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Abstract

We prove that if two linear codes are equivalent then they are semi-linearly equivalent.
We also prove that if two additive MDS codes over a field are equivalent then they are
additively equivalent.

1 Introduction

Let F be a finite set. A code A of length n is a subset of F". The Hamming distance d(u, v)
between u, v € F'™ is the number of coordinates in which u and v differ. As in [8]], we say that
two codes A and B are equivalent if, after some permutation « of the coordinates of the elements
of A, there exist permutations o; of F such that for all u = (uy,...,u,) € A,

(o1(u),...,0n(uy,)) € B.

Let ¢ denote the bijection from A to B induced by these permutations. Then it is clear that 1)
preserves Hamming distance; that is

d(u,v) = d(y(u), ¥ (v))

for all u,v € A.

If F'is a finite field and A and B are k-dimensional subspaces of F™ then we say that A and
B are linear codes. Two codes are A and B are linearly equivalent in the above definition of
equivalence if, forall ¢ € {1,...,n},
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for some non-zero \; € F'. In the case that F' has non-trivial automorphisms (fields of non-prime
order), for a fixed automorphism 3 of F', applying the permutation

oi(x) = NP,

to the i-th coordinate of the codewords of A, we get a linear code B which is equivalent to .A.
This more general equivalence we will call semi-linear equivalence, following [3]], [6] and [10].
It is also called PI'L-equivalence [2] and is referred to as simply equivalence in [4] and [7]].

The main result of this note is the following theorem.

Theorem 1. Two linear codes are equivalent if and only if they are semi-linearly equivalent.

Based on the above discussion, it is trivial that if two linear codes are semi-linearly equivalent
then they are equivalent. Thus the goal here is to prove that if A and B are equivalent linear
codes then they are semi-linearly equivalent.

Theorem [I|can be compared to Theorem 1.5.10 in [3]]. In that theorem they prove that if there is a
Hamming distance preserving bijection of /" which maps subspaces to subspaces then this map
is semi-linear, i.e. it is additive and o(\x) = Mo (x), for all A € F, where 3 is an automorphism
of F'.

Theorem [I] has significant implications when classifying codes. For example, in a classification
of codes up to equivalence, as in [[1], [8] and [9], one will not find two linear codes in the
same equivalence class. Perhaps of more interest is that in a classification of linear codes up to
semi-linear equivalence, as in [2] and [S]], we can now be sure that two semi-linearly inequivalent
codes are also inequivalent.

2 Equivalence implies semi-linear equivalence.

Let A and B be k-dimensional linear codes over a finite field F, of length n which are equivalent.
Since «(.A) is also a linear code equivalent to 3, we can assume that «, the permutation of the
coordinates of the elements of A, is the identity by replacing .A by a(.A). Indeed, by re-ordering
the coordinates in both codes, if necessary, we can find generator matrices A and B in standard
form for A and B respectively. Recall that a generator matrix is a k& X n matrix whose row space
is the code. By applying elementary row operations, and permuting the columns if necessary,
one can always find a generator matrix in standard form, that is a generator matrix in which the
initial £ X k sub-matrix is the identity matrix.

As above, we denote by o; the permutation in the ¢-th coordinate which has the property that for
all u = (uy,...,u,) € A,

(o1(u),...,0n(uy,)) € B.



Lemma 2. [f not all of the columns of A and B are of weight one then, for each j € {1, ...

the map
-

j(2) = 0j(z) = 0;(0)

is additive.

Proof. Let A = (aj,) and let B = (5;,).

We have that for each a = (ay,...,ax) € F}, thereisab = (by,...,b) € F}, such that
k
(Jl(@l)v'--70k<ak)70k+1(zaj,k+laj)a-- )= (b, .. bk>Zﬁyk+1bg>--- :
j=1

Hence, for j € {1,...,k},
b = j(ay)

and
E :BJTUJ (aj) = E :aJTaJ

forre{k+1,...,n}.
Setting a; = 0 for i # j we deduce that

ﬂjraj(aj) + Z ﬁerl(O) = O'T(Oéjraj).

i#]
Summing over j, and substituting in (2))
k k
> o) = 3 Y Buri0) = 7Y )
Jj=1 J=1 i#j Jj=1

which implies

k k
Z or(jraj) — (k—1) Z Biroi(0) = O'T(Z Q).
j=1 j=1
Again from (2)

Zﬁw‘az = 0,(0).

Thus,

k k
Z or(ajra;) — (k= 1)o.(0) = UT(Z jray).

ey

2)

3)

“4)

(&)



Define
7.(x) = o,(x) — 0,(0).
Then (5)) becomes
k
T (oyray) = Tr(z @jraj). (0)
j=1 j=1

Firstly, assume that the r-th column of A is not of weight one. Without loss of generality
a1y, g # 0, so substituting in @, a, = ozf,,lx and ay = ogrly, aj =0forj e {3,... k}, we
have that

m(z +y) = 7(2) + 7 (y).
We conclude that 7, is an additive permutation of [F,.

Subtracting (@) from (3), we have that

Bjr(oj(a;) — 0;(0)) = 7.(ar,a1)
This implies that
7;(z) = 0j(x) — 0;(0)
is additive too, for j € {1,...,k}.

Now consider the case that the r-th column of A is of weight one for some r € {k + 1,...,n}.
Then, from (2)),

k
0r<airai> = Z ﬁjraj(aj)
j=1

for some i € {1,...,k}. Since this holds for all (as, ..., a;) € F}, we conclude that (3;, = 0 for
j # 1 and hence,

Ur(Oéirai) = @raz‘(ai)-
This implies 0,(0) = B;,0;(0) and so

Tr(Qira;) = Biri(ai).
Since 7; is additive, this implies 7,. is additive. O
The following lemma implies that we can assume that o; is additive, by replacing o; by 7;, for
eachi € {1,...,n}.

Lemma 3. [f not all of the columns of A and B are of weight one then, for all u = (uy, ..., u,) €
A
(11(u1), ..., n(uy)) € B.



Proof. By Lemmaand , for each a = (ay,...,a;) € F, thereisab = (by,...,b;) € FL,

such that
k

(Tl(al)a s 7Tk(a’k)7 Tk-l—l(z aj,k+1aj)7 .- ) +v= (bh s 7bk)BJ

=1
where v = (vy,...,v,) € Fy is defined by v; = 0;(0).

Since 7; is additive, 7;(0) = 0. Thus, with a = (0, ..., 0) the above implies there is a (], . .., b},)
such that
v=(b],...,b,)B.

Thus
k
(r(a1), - rlar), Trsr O gngaay) o) = ((br, .o be) = (B, .., b)) B,
j=1
and hence for each a = (ay, ..., ax) € Fi, thereisac = (cy,...,c) € FL, such that
k
(r1(a1), ... 7Tk(ak)77'k+1<z Qjr1a5),--.) = (c1,. .., ck)B.
j=1

]

We are now in a position to prove the main theorem. Note that an additive permutation of I, is

of the form
h—1 _
T Z cxP
i=0

This is easily verified since if we consider F,» as F’; then an additive map is given by an h X h

matrix over IF,,. Thus, there are ph2 in total, which coincides with the number of functions which
can be defined as above.

Proof. (of Theorem

Suppose all of the columns of A and B are of weight one. Then, after a suitable permutation of
the coordinates, A is linearly equivalent to a code A’ whose codewords are

(gl,...,aa,gg,...,a%,...,ak,...,ak). (7)
~\~ ~~ a/_/

mi m2 mg

Thus, since A’ and B are equivalent, applying a suitable permutation of the coordinates of the
elements of B and scaling the columns of B so that its non-zero entries are one, we have that



there are permutations ¢; of F, and a function f from {1,...,n} to {1,..., &k}, such that for all
(b1,...,bx) € FE,

(61(by(1)); 02(by2)); - -+ Onlbrmy))
is equal to , for some (ay,...,a;) € ]F’;.

Comparing with we have that, for example, if m; > 2,

01(bs1y) = 02(bs(2))

forall (by,...,b;) € FE. This implies f(1) = f(2), and hence 6, = 65, etc. Thus we conclude
that 3 is linearly equivalent to a code which has codewords

(bg(1)7 ey bg(1)7 bg(2)7 ey bg(Q), ey bg(k), e ,bg(k;)/> (8)

[\ [

vV vV vV
mi mo mg

Hence, A is linearly equivalent to B.
Suppose not all of the columns of A and B are of weight one.
By Lemma 3] we can assume for j € {1,...,n},
o;(z) = Z cjixpi.
As in the previous proofs, let B = (3;,) and let A = ().
Substituting in , we have that for all (ay,...,a;) € IF’; andr € {k+1,...,n},

k h—1 ' k '

coal = . )P
E g Bjrcjia; = E cm(E ajra;)? .
j=1 i=0 i J=1

Therefore, forall j € {1,...,k},r€{k+1,...,n}andi € {0,...,h— 1},

i

Bircyi = criafr- 9)

Lett € {0,...,h — 1} be minimal such that ¢;; # 0. We aim to show that we can multiply
columns and rows of B by non-zero elements of I, in such a way that the matrix B will transform
into A?". If both a;r and B, are zero then they will be unaffected by these multiplications and so
for this particular entry the previous statement holds. Thus, we assume that «;, and 3;, are not
both zero for any particular j € {1,... . k}andr € {k+1,...,n}.

If 3;, = O then, by the previous paragraph, we can assume o, # 0. Hence, c¢,; = 0 for all
i € {0,...,h — 1} which implies o, = 0, a contradiction.

If oj, = 0 then, by the previous paragraph, we can assume 3;, # 0. Hence, c;; = 0 for all
i €{0,...,h— 1} which implies o; = 0, a contradiction.



Thus, we can assume cy;, oy, and 3y, are not zero. Thus, (9) implies ¢,; # 0 for all r €
{k+1,...,n},and so

pt

Bjrcjt Y

o
Bircit af.

If c;; = 0 for some j then o, = 0, which we have already ruled out.

Thus, we can divide the r-th column of B by (3;, and multiply the j-th row of this generator
matrix by

Gt

C1t
(which does not change the code) and we get a generator matrix whose j-th coordinate of the
r-th column is

Gy

P
J
p
ag,.

Q
3

By

Now, multiplying the r-th column of the generator matrix by af;, we get a generator matrix of a
code linearly equivalent to 3 whose r-th column is the r-th column of AV,

Therefore, we conclude that A and B are semi-linearly equivalent. [

3 Additive MDS codes

The motivation for this article stems from the discussion after Theorem 3.4 in [2]]. In that
discussion the following question is asked. “If two additive codes A and B are equivalent
then are they necessarily PI'L-equivalent? Equivalently, if two additive codes A and B are
PI'L-inequivalent then is it true that they are inequivalent?”” They also pose the same question for
linear codes.

We have proved in Theorem ] that it is true for linear codes. Here, we answer the question in the
affirmative for additive MDS codes. Recall that an MDS code is a code attaining the Singleton
bound. That is, C' is a MDS code of length n over F' of minimum distance d if and only if
’C‘ — ’F’n—d-‘rl.

An additive code over F, is linear over the prime subfield F,,, where ¢ = p". Two additive codes
A and B are additively equivalent if, after some permutation of the coordinates of the elements

of A, there exist permutations
h—1

— P
o = E il

=0
such that for all u = (uq,...,u,) € A,

(o1(u),...,on(uy,)) € B.



An additive MDS code of size ¢* is the row space over IF, of a kh x n matrix, whose elements are
from [F,. We can consider the elements of IF, as row vectors of FZ, so that the generator matrix
becomes a kh x nh matrix over IF,,. Suppose that the initial kh x k/h sub-matrix M of this matrix
is singular. Therefore there is a [F,-linear combination of the rows whose initial £/ coordinates
are zero. This implies that there is a codeword whose initial k£ coordinates are zero. Since the
zero vector of ]F’; is also a codeword, this contradicts the fact that the minimum distance of the
code is n — k + 1. Hence, M is non-singular. Thus, left multiplying the generator matrix by
M1, we obtain a generator matrix whose initial kh x kh sub-matrix is the identity matrix. This
we can write as

Ih Oh Oh Oh e e Oh Oh Q1 Qi1

Oh ]h Oh Oh [ Oh Oh Q9 Q41,2

Oh Oh ]h Oh e e Oh Oh Q3 Ory13

O O On o On On g , (10)
Oh Oh Oh Oh [P Ih Oh Qr k-1 Opylk—1

Oh Oh Oh Oh e e Oh ]h Ak Qi1 k

where I}, is the h X h identity matrix, O, is the h X h zero matrix and «; ; are h X h matrices
over [F,.

Theorem 4. Two additive MDS codes over a field are equivalent if and only if they are additively
equivalent.

Proof. If two codes are additively equivalent then they are equivalent.

Suppose that the additive MDS codes .A and B are equivalent. Then, according to (10), we
can find generator matrices of the form A = (a;,) and B = (f3;,) for A and B respectively,
where «;, and 3;, are h x h matrices. We can then mimic the proof of Lemma and Lemma
replacing a; and b; by row vectors in IFZ. The two proofs follows in exactly the same way as
for linear codes. Since the codes are MDS we do not have the case in which all the columns
of A or B are of weight one. The conclusion is then that ¢, can be taken to be additive for all
j € {1,...,n}. Thus, we conclude that A and B are additively equivalent. ]

Example 5. In [2| Table 3], the second row shows that there are 3 additive MDS (8,93, 6)g
codes, i.e. MDS codes of length 8 and minimum distance 6. Two of these codes, C and Cy are
linear MDS codes and have generator matrices

1 00 1 e €5 €5 ¢ 1 00 1 e e e ¢
Gi=| 010 e 1 e e e |, Go=|010 e e® e’ €
0 01 € e 1 b 00 1 e € 1 5



respectively. Note that e € Fq is a primitive element such that e* = e + 1. It is explained
in [2] that Cy is a truncated Reed- Solomon code, while C' is not, implying that they are not
semi-linearly equivalent. Additionally, one may show that C, and Cy are not semi-linearly
equivalent by confirming that the columns of G5 are contained in the conic

3
T1T2 + €°X1X3 + T2T3,
while the columns of G1 are not contained in any conic.

The last of the three additive MDS (8,92, 6)g codes, Cs, is not semi-linearly equivalent to a linear
code. It has generator matrix

1 0/(0 0/{0 Of1 Of1 Oj1 0|1 Of1 O
0 1/0 0({0 0{0O 1|0 1/0 1]0 1|0 1
0 0|1 0(0 Of1 0|2 2|0 2|2 0|1 2
0 0j0 1(0 O0]0O 1|0 2|1 1|1 2|1 O
0 0j0 0|1 0|1 0|0 1|2 O0]1 1|2 1
0 0j0 O0(0 1|0 12 1|2 2|2 0|0 2

We now know, by Theorem|l| that C, and Cy are not equivalent and, by Theorem 4| these codes
are also not equivalent to Cs.

MDS codes have been classified (up to equivalence) over alphabets of size at most 8, see [\I], [5]
and [9)]. If and when MDS codes over alphabets of size 9 are classified, there will be at least
three equivalence classes of codes of length 8, two of which will contain linear codes and one
of which will contain an additive code. We conjecture that there will be no further equivalence
class.

4 Comments

It is unclear to us if Theorem 4] will apply to all additive codes. The principal problem in proving
such a statement is that one cannot assume a generator matrix in standard form. It would be
interesting to have a counterexample. In the proof of Theorem ] we view additive MDS codes
over Fy, ¢ = p", as linear codes over the vector space F”, i.e. 1 x h matrices over F,. Itis
possible that one can extend Theorem {4 to codes over general matrices. Indeed it would be
interesting to study MDS codes over matrices. In other words, the alphabet itself is taken to be a
ring of matrices. The smallest such alphabet which is not equivalent to a linear or additive code
over [F, would be over 2 x 2 matrices over [Fy; so the alphabet would have size 16.
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