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Abstract. In this paper we extend classical Titchmarsh theorems on the Fourier–Helgason transform of Lips-
chitz functions to the setting of Lp -space on Damek–Ricci spaces. As consequences, quantitative Riemann–
Lebesgue estimates are obtained and an integrability result for the Fourier–Helgason transform is developed
extending ideas used by Titchmarsh in the one dimensional setting.
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1. Introduction

The studies of the convergence and of the rate of decay of Fourier transform/ coefficients are
among the most classical problems in Fourier analysis. Starting from the Riemann–Lebesgue
theorem relating the integrability of a function on the torusT1 and the convergence of its Fourier
coefficients, through the Hausdorff–Young inequality relating the integrability of a function and
of its Fourier transform. In this vein, Titchmarsh showed that the decay of Fourier transform can
be improved for univariate functions satisfying a Lipschitz condition defined by smoothness. His
result reads as follows.

Theorem 1 (cf. [26, Theorem 84]). If f belongs to the Lipschitz class Lip(η, p) in the Lp norm on
the real line, that is

ωp ( f , t ) = ∥∥ f ( · + t )− f ( · )∥∥p =O(|t |η), t → 0,

then its Fourier transform f̂ belongs to Lδ(R) for
p

p +ηp −1
≤ δ≤ p

p −1
, 0 < η≤ 1,1 < p ≤ 2.

He also proved in [26, Theorem 85] another reversible form in the L2 case, namely:

Theorem 2. Let 0 < η≤ 1 and f ∈ L2(R). Then f ∈ Lip(η,2) if and only if∫
|λ|≥r

∣∣ f̂ (λ)
∣∣2dλ=O(r−2η), r →∞.
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An extension of these theorems to functions of several variables on Rn and on the torus
group Tn was studied by Younis [28, 29]. Later, analogous results were given, where considering
generalized Fourier transforms: Bessel, Dunkl, Jacobi,. . . One can cite [8–10, 16]. On the other
hand, Younis (in [30, Theorem 5.2]) recently has extended Titchmarsh results to functions on

Rd , replacing Lipschitz condition |t |η with Dini–Lipschitz condition |t |η
(
log 1

|t |
)−γ

. These were
inspired from Weiss and Zygmund [27].

A continuous version was studied by Bray and Pinsky [5]. They proved the following estimate:(∫
R

min
{

1,(λt )2p ′}∣∣ f̂ (λ)
∣∣p ′

dλ

)1/p ′

≤ cpΩp ( f , t ), (1)

where 1 < p ≤ 2, p ′ = p/p −1 and the modulus of smoothness Ωp ( f , t ) of a function f ∈ Lp (R) is
defined by

Ωp ( f , t ) = sup
0<h<t

∥∥ f ( · +h)+ f ( · −h)−2 f ( · )∥∥p .

The significance of this inequality stems from the presence of the minimum function that gives
control over the Fourier transform for small and large λ. Indeed, for 1 < p ≤ 2, the inequality may
be rewritten ∫

|λ|≥1/t

∣∣ f̂ (λ)
∣∣p ′

dλ︸ ︷︷ ︸
large λ

+ t 2p ′
∫
|λ|<1/t

λ2p ′ ∣∣ f̂ (λ)
∣∣p ′

dλ︸ ︷︷ ︸
small λ

≤ cp ′
p Ω

p ′
p ( f , t ), (2)

As shown in [5], the estimate for large λ yields a qualitative Riemann–Lebesgue lemma (i.e. a
result of the type Titchmarsh Theorem 2, with Lipschitz or Dini–Lipschitz conditions). On the
other hand, from the estimate for small λ, an integrability result can be achieved as done by
Titchmarsh in Theorem 1 (see also [4, Theorem 3.4]).

In our present paper, we investigate among other things the validity of classical Titchmarsh
theorems in case of functions of the wider Lipschitz and Dini–Lipschitz class in the context of
Damek–Ricci spaces, also known as harmonic NA groups. This generalizes the corresponding
result for noncompact rank one symmetric spaces (see [14]). Our current interest in this theme
stems from a result of Kumar and al. [20] which is based on the work of Bray and Pinsky [5].

2. Preliminaries on Damek–Ricci spaces

A Damek–Ricci space is a one-dimensional extension of a generalized Heisenberg group and a
Lie group with the Lie algebra of Iwasawa type. It is a solvable Lie group with a left invariant
metric, and is a Riemannian manifolds which includes all rank-one symmetric spaces of the
noncompact type; except from these, Damek–Ricci spaces are harmonic manifolds in general
non symetric [12]. One of the interesting features of these spaces is that the radial analysis on
these spaces behaves similar to the hyperbolic spaces as observed in [1] and therefore it fits into
the perfect setting of Jacobi analysis developed by Flensted-Jensen and Koornwinder [18, 19].

In this section, we will explain the notation and gather relevant results on Damek–Ricci spaces.
Most of these results can be found in [1, 7, 12, 25]. Relevant results for the spherical and Fourier
transforms on these spaces can be found in [1–3].

Let n be a two-step real nilpotent Lie algebra equipped with an inner product 〈 · , · 〉. Let z be the
centre of n and a its orthogonal complement. We say that n is an H-type algebra if for every Z ∈ z
the map JZ : a→ a defined by

〈JZ X ,Y 〉 = 〈Z , [X ,Y ]〉 , X ,Y ∈ a,

satisfies the condition J 2
Z = −‖Z‖2 Ia, Ia being the identity operator on a. A connected and

simply connected Lie group N is called an H-type group if its Lie algebra is H-type. Since n is
nilpotent, the exponential map is a dffeomorphism and hence we can parametrize the elements

C. R. Mathématique — 2021, 359, n 6, 675-685
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in N = expn by (X ,Y ), for X ∈ a, Z ∈ z. It follows from the Campbell–Baker–Hausdorff formula
that the group law in N is given by

(X , Z )(X ′, Z ′) =
(

X +X ′, Z +Z ′+ 1

2
[X , X ′]

)
, X , X ′ ∈ a, Z , Z ′ ∈ z.

The group A = R∗+ acts on an H-type group N by nonisotropic dilation: (X ,Y ) 7→ (a
1
2 X , aZ ). Let

S = N A be the semidirect product of N and A under the above action. Thus the multiplication in
S is given by

(X , Z , a)(X ′, Z ′, a′) =
(

X +a
1
2 X ′, Z +aZ ′+ 1

2
a

1
2 [X , X ′], aa′

)
,

for X , X ′ ∈ a, Z , Z ′ ∈ z, a, a′ ∈R∗+. Then S is a solvable, connected and simply connected Lie group
having Lie algebra s= a⊕ z⊕R with Lie bracket

[(X , Z ,k), (X ′, Z ′,k ′)] =
(

1

2
k X ′− 1

2
k ′X ,k Z ′−k ′Z + [X , X ′],0

)
.

We suppose dima = m and dimz = l . Then Q = m
2 + l is called the homogenous dimension of S.

For convenience we will use the symbol ρ for Q
2 and d for m + l +1 = dim(s).

The group S is equipped with the left-invariant Riemannian metric induced by〈
(X , Z ,k), (X ′, Z ′,k ′)

〉= 〈
X , X ′〉+〈

Z , Z ′〉+kk ′

on s. The associated left Haar measure on S is given by a−Q−1dX dZ da, where dX , dZ and da are
the Lebesgue measures on a, z and R∗+ respectively.

To define the Fourier–Helgason transform on S we need to introduce the notion of Poisson
kernel [2]. The Poisson kernel P : S ×N →R is given by

P (nat ,n′) = Pat (n′−1n),

where

Pat (n) = Pat (X , Z ) =C aQ
t

((
at +

|X |2
4

)2

+|Z |2
)−Q

,

and at = e t , t ∈ R; n = (X , Z ) ∈ N . The value of C is suitably adjusted so that
∫

N Pa(n)dn = 1 and
P1(n) ≤ 1. For λ ∈C, the complex power of the Poisson kernel is defined by

Pλ(x,n) =P (x,n)
1
2 − iλ

Q .

It is known [2, 24] that for each fixed x ∈ S, Pλ(x, .) ∈ Lp (N ) for 1 ≤ p ≤ ∞ if λ = iγpρ, where
γp = 2

p − 1. A very special feature of Pλ(x,n) is that it is constant on the hypersurfaces Hn,at ={
nσ(at n′) : n′ ∈ N

}
, where σ stands for the geodesic inversion [24].

Let ∆S be the Laplace–Beltrami operator on S. Then for every fixed n ∈ N , Pλ(x,n) is an

eigenfunction of ∆S with eigenvalue −
(
λ2 + Q2

4

)
(see [2]). For a measurable function f on S, the

Fourier–Helgason transform is defined as

f̃ (λ,n) =
∫

S
f (x)Pλ(x,n)dx,

whenever the integral converge.
It is known that for f ∈ C∞

c (S) the following Fourier inversion and the Plancherel formula
holds [2]:

(1) For f ∈C∞
c (S),

f (x) =C
∫
R

∫
N

f̃ (λ,n)P−λ(x,n) |c(λ)|−2 dλdn, ∀ x ∈ S,

C. R. Mathématique — 2021, 359, n 6, 675-685
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where

c(λ) =
2Q−2iλΓ(2iλ)Γ

(
2m+l+1

2

)
Γ

(
Q
2 + iλ

)
Γ

( m+1
2 + iλ

) .

(2) The Fourier transform extends from C∞
c (S) to an isometry from L2(S) onto the space

L2
(
R+×N ,C |c(λ)|−2 dλdn

)
.

The precise value of the constants C are given in [2]. The following estimates for the function
|c(λ)| holds:

c ′ |λ|d−1 ≤ |c(λ)|−2 ≤ (1+|λ|)d−1, (3)

for all λ ∈R (e. g. see [24]).
A function f on S is called radial if for all x, y ∈ S, f (x) = f (y) if µ(x,e) = µ(y,e) where µ is the

metric induced by the canonical left invariant Riemannian structure on S and e is the identity
element of S. Note that radial functions on S can be identified with the functions f = f (r ) of the
geodesic distance r =µ(x,e) ∈ [0,∞) to the identity. It is clear that µ(at ,e) = |t | for t ∈R. At times,
for any radial function f we use the notation f (at ) = f (t ). For any function space F (S) on S, the
subspace of radial functions will be denoted by F (S)]. The elementary spherical function φλ(x)
is defined by

φλ(x) :=
∫

N
Pλ(x,n)P−λ(x,n)dn.

It follows [1, 2] that φλ is a radial eigenfunction of the Laplace–Beltrami operator ∆S of S with

eigenvalue −(
λ2 + Q2

2

)
such that φλ(x) =φ−λ(x), φλ(x) =φλ(x−1) and φλ(e) = 1. It is also evident

from the fact that, for every fixed n ∈ N , Pλ(x,n) is an eigenfunction of ∆S with eigenvalue

−(
λ2 + Q2

2

)
, that, for suitable function f on S, we have

∆̃l
S f (λ,n) =−

(
λ2 + Q2

2

)l

f̃ (λ,n),

for every natural number l (cf. [2, p. 416]). In [1], the authors showed that the radial part (in
geodesic polar coordinates) of the Laplace–Beltrami operator ∆S given by

rad∆S = ∂2

∂t
+

(
m + l

2
coth

t

2
+ l

2
tanh

t

2

)
∂

∂t
,

is (by substituting r = t
2 ) equal to 1

4 Lα,β with indices α = m+l+2
2 and β = l−1

2 , where Lα,β is the
Jacobi operator studied by Koornwinder [19] in detail. It is worth noting that we are in the ideal
situation of Jacobi analysis with α > β > − 1

2 . In fact, the Jacobi functions φα,β
λ

and elementary

spherical functions φλ are related as [1]: φλ(t ) = φ
α,β
2λ ( t

2 ). As consequence of this relation, the
following estimates for the elementary spherical functions hold true:

Lemma 3 (cf. [22]). The following inequalities are valid for the spherical functionsφλ(t ) (λ, t ∈R+)

(i)
∣∣φλ(t )

∣∣≤ 1.

(ii)
∣∣1−φλ(t )

∣∣≤ t 2

2

(
λ2 + Q2

4

)
.

(iii) There exists a constant c > 0, depending only on λ, such that∣∣1−φλ(t )
∣∣≥ c,

for λt ≥ 1.

Lemma 4 (cf. [6]). Let α>−1/2, −1/2 ≤ β≤α, and let 0 < γ0 < ρ, there exists a positive constant
c1 =C (α,β,ρ) such that

|1−φλ+iγ(t )| ≥ c1 min
{
1,(λt )2} ,

for all
∣∣γ∣∣≤ γ0, λ ∈R, and t > 0.

C. R. Mathématique — 2021, 359, n 6, 675-685
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Let σt be the normalized surface measure of the geodesic sphere of radius t . Then σt is a
nonnegative radial measure. The spherical mean operator Mt on a suitable function space on
S is defined by Mt f := f ∗σt . It can be noted that Mt f (x) = R( f x )(t ), where f x denotes the
right translation of function f by x and R is the radialization operator defined, for suitable
function f , by

R f (x) =
∫

Sν
f (y)dσν(y),

where ν = r (x) = µ(C (x),0), here C is the Cayley transform, and dσν is the normalized sur-
face measure induced by the left invariant Riemannian metric on the geodesic sphere Sν ={

y ∈ S :µ(y,e) = ν}
. It is easy to see that R f is a radial function and for any radial function f ,

R f = f . Consequently, for a radial function f , Mt f is the usual translation of f by t . In [20],
the authors proved that, for a suitable function f on S, �Mt f (λ,n) =φλ(at ) f̃ (λ,n) whenever both
make sense. Also, Mt f converges to f as t → 0 i.e., µ(at ,e) → 0. It is also known that Mt is a
bounded operator on L2(S) with operator norm equal to φ0(t ). In particular, for f ∈ L2(S), we
have

∥∥Mt f
∥∥

2 ≤ φ0(t )
∥∥ f

∥∥
2. In [20, Theorem 4], the authors proved the following inequality: For

1 < p ≤ 2, p ≤ q ≤ p ′ = p/(p −1) and f ∈ Lp (S) we have∫
R

min
{

1,(λt )2p ′}(∫
N
| f̃ (λ+ iγqρ,n)|q dn

)p ′/q

dµ(λ) ≤C p ′
p,q

∥∥Mt f − f
∥∥p ′

p , (4)

where dµ(λ) = |c(λ)|−2 dλ.

3. Lipschitz conditions in Damek–Ricci spaces

In this section, we give the main result of the paper but first we need to define the Lipschitz class.

Definition 5. Let 0 < η≤ 1. A function f ∈ Lp (S) is said to be in the Damek–Ricci–Lipschitz class,
denoted by Lip(η, p), if it satisfies ∥∥Mt f − f

∥∥
p =O(|t |η), t → 0.

The following Theorem represents a quantified Riemann–Lebesgue lemma (item (1)), and is
an extension of results in one dimension given in Titchmarsh [26].

Theorem 6. Let 1 < p ≤ 2 and p ′ = p/(p −1).

(1) If f ∈ Lip(η, p), 0 < η≤ 1, then∫
|λ|≥r

∫
N

∣∣ f̃ (λ+ iγp ′ρ,n)
∣∣p ′

dndλ=O
(
r−p ′η−d+1

)
, as r →∞;

(2) when p = 2 and 0 < η< 1, the converse statement holds as well.

Proof. (1). The proof of this result is immediate from the estimate (4). Indeed, for q = p ′ we
obtain, ∫

|λ|≥1/t

∫
N

∣∣ f̃ (λ+ iγp ′ρ,n)
∣∣p ′

dndµ(λ) ≤C p ′
p,p ′

∥∥Mt f − f
∥∥p ′

p ,

then ∫
|λ|≥1/t

∫
N

∣∣ f̃ (λ+ iγp ′ρ,n)
∣∣p ′

dndµ(λ) =O(|t |p ′η),

and by |c(λ)|−2 ³ |λ|d−1, we get∫
|λ|≥r

∫
N

∣∣ f̃ (λ+ iγp ′ρ,n)
∣∣p ′

dndλ=O
(
r−p ′η−d+1

)
, as r →∞.

C. R. Mathématique — 2021, 359, n 6, 675-685
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(2). For the converse, when p = 2, the same proof presented in [14] for noncompact rank one
symmetric spaces can be rewritten with minor adjustments as follows. Suppose that∫

|λ|≥r

∫
N

∣∣ f̃ (λ+ iγp ′ρ,n)
∣∣2dndλ=O

(
r−2η−d+1

)
, as r →∞,

and

F (λ) =
∫

N

∣∣ f̃ (λ+ iγp ′ρ,n)
∣∣2dn.

Then, we have ∫
r≤|λ|≤2r

F (λ)|λ|d−1dλ≤ (2r )d−1
∫

r≤|λ|≤2r
F (λ)dλ

≤ 2d−1r d−1
∫
|λ|≥r

F (λ)dλ

≤ c2r−2η.

Now, ∫
|λ|≥r

F (λ)|λ|d−1dλ=
∞∑

k=0

∫
2k r≤|λ|≤2k+1r

F (λ)|λ|d−1dλ

≤ c2

∞∑
k=0

2−2kηr−2η.

Consequently, ∫
|λ|≥r

F (λ)|λ|d−1dλ=O
(
r−2η) ,

and, by |c(λ)|−2 ³ |λ|d−1, ∫
|λ|≥r

F (λ)dµ(λ) =O
(
r−2η) .

According to the Plancherel formula, one has ‖Mt f − f ‖2
2 = I1 + I2, where

I1 =
∫ 1/t

0
|1−φλ+iγp′ρ(at )|2F (λ)dµ(λ) and I2 =

∫ +∞
1
t

|1−φλ+iγp′ρ(at )|2F (λ)dµ(λ),

estimate the summands I1 and I2 from above. Firstly, it follows from the inequality
|φλ+iγp′ρ(at )| ≤ 1 that

I2 ≤ 4
∫ +∞

1
t

F (λ)dµ(λ) =O
(
t 2η) , as t → 0.

To estimate I1, we use the inequalities (i) and (ii) of Lemma 3

I1 =
∫ 1/t

0

∣∣1−φλ+iγp′ρ(at )
∣∣|1−φλ(at )|F (λ)dµ(λ)

≤ 2
∫ 1/t

0

∣∣1−φλ+iγp′ρ(at )
∣∣F (λ)dµ(λ)

≤ t 2
∫ 1/t

0

(
λ2 + Q2

2

)
F (λ)dµ(λ).

C. R. Mathématique — 2021, 359, n 6, 675-685
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Consider the function ϕ(r ) = ∫ ∞
r F (λ)dµ(λ). An integration by parts gives:∫ 1/t

0

(
λ2 + Q2

2

)
F (λ)dµ(λ) =

∫ 1/t

0
−

(
r 2 + Q2

2

)
ϕ′(r )dr

≤
∫ 1/t

0
−r 2ϕ′(r )dr

=− 1

t 2ϕ

(
1

t

)
+2

∫ 1/t

0
rϕ(r )dr

≤ 2
∫ 1/t

0
rϕ(r )dr.

Since ϕ(r ) =O
(
r−2η

)
, we have rϕ(r ) =O

(
r 1−2η

)
and∫ 1/t

0
rϕ(r )dr =O

(∫ 1/t

0
r 1−2ηdr

)
=O

(
t 2η−2) , (the integral exists since η< 1) ,

so that I1 =O
(
t 2η

)
. Combining the estimates for I1 and I2 gives

‖Mt f − f ‖2 =O
(
tη

)
as t → 0,

and this ends the proof of the theorem. �

For f ∈ Lp (S), we define the finite differences of first and higher order as follows:

∆1
t f =∆t f = (I −Mt ) f ,

∆k
t f =∆t (∆k−1

t f ) = (I −Mt )k f , k = 2,3, . . . ,

where I is the unit operator in the space Lp (S).
Consequently, for each f ∈ Lp (S),�∆k

t f (λ+ iγp ′ρ,n) = (1−φλ+iγp′ρ(at ))k f̃ (λ+ iγp ′ρ,n),

and, by Plancherel formula, we have∥∥∥∆k
t f

∥∥∥2

2
=

∫ +∞

0

∫
N

∣∣1−φλ+iγp′ρ(at )
∣∣2k | f̃ (λ+ iγp ′ρ,n)|2 |c(λ)|−2 dλdn, (5)

By analogy with the proof of Theorem 6, we can establish from formula (5) the following result:

Theorem 7. Let 1 < p ≤ 2 and p ′ = p/(p −1).

(1) If
∥∥∆k

t f
∥∥

2 =O(|t |η), 0 < η≤ 1, then∫
|λ|≥r

∫
N

∣∣ f̃ (λ+ iγp ′ρ,n)
∣∣p ′

dndλ=O
(
r−p ′η−d+1

)
, as r →∞;

(2) when p = 2, 0 < η< 1 and k = 1,2, . . . , the converse statement holds as well.

We now state our second main result which extends the integrability Theorem 1 to Damek–
Ricci spaces.

Theorem 8. Let 1 < p ≤ 2, p ′ = p/(p − 1), 0 < η ≤ 1 and f ∈ Lip(η, p). Then its transform
f̃ ( · + iγp ′ρ, · ) is in Lδ(R×N ) with respect to the Plancherel measure dndµ(λ) for every δ,

pd

d(p −1)+pη
< δ≤ p ′.

Proof. Using formula (4), we see that∫
|λ|≤1/t

λ2p ′
G(λ)dµ(λ) =O

(|t |(η−2)p ′)
, (6)

where
G(λ) =

∫
N

∣∣ f̃ (λ+ iγp ′ρ,n)
∣∣p ′

dn.

C. R. Mathématique — 2021, 359, n 6, 675-685
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Now, let

ϕ(X ) =
∫

1≤|λ|≤X
λ2δG(λ)dµ(λ).

Applying Hölder’s inequality with δ≤ p ′ for the last estimate one arrives at

ϕ(X ) ≤
(∫

1≤|λ|≤X
λ2p ′

G(λ)dµ(λ)

) δ
p′

(∫
1≤|λ|≤X

1dµ(λ)

)1− δ
p′

.

Hence, by using relations (3) and (6), we obtain

ϕ(X ) =O

(
X

(2−η)δ+d
(
1− δ

p′
))

. (7)

Remark that ∫
1≤|λ|≤X

G(λ)dµ(λ) =
∫

1≤|λ|≤X
λ−2δϕ′(λ)dλ.

Making an integration by parts, we get∫
1≤|λ|≤X

G(λ)dµ(λ) = X −2δϕ(X )+2δ
∫

1≤|λ|≤X
t−2δ−1ϕ(t )dt , (8)

From relation (7), we have∫
1≤|λ|≤X

G(λ)dµ(λ) =O

(
X

−2δ+(2−η)δ+d
(
1− δ

p′
))
+O

(∫
1≤|λ|≤X

t
−2δ−1+(2−η)δ+d

(
1− δ

p′
)
dt

)
,

and this is bounded as X →∞ if −δ
(
η+ d

p ′
)
+d < 0, which gives

δ> pd

d(p −1)+pη
. �

4. Dini–Lipschitz conditions in Damek–Ricci spaces

The reader can find analogous results of this section in the references [11, 13–15, 17, 21, 23].

Definition 9. Let 0 < η≤ 1 and γ≥ 0. A function f ∈ Lp (S) is said to be in the Damek–Ricci–Dini–
Lipschitz class, denoted by DLip(η,γ, p), if

‖Mt f − f ‖p =O

(
|t |η

(
log

1

|t |
)−γ)

as |t |→ 0.

By using the same tricks of calculation that we have already used to show the previous
theorems, we prove the following theorems.

Theorem 10. Let 1 < p ≤ 2 and p ′ = p/(p −1).

(1) If f ∈ DLip(η,γ, p), 0 < η≤ 1, γ≥ 0, then∫
|λ|≥r

∫
N
| f̃ (λ+ iγp ′ρ,n)|p ′

dndλ=O
(
r−p ′η−d+1(logr )−p ′γ

)
, as r →∞;

(2) when p = 2, γ≥ 0 and 0 < η< 1, the converse statement holds as well.

Proof. By proceeding similarly to Theorem 3.2, item (1), we have,∫
|λ|≥1/t

∫
N
| f̃ (λ+ iγp ′ρ,n)|p ′

dndµ(λ) =O

(
|t |p ′η

(
log

1

|t |
)−p ′γ

)
,

Thus, ∫
|λ|≥r

∫
N
| f̃ (λ+ iγp ′ρ,n)|p ′

dndλ=O
(
r−p ′η−d+1(logr )−p ′γ

)
, as r →∞.
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The converse can be done in the same way as in Theorem 6 above and Theorem 8 in [14] for
noncompact rank one symmetric spaces. Consider the same notation ‖Mt f − f ‖2

2 = I1 + I2 and

ϕ(r ) =O
(
r−2η

(
logr

)−2γ
)
. Then, we get

I2 =O

(
t 2η

(
log

1

t

)−2γ)
, as t → 0,

and,

I1 =O

(
t 2

∫ 1/t

0
rϕ(r )dr

)
=O

(
t 2η

(
log

1

t

)−2γ)
, as t → 0, �

Theorem 11. Let 1 < p ≤ 2, p ′ = p/(p−1), 0 < η≤ 1, γ≥ 0 and f ∈ DLip(η,γ, p). Then its transform
f̃ ( · + iγp ′ρ, · ) is in Lδ(R×N ) with respect to the Plancherel measure dndµ(λ) for every δ,

pd

d(p −1)+pη
< δ≤ p ′.

Proof. As in Theorem 8, we have∫
|λ|≤1/t

λ2p ′
G(λ)dµ(λ) =O

(
|t |(η−2)p ′

(
log

1

|t |
)−p ′γ

)
.

For δ≤ p ′, this implies via Hölder’s inequality

ϕ(X ) =O

(
X

(2−η)δ+d
(
1− δ

p′
) (

log X
)−δγ) .

This allows us to deduce, by relation (8), that∫
1≤|λ|≤X

G(λ)dµ(λ) =O

(
X

−ηδ+d
(
1− δ

p′
) (

log X
)−δγ)+O

(∫
1≤|λ|≤X

t
−1−ηδ+d

(
1− δ

p′
) (

log t
)−δγdt

)
.

For the right hand side of the last estimate to be bounded as X goes to ∞ we must have
−δ(

η+ d
p ′

)+d < 0, which gives δ> pd
d(p−1)+pη . �

This section concludes with the following result:

Theorem 12. Let η> 2, γ≥ 0 and f ∈ DLip(η,γ,2), then f = 0 a.e.

Proof. Assume that f ∈ DLip(η,γ,2). Then

‖Mt f − f ‖2 ≤ c3|t |η
(
log

1

|t |
)−γ

.

In view of formula (5), we conclude that∫ +∞

0

∣∣1−φλ+iγp′ρ(at )
∣∣2F (λ)dµ(λ) ≤ c2

3 |t |2η
(
log

1

|t |
)−2γ

.

Thus, ∫ +∞

0

∣∣1−φλ+iγp′ρ(at )
∣∣2F (λ)dµ(λ)

|t |4 ≤ c2
3 |t |2η−4

(
log

1

|t |
)−2γ

.

Since η> 2, then

lim
t→0

|t |2η−4
(
log

1

|t |
)−2γ

= 0.

Hence,

lim
t→0

∫ +∞

0

( ∣∣1−φλ+iγp′ρ(at )
∣∣

λ2t 2

)2

λ4F (λ)dµ(λ) = 0,

and also from Lemma 4 and Fatou theorem, we obtain∥∥λ2 f̃ (λ+ iγp ′ρ,n)
∥∥

L2(R+×N ) = 0.
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Thereby for all (λ,n) ∈ R+ × N , λ2 f̃ (λ+ iγp ′ρ,n) = 0. The injectivity of the Fourier–Helgason
transform yields to the wanted result. �
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