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1. Introduction

Let BA = (Bfl )teo,7) be a fractional Brownian motion (fBm) with Hurst index H € (0, 1). We recall
that B is a centered Gaussian process with covariance function

1
Ru(t,5):= E|B'BJ!| = 5(t2H+ S -je-sPH) 0<s5,1<T.
We consider the exponential functional of the form
T H
F= f e®toBs g, (1
0

where T > 0,a € R and o > 0 are constants. It is known that this functional plays an important
role in several domains. The special case, where H = %, has been well studied and a lot of fruitful
properties of F can be founded in the literature, see e.g. [3, 4, 10]. However, to the best our
knowledge, the deep properties of F for H # % are scarce. In a recent paper [8], we have proved the
Lipschitz continuity of the cumulative distribution function of F with respect to the Hurst index
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H. The aim of the present paper is to investigate the density of F. Unlike the case H = 3, it is not
easy to find the density of F explicitly for H # 3 and hence, our work will focus on prov1d1ng the
estimates for the density function. It should be noted that, in the last years, the density estimates
for random variables related to fBm has been extensively studied, see e.g. [1,2,6,7] and references
therein.

The rest of this article is organized as follows. In Section 2, we briefly recall some of the relevant
elements of the Malliavin calculus and two general estimates for densities. Our main results are
then stated and proved in Section 3. Our Theorems 6 and 8 point out that the density of F is
bounded from above by log-normal densities.

2. Preliminaries

In the whole paper, we assume H > % Under this assumption, fBm admits the Volterra represen-
tation

t

Bf = f K(t,s)dB;, 2)

0
where (B}) re[o, 7] is @ standard Brownian motion and for some normalizing constant cy, the kernel
K is given by
K(t, s)—cHsl/2 Hf (u— s)H zufl Zdu O0<s<t=<T.

Let us recall some elements of Malliavin calculus with respect to Brownian motion B, where B
is used to present B! as in (2). We suppose that (B/)e|o, 7 is defined on a complete probability

space (Q, %,F, P), where F = (&) ;¢[0, 7] is a natural filtration generated by the Brownian motion
B. For h € 12[0, T], we denote by B(h) the Wiener integral

T
B(h) =f h(t)dB;.
0

Let .# denote the dense subset of [2(Q, &, P) consisting of smooth random variables of the form

F=f(B(hy), ..., B(hp), @)

where n € N, f € CZo(R”),hl, ..., h,, € L[2[0,T]. If F has the form (3), we define its Malliavin
derivative as the process DF := {D,F, t € [0, T} given by

D.F = Z —(B(hl), ey B(hn))hk(t).
=1 0Xk

More generally, for each k = 1, we can define the iterated derivative operator by setting
Diclym,[kF = Dtl cee Dth

For any p, k = 1, we shall denote by D*? the closure of . with respect to the norm

T p
fO|Dt1F|’7dz1 f f’Dn, kF‘ dtl...dtkl.

A random variable F is said to be Malliavin differentiable if it belongs to D2, For any F € D!2,
the Clark-Ocone formula says that

IFN} = EIFIP+E ~+E

T
F-E[F]= f E|DF|F;)dBs.
0
Moreover, any F, G € D!?, we have the following covariance formula

T
Cov(FG)=E f D FE|DsG|F|ds]| . 4)
0

In order to obtain the density estimates for exponential functionals we need the following general
results.
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Proposition 1. Let g, a, 8 be three positive real numbers such that% + é + % =1. Let F bearandom

variable in the space D%9, such that E[| DF|| ;{zﬁ ] < 0o. Then the density pr(x) of F can be estimated
as follows

PF() < Cq ap (PUE < )" x (E[IDFIZ | + | D2Fl oy roy | IDFIF ) x€R 8)
where cg o, is a positive constant and H = %[0, T].
Proof. This proposition comes from the computations on [5, p. 87]. O

Proposition2. LetF e D%* be such that E[F] = 0. Define the random variable
T
Op ::f D FE|DF|Z]ds.
0

Assume that O # 0 a.s. and the random variables (TFF and @LZ fOT D ®rE[DsF|%lds belong to
F
L2(Q)). Then the law of F has a continuous density given by

X X
pp(x)zpF(O)exp(—fo hF(z)dz)exp(—fO wF(z)dz), X €SUpppr, (6)

where the functions wr and hr are defined by

F=z F=z

F

wr(z) = E , hp(z):=E

1 T
— Ds®rE|DsF|F|ds
CD%f() sF[s|s]

Proof. This proposition is Theorem 7 in our recent paper [9]. O

3. The main results

In this section, we provide explicit estimates for the density pr(x) of the functional F defined
by (1). Our idea is to consider the random variable X := InF — E[InF] and use the relation
Pr(x) = %px(lnx — E[InF]), x>0, where px denotes the density of X.
We need some technical results.

Proposition 3. Consider the random variable X :=In F — E[In F]. It holds that

0<DyX <=0K(T,0) a.s. (7)

0<D,DyX <20°K(T,0)K(T,r) a.s. 8)
Proof. By the chain rule for Malliavin derivatives, we have, for0<r,0 < T,

o fy K, 0)e®+o B s

Dy X = j;)T eus+aB§{ds ©

and
o [} K(s,0)K(s, et ds o2 [T K(s,r)e®* B ds [ K(s,0)e* B ds

D, DgX =
' f easto Bl qs (foT pas+oBl ds)z

Because the function s — K(s,6) is non-decreasing for each 8, (7) follows directly from (9). We
also have

D,DpX <20*K(T,0)K(T, 1) a.s.
To prove the non-negativity of the second order Malliavin derivative, we let U be a random
variable with the density function defined by

H
pdx+o By

= —n <x<T.
f® fOT e“S‘HTBsts, 0=x
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Denote by Ey the expectation with respect to U. We have
DyDgX = Ey [K(U,0)K(U,r)] - Ey [K(U,0)] Ey [K(U,1)].

Note that the functions s — K(s,0) and s — K(s,r) are non-decreasing. Hence, by Chebyshev’s
association inequality, D, Dg X = 0 a.s. The proof of Proposition 3 is complete. O

Lemma4. Define

T
M, := E[FI| %] = E [ f e HORFIBR! g
0

g/«“,],OSrsT.

Then, for every p = 2, we have

p
E[( max Mr) <=C<oo,

O0<r=T

where C is a positive constant depending on p, T, a,0 and H.

Proof. The stochastic process M := (M;)p<r<7 is a martingale with My = E[F] and Mt = F. Hence,
by Burkhdélder-David—-Gundy inequality, we have

P
E [( max Mr)
0<r=<T

< cp (MY + E[00h]) = ¢, (BLFDP + E[n)}?]), (10)
where ¢y, is a positive constant. Using the Clark-Ocone formula we have
T
My =EMry +f E[D,Mr|%:|dB,
0

T T "
:E[F]+af Ef K(s,r)e®t78s gs
0 r

gr]dBl‘)

which gives us
T
(M7 = f o (E
0

T
< f o?K*(T,r)M?dra.s.
0

T - 2
f K(s,r)e® o8 g 9,]) dr
.

Then, by Holder inequality, we have

T _ pl2
E[on}y?| <o?E (f KLf(T,r)K%(T,r)MEdr) ]
0

T z7loper
sap(f KZ(T,r)dr) (f KZ(T’T)E[Mf]dr) (11)
0 0

T
<ol P28 (f K4(T, r)E[FP]dr)
0
=oPTPHE[FP].

Here we used the fact that fOT K2(T,rdr = EIB?I2 = T2H 350 we obtain the desired conclusion by
inserting (11) into (10). O

Proposition 5. Let X be as in Proposition 3. We define @y := fOT D XE[D;X|%lds. Then,
|ox| ' eLP(@),V p=1.
We also have

T -1
(fo |D9X|2d6) €LP(Q),V p=1.
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Proof. It follows from (9) that
O -2|a|T+o min BSHﬂT max BSH T
DgX = ?e 0ss<T 0sssT f K(s,0)dsa.s. 12)
0
On the other hand, by using the Cauchy-Schwarz inequality, we have
- 2
(T(E [\/fBTK(s,H)e“”‘TBs ds )

E [j;)T e“”‘stHds’Fg]

Fy

E|DpX|Fy] = a.s.

and

a.s.

\/f K(s,0)es+0 B qs fg K(s,0) st
Jo K(s,0)ds

U(ngK(er)E eas/2+aB§’/2‘F9] ds)z
E|DpX|Fy] = - a.s.
Jy K(s,0)0dsE [fOT edstoBs dS‘F@]

Furthermore, by Lyapunov’s inequality,

We therefore get

Ele

as/2+aB§’/2|F6] > pas/2+oE[B|Fy)/2 , ¢

Asa consequence,

—lalT+c min Nsg .1
oe 0<0<s<T fe K(s,e)ds
E|DpX|Fy] = a.s. (13)
n})ax Mp
0<6<T

where

Ns g :=

r H
] and My:=E [[ e®TIBs g g
0

Fy ] .
Combining (12) and (13) yields

T
o? -3lalT+0 min Bf -0 max Bf+o min Ngg (-f@ K(S’Q)ds)
DgXE[D@X|F9] >—e 0=s<T 0<s<T 0<fs<s<T - 7 as.
T max Mpy
0<0<T

and hence,
T[T K(s,0)ds) do
O'2 —3la|T+0 min B -0 max B +0 min  Ngg fO .[H (s,0)ds
Dy > T_e 0=s<T 0= 0<O=s<T a.s. (14)

max My
0<0<T

T( pT 2 T pT pT
f (f K(s,H)ds) def f f K(t,0)K(s,0)dsdtdo
o \Jo o Jo Jo
T pT SATL
=f f (f K(t,H)K(s,G)dG)dsdt

2H+2
ffE[BHBH]d dt—2H+2

We observe that

This, together with (14), yields

_ 2H+2 3\a|T+20 max Bi+o max Ny M
il 0<B=s<
0417 = oo Ty Mo as
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We have (N g)o<o<s<7 is a Gaussian field with finite variances because N g = foe Ky (s, r)dB;.
Hence, by Fernique’s theorem, there exists £ > 0 such that

2
€ max [N,
E[e OsesssTl S'9| ]
Since
N p2a2 IN |2
o max +& max
ep 0=0ss<T S'9<e 4 0=0<s<T 50
—_ »
this implies that

o max N
e 0=0s=s<T

Y eLP(Q) forany p=1.

Similarly, we also have

20 max BSH
e 0OsssT

e LP(Q) forany p=1.

So, recalling Lemma 4, we conclude that |® x|71 e LP(Q) for anyp=1.
We deduce from (12) that
0‘2 74\a|T+200£ni£1TBf’72a max BSH

T
2
DeX|?do> —2 022 g, 15
fo |DoX] QH+2)T2H® a.s (15)

Hence, we also have (fOT |DpX|?d0)" ! € LP(Q), ¥ p = 1. The proof of Proposition 5 is complete.
O

We now are in a position to bound the density pr(x) of F. We first use Proposition 1 to estimate
the left tail of the density.

Theorem 6. We have

~ (Inx — E[InF))?

ol ),0<xseE”“F], (16)
g

c
pr(x) = ;exp(

where c is a positive constant.

Proof. Itis known from Proposition 5 that

T -1
||DX||;2=U0 |D9X|2d6) €L’(Q), V p=1

In addition, from the estimate (8), we have
) T pT , T pT
ID*X|| 2. o =f f E|DgD,X| dbdr < a4f f KX(T,0)K*(T,r)dodr = o* T*" < co.
' o Jo o Jo
The above estimates allow us to use Proposition 1 with g = =4, « = 2 and we obtain
px(x) < cP(X< 1)1, xeR, 17

where c is a positive constant.

The remaining of the proof is to bound P(X =< x) for x < 0. We consider the function ¢(1

:= E[e™*X], 1 > 0 (this function is well defined because F~! € LP(Q), ,¥ p = 1). By using
repeatedly the covariance formula (4), we have
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0% :=Var(X) = E[®x]
and
@A) =—E [Xe—” ]
=AE [e X ay]
=0k E e ¥] 4 28 [ (0 - 0% |

T
=A0%E|e | - 2%E e‘“‘f D XE[D®x|F|ds
0

Since D¢ X =0 and D, DX =0, those imply that fOT D XE[D;®x|F]ds =0, and hence,
¢'(N) < Ao%E [e"lx] = Aa5p(A), 1> 0.

This, together the fact ¢(0) = 1, gives us
A20§
pA)<ez ,1>0.
By Markov’s inequality we have, for all A > 0,

1262
P(X=x) =eMp) e 2, x<0.

When x <0, we can choose 1 = — (T_]; to get
X

2

PX<x)<e X, x<0.

From the estimate (7), we have 0% = E[®x] < fOT |IDX|2ds < 02T?H ., So we deduce

XZ
P(X<x)<e 22120 x<0. (18)

Combining (17) and (18) yields

2
X
px(x)<ce 8212 x<0.

where c is a positive constant. Recalling X = InF — E[InF], the density of F satisfies pr(x) =
1px(nx—E(InF)). When 0 < x < ef!"F], we have y := Inx — E[In F] < 0. We thus obtain

1 c _ }/2 c _ (ln)cfE[lnF])2
Ppr(x)=—px(y) = —e 8212H = —¢ 82120  (Q<x<e
X X X

E[lnF]

This completes the proof of Theorem 6. d

Remark 7. Replacing X by F — E[F] in the proof of Theorem 6, we obtain the following Gaussian

bound for the left tail
_ —E[F)?

pr(x)<ce % x<E[F],

where UZF :=Var(F) and c is a positive constant.

We now use Proposition 2 to estimate the right tail of the density.

Theorem 8. We have
2
Unx=EIF)) o

202T2H ) {19)

C
< — —
pr(x) = L &P

where c is a positive constant.
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Proof. Let X be as in Proposition 3. Obviously, we have ®x # 0 a.s. Moreover, from the esti-
mates (7) and (8) we obtain

T T
0< DDy =f DSDHXE[D6X|%]d0+f Dy XE[DsDyX|Fp|d0
0 0
T
<403 f K*(T,0)K(T, s)d0 = 403K (T, s) T*"
0
and
T T
0 sf Ds®xE[DsX|F;]ds 54U4T2Hf K3(T,s)ds = 40* T*H
0 0
Hence, it follows from Proposition 5 that the random variable é fOT DD xE[D;X|%]ds belong
to L2(Q). We also have % € I2(Q) because
—|a|T—aOmaxTB§’+1nT—E[1nF] <X=< |a|T+aOmaxTB§’+1nT—E[lnF]
=s§=< =s§=<

and hence, X € LP(Q) for all p = 2.
In view of Proposition 2, the density p x (x) of X is given by

X X
px(x)sz(O)exp(—f0 hX(z)dz)exp(—fo wX(z)dz), X € SUpp px, (20)

where

X=2z| and hx(z):=E X=z

w()'—E[X ! fTD(D E|DsX|%ds
x\Z) = Dy CI)%( 0 sPx s s

Since hx = 0, this implies that

X
exp (—f hX(z)dz) <1,x=0.
0
From the estimate (7) we have
T
0<dy < sz KZ(T,Q)dG =a?T*" ..
0
and we obtain
X x2
exp (—f wp(z)dz) <e 22120 xeR.
0

So we can conclude that
2

px(x) < px(0)e =77, x>0,

and (19) follows because pr(x) = % px(nx— E[InF]). The proof of Theorem 8 is complete. U
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