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Abstract. In this paper, we study the initial-boundary value problem of the singular non-Newton filtration
equation with logarithmic nonlinearity. By using the concavity method, we obtain the existence of finite time
blow-up solutions at initial energy J(up) < d. Furthermore, we discuss the asymptotic behavior of the weak
solution and prove that the weak solution converges to the corresponding stationary solution as t — +oo.
Finally, we give sufficient conditions for global existence and blow-up of solutions at initial energy J(ugp) > d.
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nonlinearity.
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1. Introduction

The main purpose of this paper is to consider global existence and blow-up of solutions for the
following singular non-Newton filtration equation with logarithmic nonlinearity:
|x| 5wy — div(VulP~2Vw) = |ul92uln(ul), x€Q,t>0,
u(x, 1) =0, xX€oQ, t>0, (@))]
u(x,0) = up(x), xe€Q,

where the initial value uy(x) € WO1 PQ), QcR (n> p) is a bounded domain including the

origin 0 with smooth boundary 0Q, x = (x1, x2,..., x,) € R" with |x| = \/x% + x5 +--- + x4, and the
parameters satisfy

p>2, 0<s<2, p<q<p’ =—P. ®)
n-p
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With regard to physical phenomenon, the movement of a fluid with the sauce in a rigid
porous medium according to some assumptions is described in [1]. Through the principle of
conservation

a®)u;—div(Vu) = f(w), 3)

where a(x) is the void of medium, u(x, t) is the density of fluid, \7 is the velocity of filtration of
fluid and f (u) is the source. For the non-Newton fluid, we have the following p-Laplace equation
a(x)u;—div(|[VulP~2Vu) = f(w). When a(x) = |x|~%, we obtain the following singular non-Newton
filtration equation
xS uy — div(|VulP~2Vu) = f(u). (4)
In the past years, many researchers have paid attention to the above problem (4) (see [2-9]).
When the source f(u) is a polynomial nonlinearity, Tan [2] investigated the following non-
Newton filtration equation with special medium
L Apu=uf 5)
|x|2 p ’
where p, g satisfies2 < p<n, p—1< g < (np/(n—p))—1. The existence and asymptotic estimates
of a global solution and the finite time blow-up of the local solution of problem were obtained (5).
Subsequently, Zhou [4] considered the following multi-dimensional porous medium equation
with special void
x| Su;— AuP = uf, (6)
where0<s<2,1<p<qg=<((n+2)p)/(n-2).Asufficient condition for the global existence of the
solution and two sufficient conditions for the blow-up in finite time of the solution were given.
When the source f(u) is a logarithmic nonlinearity, Deng and Zhou [9] investigated the
following semilinear heat equation with singular potential and logarithmic nonlinearity

x| Su;—Au=uln|ul (7

under some appropriate initial-boundary value conditions. They made use of the Sobolev log-
arithmic inequality in [10] to treat the difficulties caused by the nonlinear logarithmic term. By
virtue of a family of potential wells, the global existence and infinite time blow-up of the solutions
were obtained. In addition, the equations with logarithmic nonlinearity are not scaling invariant,
this has attracted the attention of many researchers. For more non-scaling-invariant semilinear
heat equations refer to [11-13].

As we know that the global well-posedness of solution to the evolution equation strongly relies
on the initial data, especially the initial energy, the energy functional J(«) and Nehari functional
I(u) will be given in (8) and (9) respectively. We aim to conduct a comprehensive study in this
paper on the global well-posedness of solution at subcritical and critical initial energy J(ug) < d,
where d is potential depth, and supercritical initial energy /(1) > 0. Fortunately, Liao et al. [14]
recently considered for the first time the initial-boundary value problem of the singular non-
Newton filtration equation with logarithmic nonlinearity for problem (1), and obtained a few
good results at subcritical and critical initial energy J (i) < d. Their main results are as follows:

() If J(up) < d and I(up) = 0, then the solution exists globally;
(ii) if J(up) <0, then the solution blows up at finite time;
(iii) if J(up) < M and I(up) < 0, then the solution blows up at finite time, where M will be given
in (10).

Their results are encouraging to us, but there are still some problems that seem to be resolved.
We thought deeply about the following issues:

(QS1) What is the property of the solution under the conditions M < J(ug) < d and I(ug) < 0?
(QS2) Whether the global solution of the problem (1) converges as t — co?
(QS3) What is the property of the solution at supercritical initial energy J(u) > d?
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In this paper, we will try our best to address the three issues discussed above. Our paper is
organized as follows:

In Section 2, we introduce some preliminaries and lemmas.

In Section 3, we demonstrate our main result.

(i) The solution u(t) of problem (1) blows up in finite time and the estimation of the upper
bound of blow-up time T is obtained at subcritical initial energy J(u) < d;
(ii) global solution u(x, f) converges to the stationary solution of problem (1) as £ — +o0;
(iii) sufficient conditions for the global existence and finite blow-up of solutions are obtained
at supercritical initial energy J(u) > d.

2. Preliminaries and lemmas

Throughout this paper, we denote the norm of LP(Q) for 1 < p < oo by | - | p and the norm of
WP (Q) by IVl . For ue LP(Q),

1/p
(f Iu(x)l”dx) , if1< p<oo;
lulp= Q
esssup ycqlu(x)l, if p =o0.

And we denote by (-,-) the inner product in L?(Q). In this paper, ¢ is an arbitrary positive number
which may be different from line to line.

Here we give some important definitions as follows: for ug € WOl P (), we define the energy
functional J and Nehari functional I as follows:

1 1 1
100 =S 1Vut} == [ utnluldxs 5 ul ®
p qJa q
I(w) = ||Vu||,’;—f lul9In |uldx. 9)
Q
From (8) and (9), we obtain
1 - 1
J@ = =16 + =Ly + = jud. (10)
q rq q
Furthermore, we define the potential depth by
d= inf J(uw),
ueN

and the Nehari manifold A :={u € Wol'p(Q)\{O} | I(u) = 0}. By [14], we know

a=m:=1"F.r, an
pq
where Iy = SUPg<g<(up/(n-p)-q(@/Ba )"/ @*7"P) and B, is the optimal embedding constant of
W,P(Q) — LP*(Q).
The potential well # and its corresponding set 7 are defined by

W= {ueW,P Q| I(w)>0,](w) < d} U {0} (12)
V= {ue WP @) Iw) <0,J(w) < d). (13)
To consider the weak solution with high energy level, we need to introduce some new notations.
J¥={ueW,P (@ |Jw <a}, (14)

1 1 1
Nog=NnJ%= {ueﬂl (; - 5) ||Vu||§+?||ullg < a} forall a>d, (15)
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and
1 1
Aa:inf{gf lefslulzdxlueﬂa}, Aa:sup{if lefslulzdxluee/Va} foralla >d, (16)
Q Q

where 14 and A, are well defined. Clearly, 14 and A, admit the following properties

o — Ay is nonincreasing, o — Ay is nondecreasing. 17
Next we give the definitions of the weak solution and blow-up of the problem (1) as follows.
Definition 1 (Weak solution). u = u(x, £) € L(0, T}, W, " (Q)) with |x|~*'2u, € L2((0, T}, L*()),
is said to be a weak solution of problem (1) on Q x [0, T), if it satisfies the initial condition
u(x,0) = uy(x), and

(X" e, ) + (IVulP~2Va, V) = (ul T2 uln|ul, ¢) (18)

forany ¢ € WO1 'P(Q). Moreover,

t
fo ™2 w1 dT + J(u(x, 1) = J(ug). (19)

Remark 2. For the global weak solution u(#) = u(x, t) of problem (1), we define the w-limit set of
up by

w(ug) = [ {uls):s=>th
>0

Definition 3 (Maximal existence time). Let u(¢) be a weak solution of problem (1). We define
the maximal existence time T of u(t) as follows

(1) If u(r) exists for 0 < t < oo, then T = +o0;
(ii) if there exists a g € (0,00) such that u(#) exists for 0 < ¢ < ty, but does not exist at r = ty,
then T = 1.

Definition 4 (Finite time blow-up). Let u(x, t) be a weak solution of problem (1). We say u(x, f)

blows up in finite time if the maximal existence time T is finite and lim;_.7 || ull?{l( . +00.
0
The following lemmas will be used for our main goals.

Lemma5. Leto bea positive number, then the following inequality holds
-1
e
logx < —x°
8 o

forallx € (0,+00).
Lemma 6 ([15]). (i) Forany function u € WO1 "P(Q), we have the inequality
lullg < Bp,gllVulp

orallge[l,00) ifn< p,andl < g<npl/(n-p)ifn> p. The best constant B, ,, depends

q p q p p p q,p aep
only onQ, n, p and q. We will denote the constant Bg,, by By.

(i) Let2< p<q<p*.Foranyue Wol’p(Q) we have

lullg < cIqull,%lIlullé‘“,
where c is a positive constant and a = ((1/2) — (1/g))((1/n) — (1/p) + (1/2))~ L.
Lemma?7. Foranya>d, A, and Ay defined in (16) satisfy0 < Aq < Ay < +00.

Proof. For any u € A, using Hardy-Sobolev inequality and Hélder inequality, we obtain

(n+2-s)/n

1 c
5fQ|x|—S|u|2c1x<5([Q|Vu|2"’("+2—s)dx ) (20)
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Taking that2n/(n+2-s) < pand p > 2, then

c
: (f Va2 (142-9 gy
Q

From (15), we get

Cc
5 (f |vu|2n/(n+2—s) dx
Q

From (20) and (21), we have Ay = SUp e, 1/2) fQ |xI~5|ul?dx < +oo.
On the other hand, since Q is a bounded domain in R”, there exists a positive constant p such
that

(n+2-s)/n c

)(n+2—s)/n

2/p

c a

< _|Q|(2n/(n+2—s)—(2/p))( pq ) < +oo. 1)
2 q-p

| x| = x%+x§+---+x$,<p, Vxeﬁ, (22)
then we have
L|x|*5|u|2dx>p*3f(2|u|2dx=p*||u||§. 23)
We apply Lemmas 5 and 6 again to show that
fQ|u|‘71n|u|dx <clullfig < clvully @ uly 2, (24)

where ¢ > 0 is suitably small such that g+ 0 < p* = np/(n—p) and p - a(qg +g) > 0,
a=(1/2)-1/(g+o)(A/n)-1/p)+(1/2) €(0,1).
Therefore, for any u € A (@ > d), we obtain from (15) that

”Vu"g=fQu"ln|u|dx<c||vu||“("+”) ”u”(l—a)(qﬂr),

p 2
which yields that
IVulh™ T < efupy ~ 9., (25)
From Lemmas 5 and 6, we have
[t de < chugg < nvun ™. (26)

For any u € A4, and g > p, then ||Vu||Z = fQ udln|u|dx < CIIVuIIZw, ie., [Vull, > c. By virtue of

(23) and (25), [ |xI”S|ul*dx > 0. Then we have A4 = infuenq(1/2) [ |xI7%|ul* dx > 0. Finally, by
the definition of A, and Ay, itis easy to see that A, < Ay, so Lemma 7 is proved. Il

Lemma 8. For any u € AN,, we have J(uy) > 0. Furthermore, for any a > 0 and u € J*NAN,, it
holds that y
pq ) P

IVullp, < (—a
q—-p
Proof. By the definition of A4, we have I(u) > 0, i.e., IIVullﬁ > fQ |ul91In|u|dx. Since p < q, we
get l/pIIVullz >(1/q) fQ |u|91n|u|dx. Then it follows from the definition of J(u) that J(u) > 0.

On the other hand, for any u € J*N.A4, i.e. J(u) < @ and I(u) > 0, we have a > J(u) =
AU I +(q—p) palully+1/ g*lull > (g - p) pqlVull,, ie, IVul, < (pq/ (g - pHa)'P. O

Lemma 9 ([14]). Let (2) hold and uy(x) € Wol’p(Q). Assume that u is a weak solution of problem
(1)inQ %[0, 7).

D) IfJ(up) <d and I(up) >0, thenu(t) e W for0<t<T;
(i) if J(up) <d and I(uy) <0, thenu(t) eV for0<t<T.

Lemma 10 ([14]). Let u be a weak solution of problem (1). Then forall t € [0, T),

d _
il S2y)3 = —21(w).
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Lemma 11 ([16]). Let (2) hold and u € Wol'p(Q) satisfy I(u) <0, then there existsa A* € (0,1) such
that I(1* u) = 0.

Lemma 12 ([17]). Suppose that 0 < T < oo and suppose a non-negative function F(t) € C[0,T)
satisfy
F'"(OF(1) -1 +7)(F'(1)*=0
for some constanty > 0. IfF(0) >0, F'(0) > 0, then
F(0)
<
YF'(0)

<00

and F(t) - ooast—T.

3. Main results

Theorem 13. Let (2) hold. If J(ug) < d, and u is a weak solution to problem (1), then u blows up
at finite time T with
4(q - DllxI™"?uoll3

= qld-J(up)(g-2)2"

Proof. Step 1: Blow-up in finite time

For J(up) < d, we are going to discuss two cases.

Case 1. J(up) < d, I(up) < 0. By contradiction, we supposed that u is global weak solution of
problem (1) with I(ug) <0, J(up) < d, then Tyax = +o0. First, we define

G = fot |||x|_3/2u(r)||§dr, forall r > 0. 27
Through a direct calculation, we have
G'(1) =G0 = llxI™"*ull — l1x1~*uol5 = 2 fo a2, 30 2w d (28)
and
G" (1) = (xI™ 2w, 1% w) = =21 (w). 29)

It follows from (10) and (19) that

29

1" _ _ E q = p
G (=-21(u) Zq](u)+q||u||q+ » 2|Vuly

v

t _ 2 2
—2q1(uo)+2qf0 ] S’ZurnédwE||u||;’+(7q—2)nvm|z. (30)

From the Lemmas 9 and 11, we get I(u(¢)) <0, t > 0, then there exists a A* € (0,1) such that
I(1* u) = 0. Therefore, by the definition of d, it follows that

1 1) p 1 4 (1 1) p 1 q
———[IvVulh+ S luld = | = - = |APIVulh + A Nuld = TAw) = d. 31)
(p q Pogr 1 \p g Pg? a1
Combining (30) and (31), we have
t
G" (1) zzqf x5 ur 13 dT +2q(d - ] (up)). (32)
0

By (29) and I(u) <0, then G” () = —2I(u) >0, so
G'(t) > G'(0) = ll1xI""?ugl3 >0, forall £>0. (33)

From (28) and Holder’s inequality, we obtain

1 t _ t _
1G(0-G 0 < fo N~ ul2 dr fo N~ ur 12 dr. (34)
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Combining (27), (32) and (34), we get

t t
G(t)G”(t»zqfO |||x|‘3’2u||§drf0 Nx1™5"2u; 13 dT +2g(d — J(10)) G(D)
> g(G’(r)—G’(on2+2q(d—1(uo))G(t). (35)

By (33), we get
G(1) = Glig) > lllxI™*"*ugli10 >0, forall £> to. (36)

Furthermore, combining (35), (36) and J(uy) < d, we have
GG (1) - g(G’(t) -G (0)* >2q(d - Jwo)llxI"*upl510 >0, forallt>1.  (37)
Next, we define F(£) = G(1) + (T - 1)l 1x|~"?uy |13, for all ¢ € [0, T], then
FO) >G>0, F()=G@®)-G'(0) and F"(1)=G"'(t)>0, forallze[0,T]. (38)
By (37) and (38), we get
F(OF"(1) - g(F/(t))2 >2q(d - Jwo))llxI™**uoll36 >0, forall £ [t, T]. (39)
Let y(f) = F()~4=2/2 then
Y= —qT_Z(F(t))*"’ZF’(t) and y"(1)= —"T_ZF*“’*Z”Z (ForF" - g(F’(t))z). (40)

By (33), (38) and (39), we get y'(r) <0, t € [y, T]. Since y(ty) > 0, y'(ty) < 0, then T, € [0, T)
exists such that lim;_.7- y(t) = 0 if we choose T sufficiently large. Consequently, we obtain
lim,_ - |||x|‘5/2u||§ = +o0.

Case 2. J(ug) = d, I(up) < 0. From continuities of J(u) and I(u) with respect to ¢, we know that
there exists a sufficiently small #; € (0, +o00) such that J(u(#)) > 0 and I(u(t)) <0 for ¢ € [0, f;]. By
(IxI™Sus, u) = —I(u), we have (x|~ uy, u) > 0 and ||xI™*u; |13 > 0 for € [0, ;]. From (19), we have
0<J(u(n) <d- [ 1xI7?u; |2 dr < d. Thus, we take #; as the initial time, then the remaining
proofis similar to the proof of Case 1.

Step 2: Upper bound estimation of the blow-up time.

We next give an upper bound estimation of T. Suppose u(f) be a solution of problem (1) with
initial value uq satisfying I(up) < 0 and J(ug) < d. From the Lemma 9, we get u(t) e ¥, Vt € [0, T),
i.e., I(u(1)) <0, te€[0,T). We define a functional as follows:

t
H(t):f xI™S"2ul3de + (T - llxI™"2ugl + Bt +y)%, forall t€ [0, T). (1)
0

By d/drll|x|™5"?ull3 = —2I(u(1) <0, for all 7 € [0, T), we get

H'(D = Nx1™"2ull3 = l1xI™2uoll5 + 2Bt + )
> 2B(t+y)>0, forallte(0,T) (42)
and
H(t) > H(©0) = Tllx|""?ugl3 + By?, forallte[0,T). (43)

Combining (32) and Lemma 10, we have
H'"(£) = =2I(u(0) + 28 > 2q(d — J(u(1) + 28
t
= 2q(d - J(up)) +2qf xI™"2u, |3d7r +28, forallte(0,T). (44)
0
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By Holder’s inequality,

1 t d —s/2 2 t —s/2 —s/2
—f 2w B de =f (X2t 1220 d
2Jo dr 0

t
< f x5 urli2lllxl " ull2 dr
0

t 1/2 t
<(f0 |||xr5u,||§dr) (fo |||x|‘5u||§dr)

Furthermore,

t
(H(® — (T - 0)ll1x1" 2 uol1%) UO x5 u; ||§dr+ﬁ)
t t
=[f |||xr”2u||§dr+ﬁ(t+y)2)(f |||x|‘8’2uf||§dr+ﬁ)
0 0
t t
- f =2 ul de f N~ e |2 dr
0 0
t t
+ﬁf |||x|’s’2u||§dr+ﬁ(t+r)2f Ix1™S"2uz 13 dr + B2 (¢ +1)?
0 0

t t
—s12 12 —si2, 12
2[ lHxl™* Mllngf ™" “ur I3 dr
0 0

t 1/2 t
+2B(t+71) (f |||xr3’2u||§dr) (f |||x|*5’2u,||§dr)
0 0

t t 1/2
(fo |||x|*8’2u||§drf0 |||x|*5’2u,||§dr) +B(t+7y)

L[t 12 12 2
> [Efo N~ 2wl dr + Bt +7)

By (42) and (46), we get

’

forall te[0,T).

1/2

’

1/2

2

U 2 _ 1 ti —s/2 2 ?
(H ()" = 43 A dTIIIXI u(m)llzdr + p(r+71)

t
<4H(r)(f ™% ur I3 dr + B
0

Combining (43), (44) and (47), we have

HOH"() - g(H’(m2

forall te[0,T).

+BA(t+7)?

, te€[0,T).

t t

> H(t) 2q(d—1(uo))+2qf IIIxI’S’ZuTIIdHZﬁ—qu x1™S"2u, | dr — 248
0 0

= H(1)[2q(d - J (@) —2(q - 1)1 = H(1)[2q(d — ] (up)) —2(q — 1) Bl.

Restricting B to satisfy

0<p< Cl(d—](uo)),
g-1

then H(t)H" (1) - (q/2)(H'(1))> > 0, t € [0, T). From Lemma 11, we get
po HO _TIwll+py® 1 (Y+ |||x|_5/2M0||§T)
S (@ -1 H(©0) (Z-1)2py q-2 By '

Then
DI SN
T (-2 Py - llxI~5 2|2 (-2 "
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(45)

(46)

(47

(48)

(49)

(50)

(51)



Qigang Deng et al. 277

Let
By’
w(B,y) = ) (52)
Y =2 By — 1122w 2
then
T< (én%n@ w(B,y), O©={(B,y): B,y satisfy (49) and (51), respectively}. (53)
Y€
Let a = yf3, we have
X752 0112 -1
Ied~Puwly  g=ba ay e
(g-2) q(d - J(up)) (g-2)a—1xI="2upll;
It is easy to find that w(«a, y) is increasing with y, then
-1
T< inf w (a, M)
a>(I1x1~"2ug|2)/(—2) q(d —J(uo))
A2
= inf (G-Da 5
a>(llx=2ugl2)/(g-2) q(d — J (1)) [(q —2)a — ||| x1=5 2 u [15]
B (g-1a?
- _ 2
Q(d - ](uO)) [(q - 2)“ - ” |x| s/2 uO”z] a:(ZIIIxI’S/ZuoH%)/(a]—Z)
4 _ 1 X —S/2u 2
_ (g—Dllx| 0”22~ (55)
q(d—J(up)(g—2)
The proof of Theorem 13 is complete. g

Theorem 14 (Stationary solution). If the global solution u(x,t) of problem (1) is uniformly
bounded with respect to time in WO1 'P(Q), then u(x, ) converges to the stationary solution of
problem (1) as t — +o0.

Proof. We choose a monotone increasing sequence {f,};%] such that t,;, — +co (n — +00), and
let u, = u(t,). Since the sequence {u(tn)};‘:’o1 is uniformly bounded in WO1 'P(Q), there exists a
subsequence of {u(tn)};‘fl which is still denoted by {u(tn)};fi and a function w such that

u, — w weakly in Wol’p(Q) and u, — wa.e. in Q. (56)

Next we will introduce some suitable test functions. For T < +o0, we take two functions ¢ and p
fulfilling

_ T
peW,"(Q), peC0,D, p=0, fp(s)ds=1,
0
and let

p(t—t)p(x), (x,1)€Qx (I, +00)

é(x, 1) := {0, (x,0) eQx]|0, tnl. o7

In (18), integrating it over (t,, t, + T) with respect to ¢, we get

T+t, T+t, T+t,
f flxl_sut(/)dxdt+f fqulp_ZVuV(pdxdtzf flulq_zulnlul(/)dxdt. (58)
In Q tn Q th Q
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By integrating the first term on the left in (30) by parts and p € C; (0, T), we get

T+t, T+t,
f flxl_suttpdxdtsz Ix| S ugp(t—t,) - @drdx
tn Q QJt,

T+tn ta+T
dx—ff |x|"*up’(t - t,)pdrdx
s,

In

= f lxI " up(t—ty)p
Q

ta+ T
fle_sup(T)(p—le_sup(O)(pdx f flxl_sup (t—ty)pdxdt.

tat+T
f flxl up'(t-ty)pdxdt. (59)
tn

Hence, by (58) and (59)
th+T th+T
f f|x| Sup/(t - ty)pdxdr— f fqulp 2Vup(t—t,)Vedxdt

tn+ T
f / lu|7 2 uln|ulp(t - ty)pdxdt =0. (60)
tn Q

In (60), taking t = £, + 5, then we get
T T
f flxl_su(tn+§)p'(§)(pdxd§—f fIVu(tn+§)|”_2Vu(tn+§)p(§)V(pdxd§
o Jo o Ja

T
+f fIu(tn+§)|’7_2u(tn+§)ln|u(tn+§)|p(§)(pdxd§=0. (61)

By virtue of (2), we know the embedding W’ VP Q) — I2(Q) is compact and that {u(t, + 9} is

uniformly bounded in W,,’ P (), hence there exists a subsequence of {u(t, +3)}2 which is still
denoted by {u(t, + 9} andwe 1?2 (Q) such that

u(ty,+3—w inl?Q), ul(ty)—w inL*Q). (62)

Next, we claim that w = w a.e. in Q. In fact, we know that the solution is global, by Lemma 8 we
know that J(u(#)) > 0 for all £ € [0,00), then by (19) we have

t
f Il 2 12T < J (1) < +o0,
0
which implies
tﬂ
f |||x|_5/2u1||§dr—>0 as n— +oo. (63)
In

By Holder’s inequality and (63), we obtain

p*f |u(tn+§)—u(rn)|2dx<f xSt + 5 — uty) 2 dx
n
[ +5 2 [+5
flxl S(f (u(x,t))tdt) dx<3f flxl‘s[(u(x 0)1*dxdt

En+
<Tf N 2w 2dr — 0 (= o). 64)
tn

Thus @ = w a.e. in Q for any fixed T < oo and 5 € [0, T'.
By (61), let n — oo, it follows from the dominated convergence theorem, (56) and (62) that

T T T
fflxl_swp’@(pdxdfs'—f [IVwI”_Zpr(@V(pdxd§+f flwlq_zwlnlwlp(ﬂ(pdxdé'zo.
0 Ja 0 Ja 0 Ja

(65)
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By integrating the first term on the left by parts and p € Cé (0, T), we get

T
f flxl_swp'(ﬂ(pdde':f lx|Swlp(T) — p(0)l@dx = 0. (66)
0 Ja Q

Then, we have
T T
ffIlep_Zpr(QV(pdxd§—f fleq_zwlnlwlp(§)<pdxd§=0.
0 Ja 0 Ja

By [T p(5)ds =1, then

f|w|q_2wln(|w|)<p—Ilep_ZVqude
Q
T
:[ p(§)d§f w9 2win(w)e - |Vw|P>VwVedx
0 Q

= fo o w7 2wn(w)e - p&)IVw|P2VwVedxds
o,
which implies w is a stationary solution of problem (1).
The proof of Theorem 14 is complete. 0
Theorem 15. For any a € (d,+00), the following conclusions hold.

(i) Ifug € Dy, then the solution of problem (1) exists globally and u(t) — 0, as t — oo;
(i) ifug € Yy, then the solution of problem (1) blows up in finite or infinite time, where

d>a=JV+ﬂ{u(t)€W()l'p(Q) %/lel_slu(t)lzdx<?la,d<](u(t))<06},

1
Yo= AN {u(t) e W, (@) ’5 f XIS u(0)? dx > Ag, d < J(u(0) < a}.
Q
Ao and Ay are two constants defined.

Proof. (i) Assume that uj € @, then by the definition of ®, and the monotonicity property of
Ao, we have d < J(ug) < a, ug € A, and

1 _
Efglxl Slugl® dx < Mg < Ajug)- (67)

We first claim that u(¢) € A, for all ¢ € [0, T). If not, there would exist a fy € (0, T) such that
u(t) e N, for t € [0, tp) and u(ty) € A . By Lemma 10, we have
d
dr
Then by the definition of .4 and (68), we know that fQ |x]~5|u()|?dx is strictly decreasing on
[0, fp). On the other hand, from (19), we know that J(u(?)) is non-increasing with respect to ¢.
Thus, we get

(lf |x|‘5|u(t)|2dx)=—I(u(t)). (68)
2Ja

J(w(t)) < J(up) forallte(0,T). (69)
From (67), we have

1 _ 1 _
—f x| Slu(to)lzdx<—f 1™ 1o |* dx < Ajug)- (70)
2 Ja 2Ja

By u(ty) € A and (69), we get u(fp) € Nj(). According to the definition of A, we have

. 1
/1](“0) = inf -

1
f|x|‘5|u|2dx<—f xS lulio) 2 dx,
ueNr(up) 2 Jo 2 Ja
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which contradicts (70) and the claim is proved. Therefore, we have u € A} for all ¢ € [0, T) and
u(t) e J e, ue JJ N4, forall t € [0, T). By Lemma 8, we get

pq lp
IVul, < (H](uo)) , Yrel0,T). (71)

Since the right-hand of (71) is dependent on T, then we can extend the solution to infinity, i.e.,
T = +oo. It indicates that u(¢) is bounded uniformly in WO1 'P(Q). Hence, w-limit set is not an
empty set.

Next, for any w € w(up), by the above discussions, we get

J(w) < J(up) and %f|x|‘5|w|2dx<muo).
Q

According to the first inequality, this shows w € J/(“, According to the second inequality and the
definition of 1), we know that w & Ajy,). Since A}, = A ]/ ), we obtain w ¢ A
Finally, we prove that

w(uop) = {0}. (72)
With u(t) € A, we know J(ug) > 0 for all £ € [0,00). So J(u(1)) is bounded below, and there exists
a non-negative constant ¢ such that lim;_ ,~, /(#(#)) = c. Now, selecting any w € w(uy), we have
J(uy (1)) = cfor all t > 0, where u,, () is the solution of problem (1) with initial value w. Choosing
u = u, into (19), we obtain fot |||x|’3/2u1||§d‘r =0, 0 <t < +oo. It implies that u,,(#) = w. From
(68), we have (d/d1)((1/2) fQ 1%t |2 dx) = —I(ugy (1) =0, then

I(w)=0, VYwew(u). (73)

Combining (73), w ¢ .4 and the definition of 4", we know w = 0. Thus, (72) holds and implies
that the solution u(t) — 0 as t — +oo.

(i) If up € ¥,, by the definition of ¥, it is clear that uy € A_ and d < J(up) < a. This is
combined with the monotonicity of A4, then

1 _
Efgm STugl® dx > Mg = Ajquy).- (74)

We claim that u(t) € A_ forall ¢ € [0, T). If not, there would exista #; € (0, T) such that u(z) € A_
for0< < £ and u(t;) € 4. By Lemma 10, we have

d(t 512 )__
dt(zfﬂm (0 dx| = —Iu(®). 75)

Thus (d/d1)((1/2) fQ |xI~Slu(B))?dx) = —I(u(f)) >0for 0 < ¢ < f,. Then by the definition of A, we
deduce that (1/2) fQ Ix|~S|u(0)|?dx is strictly increasing on [0, ;). This along with (75) yields

1 1
—f |x|‘$|u(tl)|2dx>—f ™5 luo|® dx > Ay, J(u(t1)) < J(up). (76)
2 Ja 2 Ja

By (15), u(t1) € Ajqy). Thus, it follows from the definition of Aj(,,) that
1 _ 1 _
M= sup 5 [l x> 5 [ - uen s,
MEJVI(UO)Z Q 2Ja

which is incompatible with (76), so we get u(t) € A_.

Next, we assume that u(f) exists globally, i.e., T = +oo, then u(t) € JJ IO Vi € [0, +00)
and (1/2) fQ Ix| =S u(8)|2dx is strictly increasing on [0, +00). Furthermore more, we claim that u(#)
is uniformly bounded in WO1 'P(Q), i.e., there exists a positive constant M such that

IVu@ll, <M, Ve [0,+00).
Indeed, if this is false, then there must exist a monotone increasing sequence {,}%] such that

IVuly>n, n=12,.... 77)
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Then it follows from the monotone property of {,}7%, that ¢, — +oco(n — +00) or there exists

t* € (0,+00) such that ¢, — t*. If the first case happens, then by (77), we know u(f) blows up at
infinite time. On the other hand, we know u(#) exists globally, which contradicts the conclusion
that blowup exists at infinite time. If the last case happens, then by (77), we know u(#) blows
up at finite time. It contradicts the assumption that u(#) exists globally. Thus u(¢) is uniformly
bounded in Wol’p(Q), i.e., w(up) is not an empty set.

For any w € w(uyp), by using the above claim and since J(u(#)) is non-increasing with respect
to t, we have the following two cases:

lim J(u)=-o00 or lim J(u)=c,
[—+o00 —+o0o

where c is a constant.

Next we will prove that both the above cases contradict T = +oo0. If the first case happens, there
must exist a t* € [0, +00) such that J(u(t*)) < 0. By [14, Theorem 2.6], the solution of problem (1)
will blow up at finite time, which contradicts our hypothesis. If the second case happens, then
we obtain w(up) = {0} by the similar way as proof (i). However, by [14, Lemma 3.1(2)], we have
lully > r(a),ie.,

dist(0, A_) = inf dist(0,u) = inf |u|l WPy = inf [|[Vul,>0.
ueN_ ueN_ 0 ueN_
Hence, 0 ¢ w(up). We get a contradiction, then T # +oo.
The proof of Theorem 15 is complete. U
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