physical phenomenon, the movement of a fluid with the sauce in a rigid
porous medium according to some assumptions is described in [1]. Through the principle of
conservation

a(x)ut −div(
−→
V u) = f (u), (3)

where a(x) is the void of medium, u(x, t ) is the density of fluid,
−→
V is the velocity of filtration of

fluid and f (u) is the source. For the non-Newton fluid, we have the following p-Laplace equation
a(x)ut −div(|∇u|p−2∇u) = f (u). When a(x) = |x|−s , we obtain the following singular non-Newton
filtration equation

|x|−s ut −div(|∇u|p−2∇u) = f (u). (4)

In the past years, many researchers have paid attention to the above problem (4) (see [2–9]).
When the source f (u) is a polynomial nonlinearity, Tan [2] investigated the following non-
Newton filtration equation with special medium

ut

|x|2 −∆p u = uq , (5)

where p, q satisfies 2 < p < n, p−1 < q < (np/(n−p))−1. The existence and asymptotic estimates
of a global solution and the finite time blow-up of the local solution of problem were obtained (5).
Subsequently, Zhou [4] considered the following multi-dimensional porous medium equation
with special void

|x|−s ut −∆up = uq , (6)

where 0 ≤ s ≤ 2, 1 < p < q ≤ ((n+2)p)/(n−2). A sufficient condition for the global existence of the
solution and two sufficient conditions for the blow-up in finite time of the solution were given.

When the source f (u) is a logarithmic nonlinearity, Deng and Zhou [9] investigated the
following semilinear heat equation with singular potential and logarithmic nonlinearity

|x|−s ut −∆u = u ln |u| (7)

under some appropriate initial-boundary value conditions. They made use of the Sobolev log-
arithmic inequality in [10] to treat the difficulties caused by the nonlinear logarithmic term. By
virtue of a family of potential wells, the global existence and infinite time blow-up of the solutions
were obtained. In addition, the equations with logarithmic nonlinearity are not scaling invariant,
this has attracted the attention of many researchers. For more non-scaling-invariant semilinear
heat equations refer to [11–13].

As we know that the global well-posedness of solution to the evolution equation strongly relies
on the initial data, especially the initial energy, the energy functional J (u) and Nehari functional
I (u) will be given in (8) and (9) respectively. We aim to conduct a comprehensive study in this
paper on the global well-posedness of solution at subcritical and critical initial energy J (u0) ≤ d ,
where d is potential depth, and supercritical initial energy J (u0) > 0. Fortunately, Liao et al. [14]
recently considered for the first time the initial-boundary value problem of the singular non-
Newton filtration equation with logarithmic nonlinearity for problem (1), and obtained a few
good results at subcritical and critical initial energy J (u0) ≤ d . Their main results are as follows:

(i) If J (u0)6 d and I (u0)> 0, then the solution exists globally;
(ii) if J (u0) < 0, then the solution blows up at finite time;

(iii) if J (u0) < M and I (u0) < 0, then the solution blows up at finite time, where M will be given
in (10).

Their results are encouraging to us, but there are still some problems that seem to be resolved.
We thought deeply about the following issues:

(QS1) What is the property of the solution under the conditions M 6 J (u0)6 d and I (u0) < 0?
(QS2) Whether the global solution of the problem (1) converges as t −→∞?
(QS3) What is the property of the solution at supercritical initial energy J (u) > d?
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In this paper, we will try our best to address the three issues discussed above. Our paper is
organized as follows:

In Section 2, we introduce some preliminaries and lemmas.
In Section 3, we demonstrate our main result.

(i) The solution u(t ) of problem (1) blows up in finite time and the estimation of the upper
bound of blow-up time T is obtained at subcritical initial energy J (u) < d ;

(ii) global solution u(x, t ) converges to the stationary solution of problem (1) as t →+∞;
(iii) sufficient conditions for the global existence and finite blow-up of solutions are obtained

at supercritical initial energy J (u) > d .

2. Preliminaries and lemmas

Throughout this paper, we denote the norm of Lp (Ω) for 1 6 p 6∞ by ‖ · ‖p and the norm of

W 1,p
0 (Ω) by ‖∇(·)‖p . For u ∈ Lp (Ω),

‖u‖p =


(∫
Ω
|u(x)|p dx

)1/p

, if 16 p <∞;

esssupx∈Ω|u(x)|, if p =∞.

And we denote by (·, ·) the inner product in L2(Ω). In this paper, c is an arbitrary positive number
which may be different from line to line.

Here we give some important definitions as follows: for u0 ∈ W 1,p
0 (Ω), we define the energy

functional J and Nehari functional I as follows:

J (u) = 1

p
‖∇u‖p

p − 1

q

∫
Ω
|u|q ln |u|dx + 1

q2 ‖u‖q
q , (8)

I (u) = ‖∇u‖p
p −

∫
Ω
|u|q ln |u|dx. (9)

From (8) and (9), we obtain

J (u) = 1

q
I (u)+ q −p

pq
‖∇u‖p

p + 1

q2 ‖u‖q
q . (10)

Furthermore, we define the potential depth by

d = inf
u∈N

J (u),

and the Nehari manifold N := {u ∈W 1,p
0 (Ω)\{0} | I (u) = 0}. By [14], we know

d ≥ M := q −p

pq
r p
∗ , (11)

where r∗ = sup0<σ≤(np/(n−p))−q (σ/B q+σ
σ )1/(q+σ−p) and Bσ is the optimal embedding constant of

W 1,p
0 (Ω) ,→ Lp+σ(Ω).
The potential well W and its corresponding set V are defined by

W := {u ∈W 1,p
0 (Ω) | I (u) > 0, J (u) < d}∪ {0} (12)

V := {u ∈W 1,p
0 (Ω) | I (u) < 0, J (u) < d}. (13)

To consider the weak solution with high energy level, we need to introduce some new notations.

Jα = {u ∈W 1,p
0 (Ω) | J (u) <α}, (14)

Nα =N ∩ Jα =
{

u ∈N |
(

1

p
− 1

q

)
‖∇u‖p

p + 1

q2 ‖u‖q
q <α

}
for all α> d , (15)
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and

λα = inf

{
1

2

∫
Ω
|x|−s |u|2 dx | u ∈Nα

}
, Λα = sup

{
1

2

∫
Ω
|x|−s |u|2 dx | u ∈Nα

}
for all α> d , (16)

where λα and Λα are well defined. Clearly, λα and Λα admit the following properties

σ 7→λσ is nonincreasing, σ 7→Λσ is nondecreasing. (17)

Next we give the definitions of the weak solution and blow-up of the problem (1) as follows.

Definition 1 (Weak solution). u = u(x, t ) ∈ L∞([0,T ],W 1,p
0 (Ω)) with |x|−s/2ut ∈ L2([0,T ],L2(Ω)),

is said to be a weak solution of problem (1) on Ω× [0,T ), if it satisfies the initial condition
u(x,0) = u0(x), and

(|x|−s ut ,φ)+ (|∇u|p−2∇u,∇φ) = (|u|q−2u ln |u|,φ) (18)

for any φ ∈W 1,p
0 (Ω). Moreover,∫ t

0
‖|x|−s/2uτ‖2

2 dτ+ J (u(x, t )) = J (u0). (19)

Remark 2. For the global weak solution u(t ) = u(x, t ) of problem (1), we define theω-limit set of
u0 by

ω(u0) = ⋂
t>0

{u(s) : s> t }.

Definition 3 (Maximal existence time). Let u(t ) be a weak solution of problem (1). We define
the maximal existence time T of u(t ) as follows

(i) If u(t ) exists for 0 ≤ t <∞, then T =+∞;
(ii) if there exists a t0 ∈ (0,∞) such that u(t ) exists for 06 t < t0, but does not exist at t = t0,

then T = t0.

Definition 4 (Finite time blow-up). Let u(x, t ) be a weak solution of problem (1). We say u(x, t )
blows up in finite time if the maximal existence time T is finite and limt→T ‖u‖2

H 1
0 (Ω)

=+∞.

The following lemmas will be used for our main goals.

Lemma 5. Let σ be a positive number, then the following inequality holds

log x 6
e−1

σ
xσ

for all x ∈ (0,+∞).

Lemma 6 ([15]). (i) For any function u ∈W 1,p
0 (Ω), we have the inequality

‖u‖q 6Bp,q‖∇u‖p

for all q ∈ [1,∞) if n6 p, and 16 q 6 np/(n −p) if n > p. The best constant Bq,p depends
only on Ω,n, p and q. We will denote the constant Bq,p by Bq .

(ii) Let 26 p < q < p∗. For any u ∈W 1,p
0 (Ω) we have

‖u‖q 6 c‖∇u‖αp‖|u||1−α2 ,

where c is a positive constant and α= ((1/2)− (1/q))((1/n)− (1/p)+ (1/2))−1.

Lemma 7. For any α> d, λα and Λα defined in (16) satisfy 0 <λα6Λα <+∞.

Proof. For any u ∈Nα, using Hardy–Sobolev inequality and Hölder inequality, we obtain

1

2

∫
Ω
|x|−s |u|2 dx 6

c

2

(∫
Ω
|∇u|2n/(n+2−s) dx

)(n+2−s)/n

. (20)
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Taking that 2n/(n +2− s)6 p and p > 2, then

c

2

(∫
Ω
|∇u|2n/(n+2−s) dx

)(n+2−s)/n

6
c

2
|Ω|(2n/(n+2−s)−(2/p))‖∇u‖2

p .

From (15), we get

c

2

(∫
Ω
|∇u|2n/(n+2−s) dx

)(n+2−s)/n

6
c

2
|Ω|(2n/(n+2−s)−(2/p))

(
αpq

q −p

)2/p

<+∞. (21)

From (20) and (21), we have Λα = supu∈Nα
(1/2)

∫
Ω |x|−s |u|2 dx <+∞.

On the other hand, since Ω is a bounded domain in Rn , there exists a positive constant ρ such
that

|x| =
√

x2
1 +x2

2 +·· ·+x2
n 6 ρ, ∀x ∈Ω, (22)

then we have ∫
Ω
|x|−s |u|2 dx > ρ−s

∫
Ω
|u|2 dx = ρ−s‖u‖2

2. (23)

We apply Lemmas 5 and 6 again to show that∫
Ω
|u|q ln |u|dx 6 c‖u‖q+σ

q+σ6 c‖∇u‖α(q+σ)
p ‖u‖(1−α)(q+σ)

2 , (24)

where σ > 0 is suitably small such that q + σ < p∗ = np/(n −p) and p − α(q + σ) > 0,
α= ((1/2)− (1/(q +σ)))((1/n)− (1/p)+ (1/2)) ∈ (0,1).

Therefore, for any u ∈Nα(α> d), we obtain from (15) that

‖∇u‖p
p =

∫
Ω

uq ln |u|dx 6 c‖∇u‖α(q+σ)
p ‖u‖(1−α)(q+σ)

2 ,

which yields that

‖∇u‖p−α(q+σ)
p 6 c‖u‖(1−α)(q+σ)

2 . (25)

From Lemmas 5 and 6, we have∫
Ω
|u|q ln |u|dx 6 c‖u‖q+σ

q+σ6 c‖∇u‖(q+σ)
p . (26)

For any u ∈ Nα and q > p, then ‖∇u‖p
p = ∫

Ωuq ln |u|dx 6 c‖∇u‖q+σ
p , i.e., ‖∇u‖p > c. By virtue of

(23) and (25),
∫
Ω |x|−s |u|2 dx > 0. Then we have λα = infu∈Nα(1/2)

∫
Ω |x|−s |u|2 dx > 0. Finally, by

the definition of λα and Λα, it is easy to see that λα6Λα, so Lemma 7 is proved. �

Lemma 8. For any u ∈ N+, we have J (u0) > 0. Furthermore, for any α > 0 and u ∈ Jα
⋂

N+, it
holds that

‖∇u‖p 6
(

pq

q −p
α

)1/p

.

Proof. By the definition of N+, we have I (u) > 0, i.e., ‖∇u‖p
p > ∫

Ω |u|q ln |u|dx. Since p < q , we
get 1/p‖∇u‖p

p > (1/q)
∫
Ω |u|q ln |u|dx. Then it follows from the definition of J (u) that J (u) > 0.

On the other hand, for any u ∈ Jα
⋂

N+, i.e. J (u) < α and I (u) > 0, we have α > J (u) =
(1/q)I (u)+ (q −p)/pq‖u‖p

p +1/q2‖u‖q
q > (q −p)/pq‖∇u‖p

p , i.e., ‖∇u‖p 6 ((pq/(q −p))α)1/p . �

Lemma 9 ([14]). Let (2) hold and u0(x) ∈ W 1,p
0 (Ω). Assume that u is a weak solution of problem

(1) in Ω× [0,T ).

(i) If J (u0) < d and I (u0) > 0, then u(t ) ∈W for 06 t < T ;
(ii) if J (u0) < d and I (u0) < 0, then u(t ) ∈ V for 06 t < T .

Lemma 10 ([14]). Let u be a weak solution of problem (1). Then for all t ∈ [0,T ),

d

dt
‖|x|−s/2u‖2

2 =−2I (u).
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Lemma 11 ([16]). Let (2) hold and u ∈W 1,p
0 (Ω) satisfy I (u) < 0, then there exists a λ∗ ∈ (0,1) such

that I (λ∗u) = 0.

Lemma 12 ([17]). Suppose that 0 < T 6∞ and suppose a non-negative function F (t ) ∈ C [0,T )
satisfy

F ′′(t )F (t )− (1+γ)(F ′(t ))2 ≥ 0

for some constant γ> 0. If F (0) > 0, F ′(0) > 0, then

T ≤ F (0)

γF ′(0)
<∞

and F (t ) →∞ as t → T .

3. Main results

Theorem 13. Let (2) hold. If J (u0)6 d, and u is a weak solution to problem (1), then u blows up
at finite time T with

T 6
4(q −1)‖|x|−s/2u0‖2

2

q(d − J (u0))(q −2)2 .

Proof. Step 1: Blow-up in finite time
For J (u0)6 d , we are going to discuss two cases.
Case 1. J (u0) < d , I (u0) < 0. By contradiction, we supposed that u is global weak solution of

problem (1) with I (u0) < 0, J (u0) < d , then Tmax =+∞. First, we define

G(t ) =
∫ t

0
‖|x|−s/2u(τ)‖2

2 dτ, for all t > 0. (27)

Through a direct calculation, we have

G ′(t )−G ′(0) = ‖|x|−s/2u‖2
2 −‖|x|−s/2u0‖2

2 = 2
∫ t

0
(|x|−s/2uτ, |x|−s/2u)dτ (28)

and
G ′′(t ) = (|x|−s/2ut , |x|−s/2u) =−2I (u). (29)

It follows from (10) and (19) that

G ′′(t ) =−2I (u) = −2q J (u)+ 2

q
‖u‖q

q +
(

2q

p
−2

)
‖∇u‖p

p

≥ −2q J (u0)+2q
∫ t

0
‖|x|−s/2uτ‖2

2 dτ+ 2

q
‖u‖q

q +
(

2q

p
−2

)
‖∇u‖p

p . (30)

From the Lemmas 9 and 11, we get I (u(t )) < 0, t > 0, then there exists a λ∗ ∈ (0,1) such that
I (λ∗u) = 0. Therefore, by the definition of d , it follows that(

1

p
− 1

q

)
‖∇u‖p

p + 1

q2 ‖u‖q
q ≥

(
1

p
− 1

q

)
λ∗p‖∇u‖p

p + 1

q2λ∗q‖u‖q
q = J (λ∗u) ≥ d . (31)

Combining (30) and (31), we have

G ′′(t ) ≥ 2q
∫ t

0
‖|x|−s/2uτ‖2

2 dτ+2q(d − J (u0)). (32)

By (29) and I (u) < 0, then G ′′(t ) =−2I (u) > 0, so

G ′(t ) >G ′(0) = ‖|x|−s/2u0‖2
2 > 0, for all t > 0. (33)

From (28) and Hölder’s inequality, we obtain

1

4
(G ′(t )−G ′(0))26

∫ t

0
‖|x|−s/2u‖2

2 dτ
∫ t

0
‖|x|−s/2uτ‖2

2 dτ. (34)
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Combining (27), (32) and (34), we get

G(t )G ′′(t ) > 2q
∫ t

0
‖|x|−s/2u‖2

2 dτ
∫ t

0
‖|x|−s/2uτ‖2

2 dτ+2q(d − J (u0))G(t )

>
q

2
(G ′(t )−G ′(0))2 +2q(d − J (u0))G(t ). (35)

By (33), we get

G(t )>G(t0)> ‖|x|−s/2u0‖2
2t0 > 0, for all t > t0. (36)

Furthermore, combining (35), (36) and J (u0) < d , we have

G(t )G ′′(t )− q

2
(G ′(t )−G ′(0))2> 2q(d − J (u0))‖|x|−s/2u0‖2

2t0 > 0, for all t > t0. (37)

Next, we define F (t ) =G(t )+ (T − t )‖|x|−s/2u0‖2
2, for all t ∈ [0,T ], then

F (t )>G(t ) > 0, F ′(t ) =G ′(t )−G ′(0) and F ′′(t ) =G ′′(t ) > 0, for all t ∈ [0,T ]. (38)

By (37) and (38), we get

F (t )F ′′(t )− q

2
(F ′(t ))2> 2q(d − J (u0))‖|x|−s/2u0‖2

2t0 > 0, for all t ∈ [t0,T ]. (39)

Let y(t ) = F (t )−(q−2)/2, then

y ′(t ) =−q −2

2
(F (t ))−q/2F ′(t ) and y ′′(t ) =−q −2

2
F−(q+2)/2

(
F (t )F ′′(t )− q

2
(F ′(t ))2

)
. (40)

By (33), (38) and (39), we get y ′′(t ) < 0, t ∈ [t0,T ]. Since y(t0) > 0, y ′(t0) < 0, then T∗ ∈ [0,T )
exists such that limt→T −∗ y(t ) = 0 if we choose T sufficiently large. Consequently, we obtain
limt→T −∗ ‖|x|−s/2u‖2

2 =+∞.
Case 2. J (u0) = d , I (u0) < 0. From continuities of J (u) and I (u) with respect to t , we know that

there exists a sufficiently small t1 ∈ (0,+∞) such that J (u(t )) > 0 and I (u(t )) < 0 for t ∈ [0, t1]. By
(|x|−s ut ,u) =−I (u), we have (|x|−s ut ,u) > 0 and ‖|x|−s/2ut‖2

2 > 0 for t ∈ [0, t1]. From (19), we have
0 < J (u(t1))6 d − ∫ t1

0 ‖|x|−s/2uτ‖2
2 dτ< d . Thus, we take t1 as the initial time, then the remaining

proof is similar to the proof of Case 1.
Step 2: Upper bound estimation of the blow-up time.
We next give an upper bound estimation of T . Suppose u(t ) be a solution of problem (1) with

initial value u0 satisfying I (u0) < 0 and J (u0) < d . From the Lemma 9, we get u(t ) ∈ V , ∀t ∈ [0,T ),
i.e., I (u(t )) < 0, t ∈ [0,T ). We define a functional as follows:

H(t ) =
∫ t

0
‖|x|−s/2u‖2

2 dt + (T − t )‖|x|−s/2u0‖2
2 +β(t +γ)2, for all t ∈ [0,T ). (41)

By d/dt‖|x|−s/2u‖2
2 =−2I (u(t )) < 0, for all t ∈ [0,T ), we get

H ′(t ) = ‖|x|−s/2u‖2
2 −‖|x|−s/2u0‖2

2 +2β(t +γ)

> 2β(t +γ) > 0, for all t ∈ [0,T ) (42)

and

H(t )>H(0) = T ‖|x|−s/2u0‖2
2 +βγ2, for all t ∈ [0,T ). (43)

Combining (32) and Lemma 10, we have

H ′′(t ) = −2I (u(t ))+2β> 2q(d − J (u(t )))+2β

= 2q(d − J (u0))+2q
∫ t

0
‖|x|−s/2uτ‖2

2 dτ+2β, for all t ∈ [0,T ). (44)
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By Hölder’s inequality,

1

2

∫ t

0

d

dτ
‖|x|−s/2u(τ)‖2

2 dτ =
∫ t

0
(|x|−s/2uτ, |x|−s/2u)dτ

6
∫ t

0
‖|x|−s uτ‖2‖|x|−s u‖2 dτ

6
(∫ t

0
‖|x|−s uτ‖2

2 dτ

)1/2 (∫ t

0
‖|x|−s u‖2

2 dτ

)1/2

, for all t ∈ [0,T ). (45)

Furthermore,

(H(t )− (T − t )‖|x|−s/2u0‖2
2)

(∫ t

0
‖|x|−s/2uτ‖2

2 dτ+β
)

=
(∫ t

0
‖|x|−s/2u‖2

2 dτ+β(t +γ)2
)(∫ t

0
‖|x|−s/2uτ‖2

2 dτ+β
)

=
∫ t

0
‖|x|−s/2u‖2

2 dτ
∫ t

0
‖|x|−s/2uτ‖2

2 dτ

+β
∫ t

0
‖|x|−s/2u‖2

2 dτ+β(t + r )2
∫ t

0
‖|x|−s/2uτ‖2

2 dτ+β2(t +γ)2

>
∫ t

0
‖|x|−s/2u‖2

2 dτ
∫ t

0
‖|x|−s/2uτ‖2

2 dτ

+2β(t + r )

(∫ t

0
‖|x|−s/2u‖2

2 dτ

)1/2 (∫ t

0
‖|x|−s/2uτ‖2

2 dτ

)1/2

+β2(t +γ)2

=
[(∫ t

0
‖|x|−s/2u‖2

2 dτ
∫ t

0
‖|x|−s/2uτ‖2

2 dτ

)1/2

+β(t +γ)

]2

>
[

1

2

∫ t

0
‖|x|−s/2u‖2

2 dτ+β(t +γ)

]2

, for all t ∈ [0,T ). (46)

By (42) and (46), we get

(H ′(t ))2 = 4

(
1

2

∫ t

0

d

dτ
‖|x|−s/2u(τ)‖2

2 dτ+β(t + r )

)2

6 4H(t )

(∫ t

0
‖|x|−s/2uτ‖2

2 dτ+β
)

, t ∈ [0,T ). (47)

Combining (43), (44) and (47), we have

H(t )H ′′(t )− q

2
(H ′(t ))2

> H(t )

[
2q(d − J (u0))+2q

∫ t

0
‖|x|−s/2uτ‖dτ+2β−2q

∫ t

0
‖|x|−s/2uτ‖dτ−2qβ

]
= H(t )[2q(d − J (α0))−2(q −1)β] = H(t )[2q(d − J (u0))−2(q −1)β]. (48)

Restricting β to satisfy

0 <β6 q(d − J (u0))

q −1
, (49)

then H(t )H ′′(t )− (q/2)(H ′(t ))2 > 0, t ∈ [0,T ). From Lemma 11, we get

T 6
H(0)( q

2 −1
)

H ′(0)
= T ‖|x|−s/2u0‖2

2 +βγ2( q
2 −1

)
2βγ

= 1

q −2

(
γ+ ‖|x|−s/2u0‖2

2

βγ
T

)
. (50)

Then

T 6
βγ2

(q −2)βγ−‖|x|−s/2u0‖2
2

, γ ∈
(
‖|x−s/2u0‖2

2

(q −2)β
,+∞

)
. (51)
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Let

ω(β,γ) = βγ2

(q −2)βγ−‖|x|−s/2u0‖2
2

, (52)

then

T 6 min
(β,γ)∈Θ

w(β,γ), Θ= {(β,γ) :β,γ satisfy (49) and (51), respectively}. (53)

Let α= γβ, we have

α> ‖|x|−s/2u0‖2
2

(q −2)
, γ>

(q −1)α

q(d − J (u0))
and w(α,γ) = αγ

(q −2)α−‖|x|−s/2u0‖2
2

. (54)

It is easy to find that ω(α,γ) is increasing with γ, then

T 6 inf
α>(‖|x|−s/2u0‖2

2)/(q−2)
ω

(
α,

(q −1)α

q(d − J (u0))

)
= inf
α>(‖|x|−s/2u0‖2

2)/(q−2)

(q −1)α2

q(d − J (u0))[(q −2)α−‖|x|−s/2u0‖2
2]

= (q −1)α2

q(d − J (u0))[(q −2)α−‖|x|−s/2u0‖2
2]

∣∣∣∣∣
α=(2‖|x|−s/2u0‖2

2)/(q−2)

= 4(q −1)‖|x|−s/2u0‖2
2

q(d − J (u0))(q −2)2 . (55)

The proof of Theorem 13 is complete. �

Theorem 14 (Stationary solution). If the global solution u(x, t ) of problem (1) is uniformly
bounded with respect to time in W 1,p

0 (Ω), then u(x, t ) converges to the stationary solution of
problem (1) as t →+∞.

Proof. We choose a monotone increasing sequence {tn}+∞n=1 such that tn →+∞ (n →+∞), and

let un = u(tn). Since the sequence {u(tn)}+∞n=1 is uniformly bounded in W 1,p
0 (Ω), there exists a

subsequence of {u(tn)}+∞n=1 which is still denoted by {u(tn)}+∞n=1 and a function ω such that

un −→ w weakly in W 1,p
0 (Ω) and un −→ w a.e. in Ω. (56)

Next we will introduce some suitable test functions. For T̃ <+∞, we take two functions ϕ and ρ
fulfilling

ϕ ∈W 1,p
0 (Ω), ρ ∈C0(0, T̃ ), ρ> 0,

∫ T̃

0
p(s)ds = 1,

and let

φ(x, t ) :=
{
ρ(t − tn)ϕ(x), (x, t ) ∈ Ω̄× (tn ,+∞)
0, (x, t ) ∈ Ω̄× [0, tn].

(57)

In (18), integrating it over (tn , tn + T̃ ) with respect to t , we get∫ T̃+tn

tn

∫
Ω
|x|−s utφdx dt +

∫ T̃+tn

tn

∫
Ω
|∇u|p−2∇u∇φdx dt =

∫ T̃+tn

tn

∫
Ω
|u|q−2u ln |u|φdx dt . (58)
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By integrating the first term on the left in (30) by parts and ρ ∈C 1
0 (0, T̃ ), we get∫ T̃+tn

tn

∫
Ω
|x|−s utφdx dt =

∫
Ω

∫ T̃+tn

tn

|x|−s utρ(t − tn) ·ϕdt dx

=
∫
Ω
|x|−s uρ(t − tn)ϕ

∣∣∣∣T̃+tn

tn

dx −
∫
Ω

∫ tn+T̃

tn

|x|−s uρ′(t − tn)ϕdt dx

=
∫
Ω
|x|−s uρ(T̃ )ϕ−|x|−s uρ(0)ϕdx −

∫ tn+T̃

tn

∫
Ω
|x|−s uρ′(t − tn)ϕdx dt .

= −
∫ tn+T̃

tn

∫
Ω
|x|−s uρ′(t − tn)ϕdx dt . (59)

Hence, by (58) and (59)∫ tn+T̃

tn

∫
Ω
|x|−s uρ′(t − tn)ϕdx dt −

∫ tn+T̃

tn

∫
Ω
|∇u|p−2∇uρ(t − tn)∇ϕdx dt

+
∫ tn+T̃

tn

∫
Ω
|u|q−2u ln |u|ρ(t − tn)ϕdx dt = 0. (60)

In (60), taking t = tn + s̃, then we get∫ T̃

0

∫
Ω
|x|−s u(tn + s̃)ρ′(s̃)ϕdx ds̃ −

∫ T̃

0

∫
Ω
|∇u(tn + s̃)|p−2∇u(tn + s̃)ρ(s̃)∇ϕdx ds̃

+
∫ T̃

0

∫
Ω
|u(tn + s̃)|q−2u(tn + s̃) ln |u(tn + s̃)|ρ(s̃)ϕdx ds̃ = 0. (61)

By virtue of (2), we know the embedding W 1,p
0 (Ω) ,→ L2(Ω) is compact and that {u(tn + s̃)}+∞n=1 is

uniformly bounded in W 1,p
0 (Ω), hence there exists a subsequence of {u(tn + s̃)}+∞n=1 which is still

denoted by {u(tn + s̃)}+∞n=1 and ω ∈ L2(Ω) such that

u(tn + s̃) → w in L2(Ω), u(tn) → w in L2(Ω). (62)

Next, we claim thatω=ω a.e. inΩ. In fact, we know that the solution is global, by Lemma 8 we
know that J (u(t )) > 0 for all t ∈ [0,∞), then by (19) we have∫ t

0
‖|x|−s/2uτ‖2

2 dτ6 J (u0) <+∞,

which implies ∫ tn+T̃

tn

‖|x|−s/2uτ‖2
2 dτ→ 0 as n →+∞. (63)

By Hölder’s inequality and (63), we obtain

ρ−s
∫
Ω
|u(tn + s̃)−u(tn)|2 dx 6

∫
n
|x|−s |u(tn + s̃)−u(tn)|2 dx

=
∫
Ω
|x|−s

(∫ tn+s̃

tn

(u(x, t ))t dt

)2

dx 6 s̃
∫ tn+s̃

tn

∫
Ω
|x|−s [(u(x, t ))t ]2 dx dt

6 T̃
∫ tn+T̃

tn

‖|x|−s/2uτ‖2
2 dτ→ 0 (n →∞). (64)

Thus w̃ = w a.e. in Ω for any fixed T̃ <∞ and s̃ ∈ [0, T̃ ].
By (61), let n →∞, it follows from the dominated convergence theorem, (56) and (62) that∫ T̃

0

∫
Ω
|x|−sωρ′(s̃)ϕdx ds̃ −

∫ T̃

0

∫
Ω
|∇ω|p−2∇ωρ(s̃)∇ϕdx ds̃ +

∫ T̃

0

∫
Ω
|ω|q−2ω ln |ω|ρ(s̃)ϕdx ds̃ = 0.

(65)
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By integrating the first term on the left by parts and ρ ∈C 1
0 (0, T̃ ), we get∫ T̃

0

∫
Ω
|x|−sωρ′(s̃)ϕdx ds̃ =

∫
Ω
|x|−sω[ρ(T̃ )−ρ(0)]ϕdx = 0. (66)

Then, we have∫ T̃

0

∫
Ω
|∇ω|p−2∇ωρ(s̃)∇ϕdx ds̃ −

∫ T̃

0

∫
Ω
|ω|q−2ω ln |ω|ρ(s̃)ϕdx ds̃ = 0.

By
∫ T̃

0 ρ(s̃)ds̃ = 1, then∫
Ω
|w |q−2ω ln(|w |)ϕ−|∇w |p−2∇w∇ϕdx

=
∫ T̃

0
ρ(s̃)ds̃

∫
Ω
|w |q−2ω ln(|w |)ϕ−|∇w |p−2∇w∇ϕdx

=
∫ T̃

0

∫
Ω
ρ(s̃)|w |q−2ω ln(|w |)ϕ−ρ(s̃)|∇w |p−2∇w∇ϕdx ds̃

= 0,

which implies ω is a stationary solution of problem (1).
The proof of Theorem 14 is complete. �

Theorem 15. For any α ∈ (d ,+∞), the following conclusions hold.

(i) If u0 ∈Φα, then the solution of problem (1) exists globally and u(t ) −→ 0, as t −→∞;
(ii) if u0 ∈Ψα, then the solution of problem (1) blows up in finite or infinite time, where

Φα =N+∩
{

u(t ) ∈W 1,p
0 (Ω)

∣∣∣∣1

2

∫
Ω
|x|−s |u(t )|2 dx <λα,d < J (u(t ))6α

}
,

Ψα =N−∩
{

u(t ) ∈W 1,p
0 (Ω)

∣∣∣∣1

2

∫
Ω
|x|−s |u(t )|2 dx >Λα,d < J (u(t ))6α

}
.

λα and Λα are two constants defined.

Proof. (i) Assume that u0 ∈ Φα, then by the definition of Φα and the monotonicity property of
λα, we have d < J (u0)6α, u0 ∈N+ and

1

2

∫
Ω
|x|−s |u0|2 dx <λα6λJ (u0). (67)

We first claim that u(t ) ∈ N+ for all t ∈ [0,T ). If not, there would exist a t0 ∈ (0,T ) such that
u(t ) ∈N+ for t ∈ [0, t0) and u(t0) ∈N . By Lemma 10, we have

d

dt

(
1

2

∫
Ω
|x|−s |u(t )|2 dx

)
=−I (u(t )). (68)

Then by the definition of N+ and (68), we know that
∫
Ω |x|−s |u(t )|2 dx is strictly decreasing on

[0, t0). On the other hand, from (19), we know that J (u(t )) is non-increasing with respect to t .
Thus, we get

J (u(t ))6 J (u0) for all t ∈ [0,T ). (69)

From (67), we have
1

2

∫
Ω
|x|−s |u(t0)|2 dx < 1

2

∫
Ω
|x|−s |u0|2 dx <λJ (u0). (70)

By u(t0) ∈N and (69), we get u(t0) ∈NJ (u0). According to the definition of λJ (u0), we have

λJ (u0) = inf
u∈NJ (u0)

1

2

∫
Ω
|x|−s |u|2 dx 6

1

2

∫
Ω
|x|−s |u(t0)|2 dx,
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which contradicts (70) and the claim is proved. Therefore, we have u ∈ N+ for all t ∈ [0,T ) and
u(t ) ∈ J J (u0), i.e., u ∈ J J (u0) ⋂N+ for all t ∈ [0,T ). By Lemma 8, we get

‖∇u‖p <
(

pq

q −p
J (u0)

)1/p

, ∀t ∈ [0,T ). (71)

Since the right-hand of (71) is dependent on T , then we can extend the solution to infinity, i.e.,
T = +∞. It indicates that u(t ) is bounded uniformly in W 1,p

0 (Ω). Hence, ω-limit set is not an
empty set.

Next, for any ω ∈ω(u0), by the above discussions, we get

J (w)6 J (u0) and
1

2

∫
Ω
|x|−s |w |2 dx <λJ (u0).

According to the first inequality, this showsω ∈ J J (u0). According to the second inequality and the
definition of λJ (u0), we know that ω ∉NJ (u0). Since NJ (u0) =N

⋂
J J (u0), we obtain ω ∉N .

Finally, we prove that

ω(u0) = {0}. (72)

With u(t ) ∈N+, we know J (u0) > 0 for all t ∈ [0,∞). So J (u(t )) is bounded below, and there exists
a non-negative constant c such that limt→+∞ J (u(t )) = c. Now, selecting any ω ∈ ω(u0), we have
J (uω(t )) = c for all t > 0, where uω(t ) is the solution of problem (1) with initial value ω. Choosing
u = uω into (19), we obtain

∫ t
0 ‖|x|−s/2uτ‖2

2 dτ = 0, 0 6 t < +∞. It implies that uω(t ) ≡ ω. From
(68), we have (d/dt )((1/2)

∫
Ω |x|−s |uω|2 dx) =−I (uω(t )) = 0, then

I (ω) = 0, ∀ω ∈ω(u0). (73)

Combining (73), w ∉ N and the definition of N , we know ω = 0. Thus, (72) holds and implies
that the solution u(t ) → 0 as t →+∞.

(ii) If u0 ∈ Ψα, by the definition of Ψα, it is clear that u0 ∈ N− and d < J (u0) 6 α. This is
combined with the monotonicity of Λα, then

1

2

∫
Ω
|x|−s |u0|2 dx >Λα>ΛJ (u0). (74)

We claim that u(t ) ∈N− for all t ∈ [0,T ). If not, there would exist a t1 ∈ (0,T ) such that u(t ) ∈N−
for 06 t < t1 and u(t1) ∈N . By Lemma 10, we have

d

dt

(
1

2

∫
Ω
|x|−s |u(t )|2 dx

)
=−I (u(t )). (75)

Thus (d/dt )((1/2)
∫
Ω |x|−s |u(t )|2 dx) =−I (u(t )) > 0 for 06 t < t1. Then by the definition of N−, we

deduce that (1/2)
∫
Ω |x|−s |u(t )|2 dx is strictly increasing on [0, t1). This along with (75) yields

1

2

∫
Ω
|x|−s |u(t1)|2 dx > 1

2

∫
Ω
|x|−s |u0|2 dx >ΛJ (u0), J (u(t1))6 J (u0). (76)

By (15), u(t1) ∈NJ (u0). Thus, it follows from the definition of ΛJ (u0) that

ΛJ (u0) = sup
u∈NJ (u0)

1

2

∫
Ω
|x|−s |u|2 dx >

1

2

∫
Ω
|x|−s |u(t1)|2 dx,

which is incompatible with (76), so we get u(t ) ∈N−.
Next, we assume that u(t ) exists globally, i.e., T = +∞, then u(t ) ∈ J J (u0) ⋂N−, ∀t ∈ [0,+∞)

and (1/2)
∫
Ω |x|−s |u(t )|2 dx is strictly increasing on [0,+∞). Furthermore more, we claim that u(t )

is uniformly bounded in W 1,p
0 (Ω), i.e., there exists a positive constant M such that

‖∇u(t )‖|pp 6M , ∀t ∈ [0,+∞).

Indeed, if this is false, then there must exist a monotone increasing sequence {tn}+∞n=1 such that

‖∇u(t )‖p
p > n, n = 1,2, . . . . (77)
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Then it follows from the monotone property of {tn}+∞n=1, that tn → +∞(n → +∞) or there exists
t∗ ∈ (0,+∞) such that tn → t∗. If the first case happens, then by (77), we know u(t ) blows up at
infinite time. On the other hand, we know u(t ) exists globally, which contradicts the conclusion
that blowup exists at infinite time. If the last case happens, then by (77), we know u(t0) blows
up at finite time. It contradicts the assumption that u(t ) exists globally. Thus u(t ) is uniformly
bounded in W 1,p

0 (Ω), i.e., w(u0) is not an empty set.
For any ω ∈ ω(u0), by using the above claim and since J (u(t )) is non-increasing with respect

to t , we have the following two cases:

lim
t→+∞ J (u) =−∞ or lim

t→+∞ J (u) = c,

where c is a constant.
Next we will prove that both the above cases contradict T =+∞. If the first case happens, there

must exist a t∗ ∈ [0,+∞) such that J (u(t∗)) < 0. By [14, Theorem 2.6], the solution of problem (1)
will blow up at finite time, which contradicts our hypothesis. If the second case happens, then
we obtain ω(u0) = {0} by the similar way as proof (i). However, by [14, Lemma 3.1(2)], we have
‖u‖p > r (α), i.e.,

dist(0,N−) = inf
u∈N−

dist(0,u) = inf
u∈N−

‖u‖W 1,P
0 (Ω) = inf

u∈N−
‖∇u‖p > 0.

Hence, 0 ∉ω(u0). We get a contradiction, then T 6= +∞.
The proof of Theorem 15 is complete. �
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